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Abstract  This article deals with the problem of 
approximation of plane curves defined by a sequence of 
points by a spline of a given type. This task arises when 
developing methods for computer-aided design of linear 
structures: railways and roads, trenches for laying pipelines, 
canals, etc. Its fundamental differences from the problems 
are considered in the theory of splines and its applications 
are as follows: spline elements are of various types 
(straight line segments and circles joined by clothoids), the 
boundaries of the elements and even their number is 
unknown; also there are restrictions - inequalities on the 
parameters of the elements. Continuity of the curve, the 
tangent, and the curvature is provided. Clothoids are 
missing if curvature continuity is not required, for example, 
when designing pipelines. The above mentioned features of 
the task do not allow using the achievements of the theory 
of splines and nonlinear programming. We cannot 
recognize the individual elements of the desired spline by a 
given sequence of points. Therefore, it is not possible to 
implement their selection separately. We must search for 
the spline as a whole. The article presents a mathematical 
model and a new algorithm for solving the problem using 
dynamic programming. 

Keywords  Spline, Clothoid, Restriction, Objective 
Function, Approximation, Dynamic and Nonlinear 
Programming 

1. Introduction
The route of a linear structure is a 3D curve, which is 

traditionally represented by two flat curves: a plan and a 
longitudinal profile. The projection of the route on the 
horizontal plane XOY is called its plan, and the 
longitudinal profile of the route is a graph of the 
dependence of the coordinate Z on the curve length in plans, 

calculated from the starting point to the current one. 
We will consider the spline with clothoids since the task 

without clothoids permits considerable simplifications as a 
special case. Since the Cartesian coordinates of points of a 
clothoid are expressed by power series, the search for even 
one clothoid approximating a sequence of points is not an 
easy task [1]. In widely used CAD, [2-5], design solutions 
for the plan and profile of the route are set by the designer 
and can be corrected interactively. An alternative approach 
is to develop mathematical models, optimization 
algorithms, and computer programs [6, 7]. 

Besides, a complicating circumstance is that the required 
spline does not have to be a single-valued function, unlike 
the considered splines whose elements are polynomials [8]. 

Previously, using nonlinear programming, we solved the 
problem of optimizing the parameters of a spline with 
clothoids, which was set as the initial approximation [1]. 

This task is multi-extremal, and its successful solution 
depends on the quality of the initial approximation. In fact, 
this is an optimization of the solution given by the designer 
in some way or another. 

The purpose of this article is to present a model and a 
new spline search algorithm with clothoids, which gives a 
final solution to simple cases and provides an initial 
approximation for the application of a nonlinear 
programming algorithm in difficult cases 

2. Task Formalization
A sequence of points on the plane is given. The required 

approximating curve is a sequence of elements: a straight 
line, clothoid, circle, clothoid, straight line, etc. (Fig. 1). In 
such a way, the plan of the route of railways and highways 
is designed. 

In Figure 1 VA1,VA2-vertexes of angles, AB, EF- the 
left clothoids, CD- the right clothoid, DE- the tangential 
path, θ-the angle of rotation.  
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Figure 6.  Isolines of stress σyy for Ω=30° 

Table 8.  Stress σyy value on isolines 

№ σyy № σyy № σyy № σyy № σyy 

1 -244,5 7 -193,2 13 -141,8 19 -90,37 25 -38,98 

2 -236,0 8 -184,6 14 -133,2 20 -81,81 26 -30,42 

3 -227,4 9 -176,0 15 -124,6 21 -73,24 27 -21,86 

4 -218,8 10 -167,5 16 -116,1 22 -64,68 28 -13,29 

5 -210,3 11 -158,9 17 -107,5 23 -56,11 29 -4,73 

6 -201,7 12 -150,3 18 -98,94 24 -47,55 30 3,84 
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Figure 7.  Isolines of stress ΤI. for Ω=0° 

Table 9.  ΤΙ stress value on isolines 

№ ΤΙ № ΤΙ № ΤΙ № ΤΙ № ΤΙ 

1 5.47 7 26.9 13 48.36 19 69.80 25 91.3 

2 9.04 8 30.5 14 51.93 20 73.38 26 94.8 

3 12.6 9 34.1 15 55.51 21 76.9 27 98.4 

4 16.2 10 37.6 16 59.08 22 80.5 28 101.9 

5 19.9 11 41.21 17 62.65 23 84.1 29 105.5 

6 23.3 12 44.78 18 66.23 24 87.7 30 109.1 
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Figure 8.  Isolines of stress ΤI for Ω=30° 

Table 10.  ΤΙ stress value on isolines 

№ ΤΙ № ΤΙ № ΤΙ № ΤΙ № ΤΙ 

1 2,00 7 27,29 13 52,59 19 77,88 25 103,2 

2 6,22 8 31,51 14 56,81 20 82,10 26 107,4 

3 10,43 9 35,73 15 61,02 21 86,32 27 111,6 

4 14,65 10 39,94 16 65,24 22 90,53 28 115,8 

5 18,86 11 44,16 17 69,45 23 94,75 29 120,0 

6 23,08 12 48,37 18 73,67 24 98,96 30 124,3 

In case Ω=0° the stress field distribution is symmetric about the Oy axis (see Fig.5,7,9 and Tables 3,5). 
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Figure 9.  Fragment of isolines of stress ΤI in interchamber pillar and corner regions of neighbor chambers for Ω=0° 

 

Figure 10.  Fragment of isolines of stress ΤI in interchamber pillar and corner regions of neighbor chambers for Ω=30° 
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In case Ω=30° the Barrier pillar I is more loaded than 
Barrier pillar II, the Roof of chamber 1 more loaded than 
Roof of chamber 2 and Floor of chamber 2 more loaded 
than Floor of chamber 1 (Table 6). The stress field of 
right-upper corner of chamber 2 is cross symmetric to 
stress field of left-bottom left corner of chamber 2 and so 
on to stress field of right-bottom corner of chamber 1 and 
left-upper corner of chamber 2 (see Fig 10).  

5. Conclusions 
The fundamental solutions of the static problem for 

elastic plane with arbitrary anisotropic properties are 
obtained as the sum of residues of complex variable 
function. The assessment of fundamental solution and their 
derivatives are presented in closed form. In the distribution 
space are obtained the regular representations for the 
Somigliana formulas and the stress calculation formulas. 
These results are new and represent the subsequent 
development of the BEM method.  

The test results performed for circular hole in anisotropic 
plane of rhombic system show a higher compliance for the 
boundary values of displacements and stresses calculated 
by proposed regular formulas. The results of analysis of the 
stress-strain state in the vicinity of rectangular mining 
chambers located in deep from day surface are presented in 
tables and pictures of isolines. 
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Abstract It is shown how to estimate any threshold
probability from data below or even far below the threshold
through repeated fusion of the data with externally generated
random samples. This is referred to as repeated out of
sample fusion (ROSF). A comparison of the approach with
peaks-over-threshold (POT) across different tail types shows
that ROSF provides more precise point and interval estimates
based on moderately large samples.

Keywords Density Ratio Model, Semiparametric, Opti-
mization, Iterative, Order Statistics.

1 Introduction
This paper presents a novel statistical idea, that of “Down-

Up” sequences which “capture” small tail probabilities with
surprising precision without knowing the underlying probabil-
ity distributions. We describe the idea, its implementation, and
its usefulness in the estimation of small tail probabilities using
limited amounts of data. The gist of the paper is expressed in
Tables 1 to 13 showing the Down-Up shifts occurring in small
neighborhoods of the true tail probabilities in question, either
0.001 or 0.0001 from samples of size 100 only.

The paper is an extension of [1] which dealt with interval
estimation of small tail probabilities with applications in food
safety. Here we shall deal with the corresponding problem of
point estimation.

The problem is motivated by the following generic problem.
Consider a sample of rogue ocean waves none of which ex-
ceeds T = 200 feet in height, and yet we wish to estimate the
small chance of exceeding T from a moderately large sample
X0 = (X1, ..., Xn0), referred to as a reference sample. Sim-
ilar problems pertain to insurance claims, food safety, and en-
vironmental risks such as radiation levels, where the problem
is to estimate the probability of exceeding catastrophic levels
from limited amounts of data.

Accordingly, we consider a moderately large random sample
X0 where all the observations are much smaller than a high
threshold T , that is max(X0) << T . Based on the sample we

wish to estimate the tail probability p of exceeding T without
knowing the underlying distribution. However, as is, the sam-
ple may not contain sufficient amount of information to tackle
the problem. To gain more information, the problem is ap-
proached by combining or fusing the sample repeatedly with
externally generated computer data. That is, augmented reality
as it were.

1.1 Repeated Out of Sample Fusion

Let Xi denote the ith computer generated sample of size
n1 = n0. Then the fused or combined samples are the fusions
or augmentations

(X0,X1), (X0,X2), (X0,X3)... (1)

where X0 is a real reference sample and the Xi are differ-
ent independent computer-generated samples. The number
of fusions can be as large as we wish. For example 10,000
or 100,000 or 1,000,000 or more fusions. The computer-
generated samples X1, X2,... are independent and are gen-
erated in an identical manner, and all have the same size n1.
They are referred to as fusion samples.

The question then is how to tie or connect the real data and
the generated random data to obtain useful reliable estimates
for small tail probabilities. As in [1], Connecting or fusing the
real and artificial data can be approached by means of their
respective probability distributions under the so called density
ratio model framework, discussed briefly in Section 3 and in
the Appendix.

In that way we can extract information about tail probabili-
ties possibly not available in the original reference sample by
itself. As we shall see, the consequential estimates as well as
interval estimates of p are quite precise.

Thus, the paper describes what we call repeated out of sam-
ple fusion (ROSF) and a related iterative method (IM) in the
estimation of small tail probabilities, against the backdrop of
the density ratio model.

A comparison with peaks-over-threshold (POT) from ex-
treme value theory, discussed in [2] and [3], indicates that
ROSF can bring about a substantial gain in reliability as well
as in precision across a fairly wide range of tail behavior, given
moderately large samplesX0.
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ROSF has been discussed in [1],[4]. Unlike the bootstrap,
additional information is sought repeatedly from outside the
sample. Related ideas concerning a single fusion are studied in
[5],[6],[7],[8].

2 A Sequence of Upper Bounds
Suppose X0 = (X1, ..., Xn0

) is a reference sample from
some unknown reference probability density g, and let g1 de-
note the probability density governing the computer generated
fusion samples Xi, i = 1, ..., n. The problem is to estimate a
small tail probability p = P (X > T ) for some relatively high
threshold T . The idea is to produce numerous upper bounds to
engulf p. When that happens, some upper bounds take values
in a neighborhood of p. Getting these upper bounds is tanta-
mount to getting p.

We fuse the given reference sample X0 with a computer-
generated fusion sample X1 from g1 and get in a certain way,
described in the next section, a confidence interval for the small
tail probability p. Let B1 denote the upper bound of that inter-
val. We fuse the given reference sampleX0 again with another
artificial fusion sample X2 from g1, independent of X1, and
get in the same manner another upper bound B2 for p. This
process is repeated many times to produce a long sequence
of confidence intervals and hence a long sequence of upper
bounds Bi, i = 1, 2, .... Conditional on X0, the sequence of
upper boundsB1, B2, ... is then an independent and identically
distributed sequence of random variables from some distribu-
tion FB . It is assumed that

P (B1 > p) = 1− FB(p) > 0. (2)

Let B(1), B(2), ..., B(n) be a sequence of order statistics
from smallest to largest. Hence, as n → ∞, B(1) decreases
and B(n) increases so that

B(1) < p < B(n). (3)

It follows that the ordered sequence of upper bounds
B(1), B(2), ..., B(n) contains a B(j) closest to p. In fact, as
n → ∞, that B(j) essentially coincides with p. We will show
how to obtain B(j)’s in a neighborhood of p.

A key fact of the present approach is that since the fusions
can be repeated indefinitely, we can approximate the distribu-
tion of the B upper bounds FB arbitrarily closely.

Let F̂B be the empirical distribution obtained from the
sequence of upper bounds B1, B2, ..., Bn. Then from the
Glivenko-Cantelli Theorem, F̂B converges to FB almost surely
uniformly as n increases. Since the number of fusions can be
as large as we wish, our key idea, FB is known for all practical
purposes.

2.1 Confidence Interval for p

Assume then that FB was obtained from numerous fusions
(in some of our simulations we use 10, 000 fusions) and that

P (B1 > p) = 1− FB(p) > 0. (4)

Then, from a random sample B1, ..., BN , the maximum B(N)

entails that

P (B(N) > p) = 1− FNB (p) (5)

increases withN . It follows that, conditional on the given sam-
ple, for all N > N0, for some sufficiently large N0, we have
the inequality

1− FNB (p) ≥ 0.95 (6)

or

0 < p ≤ F−1B (0.051/N ). (7)

The interval (7) covers p with at least 95% confidence, and
is refinement of the unduly large interval (3) for large n. As
has been shown in [1], N = 100 is a conservative choice
for N , and that in many cases a much smaller N suffices.
Clearly the smallerN is the narrower is the confidence interval
(7). In general, the confidence interval (7) gives an idea as to
the magnitude of p, and we could search for the latter within
[0, F−1B (0.051/N )].

3 Getting Upper Bounds by Data Fu-
sion

This section describes a particular way of generating upper
bounds for tail probabilities p by data fusion of the realX0 and
additional computer-generated data (augmented reality) under
the density ratio model defined in (9) below.

In general, by “fusion” or “data fusion” we mean the com-
bined data from m + 1 sources, m ≥ 1, where each source
is governed by a probability distribution. As an example, con-
sider the semiparametric extension of one-way ANOVA dis-
cussed in [9]. Note that in (1) m = 1. In the spirit of aug-
mented reality, computer algorithms which generate random
data are perfectly legitimate data sources. Using the combined
data, semiparametric statistical inference can be ensued under
the density ratio model assumption as described in detail in
[4],[10],[11].

Recall that the reference random sample X0 of size n0 fol-
lows an unknown reference distribution with probability den-
sity g, and let G be the corresponding cumulative distribution
function (cdf).

Let
X1, ...,Xm,

be additional computer-generated random samples where
Xj ∼ gj , Gj , with size nj , j = 1, ...,m. As in the Appendix,
for now m ≥ 1 but later we specialize to m = 1 only as in (1).
The augmentation of m+ 1 samples

t = (X0,X1, . . . ,Xm), (8)

of size n0 + n1 + · · · + nm gives the fused data. The density
ratio model stipulates that

gj(x)

g(x)
= exp(αj + β′jh(x)), j = 1, . . . ,m, (9)
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where βj is an r×1 parameter vector, αj is a scalar parameter,
and h(x) is an r × 1 vector valued distortion or tilt function.

Clearly, to generate the Xj samples we must know the cor-
responding gj . However, beyond the generating process, we
do not make use of this knowledge. Thus, by our estimation
procedure, none of the probability densities g, g1, ..., gm and
the corresponding Gj’s, and none of the parameters α’s and
β’s are assumed known, but, strictly speaking, the so called tilt
function h must be a known function. However, in the present
application the requirement of a known h is apparently miti-
gated as accentuated by assumption (4) above, which may hold
for misspecified h, and by numerous examples with many dif-
ferent tail types.

Since all the probability distributions are connected by the
density ratio model (9), each distribution pair gj , Gj is esti-
mated from the entire fused data t and not just from Xj only.
The same holds for the reference pair g,G. Thus, for example,
the reference G is estimated from the entire fused data t with
n0 + n1 + · · · + nm observations and not only from the ref-
erence sample X0 with n0 observations. Estimates of all the
αj’s and βj’s and of the pair g,G are obtained by maximiz-
ing the empirical likelihood subject to several constraints as
described in the Appendix. Thus, at its core, the density ratio
model involves semiparametric optimization.

Under the density ratio model (9), the maximum likelihood
estimate of G(x) based on the fused data t is given in (15) in
Section A.1 in the Appendix, along with its asymptotic distri-
bution described in Theorem A.1. From the theorem we obtain
confidence intervals for p = 1−G(T ) for any threshold T us-
ing (18). We shall use the upper bounds from these confidence
intervals. In addition, from (15) we get point estimates for p as
well. However, these point estimates are not used in the paper,
as in many cases they underestimates p.

Our data analysis in Section 4 regarding many different tail
types, and additional examples in [4], indicate that for the im-
plementation of ROSF, the density ratio model need not hold
precisely, and that the “gamma tilt” h(x) = (x, log x) is a sen-
sible choice for skewed data. The real issue is assumption (4)
which is a mild requirement.

When assumption (4) holds, as their number increases, many
of the Bi obtained from (18) will be greater than p but some
will be smaller than p. Hence, the ordered B(i) engulf or sur-
round p with probability approaching one. That is, as the num-
ber of fusions increases, the ordered B(j) engulf p with proba-
bility approaching one.

In this paper m = 1 only, and the fusion samples are uni-
form random samples supported over a wide range which cov-
ers T . The reason for uniform samples is that when the density
ratio model holds for some g and g1, then it also holds ap-
proximately by taking g1 as a uniform density supported over
a sufficiently wide range. Examples of this are the entries in
Table 4.1 in [4] regarding normal and uniform data. Moreover,
numerous experiments, and the results reported in Tables 1 to
13 and 15 to 25, suggest that the uniform choice is sensible.

To summarize, numerous examples with skewed data sug-
gest that the confidence intervals (18) are still useful in con-
junction with h(x) = (x, log x) even when the density ratio
model does not hold in a strict sense. In that case, the refer-

ence sampleX0 is fused repeatedly with identically distributed
independent random uniform samples X1, X2,..., as in (1),
where the upper limit of the uniform support exceeds T . Re-
peated fusion gives upper bounds B1, B2, ... for p = P (X >
T ) using (18). Conditional on X0, the upper bounds Bi are
independent and identically distributed random variables from
some distribution FB .

4 Capturing p by Upper Bound Se-
quences

As noted earlier, due to a large number of fusions n, FB
is known for all practical purposes and with probability close
to one B(1) < p < B(n). In general, even for n = 1, 000,
B(1,000) is much larger than the true p and B(1) is very close to
0. The goal is to find B(j) close to p.

It follows, by the monotonicity of the B(j) and (3), that as j
decreases (for example from n = 10, 000), the B(j) approach
p from above so that there is a B(j) very close to p. Likewise,
the B(j) can approach p from below. This establishes a rela-
tionship between j and p.

Another relationship between j and p is obtained from a ba-
sic fact about order statistics where it is known that

P (B(j) > p) =

j−1∑
k=0

(
n

k

)
[FB(p)]k[1− FB(p)]n−k. (10)

Suppose now that the probabilities

P (B(j1) > pj1), P (B(j2) > pj2), ....

are sufficiently high probabilities, and that from the sequence
of upper bounds we get the close approximations

pj1
.
= B(j2), pj2

.
= B(j3)....

Then with a high probability we get a decreasing “Down” se-
quence

B(j1) > B(j2) > B(j3) · · · .

Replacing the “sufficiently high probabilities” by “sufficiently
low probabilities”, then a dual argument leads to an increasing
“Up” sequence

B(j′1)
< B(j′2)

< B(j′3)
· · · .

Thus, when the probabilities (10) are sufficiently high the
B(jk) decrease, and when the probabilities (10) are suffi-
ciently low the B(jk) increase. In particular, this “Down-Up”
phenomenon occurs in a neighborhood of the true p, where
a transition or shift occurs from “Down” to “Up” or vice
versa, resulting in a “capture” of p. Thus, allowing for high
and low probabilities by bounding (10) by a sufficiently high
probability, we have.

Proposition: Assume that the samples size n0 of X0 is
large enough, and that the number of fusions n is sufficiently
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large so that B(1) < p < B(n). Consider the smallest
pj ∈ (0, 1) which satisfy the inequality

P (B(j) > pj) =

j−1∑
k=0

(
n

k

)
[FB(pj)]

k[1− FB(pj)]
n−k ≤ 0.95, (11)

where the pj are evaluated along appropriate numerical
increments. Then, (11) produces “Down” and “Up” se-
quences depending on the B(j) relative to pj . In particular,
in a neighborhood of the true tail probability p, with a high
probability, there are “Down” sequences which converge from
above and “Up” sequences which converge from below to
points close to p.

This will be demonstrated copiously across different tail
types using an approximation to (11). We note that (10) is a
steep monotone decreasing step function so that if “>” is used
instead of “≤” in (11) then the solution of (11) is p = 0, and
that replacing 0.95 by 0.99 in (11) gives similar results.

Iterating between these two monotone relationships, the
B(j) relative to p, and (11), is what was referred to earlier as
the iterative method (IM). The iterative method provides our p
estimates. The iterations could start with a sufficiently large j,
or, alternatively, with a sufficiently small j, until the Down and
Up sequences converge to the same or very close points. The
average of these points, or an approximation thereof, can serve
as a point estimate from the iterative process and it is different
than the p-estimate obtained from (15) in the Appendix.

In general, starting with any j, convergence occurs by mono-
tonicity and we keep getting the same point.

In symbols, withB(jk)’s from the sequence of ordered upper
bounds, and p(jk)’s the smallest p’s satisfying (11) with j = jk,
and B(jk+1) closest to p(jk), k = 1, 2, ...,

B(j1) → p(j1) → B(j2) → · · ·B(jk) → pjk → B(jk+1) → pjk
→ B(jk+1) → pjk · · ·

so that pjk keeps giving the same B(jk+1) (and hence the same
jk+1) and vice versa. This can be expressed more succinctly
as,

j1 → p(j1) → j2 → p(j2) → · · · jk → pjk → jk+1 → pjk
→ jk+1 → pjk · · ·

As will be illustrated in Section 4.2, under some computa-
tional conditions this iterative process results in a contraction
in a neighborhood of the true p.

4.1 Computational Considerations

Computationally, the iterative process depends on n and the
increments of p at which (11) is evaluated. In practice, due to
computational limitations of large binomial coefficients the it-
eration is done as follows. After FB is obtained from a large
number of fusions, say n = 10, 000 fusions (which give 10,000
B’s), then 1000 B’s are sampled at random from the original
n = 10, 000 B’s. Next, the binomial coefficients

(
n
k

)
are re-

placed by
(
1000
k

)
. We then iterate between B(j) approxima-

tiopns of p and approximate (11) with n = 1000 as in

j−1∑
k=0

(
1000

k

)
[FB(pj)]

k[1− FB(pj)]
n−k ≤ 0.95 (12)

until a “Down-Up” convergence occurs, in which case an esti-
mate for p is obtained as the Down-Up shift point. The iterative
process is illustrated in the next section. This procedure can be
repeated many times by sampling repeatedly many different
sets of 1000 B’s to obtain many point estimates p̂ from which
interval estimates can then be constructed, as well as variance
estimates.

Running 10,000 fusions takes about 5 minutes in R which
translates into about 8 hours for 1,000,000 fusions. In what
follows the p-increments at which (12) is evaluated are 0.0001
when p = 0.001 and 0.000015 when p = 0.0001.

4.2 Illustrations of an Iterative Process
The Down-Up convergence results together with the number

of iterations are summarized in Tables 1 to 10 for p = 0.001
and also for p = 0.0001. Due to insufficiently large data sets,
the Down-Up convergence results for real data in Tables 11 –
13 do not deal with the smaller p = 0.0001. The cdf FB was
obtained from 10,000 B’s (the result of 10,000 fusions), and
each entry in the tables was obtained from a different sample
of 1,000 B’s sampled at random from 10,000 B’s.

With 10,000 fusions, the interval (B(1), B(10,000)) contains
p with probability close to 1, and gives an idea as to the mag-
nitude of p.

4.2.1 Some Typical Down-Up Sequences

It is instructive first to realize some typical Down-
Up sequences. Let X0 be a LN(1,1) sample where
max(X0) = 32.36495. With T = 59.75377 the true tail
probability to be estimated is p = 0.001, using n0 = n1 = 100
and h = (x, log x), p-increment 0.0001. The generated
fusion samples X1 are from Unif(0,80), 80 > T , and FB was
obtained from 10,000 fusions.

Typical convergent Down-Up sequences (j, pj) are given
next. Again, each sequence was derived from a different B-
sample of size 1000 drawn from 10,000 B’s. More examples
are given in [12].

Down: 800 → 0.001299466 → 775 → 0.001199466 →
743 → 0.001099466 → 712 → 0.0009994658 → 680 →
0.0009994658 · · · .

Up: 670 → 0.0008994658 → 675 → 0.0009994658 →
711→ 0.0009994658 · · · .

Thus a Down-Up shift occurs at 0.0009994658 very close to
the true p = 0.001. More details about this example are given
in Table 3.
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We note that the number of Down-Up iterations decreases
dramatically in a neighborhood of the true p. As seen from
Tables 1 to 13 below, in many cases 1 or 2 iterations in a
neighborhood of p suffice. This reduction can serve as a
telltale sign that convergence took place.

We further note that the Gamma cases in Tables 1 and 2 are
nearly specified whereas this cannot be said about the cases
in Tables 3 to 13. However, the tables portray a very similar
picture for both real and simulated data, for (nearly) specified
or misspecified cases, giving precision on the order of 10−5

or better for p = 0.001 and order of 10−6 for p = 0.0001,
where n0 = n1 = 100. The results in the tables were obtained
from 10,000 out of sample fusions, and in all cases it has been
observed that p ∈ (B(1), B(10,000)). Notably, as seen from
Tables 1 to 13, the Down-Up shift points are close to p.

4.2.2 Gamma(1,0.05)

Table 1. p = 0.001, X0 ∼ Gamma(1, 0.05), X1 ∼ Unif(0, 170),
max(X0) = 73.0467, T = 138.1551, n0 = n1 = 100, h = (x, log x),
p-increment 0.0001. Shift at 0.001087173.

Starting j Convergence to Iterations
1000 0.002887173 13 Down
400 0.001487173 1 Down
300 0.001287173 1 Down
230 0.001187173 1 Down
215 0.001087173 1 Down
210 0.001087173 1 Down
200 0.001087173 1 Up
180 0.001087173 1 Up
150 0.000987172 1 Up
140 0.000987172 1 Up

A sensible estimate of p = 0.001 is the average from
the last 7 entries in Table 1 which gives p̂ = 0.001072887
with absolute error of 7.2887 × 10−5. We note that p̂ ∈
(B(1), B(10,000)) = (0.0001872, 0.0063686). Interestingly,
with N = 100, [0, F−1B (0.051/N )] = [0, 0.0038].

Table 2. p = 0.0001, X0 ∼ Gamma(1, 0.05), X1 ∼ Unif(0, 210),
max(X0) = 77.61753, T = 184.2068, n0 = n1 = 100, h = (x, log x),
p-increment 0.000015. Shift at 0.0001039967.

Starting j Convergence to Iterations
888 0.0003439967 2 Down
577 0.0001339967 4 Down
450 0.0001189967 3 Down
350 0.0001189967 1 Down
310 0.0001039967 1 Down
300 0.0001039967 1 Down
290 0.0001039967 1 Up
280 0.0001039967 1 Up
270 0.0001039967 1 Up
260 0.0001039967 1 Up

A sensible estimate of p = 0.0001 is the value in the
last 6 entries in Table 2 which gives p̂ = 0.0001039967
with absolute error of 3.9967 × 10−6. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.001628). Interestingly, with N =

100, [0, F−1B (0.051/N )] = [0, 0.0006].

4.2.3 Lognormal(1,1)

A sensible estimate of p = 0.001 is the average from the last
6 entries in Table 3 which gives p̂ = 0.000999465 with abso-

Table 3. p = 0.001, X0 ∼ LN(1, 1), X1 ∼ Unif(0, 80), max(X0) =
32.36495, T = 59.75377, n0 = n1 = 100, h = (x, log x), p-increment 0.0001.
Shift at 0.000999465.

Starting j Convergence to Iterations
1000 0.001199466 20 Down
950 0.001099466 12 Down
900 0.000999465 9 Down
800 0.000999465 4 Down
750 0.000999465 2 Down
700 0.000999465 1 Down
680 0.000999465 1 Up
680 0.000999465 1 Up
670 0.000999465 2 Up

lute error of 5.35×10−7. We note that p̂ ∈ (B(1), B(10,000)) =
(0, 0.005572).

Table 4. p = 0.0001, X0 ∼ LN(1, 1), X1 ∼ Unif(0, 130), max(X0) =
44.82807, T = 112.058, n0 = n1 = 100, h = (x, log x), p-increment
0.000015. Shift at 0.0001045544.

Starting j Convergence to Iterations
800 0.0001945544 22 Down
500 0.0001795544 9 Down
300 0.0001345544 4 Down
200 0.0001195544 1 Down
170 0.0001045544 1 Down
160 0.0001045544 1 Down
155 0.0001045544 1 Up
152 0.0001045544 1 Up
150 0.0001045544 2 Up

A sensible estimate of p = 0.0001 is the average from
the last 5 entries in Table 4 which gives p̂ = 0.0001045544
with absolute error of 4.5544 × 10−6. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.003729).

4.2.4 Lognormal(0,1)

Table 5. p = 0.001, X0 ∼ LN(0, 1), X1 ∼ Unif(0, 50), max(X0) =
11.86797, T = 21.98218, n0 = n1 = 100, h = (x, log x), p-increment 0.0001.
Shift at 0.000999444.

Starting j Convergence to Iterations
1000 0.001099445 18 Down
900 0.001099445 5 Down
820 0.001099445 1 Down
800 0.000999444 2 Down
790 0.000999444 1 Down
780 0.000999444 1 Up
770 0.000999444 1 Up
760 0.001099445 3 Up

A sensible estimate of p = 0.001 is the average from
the last 5 entries in Table 5 which gives p̂ = 0.001019444
with absolute error of 1.9444 × 10−5. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.005651).

A sensible estimate of p = 0.0001 is the average from
the last 4 entries in Table 6 which gives p̂ = 0.0001042241
with absolute error of 4.2241 × 10−6. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.004288).

4.2.5 f(2,7)

A sensible estimate of p = 0.001 occurs at the Down-
Up shift in Table 7 which gives p̂ = 0.001003351 with
absolute error of 3.351 × 10−6. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.0104048). Interestingly, with N =

100, [0, F−1B (0.051/N )] = [0, 0.0066].
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Table 6. p = 0.0001, X0 ∼ LN(0, 1), X1 ∼ Unif(0, 70), max(X0) =
13.77121, T = 41.22383, n0 = n1 = 100, h = (x, log x), p-increment
0.000015. Shift at 0.0001042241.

Starting j Convergence to Iterations
900 0.0002392241 27 Down
800 0.0001042241 25 Down
700 0.0001042241 17 Down
500 0.0001192241 5 Down
360 0.0001042241 1 Down
355 0.0001042241 1 Up
350 0.0001042241 1 Up
350 0.0001042241 1 Up

Table 7. p = 0.001, X0 ∼ f(2, 7), X1 ∼ Unif(0, 50), max(X0) =
12.25072, T = 21.689, n0 = n1 = 100, h = (x, log x), p-increment 0.0001.
Shift at 0.001003351.

Starting j Convergence to Iterations
500 0.001103351 9 Down
450 0.001003351 8 Down
400 0.001003351 6 Down
300 0.001003351 3 Down
210 0.001003351 1 Up
190 0.000903350 1 Up
180 0.000903350 1 Up
170 0.000903350 1 Up

A sensible estimate of p = 0.0001 occurs at the Down-Up
shift in Table 8 which gives p̂ = 0.0001041104 with absolute
error of 4.1104 × 10−6. We note that p̂ ∈ (B(1), B(10,000)) =
(0, 0.003872).

4.2.6 Weibull(0.8,2)

In the 3rd entry there was an immediate convergence. A
sensible estimate of p = 0.001 is the average from the
last 5 entries in Table 9 which gives p̂ = 0.001039261
with absolute error of 3.9261 × 10−5. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.002953). Interestingly, with N =

100, [0, F−1B (0.051/N )] = [0, 0.0012].
A sensible estimate of p = 0.0001 is the average from the

last 5 entries in Table 10 which gives p̂ = 0.0001046393
with absolute error of 4.6393 × 10−6. We note that p̂ ∈
(B(1), B(10,000)) = (0, 0.004311).

4.2.7 2,4,6-trichlorophenol (ug/L)

The National Health and Nutrition Examination Survey
(NHANES) is a program of studies designed to assess the
health and nutritional status of adults and children in the United
States.

We use NHANES trichlorophenol (dubbed urx3tb) data
from [13]. There are 2604 observations of which the proportion
exceeding T = 9.5 is p = 0.001152074. Consider the 2604

Table 8. p = 0.0001, X0 ∼ f(2, 7), X1 ∼ Unif(0, 70), max(X0) =
14.62357, T = 45.13234, n0 = n1 = 100, h = (x, log x), p-increment
0.000015. Shift at 0.0001041104.

Starting j Convergence to Iterations
750 0.0001341104 2 Down
740 0.0001041104 4 Down
730 0.0001041104 3 Down
660 0.0001041104 1 Down
650 0.0001041104 1 Up
645 0.0001041104 1 Up
640 0.0001041104 2 Up

Table 9. p = 0.001, X0 ∼ Weibull(0.8, 2), X1 ∼ Unif(0, 40),
max(X0) = 8.081707, T = 22.39758, n0 = n1 = 100, h = (x, log x),
p-increment 0.0001. Shift at 0.000999262.

Starting j Convergence to Iterations
1000 0.001899263 2 Down
1000 0.001099263 7 Down
950 0.000999262 1 Immediate
950 0.000999262 1 Up
940 0.001099263 3 Up
940 0.000999262 2 Up

Table 10. p = 0.0001, X0 ∼ Weibull(0.8, 2), X1 ∼ Unif(0, 50),
max(X0) = 12.20032, T = 32.09036, n0 = n1 = 100, h = (x, log x),
p-increment 0.000015. Shift at 0.0001046393.

Starting j Convergence to Iterations
700 0.0002096393 20 Down
400 0.0001196393 10 Down
300 0.0001946393 1 Down
200 0.0001046393 4 Down
130 0.0001046393 1 Down
125 0.0001046393 1 Up
120 0.0001046393 1 Up
115 0.0001046393 1 Up

observations as a population and the problem is to estimate p
from a sampleX0 of size n0 = 100 where max(X0) < T .

we see from Table 11 that the shift from down to up occurs at
p̂ = 0.00119882 close to p with absolute error 4.6746× 10−5.
In this case the median 0.001091 from 10,000 B’s provides
an approximation to p . In general, however, the 3rd quartile
(here 0.003386) is a more prudent first guess. We note that
p̂ ∈ (B(1), B(10,000)) = (0, 0.007059).

Table 11. p = 0.001152074, X0 a trichlorophenol sample. X1 ∼
Unif(0, 30), max(X0) = 4.6, T = 9.5, n0 = n1 = 100, h = (x, log x),
p-increment 0.0001. Shift at 0.00119882.

Starting j Convergence to Iterations
800 0.00119882 15 Down
700 0.00189882 8 Down
600 0.00119882 4 Down
590 0.00119882 5 Down
530 0.00119882 1 Up
520 0.00109882 1 Up
515 0.00109882 1 Up

4.2.8 Mercury (mg/kg)

The National Oceanic & Atmospheric Administration
(NOAA) monitors the status of total mercury and methyl mer-
cury in the coastal waters using oysters and sediments. We
have used mercury data from NOAA’s National Status and
Trends Data [14].

The mercury data consist of 8,266 observations of which the
proportion exceeding T = 22.41 is p = 0.001088797.

With 10,000 fusions, we see from Table 12 that the shift from
down to up occurs at p̂ = 0.001099501 very close to the true
p = 0.001088797. The median from 10,000 B’s is 0.001704
giving an idea as to the magnitude of the true p. We note that
p̂ ∈ (B(1), B(10,000)) = (0, 0.008299).

4.2.9 Application to Food Safety: Lead Exposure Risk
(µg/week/kg)

A data set of 3,000 lead risk from lead exposure observations
has been constructed in [1]. For T = 25 the tail probability is
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Table 12. p = 0.001088797, X0 a mercury sample. X1 ∼ Unif(0, 50),
max(X0) = 11.9, T = 22.41, n0 = n1 = 100, h = (x, log x), p-increment
0.0001. Shift at 0.001099501.

Starting j Convergence to Iterations
800 0.001199501 14 Down
700 0.001199501 11 Down
500 0.001199501 5 Down
400 0.001099501 1 Down
390 0.001099501 1 Up
380 0.001099501 1 Up
375 0.001199501 2 Up
360 0.001099501 2 Up

exactly p = 0.001, and with N = 100, we obtain on average
from several cases corresponding to different max(X0) values
the interval estimate of [0, F−1B (0.051/N )] = [0, 0.002675].
The Down-Up sequences are shown in Table 13, where the shift
occurs at p̂ = 0.001004282 very close to true p with an abso-
lute error of 4.282 × 10−6. We note that B̄ = 0.0045076 and
p̂ ∈ (B(1), B(10,000)) = (0.0001943, 0.0120257).

Table 13. p = 0.001, X0 a lead exposure sample. X1 ∼ Unif(0, 40),
max(X0) = 12.12383, T = 25, n0 = n1 = 100, h = (x, log x), p-increment
0.00009. Shift at 0.001004282.

Starting j Convergence to Iterations
100 0.001184282 6 Down
60 0.001184282 3 Down
50 0.001184282 2 Down
40 0.001004282 3 Down
29 0.001004282 1 Down
28 0.001004282 1 Down
27 0.001004282 1 Down
26 0.001004282 1 Up
26 0.001094282 2 Up
25 0.001094282 3 Up
24 0.001004282 2 Up
20 0.001094282 4 Up

5 Variability of Point Estimates
Clearly, the iterative method (IM) can be repeated many

times with different B-samples of size 1,000 taken from, say,
10,000 B’s (10,000 is our default) to produce tail probability
estimates as above from which variance approximations can
be obtained. The following Table 14 shows typical variance
approximations, obtained from single convergent sequences
where the starting j corresponds to the 3rd quartile of the sam-
pled 1,000 B’s. Each entry was obtained from 1,000 runs for
both n0 = n1 = 100 and n0 = n1 = 200. There is im-
provement in precision going from samples of size 100 to 200.
In all cases reported here, and many other additional cases,
σp̂ = O(10−4) for p .

= 0.001. In the tables p̄ is the average
estimate of p from 1,000 runs.

6 Comparison: ROSF vs POT
From a practical view point, some comparison is needed to

assess the relative merit of ROSF/IM. We provide in what fol-
lows a limited comparison against a well known method for
n0 = 100 across different tail types. An additional comparison
for n0 = 200 can be found in [12]. However, a more extensive
comparison is warranted and will be dealt with elsewhere.

Table 14. SD(p̂) for p = 1−G(T )
.
= 0.001, n0 = n1, h(x) = (x, log x).

X0 ∼ Urx3t, T = 9.5, X1 ∼ Unif(0, 12) p̄ σp̂
n0 = 100,max(X0) = 8.8 0.0011539 0.0004269
n0 = 200,max(X0) = 8.8 0.0011216 0.0002871

X0 ∼ LN(0,1),T = 21.98, X1 ∼ Unif(1, 60) p̄ σp̂
n0 = 100,max(X0) = 11.04102 0.0011401 0.0004100
n0 = 200,max(X0) = 11.04102 0.0010598 0.0002823

X0 ∼Weibull(1,2),T = 13.82,X1 ∼ Unif(0,16) p̄ σp̂
n0 = 100,max(X0) = 8.626444 0.0011215 0.0001524
n0 = 200,max(X0) = 8.673713 0.0010768 0.0001372

X0 ∼ Pareto(1,4),T = 5.62,X1 ∼ Unif(1,8) p̄ σp̂
n0 = 100,max(X0) = 3.08099 0.0011549 0.0002256
n0 = 200,max(X0) = 4.14516 0.0009966 0.0002034

Thus, against the background provided in the previous sec-
tions, we compare two very different ways to obtain estimates
for small tail probabilities, the well known peaks over threshold
(POT) based on extreme value theory, and the present iterative
process based on repeated fusion of a given reference sample
with external computer-generated uniformly distributed sam-
ples. The comparison is based on confidence interval coverage
and width, and on the mean absolute error (MAE) which mea-
sures the discrepancy between p̂ and the true tail probability
p. In Tables 15 to 23, p is relatively small, p = 0.001 (or ap-
proximately so), whereas in the last two Tables 24 and 25, p is
smaller, p = 0.0001.

Throughout the comparison the sample sizes are n0 = n1 =
100, and h(x) = (x, log x). Thus, in the present comparison
the reference X0 and the fusion samples X1 have size n0 =
100.

To save computation time, in each case of the iteration pro-
cess FB was obtained from 1000 fusions, and we use in each
case a single convergent Down sequence where the starting j is
such that B(j) is approximately equal to the 3rd quartile of the
observed 1000 B’s. Starting at the 3rd quartile is computation-
ally sensible as the corresponding B(j) most often converge to
a point in a neighborhood of p as j decreases. See Tables 1 to
13 and more examples in [12].
The following tables are the result of 500 runs. In each run the
iteration method (IM) was repeated 500 times.

From the mean residual life (MRL) plots we obtained the
thresholds u needed for the POT method. In all cases reported
in the tables, the MRL plots suggest the use of the largest 20%
of the reference data X0 for fitting the generalized Pareto
(GP) distribution. We have noticed a deterioration in the POT
results when using 30%, 15% or 10% of X0. The simulation
details are given in Section A.2 in the Appendix.

An interesting picture emerges from Tables 15 to 25. For the
moderately large sample size of n0 = 100, regardless of the
tail type, already with N = 50, that is, the number of p̂’s used
in forming the CI for the true p of the form (min(p̂),max(p̂))
(defined in Section A.2), the iterative process gives reliable
and relatively narrow confidence intervals, whereas the POT
gives unacceptable coverage and in most cases wider CI’s and
greater MAE as well. It is seen from [12], the POT coverage
increases significantly going from n0 = 100 to n0 = 200,
however, it seems that for the method to “fire up” larger
samples are needed. Regarding ROSF, the choice of N = 50
seems prudent across all cases.
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6.1 Comparison Tables
The following tables compare ROSF and POT for p = 0.001

and p = 0.0001.

Table 15. X0 ∼ t(1) > 0 : p = 1−G(T ) = 0.001, T = 631.8645, X1 ∼
Unif(0,800), n0 = n1,h(x) = (x, log x). p-increment 0.0001.

n0 = 100
Method N Coverage CI Length MAE

POT - 63.2% 0.00372 0.00149
ROSF & IM 50 98.2% 0.00213 0.00061

Table 16. X0 ∼ Weibull(1, 2) : p = 1 − G(T ) = 0.001, T =
13.81551, X1 ∼ Unif(0,16), n0 = n1,h(x) = (x, log x). p-increment
0.00005.

n0 = 100
Method N Coverage CI Length MAE

POT - 82.7% 0.00431 0.00131
ROSF & IM 50 92.5% 0.00287 0.00068

Table 17. X0 ∼ Pareto(1, 4) : p = 1 − G(T ) = 0.001, T =
5.623413, X1 ∼ Unif(1,8), n0 = n1,h(x) = (x, log x). p-increment
0.0001.

n0 = 100
Method N Coverage CI Length MAE

POT - 81.8% 0.00419 0.00121
ROSF & IM 50 96.2% 0.00232 0.00052

Table 18. X0 ∼ Gamma(3, 1) : p = 1 − G(T ) = 0.001, T =
11.22887, X1 ∼ Unif(0,20), n0 = n1,h(x) = (x, log x). p-increment
0.00005.

n0 = 100
Method N Coverage CI Length MAE

POT - 77.3% 0.00410 0.00096
ROSF & IM 50 93.4% 0.00188 0.00054

Table 19. X0 ∼ IG(2, 40) : p = 1−G(T ) = 0.001, T = 3.835791, X1 ∼
Unif(0,8), n0 = n1,h(x) = (x, log x). p-increment 0.00005.

n0 = 100
Method N Coverage CI Length MAE

POT - 69.6% 0.00324 0.00123
ROSF & IM 50 100% 0.00289 0.00047

Table 20. X0 ∼ LN(0, 1) : p = 1−G(T ) = 0.001, T = 21.98218, X1 ∼
Unif(1,60), n0 = n1,h(x) = (x, log x). p-increment 0.00005.

n0 = 100
Method N Coverage CI Length MAE

POT - 81.5% 0.00451 0.00111
ROSF & IM 50 100% 0.00234 0.00047

Table 21. X0 ∼ LN(1, 1) : p = 1−G(T ) = 0.001, T = 59.75377, X1 ∼
Unif(1,140), n0 = n1,h(x) = (x, log x). p-increment 0.0001.

n0 = 100
Method N Coverage CI Length MAE

POT - 81.4% 0.00435 0.00117
ROSF & IM 50 89.1% 0.00187 0.00069

Table 22. X0 ∼ Mercury : p = 1 − G(T ) = 0.001088797, T =
22.41, X1 ∼ Unif(0,50), n0 = n1,h(x) = (x, log x). p-increment 0.0001.
Data source [14].

n0 = 100
Method N Coverage CI Length MAE

POT - 85.3% 0.00455 0.00130
ROSF & IM 50 97.5% 0.00215 0.00048

Table 23. X0 ∼ URX3TB : p = 1 − G(T ) = 0.001152074, T =
9.50, X1 ∼ Unif(0,12), n0 = n1,h(x) = (x, log x). p-increment 0.0001.
Data source for URX3TB - 2,4,6-trichlorophenol [13].

n0 = 100
Method N Coverage CI Length MAE

POT - 81.1% 0.00433 0.00143
ROSF & IM 50 89.1% 0.00179 0.00055

Table 24. Smaller probability. X0 ∼ F(2, 12) : p = 1 − G(T ) =
0.0001, T = 21.84953, X1 ∼ Unif(0,25), n0 = n1,h(x) = (x, log x).
p-increment 0.00001.

n0 = 100
Method N Coverage CI Length MAE

POT - 71.4% 0.00062 0.00052
ROSF & IM 50 95.2% 0.00059 0.00022

Table 25. Smaller Probability. X0 ∼ LN(0, 1) : p = 1 − G(T ) =
0.0001, T = 41.22383, X1 ∼ Unif(1,60), n0 = n1,h(x) = (x, log x).
p-increment 0.00001.

n0 = 100
Method N Coverage CI Length MAE

POT - 72.1% 0.00064 0.00045
ROSF & IM 50 100% 0.00066 0.00021
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7 Conclusion

The numerous number of fusions of a given reference sam-
ple with computer generated samples gives rise to different ob-
servables including the upper bounds for a tail probability p
that were used in the paper. The upper bounds, obtained from
the combined real and artificial data, were mostly much larger
than p, some were less than p, but some among the multitude
of upper bounds essentially coincided with p and they were
identified rather closely using an iterative procedure.

We have illustrated that, across a fairly wide range of distri-
butional tail types, repeated fusion of a reference sample with
externally generated uniform random data allowed us to gain
information about the tail behavior beyond the threshold us-
ing order statistics from upper bounds for p. In neighborhoods
of the true p, the consequential Down-Up sequences tended to
transition or shift at points close to p, providing surprisingly
close estimates. We have seen that with sample sizes on the or-
der of 100 we can in many cases estimate tail probabilities on
the order of 1/10,000. It seems that larger samples are needed
for much smaller tail probabilities, and that the method could
fail when max(X0) is exceedingly small relative to the thresh-
old T .

Throughout the paper the fusion samples were uniform sam-
ples whose support contained T . That is, the upper limit of the
support exceeded T . But other than this, no guide for choos-
ing the upper limits was provided. Experience, however, shows
that different upper limits give similar results.

The ideas presented in this paper can be extended in a num-
ber of ways. For example, using “fake” data from distribu-
tions other than uniform, and using different fusion mecha-
nisms together with appropriate inferential methods other than
the semiparametric method used in the paper. That is, explor-
ing different ways of connecting X0 and the fusion samples,
other than by means of their distributions as expressed by the
density ratio model.

Reliable estimation of tail probabilities is important in nu-
merous fields from finance to geophysics to meteorology to the
design of ships and to optics; see [15] and [16].

A Appendix

The appendix addresses the density ratio model (9) form+1
data sources discussed briefly in Section 3.

A.1 Asymptotic Distribution of Ĝ(x)

Define α0 ≡ 0, β0 ≡ 0, wj(x) = exp(αj + β′jh(x)), ρi =
ni/n0, j = 1, . . . ,m.

Maximum likelihood estimates for all the parameters and
G(x) can be obtained by maximizing the empirical likelihood
over the class of step cumulative distribution functions with
jumps at the observed values t1, . . . , tn [17]. Let pi = dG(ti)
be the mass at ti, for i = 1, . . . , n. Then the empirical likeli-

hood becomes

L(θ, G) =

n∏
i=1

pi

n1∏
j=1

exp(α1 + β′1h(x1j))

· · ·
nm∏
j=1

exp(αm + β′mh(xmj)). (13)

Maximizing L(θ, G) subject to the constraints

n∑
i=1

pi = 1,

n∑
i=1

pi[w1(ti)− 1] = 0,

. . . ,

n∑
i=1

pi[wm(ti)− 1] = 0 (14)

we obtain the desired estimates. In particular,

Ĝ(t) =
1

n0
× (15)

n∑
i=1

I(ti ≤ t)
1 + ρ1 exp(α̂1 + β̂′1h(ti)) + · · ·+ ρm exp(α̂m + β̂′mh(ti))

,

where I(ti ≤ t) equals one for ti ≤ t and is zero, oth-
erwise. Similarly, Ĝj is estimated by summing exp(α̂j +

β̂′jh(ti))dG(ti).
The asymptotic properties of the estimators have been stud-

ied by a number of authors including [11],[10],[18].
Define the following quantities: ρ = diag{ρ1, . . . , ρm},

Aj(t) =

∫
wj(y)I(y ≤ t)∑m
k=0 ρkwk(y)

dG(y),

Bj(t) =

∫
wj(y)h(y)I(y ≤ t)∑m

k=0 ρkwk(y)
dG(y),

Ā(t) = (A1(t), . . . , Am(t))′, B̄(t) = (B′1(t), . . . , B′m(t))′.

Then the asymptotic distribution of Ĝ(t) form ≥ 1 is given by
the following result due to Lu (2007).

Theorem A.1 Assume that the sample size ratios ρj = nj/n0
are positive and finite and remain fixed as the total sample size
n =

∑m
j=0 nj → ∞. The process

√
n(Ĝ(t) − G(t)) con-

verges to a zero-mean Gaussian process in the space of real
right continuous functions that have left limits with covariance
matrix given by

Cov{
√
n(Ĝ(t)−G(t)),

√
n(Ĝ(s)−G(s))} =(

m∑
k=0

ρk

)(
G(t ∧ s)−G(t)G(s)−

m∑
j=1

ρjAj(t ∧ s)
)

+

(
Ā′(s)ρ, B̄′(s)(ρ⊗ Ip)

)
S−1

(
ρĀ(t)

(ρ⊗ Ip)B̄(t)

)
.(16)

where Ip is the p× p identity matrix, and ⊗ denotes Kronecker
product.
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For a complete proof see Lu [10]. The proof for m = 1
is given in [18].

Denote by V̂ (t) the estimated variance of Ĝ(t) as given in
(16). Replacing parameters by their estimates, a 1 − α level
pointwise confidence interval for G(t) is approximated by(

Ĝ(t)− zα/2
√
V̂ (t), Ĝ(t) + zα/2

√
V̂ (t)

)
, (17)

where zα/2 is the upper α/2 point of the standard normal dis-
tribution. Hence, a 1 − α level pointwise confidence interval
for 1 − G(T ) for any T , and in particular for relatively large
thresholds T is approximated by(

1− Ĝ(t)− zα/2
√
V̂ (t), 1− Ĝ(t) + zα/2

√
V̂ (t)

)
. (18)

A.2 Simulation Description
The following steps were followed. There were 500 runs. In

each run the iteration method (IM) was repeated 500 times.

First, a referenceX0 was obtained.

POT:
The POT procedure was applied to get both an estimate p̂ and
a confidence interval (CI). The MRL plots suggest the use
of the largest 20% of the reference data X0 for fitting the
generalized Pareto (GP) distribution.

ROSF/IM:
X0 was fused withX1 1000 times (ROSF) to get FB and then
p̂ (IM).
X0 was fused again with different X1 1000 times to get FB
and p̂.
This was repeated 500 times.

The iterative method thus gave 500 p̂’s. We then chose
at random N p̂’s from 500 p̂’s to construct a CI for the true p
as (min(p̂),max(p̂)).
This is run 1.

The above steps were repeated, for both POT and ROSF/IM
each time with a different X0, 500 times (runs) to obtain
coverage and average CI length. In the tables, CI length is an
average length from 500 intervals.

Since there are 500 runs, POT gave 500 p̂’s. Regarding
IM, a single p̂ was chosen at random (out of 500 p̂’s) from
each of the 500 runs. The mean absolute error (MAE) was ob-
tained in both cases from the mean of 500 absolute differences∑

(|p̂i − p|)/500, where p = 0.001 or p = 0.0001. In the
iterative method, in each table the MAE is reported once on
the line corresponding to N = 50.

Statistics in Medicine 2016; 35: 3229-3240.
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Abstract In this paper, we consider the initial-value
problem for parabolic variational inequalities (subdifferential
inclusions) with Volterra type operators. We prove the exis-
tence and the uniqueness of the solution. Furthermore, the
estimates of the solution are obtained. The results are achieved
using the Banach’s fixed point theorem (the principle of
compression mappings). The motivation for this work comes
from the evolutionary variational inequalities arising in the
study of frictionless contact problems for linear viscoelastic
materials with long-term memory. Also, such kind of problems
have their application in constructing different models of the
injection molding processes.

Keywords Parabolic variational Inequality, Variational
Inclusion, Volterra Type Operators

1 Introduction

We consider the problem for parabolic variational inequal-
ities (subdifferential inclusions) with Volterra type operators.
We start off by giving an example of the problem being studied
here.

Let n ∈ N, p ≥ 2, T > 0,Ω be a bounded domain in Rn, ∂Ω
be a boundary of Ω. We putQ := Ω×(0, T ), Σ := ∂Ω×(0, T ),
Ωt := Ω × {t} ∀ t ∈ [0, T ], Π := {(t, s) | t ∈ (0, T ), s ∈
(0, t)}.

Let Lp(Ω) and Lp(Q) be standard Lebesgue spaces. We
denote by W 1,p(Ω) = {v ∈ Lp(Ω) | vxi

∈ Lp(Ω), i =
1, n} a standard Sobolev space with the norm ‖v‖W 1,p(Ω) :=(∑n

i=1 ‖vxi‖
p
Lp(Ω) + + ‖v‖pLp(Ω)

)1/p

.

Let K be a convex closed set in W 1,p(Ω) which contains 0.
Let us consider the problem of finding a function u ∈ Lp(Q),
uxi
∈ Lp(Q), i = 1, n, ut ∈ L2(Q), that satisfies the initial

condition

u|t=0 = u0(x), x ∈ Ω, (1)

and, for a.e. t ∈ (0, T ], u(·, t) ∈ K and∫
Ωt

{
ut(v − u) + |∇u|p−2∇u∇(v − u)+

+|u|p−2u(v − u) + (v − u)

∫ t

0

b̂(x, t, s)u(x, s) ds
}
dx ≥

≥
∫
Ωt

f(v − u) dx ∀ v ∈ K, (2)

where f ∈ L2(Q), u0 ∈ L2(Ω), b̂ ∈ L∞(Ω× (0, T )× (0, T ))
are given,∇u := (ux1 , . . . , uxn).

Note that an operator Q 3 (x, t) 7→
t∫

0

b̂(x, t, s)u(x, s) ds :

L2(Q)→ L2(Q) is called a Volterra type operator.
We remark that the problem (2) can be written in more ab-

stract way. Indeed, after an appropriate identification of func-
tions and functionals, one usually writes

W 1,p(Ω) ⊂ L2(Ω) ⊂ (W 1,p(Ω))′,

where all the injections are continuous and dense (provided
W 1,p(Ω) is reflexive). Clearly for any h ∈ L2(Ω) and v ∈
W 1,p(Ω) we have 〈h, v〉 = (h, v), where by 〈·, ·〉 we denote
the scalar product on dual pair

[
(W 1,p(Ω))′, W 1,p(Ω)

]
, and

by (·, ·) we denote the scalar product in L2(Ω). Thus, we may
use the notation (·, ·) instead of 〈·, ·〉.

Now we denote V := W 1,p(Ω), H := L2(Ω) and define
operators A : V → V ′, B̂(t, s; ·) : H → H, (t, s) ∈ Π, as
follows

(A(v), w) :=

∫
Ω

[
|∇v|p−2∇v∇w+|v|p−2vw

]
dx, v, w ∈ V,

(
B̂(t, s)v

)
(·) := b̂(x, t, s)v(·) : Ω→ R, (t, s) ∈ Π, v ∈ H.

Then the problem is to find a function u ∈ Lp(0, T ;V )
such that u′ ∈ L2(0, T ;H), u(0) = u0 and, for a.e. t ∈ (0, T ),
u(t) ∈ K and(

u′(t) +A(u(t)) +

∫ t

0

B̂(t, s)u(s) ds , v − u(t)
)
≥



Mathematics and Statistics 7(5): 182-190, 2019 183

≥
(
f(t), v − u(t)

)
∀ v ∈ K, (3)

where f ∈ L2(0, T ;H), u0 ∈ H are given.
We remark that variational inequality (3) can be written as a

subdifferential inclusion. For this purpose we put IK(v) := 0
if v ∈ K, and IK(v) := +∞ if v ∈ V \K, and also

Φ(v) :=
1

p

∫
Ω

[
|∇v|p + |v|p

]
dx+ IK(v), v ∈ V.

It is easy to verify that the functional Φ : V → R∪{+∞}
is convex and semi-lower-continuous. By the known results
(see., e.g., [12, p. 83]) it follows that the problem of finding a
solution of the variational inequality (3) can be written as such
subdifferential inclusion: to find a function u ∈ Lp(0, T ;V )
such that u′ ∈ L2(0, T ;H), u(0) = u0 and, for a.e. t ∈ (0, T ),
u(t) ∈ D(∂Φ), and

u′(t) + ∂Φ(u(t)) +

∫ t

0

B̂(t, s)u(s) ds 3 f(t) in H, (4)

where ∂Φ : V → 2V
′

is a subdifferential of the functional Φ.
The aim of the present paper is to investigate the problems

for inclusions type (4).
The parabolic variational inequalities (subdifferential inclu-

sions) and its modifications appear at the simulation of various
physical processes, problems from economics, mechanics, fi-
nance, optimization, optimal control, game theory, and its re-
search has been conducted in papers [12], [14], [19], [20], [21],
[22], and others.

Let us remark that problems for evolutionary variational in-
equalities without Volterra type operators are widely investi-
gated, particularly in [5], [8], [9], [15], [16], [23], [24], [25],
[26], and others. Most of the results, which are known to us,
were obtained by using the Banach’s fixed point theorem (the
principle of compression mappings).

Various classes of evolutionary variational inequalities with
an elliptic principal parts and integral Volterra type operators
have been investigated by many authors (in particular, see [27],
[28], [29], [30]). For instance, in [30] it is obtained the mathe-
matical model of the injection molding process which is char-
acterized by the variational inequalities with an elliptic bilinear
form and a Volterra term. Existence and uniqueness of the so-
lution of these problems are derived by means of an argument
based on the Banach’s fixed point theorem.

In addition, in papers [28] and [29] it has been investigated
an abstract evolutionary variational inequalities arising in the
study of frictionless contact problems for linear viscoelastic
materials with long-term memory. This abstract problem is of
the following form:

find u : [0, T ]→ V which satisfies, for t ∈ (0, T ),

u(t) ∈ U,

(
Au(t) , v − u(t)

)
V

+
(∫ t

0

B(t− s)u(s) ds , v − u(t)
)
V
≥

≥
(
f(t) , v − u(t)

)
V
∀v ∈ U, t ∈ [0, T ],

where V is a real Hilbert space, T > 0, U is a nonempty closed
convex subset of V , A : V → V is a nonlinear operator, B(t) :
V → V is a linear continuous operator for all t ∈ [0, T ], and
f : [0, T ] → V is given. The results deal with the existence
of a unique solution to problem, which is obtained by using
arguments for time-dependent elliptic variational inequalities.

In this paper, we consider the problem for parabolic varia-
tional inequalities with Volterra type operators, that is, when
the value of the solution in the actual moment of time depends
on the values of the solution in the previous moments.

Initial-boundary value problems for nonlinear evolutionary
equations with Volterra type operators, which can be inter-
preted as a partial case of evolutionary variational inequalities,
are investigated in papers [17], [18]. Let us note that problems
for parabolic variational inequalities or subdifferential inclu-
sions with Volterra type operators have not been considered in
the literature before. It serves us as one of the motivations for
the study of such kind of problems.

The paper is structured as follows. In Section 1, we formu-
late the main notations and auxiliary facts. The main results
of our paper are established in Section 2. In Section 3, it is
substantiated the main results.

2 Preliminaries
Let V be a separable reflexive Banach space with the norm

‖ · ‖, H be the Hilbert space with the scalar product (·, ·) and
the norm | · |. Assume that the injection V ⊂ H is dense,
continuous, and compact.

Let V ′ and H ′ be the dual spaces to V and H , respectively.
We assume (after an appropriate identification of functionals),
that the space H ′ is a subspace of V ′. Identifying (by the
Riesz—Fréchet representation theorem) H ′ with H , one usu-
ally writes

V ⊂ H ⊂ V ′ , (5)

where all the injections are continuous and dense (provided V
is reflexive).

Note that in this case 〈g, v〉V = (g, v) for every v ∈ V,
g ∈ H, where 〈·, ·〉V is the scalar product on the duality pair[
V ′, V

]
. Therefore, further we will use the notation (·, ·) in-

stead of 〈·, ·〉V .
Let T > 0 be an arbitrary fixed number. Let us intro-

duce some spaces of functions and spaces of distributions.
Let X be an arbitrary Banach space with the norm ‖ · ‖X .
By C([0, T ];X) we mean the Banach space of continuous
functions w : [0, T ] → X with the norm ‖w‖C(0,T ;X) :=
max
t∈[0,T ]

‖w(t)‖X . By Lq(0, T ;X), where q ≥ 1, we denote

the Banach space of measurable functions w : (0, T ) → X
such that ‖w(·)‖X ∈ Lq(0, T ) with the norm ‖w‖Lq(0,T ;X) :=( ∫ T

0
‖w(t)‖q dt

)1/q

. By L∞(0, T ;X) we denote the Ba-
nach space of measurable and essentially bounded functions
w : (0, T ) → X such that ‖w(·)‖X ∈ L∞(0, T ) with the
norm ‖w‖L∞(0,T ;X) := ess sup

t∈(0,T )

‖w(t)‖X . By D′(0, T ;X) we

mean the space of distributions on D(0, T ) with values on X ,
i.e., the space of linear continuous (in weak topology on X)
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functionals on D(0, T ) with values on X (hereafter D(0, T )
is space of test functions, that is, the space of infinitely differ-
entiable on (0, T ) functions with compact supports, equipped
with the corresponding weak topology). It is easy to see (us-
ing (5)), that spaces Lq(0, T ;V ), L2(0, T ;H), Lq

′
(0, T ;V ′),

where q > 1, 1/q + 1/q′ = 1, can be identified with the corre-
sponding subspaces of D′(0, T ;V ′). In particular, this allows
us to talk about derivatives w′ of functions w from Lq(0, T ;V )
and L2(0, T ;H) in the sense of distributions D′(0, T ;V ′) and
belonging of such derivatives to Lq

′
(0, T ;V ′) or L2(0, T ;H).

Let us define the spaces

H1(0, T ;H) := {w ∈ L2(0, T ;H)
∣∣ w′ ∈ L2(0, T ;H)},

W 1
q (0, T ;V ) := {w ∈ Lq(0, T ;V )

∣∣ w′ ∈ Lq′(0, T ;V ′)},
q > 1, q′ := q/(q − 1).

From known results (see., for example, [10, p. 177-179]) it
follows that H1(0, T ;H) ⊂ C([0, T ];H) and W 1

q (0, T ;V ) ⊂
C([0, T ];H). Moreover, for every w in H1(0, T ;H) or
W 1
q (0, T ;V ) the function t 7→ |w(t)|2 is absolutely continu-

ous on [0, T ] and the following equality holds

d

dt
|w(t)|2 = 2(w′(t), w(t)) for a.e. t ∈ [0, T ]. (6)

3 Statement of the problem and the
main results

Let Φ : V → (−∞,+∞] be a proper functional, i.e.,
dom(Φ) := {v ∈ V | Φ(v) < +∞} 6= ∅, which satisfies
the following conditions:

(A1) Φ
(
αv + (1− α)w

)
≤ αΦ(v) + (1− α)Φ(w)

∀ v, w ∈ V, ∀α ∈ [0, 1],

i.e., the functional Φ is convex,

(A2) vk −→
k→∞

v in V =⇒ lim
k→∞

Φ(vk) ≥ Φ(v),

i.e., the functional Φ is lower semicontinuous.

Recall that the subdifferential of functional Φ is a mapping
∂Φ : V → 2V

′
, defined as follows

∂Φ(v) := {v∗ ∈ V ′ |Φ(w) ≥ Φ(v)+(v∗, w−v) ∀w ∈ V },

v ∈ V , and the domain of the subdifferential ∂Φ is the set
D(∂Φ) := {v ∈ V | ∂Φ(v) 6= ∅}. We identify the subdif-
ferential ∂Φ with its graph, assuming that [v, v∗] ∈ ∂Φ if and
only if v∗ ∈ ∂Φ(v), i.e., ∂Φ = {[v, v∗] | v ∈ D(∂Φ), v∗ ∈
∂Φ(v))}. R. Rockafellar (see [11, theorem A]) proves that the
subdifferential ∂Φ is a maximal monotone operator, that is,

(v∗1 − v∗2 , v1 − v2) ≥ 0 ∀ [v1, v
∗
1 ], [v2, v

∗
2 ] ∈ ∂Φ, (7)

and for every element [v1, v
∗
1 ] ∈ V × V ′ we have the implica-

tion
(v∗1 − v∗2 , v1 − v2) ≥ 0 ∀ [v2, v

∗
2 ] ∈ ∂Φ.

From this implies that [v1, v
∗
1 ] ∈ ∂Φ.

Additionally, assume that the following condition hold:

(A3) there exist constants p ≥ 2, K > 0 such that

Φ(v) ≥ K‖v‖p ∀ v ∈ dom(Φ);

moreover, Φ(0) = 0.

Remark 2. Condition (A3) implies that Φ(v) ≥ Φ(0) +
(0, v − 0) ∀ v ∈ V , hence [0, 0] ∈ ∂Φ.

Let B : L2(0, T ;H) → L2(0, T ;H) be an operator that
satisfies the following condition:

(A4) there exists a constant L ≥ 0 such that, for a.e. t ∈
(0, T ) and for any w1, w2 ∈ L2(0, T ;H), the following
inequality holds:

|B(w1)(t)− B(w2)(t)| ≤ L
t∫

0

|w1(s)− w2(s)| ds;

moreover, B(0) = 0.
It is easy to varify that the condition (A4) implies that

|B(w)(t)| ≤ L
t∫

0

|w(s)| ds (8)

for a.e. t ∈ (0, T ) and for any w ∈ L2(0, T ;H).
Operator B is called a Volterra type operator.

Remark 3. An important example of B is the following op-
erator:

B(w)(t) := B
(
t,

∫ t

0

b(t, s, w(s)) ds
)
, t ∈ (0, T ), (9)

where B : (0, T ) × H → H , b : Π × H → H are mappings
which satisfy conditions:

• for any v ∈ H the mapping B(·, v) : (0, T ) → H is
measurable, and there exists a constant L1 ≥ 0 such that
the following inequality holds

|B(t, v1)−B(t, v2)| ≤ L1|v1 − v2| (10)

for a.e. t ∈ (0, T ) and for all v1, v2 ∈ H; in addition,
B(t, 0) = 0 for a.e. t ∈ (0, T ).

• for any v ∈ H the mapping b(·, ·, v) : Π → H is mea-
surable, and there exists a constant L2 ≥ 0 such that the
following inequality holds

|b(t, s, v1)− b(t, s, v2)| ≤ L2|v1 − v2| (11)

for a.e. (t, s) ∈ Π and for all v1, v2 ∈ H; in addition,
b(t, s, 0) = 0 for a.e. (t, s) ∈ Π.

Let us show that the operator B, which is defined in (9),
satisfies the condition (A4) with L = L1L2. Indeed, based on
(10) and (11) we have

|B(w1)(t)− B(w2)(t)| ≤
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≤
∣∣B(t, ∫ t

0

b(t, s, w1(s)) ds
)
−B

(
t,

∫ t

0

b(t, s, w2(s)) ds
)∣∣ ≤

≤ L1

∣∣∣ ∫ t

0

b(t, s, w1(s)) ds−
∫ t

0

b(t, s, w2(s)) ds
∣∣∣ ≤

≤ L1L2

∫ t

0

|w1(s)− w2(s)| ds.

Let us consider the evolutionary variational inequality
(subdifferential inclusion)

u′(t) + ∂Φ
(
u(t)

)
+ B(u)(t) 3 f(t), t ∈ (0, T ), (12)

where f : (0, T ) → V ′ is a given measurable function, u :
(0, T )→ V is an unknown function.

Definition. Let conditions (A1) – (A4) hold, and f ∈
Lp

′
(0, T ;V ′), where p′ = p/(p − 1). The solution of vari-

ational inequality (12) is called a function u that satisfies the
following conditions

1) u ∈W 1
p (0, T ;V ) (then u ∈ C([0, T ];H));

2) u(t) ∈ D(∂Φ) for a.e. t ∈ (0, T );

3) there exists a function g ∈ Lp′(0, T ;V ′) such that, for a.e.
t ∈ (0, T ), we have g(t) ∈ ∂Φ

(
u(t)

)
and

u′(t) + g(t) + B(u)(t) = f(t) in V ′. (13)

We consider the problem of finding a solution u of the vari-
ational inequality (12) that satisfies the following condition

u(0) = u0, (14)

where u0 ∈ H is given.
It is called the problem P(Φ,B, f, u0), and the function u is

called its solution.

Remark 4. The problem P(Φ,B, f, u0) can be replaced
by the following one. Let K be a convex, closed set in V ,
A : V → V ′ be a monotone, bounded and semi-continuous
operator such that (A(v), v) ≥ K̃1‖v‖p ∀v ∈ V , where
K̃1 = const > 0, and f ∈ Lp

′
(0, T ;V ′), u0 ∈ H . The

problem is to find a function u ∈ W 1
p (0, T ;V ) such that

u(0) = u0 and, for a.e. t ∈ (0, T ), we have u(t) ∈ K
and (u′(t) +A(u(t)) + B(u)(t), v − u(t)) ≥ (f(t), v − u(t))
∀ v ∈ K.

Theorem 1 (uniqueness of the solution). Let conditions
(A1) – (A4) hold, and f ∈ Lp

′
(0, T ;V ′), u0 ∈ H . Then

the problem P(Φ,B, f, u0) has no more than one solution.

Theorem 2 (existence of the solution). Let conditions (A1)
– (A4) hold, and f ∈ L2(0, T ;H), u0 ∈ dom(Φ). Then
the problem P(Φ,B, f, u0) has a unique solution, it belongs
to the space L∞(0, T ;V ) ∩ H1(0, T ;H), while Φ

(
u(·)

)
∈

C([0, T ];H), and satisfies estimates

max
t∈[0,T ]

|u(t)|2 +

∫ T

0

‖u(t)‖p dt+

∫ T

0

Φ
(
u(t)

)
dt ≤

≤ C1

(
|u0|2 +

∫ T

0

|f(t)|2 dt
)
, (15)

ess sup
t∈[0,T ]

‖u(t)‖p + max
t∈[0,T ]

Φ
(
u(t)

)
+

∫ T

0

|u′(t)|2 dt ≤

≤ C2

(
|u0|2 + Φ(u0) +

∫ T

0

|f(t)|2 dt
)
, (16)

where C1, C2 are positive constants depending on K, L, and T
only.

4 Proof of the main results
Proof. Proof of Theorem 1. Assume the contrary. Let u1 and
u2 are two solutions of the problem P(Φ,B, f, u0). Then for
every i ∈ {1, 2} there exists function gi ∈ Lp

′
(0, T ;V ′) such

that, for a.e. t ∈ (0, T ), we have gi(t) ∈ ∂Φ(ui(t)) and

u′i(t) + gi(t) + B(ui)(t) = f(t) in V ′, i = 1, 2. (17)

We put w := u1−u2. From equalities (17), for a.e. t ∈ (0, T ),
we obtain

w′(t)+g1(t)−g2(t)+B(u1)(t)−B(u2)(t) = 0 in V ′. (18)

Multiplying equality (18) for a.e. t ∈ (0, T ) byw(t), we obtain

(w′(t), w(t)) + (g1(t)− g2(t), u1(t)− u2(t))+

+(B(u1)(t)− B(u2)(t), w(t)) = 0. (19)

By (6), (7) and the fact that [ui(t), gi(t)] ∈ ∂Φ, for a.e. t ∈
(0, T ), i = 1, 2, we obtain

1

2

d|w(t)|2

dt
+
(
B(u1)(t)− B(u2)(t), w(t)

)
≤ 0 (20)

for a.e. t ∈ (0, T ).
Integrating (20) from 0 to τ , where τ is an arbitrary from

(0, T ], and taking into account that w(0) = 0, we obtain

|w(τ)|2 + 2

τ∫
0

(
B(u1)(t)− B(u2)(t), w(t)

)
dt ≤ 0. (21)

Let move the second term of inequality (21) to the right hand
side. By the condtion (A4) and the Cauchy-Schwartz inequal-
ity we obtain

∣∣∣ τ∫
0

(
B(u1)(t)− B(u2)(t), w(t)

)
dt
∣∣∣ ≤

≤
τ∫

0

|B(u1)(t)− B(u2)(t)||w(t)| dt ≤

≤ L
τ∫

0

( t∫
0

|w(s)| ds
)
|w(t)| dt ≤
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≤ L
√
T
( τ∫

0

|w(t)|2 dt
)1/2 ( τ∫

0

( t∫
0

|w(s)|2 ds
)
dt
)1/2

≤

≤ LT
τ∫

0

|w(t)|2 dt. (22)

Thus, based on (22) from (21) we obtain

|w(τ)|2 ≤ 2LT

τ∫
0

|w(t)|2 dt. (23)

Using the Gronwall-Belman lemma, from (23) we get
|w(τ)|2 ≤ 0, τ ∈ [0, T ]. From this it follows w(τ) =
0 ∀τ ∈ [0, T ], i.e., u1 = u2. This contradicts our assump-
tion. Therefore, a solution of the problem P(Φ,B, f, u0) is
unique.

Proof. Proof of Theorem 2. First, we define the functional
ΦH : H → (−∞; +∞] by the rule: ΦH(v) := Φ(v), if
v ∈ V , and ΦH(v) := +∞ otherwise. Note that conditions
(A1), (A2), Lemma IV.5.2 and Proposition IV.5.2 of the mono-
graph [12] imply that ΦH is a proper, convex and lower-semi-
continuous functional on H , dom(ΦH) = dom(Φ) ⊂ V , and
∂ΦH = ∂Φ ∩ (V × H), where ∂ΦH : H → 2H is the sub-
differential of the functional ΦH . Moreover, condition (A3)
yields 0 ∈ ∂ΦH(0).

Let us consider the auxiliary problem of finding a function
u ∈ H1(0, T ;H) such that u(0) = u0 and, for a.e. t ∈ (0, T ),
inclusions u(t) ∈ D(∂ΦH), and

u′(t) + ∂ΦH(u(t)) + B(u)(t) 3 f(t) in H (24)

hold, i.e., there exists a function g ∈ L2(0, T ;H) such that, for
a.e. t ∈ (0, T ), we have g(t) ∈ ∂ΦH(u(t)), and

u′(t) + g(t) + B(u)(t) = f(t) in H. (25)

This problem is called P(ΦH ,B, f, u0).

Let us show that there exists a unique solution of the problem
P(ΦH ,B, f, u0). For this we needed the following statements.

Proposition 1 ([12, Lemma IV.4.3]). Let v ∈ H1(0, T ;H)
and ĝ ∈ L2(0, T ;H) such that, for a.e. t ∈ (0, T ), v(t) ∈
D(∂ΦH) and ĝ(t) ∈ ∂ΦH

(
v(t)

)
. Then the function ΦH

(
v(·)
)

is absolutely continuous on the interval [0, T ] and for any func-
tion h : [0, T ]→ H such that h(t) ∈ ∂ΦH

(
v(t)

)
the following

equality holds

d

dt
ΦH
(
v(t)

)
= (h(t), v′(t)) for a.e. t ∈ (0, T ).

Proposition 2 ([7, Proposition 3.12], [12, Proposi-
tion IV.5.2]). Let h ∈ L2(0, T ;H) and w0 ∈ dom(Φ). Then
there exists a unique function w ∈ H1(0, T ;H) such that
w(0) = w0 and, for a.e. t ∈ (0, T ), w(t) ∈ D(∂ΦH) and

w′(t) + ∂ΦH(w(t)) 3 h(t) in H, (26)

i.e., there exists a function g̃ ∈ L2(0, T ;H) such that, for a.e.
t ∈ (0, T ), g̃(t) ∈ ∂ΦH(w(t)), and

w′(t) + g̃(t) = h(t) in H. (27)

Let us continue to prove our theorem.
Let M :=

{
w ∈ C([0, T ];H)

∣∣ w(0) = u0

}
be a set of

functions with a metric

ρ(u1, u2) = max
t∈[0,T ]

[e−αt|u1(t)− u2(t)|], u1, u2 ∈M,

where α > 0 is an arbitrary fixed number. It is obvious that the
metric space is complete.

Now let us consider an operator A : M → M which is
defined as follows: for any given function w̃ ∈ M , it defines a
function w ∈ M such that w ∈ H1(0, T ;H), w(0) = u0 and,
for a.e. t ∈ (0, T ), w(t) ∈ D(ΦH) and

w′(t) + ∂ΦH(w(t)) 3 f(t)− B(w̃)(t) in H. (28)

Clearly, variational inequality (28) coincides with varia-
tional inequality (26) after replacing h by f − B(w̃). Thus,
using Proposition 2 we get that operator A is well-defined. Let
us show that the operator A is a contraction operator. Indeed,
let w̃1, w̃2 be arbitrary from M and w1 := Aw̃1, w2 := Aw̃2.
According to (28) there exist g1, g2 ∈ L2(0, T ;H) such that
for each k ∈ {1, 2} and for a.e. t ∈ (0, T ) we have gk(t) ∈
∂ΦH(wk(t)) and

w′k(t) + gk(t) = f(t)− B(w̃k)(t) in H. (29)

Subtracting identity (29) for k = 2 from identity (29) for
k = 1, and, for a.e. t ∈ (0, T ), multiplying the obtained iden-
tity by w1(t)− w2(t), we get(

(w1(t)− w2(t))′, w1(t)− w2(t)
)
+

+
(
g1(t)− g2(t), w1(t)− w2(t)

)
=

= −
(
B(w̃1)(t)− B(w̃2)(t), w1(t)− w2(t)

)
, (30)

w1(0)− w2(0) = 0. (31)

We integrate equality (30) by t from 0 to τ ∈ (0, T ], taking
into account that for a.e. t ∈ (0, T ) we have

(
(w1(t)− w2(t))′, w1(t)− w2(t)

)
=

1

2

d

dt
|w1(t)− w2(t)|2.

As a result we obtain the equality

1

2
|w1(τ)− w2(τ)|2 +

τ∫
0

(
g1(t)− g2(t), w1(t)− w2(t)

)
dt =

= −
τ∫

0

(
B(w̃1)(t)− B(w̃2)(t), w1(t)− w2(t)

)
dt. (32)

By condition (A2), for a.e. t ∈ (0, T ), we obtain(
g1(t)− g2(t), w1(t)− w2(t)

)
≥ 0. (33)
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We will use the Cauchy inequality

ab ≤ εa2 + (4ε)−1b2 ∀ a, b ∈ R, ∀ ε > 0. (34)

According to (A4) and (34) with ε = 1, for a.e. t ∈ (0, T ), we
obtain ∣∣(B(w̃1)(t)− B(w̃2)(t), w1(t)− w2(t)

)∣∣ ≤
≤ |B(w̃1)(t)− B(w̃2)(t)| |w1(t)− w2(t)| ≤

≤ L
( t∫

0

|w̃1(s)− w̃2(s)| ds
)
|w1(t)− w2(t)| ≤

≤ |w1(t)− w2(t)|2 + 4−1L2
( t∫

0

|w̃1(s)− w̃2(s)| ds
)2

≤

≤ |w1(t)− w2(t)|2 + 4−1L2T

t∫
0

|w̃1(s)− w̃2(s)|2 ds. (35)

From (32), according to (33) and (35), we have

|w1(τ)− w2(τ)|2 ≤ 2

τ∫
0

|w1(t)− w2(t)|2 dt+

+2−1L2T

τ∫
0

( t∫
0

|w̃1(s)− w̃2(s)|2 ds
)
dt. (36)

Let us evaluate the right-hand side of inequality(36) in the fol-
lowing way

τ∫
0

( t∫
0

|w̃1(s)− w̃2(s)|2 ds
)
dt ≤ T

τ∫
0

|w̃1(s)− w̃2(s)|2 ds.

(37)
From (36), taking into account (37), we get

|w1(τ)− w2(τ)|2 ≤ 2

τ∫
0

|w1(t)− w2(t)|2 dt+

+2−1(LT )2

τ∫
0

|w̃1(t)− w̃2(t)|2 dt, τ ∈ (0, T ]. (38)

Multiplying (38) by e−2ατ , where α > 1 is some constant,
we obtain

e−2ατ |w1(τ)− w2(τ)|2 ≤

≤ 2e−2ατ

τ∫
0

e2αt e−2αt |w1(t)− w2(t)|2 dt+

+ 2−1(LT )2 e−2ατ

τ∫
0

e2αt e−2αt |w̃1(t)− w̃2(t)|2 dt ≤

≤ 2e−2ατ max
t∈[0,T ]

[e−2αt |w1(t)− w2(t)|2]

τ∫
0

e2αt dt+

+ 2−1(LT )2 e−2ατ max
t∈[0,T ]

[e−2αt |w̃1(t)−w̃2(t)|2]

τ∫
0

e2αt dt =

=
(
1/α

)
(1− e−2ατ ) (ρ(w1, w2))2+

+
(
(LT )2/4α

)
(1− e−2ατ ) (ρ(w̃1, w̃2))2 ≤

≤
(
1/α

)
(ρ(w1, w2))2 +

(
(LT )2/(4α)

)
(ρ(w̃1, w̃2))2, (39)

τ ∈ [0, T ].

From (38) it follows

ρ(w1, w2) ≤
(
LT/(2

√
α− 1)

)
ρ(w̃1, w̃2).

Thus, choosing α > 1 such that LT/(2
√
α− 1) < 1, we ob-

tain, that operator A is a contraction operator. Hence, we may
apply the Banach fixed point theorem (the contraction map-
ping principle) [6, theorem 5.7], and deduce that there exists a
unique function u ∈ M such that Au = u, i.e., there exists a
unique solution u of the problem P(ΦH ,B, f, u0) (see (25)).

Let us show that u is a solution of the problem
P(Φ,B, f, u0). Indeed, taking into account that D(∂ΦH) ⊂
dom(ΦH) = dom(Φ), we obtain that u(t) ∈ V for a.e.
t ∈ (0, T ). According to the definition of the subdifferential
of the functional and the fact that g(t) ∈ ∂ΦH(u(t)) for a.e.
t ∈ (0, T ) we have

Φ(0) ≥ Φ(u(t)) + (g(t), 0− u(t)) for a.e. t ∈ (0, T ).

This and condition (A3) yields that for a.e. t ∈ (0, T ) we have

(g(t), u(t)) ≥ Φ(u(t)) ≥ K‖u(t)‖p. (40)

Since the left side of this chain of inequalities belongs to
L1(0, T ), u belongs to Lp(0, T ;V ). Thus, u is a solution of
the problem P(Φ,B, f, u0).

Let us prove now the accuracy of estimates (15) and (16).

Multiplying (25) by u(t) and integrating by t from 0 to τ ∈
(0, T ] we obtain∫ τ

0

(u′(t), u(t)) dt+

∫ τ

0

(g(t), u(t)) dt+

∫ τ

0

(B(u)(t), u(t)) dt =

=

∫ τ

0

(f(t), u(t)) dt.

From this, using equality (6), we get∫ τ

0

d

dt
|u(t)|2 dt+2

∫ τ

0

(g(t), u(t)) dt+2

∫ τ

0

(B(u)(t), u(t)) dt =

= 2

∫ τ

0

(f(t), u(t)) dt. (41)

Integrating by parts the first term of the left-hand side of the
equality (41) we obtain

|u(τ)|2 + 2

∫ τ

0

(g(t), u(t)) dt+ 2

∫ τ

0

(B(u)(t), u(t)) dt =

= |u0|2 + 2

∫ τ

0

(f(t), u(t)) dt. (42)
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By using (40), we estimate now the second term of the left-
hand side of the equality (42)

2

∫ τ

0

(
g(t), u(t)

)
dt ≥

≥
∫ τ

0

Φ
(
u(t)

)
dt+K

∫ τ

0

‖u(t)‖p dt. (43)

Let us estimate the third term of the left-hand side of (42) as
follows

2
∣∣∣ τ∫
0

(B(u)(t), u(t)) dt
∣∣∣ ≤ 2L

τ∫
0

( t∫
0

|u(s)| ds
)
|u(t)| dt ≤

≤ 2L
√
T
( τ∫

0

|u(t)|2 dt
)1/2 ( τ∫

0

( t∫
0

|u(s)|2 ds
)
dt
)1/2

≤

≤ 2LT

τ∫
0

|u(t)|2 dt. (44)

By using the Cauchy-Schwartz inequality (34), let us estimate
the second term of the right-hand side of the equality (42). As
a result we obtain

2

∫ τ

0

(f(t), u(t)) dt ≤ 2

τ∫
0

|f(t)||u(t)| dt ≤

≤
∫ τ

0

|u(t)|2 dt+

∫ τ

0

|f(t)|2 dt. (45)

From (42) by using (43), (44), and (45), we get

|u(τ)|2 +K

τ∫
0

‖u(t)‖p dt+

τ∫
0

Φ(u(t)) dt ≤

≤ |u0|2 + 2LT

τ∫
0

|u(t)|2 dt+

τ∫
0

|u(t)|2 dt+

τ∫
0

|f(t)|2 dt ≤

≤ |u0|2 +

T∫
0

|f(t)|2 dt+ (2LT + 1)

τ∫
0

|u(t)|2 dt, (46)

τ ∈ (0, T ].

Using (46) and the Gronwall-Belman Lemma, we obtain

|u(τ)|2 ≤ C3

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (47)

where C3 > 0 is a constant depended on L, T only.
Based on (47), we get

τ∫
0

|u(t)|2 dt ≤ C3

τ∫
0

(
|u0|2 +

T∫
0

|f(s)|2 ds
)
dt ≤

≤ C4

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (48)

where C4 := TC3.
From (46) and (48) by virtue of arbitrariness τ ∈ [0, T ] we

obtain

max
t∈[0,T ]

|u(t)|2 +K

∫ T

0

‖u(t)‖p dt+

∫ T

0

Φ
(
u(t)

)
dt ≤

≤ C5

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (49)

where C5 is a positive constant depended on L and T only.
From this it follows (15).

Let us find an estimate of function u′. For almost every
t ∈ (0, T ) we multiply (25) by u′(t) and integrate by t from 0
to τ ∈ (0, T ]. Then we obtain∫ τ

0

|u′(t)|2 dt+
∫ τ

0

(g(t), u′(t)) dt+

∫ τ

0

(B(u)(t), u′(t)) dt =

=

∫ τ

0

(f(t), u′(t)) dt. (50)

Since g ∈ L2(0, T ;H) and g(t) ∈ ∂ΦH
(
u(t)

)
for a.e.

t ∈ (0, T ), Proposition 2 implies that the function ΦH
(
u(·)

)
is

absolutely continuous on [0, T ] and

d

dt
ΦH
(
u(t)

)
= (g(t), u′(t)) for a.e. t ∈ (0, T ). (51)

By (51) we can rewrite the second term of the left-hand side
of equality (50) as follows∫ τ

0

(g(t), u′(t)) dt =

∫ τ

0

d

dt
ΦH
(
u(t)

)
dt =

= ΦH
(
u(τ)

)
− ΦH

(
u(0)

)
. (52)

Let us evaluate the third term of the left-hand side of equality
(50). By using (8) and the Cauchy inequality (34) we obtain

∣∣∣ τ∫
0

(B(u)(t), u′(t)) dt
∣∣∣ ≤ τ∫

0

|B(u)(t)| |u′(t)| dt ≤

≤ L
τ∫

0

( t∫
0

|u(s)| ds
)
|u′(t)| dt ≤

≤ L2

τ∫
0

( t∫
0

|u(s)| ds
)2

dt+ 4−1

τ∫
0

|u′(t)|2 dt ≤

≤ L2T

τ∫
0

( t∫
0

|u(s)|2 ds
)
dt+ 4−1

τ∫
0

|u′(t)|2 dt ≤

≤ (LT )2

τ∫
0

|u(t)|2 dt+ 4−1

τ∫
0

|u′(t)|2 dt. (53)
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Let us estimate the right-hand side of the equality (50) by
using the Cauchy inequality (34) as follows∫ τ

0

(
f(t), u′(t)

)
dt ≤

≤
∫ τ

0

|f(t)|2 dt+ 4−1

∫ τ

0

|u′(t)|2 dt. (54)

By (52) – (54), from (50) we get

1

2

τ∫
0

|u′(t)|2 dt+ ΦH
(
u(τ)

)
≤

≤ ΦH
(
u0

)
+ (LT )2

τ∫
0

|u(t)|2 dt+

τ∫
0

|f(t)|2 dt. (55)

Taking into account estimate (48), from (55) we have

τ∫
0

|u′(t)|2 dt+ ΦH
(
u(τ)

)
≤

≤ ΦH
(
u0

)
+ C6

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (56)

where C6 is a positive constant depended on K, L, and T only.
According to the definitions of the functional ΦH , con-

dition (A3) (recall that u(t) ∈ V for a.e. t ∈ [0, T ]) and an
arbitrariness of τ ∈ [0, T ] from (56) we have

ess sup
t∈[0,T ]

||u(t)||p + max
t∈[0,T ]

Φ
(
u(t)

)
+

∫ T

0

|u′(t)|2 dt ≤

≤ C7

[
Φ
(
u0

)
+ C6

(
|u0|2 +

T∫
0

|f(t)|2 dt
)]
, (57)

where C7 is a positive constant depended on K, T , and L only.
From this it follows (16).

5 Conclusions
This paper concerns the initial-value problems for parabolic

variational inequalities (sub-differential inclusions) with
Volterra type operators. We prove that there exists no more
than one weak solution of the considered problem. The results
are achieved using the Banach’s fixed point theorem, that is,
the principle of compression mappings. Furthermore, the esti-
mates of the solution are obtained.
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Abstract Recent studies on correlated Poisson processes
show that the backward simulation methods are computation-
ally efficient, and incorporate flexible and extremal correlation
structures in a multivariate risk system. These methods rely on
the fact that the past arrival times of a Poisson process given
the number of events over a time interval, [0, T ], are the order
statistics of uniform random variables on [0, T ]. In this paper,
we discuss an extension of the backward methods to a corre-
lated negative binomial Lévy process which is an appealing
model for over-dispersed count data such as operational losses.
To obtain the conditional uniformity for the negative binomial
Lévy process, we consider a particular setting in which the
time interval is partitioned into equally spaced sub-intervals
with unit length and the terminal time T is set to be the
number of sub-intervals. Under this setting, the resulting
joint probability of the increment series, conditional on the
number of events over [0, T ], say l, is uniform for any points
in the support of a {T, l}-simplex lattice. Based on this result,
we establish a backward simulation method similar to that
of Poisson process. Both the conditional independence and
conditional dependence cases are discussed with illustrations
of the corresponding time correlation patterns.

Keywords Backward Simulation, Negative Binomial Lévy
Process, Correlation Structure

1 Introduction
In quantitative risk modelling, the ability for a risk model to

incorporate flexible and extremal dependence structures is of
main concern. Especially for the purpose of scenario analysis,
the dependence in a multivariate risk system can be driven by
realization of common shocks. In practice, these shocks are
naturally modelled with multivariate point processes such as
multivariate Poisson processes. See Kreinin [10] for details on
the correlation structures of several well-known multivariate
Poisson processes including the Poisson-Wiener process (Ya-

hav and Shmueli [11]) which is a popular model for integrated
scenario generations.

In order to simulate a point process in a fixed time horizon,
one may consider either forward or backward method. For ex-
ample, the forward simulation of a Poisson process is imple-
mented by repeated simulations of independent and identically
distributed (iid) exponential inter-arrival times until the sojourn
time, the sum of the inter-arrival times, reaches the time hori-
zon. In a bivariate (or multivariate) setting, the dependence
structure is determined by that of the bivariate (or multivari-
ate) exponential distribution for the inter-arrival times. Due
to the randomness in the number of exponential inter-arrival
times, this method can be computationally demanding espe-
cially when the time horizon is long and the mean Poisson rate
is large. As discussed in Kreinin [10] and Bae and Kreinin [2],
this method also lacks ability to realize the extremal (maxi-
mal or minimal) correlation structure which makes this forward
method less appealing for quantitative risk applications. On the
other hand, the backward methods which have recently been
studied by Duch et al. [7] and Kreinin [10], use the fact that
the past arrival times of Poisson jumps, given the total number
of Poisson jumps over the time interval, have the distribution
equivalent to the order statistics of uniform random variates on
the time interval. Since the number of jumps are generated an-
terior from a Poisson distribution, the method is computational
more efficient than the forward method. More importantly,
under the conditional independence framework, Kreinin [10]
shows that the backward method allows for extremal correla-
tions, and thus it is appealing for scenario analysis of portfolio
risks. In Bae and Kreinin [2], the conditional independence as-
sumption has been alleviated by using several parametric cop-
ulas, which results in quite flexible time correlation patterns.

Even though the Poisson process is dominantly used in prac-
tices, it may not be suitable for data exhibiting over-dispersion.
For example, Bae [1] studies an operational loss dataset in
which the estimated variability of the frequency of operational
losses from each risk cell (a specific business line and event
type) is significantly higher than the estimated mean. Over-
dispersion is also often observed in the frequencies of natu-
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ral disasters such as earthquakes or tropical storms. For such
cases, mixed Poisson or negative binomial models are more
appealing than the Poisson. The present paper is aiming at de-
veloping a backward simulation method for correlated negative
binomial processes. Amongst many possible constructions of
negative binomial process, we focus on the model with inde-
pendent and stationary increments, the so called negative bino-
mial Lévy process, which appears to be a desirable model for
consistent risk modelling and management over multiple time
periods.

The rest of paper is organized as follows. Section 2 intro-
duces the negative binomial Lévy process. In Section 3, we dis-
cuss the backward simulation of a univariate negative binomial
Lévy process. Sections 4 and 5 presents the backward simula-
tions of correlated (bivariate) negative binomial Lévy process
under the conditional independence and dependence, respec-
tively, with some illustrations. Finally Section 6 concludes this
paper.

2 Negative binomial Lévy process
Several different constructions of continuous time nega-

tive binomial processes are available in the literature. See
Barndorff-Nielsen and Yeo [3], Brix [4] and Burnett and Wasan
[5] for references. In the context of mathematical finance and
quantitative risk management, stochastic processes with inde-
pendent and stationary increments are of great interest due to
many advantages such as mathematical tractability, easiness in
estimation and simulation. Here we focus on a negative bino-
mial process constructed naturally from the infinite divisible
negative binomial distribution (Kozubowski and Podgorski [9]
).

Specifically, let {N(t)}t≥0 be a negative binomial Lévy pro-
cess (NBLP) with the probability function (pf)

ft(k) := P(N(t) = k) =

(
t+ k − 1

k

)
ptqk, k = 0, 1, . . . (1)

where p ∈ (0, 1) and q = 1 − p. The probability generating
function (pgf) is

E[uN(t)] =

(
p

1− qu

)t
. (2)

In particular when t = 1, N(1) has a geometric distribution.
The mean and variance of the NBLP are

E[N(t)] = (q/p)t, V[N(t)] = (q/p2)t. (3)

Due to the fact that V[N(t)] ≥ E[N(t)], the NBLP is appropri-
ate to account for over-dispersion in a counting data. For the
purposes of multivariate extensions and simulations, the fol-
lowing two representations of NBLP are useful:

(i) The NBLP can be represented as a compound Poisson
process. Specifically, the compound Poisson process∑M(t)
n=1 Xi, where M(t) is a Poisson process with inten-

sity λ = − log p and {Xi} are independent and identically
distributed logarithmic random variables with the pf

P(X = k) = − qk

k log p
, k = 1, 2, . . . .

(ii) The NBLP admits a representation as a Poisson process
subordinated by a gamma process. Specifically, the time-
changed Poisson process M(G(t)) where {M(t)} is a
Poisson process with the rate λ = βq/p and {G(t)} is
a Lévy gamma process with the pgf E[uG(t)] = (1 −
u/β)−t, has the same distribution as the model (1). Here
the parameter β > 0 is arbitrary.

3 Backward simulation of NBLP
The backward simulations (BS) of a Poisson process (Bae

and Kreinin [2]) rely on the fact that the past arrival times of
a Poisson process {M(t)}t≤T are the order statistics of uni-
form random variables on the interval [0, T ]. Also true is that,
given the number of arrivals M(T ) over the interval [0, T ], the
number of arrivals in any sub-interval [t, t + s] ∈ [0, T ], i.e.,
the increment M(t + s) −M(t), follows a binomial distribu-
tion with the number of Bernoulli trials M(T ) and the success
probability s/T . To investigate if the negative binomial évy
process possesses similar properties, we consider the condi-
tional distribution of the increment ∆t(s) = N(t+ s)−N(t),
[t, t + s] ∈ [0, T ]. Specifically, as given in Kozubowski
and Podgorski [9], the conditional distribution of ∆t(s) given
N(T ) = l is

P[∆t(s) = k
∣∣N(T ) = l]

=

(
s+k−1
k

)
psqk

(
(T−s)+l−k−1

l−k
)
p(T−s)ql−k(

T+l−1
l

)
pT ql

=

(
s+k−1
k

)(
(T−s)+l−k−1

l−k
)(

T+l−1
l

) , k = 0, 1, . . . , l.

Therefore the conditional distribution is free of the parame-
ter p and the starting time t. However, this distribution is less
straightforward to simulate from.

For both practical and simplification purposes, we set T =
m (≥ 1) be a positive integer throughout this paper. Let us con-
sider a partition of the interval [0, T ] into disjoint sub-intervals
with the unit length δ = 1. Then, the joint distribution of the
series of increments {∆(i−1)δ(δ)}, i = 1, . . . ,m, becomes

P[∆0(δ) = k1, . . . ,∆(m−1)δ(δ) = km
∣∣N(T ) = l]

=

∏m
i=1

(
δ+ki−1
ki

)
pδqki(

m+l−1
l

)
pmql

=
1(

m+l−1
l

) , (4)

where
∑m
i=1 ki = l and ki ≥ 0, i = 1, . . . ,m. That is, the

joint probability is uniform for any points in the support or
a {m, l}-simplex lattice where

(
m+l−1

l

)
is the number of all

points in the support. Due to the conditional uniformity under
this particular setting, we can proceed the backward simula-
tions of a univariate NBLP as follows:

Step 1. Simulate l = N(T ) from the negative binomial
distribution with the parameters m and p.

Step 2. Simulate a series of increments (k1, . . . , km), a
m-dimensional vector of non-negative integers that sum
to l. Due to the conditional uniformity, this can be done
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by a random selection of a point on a {m, l}-simplex lat-
tice. For example, one may use the R-function xsimplex
in combinat R-package to generate all points on the sim-
plex lattice and choose one randomly (see Chasalow and
Brand [6] for the generation of all points on a simplex lat-
tice). However, this exhaustive search method is computa-
tionally inefficient for large m and l values. Here we use
successive simulations of the increments from recursive
multinomial experiments. Specifically, the first increment
∆0(δ) = k1 is simulated from a multinomial distribution
with the probabilities

P[∆0(δ) = k1 | l] =

(
l−k1+(m−1)−1

l−k1

)(
l+m−1

l

) , k1 = 0, . . . , l. (5)

For each j = 2, . . . ,m, the jth increment is recursively
generated with the multinomial probabilities

P[∆(j−1)δ(δ) = kj | l, k1, . . . , kj−1]

=

(l−∑j
i=1 ki+(m−j)−1
l−

∑j
i=1 ki

)
(l−∑j−1

i=1 ki+(m−j+1)−1
l−

∑j−1
i=1 ki

) , kj = 0, . . . , l −
j−1∑
i=1

ki.

(6)

Step 3. Repeat Steps 1 and 2 for the required number of
simulations.

4 Simulation of correlated negative bi-
nomial Lévy processes

In this paper, we use Pearson’s correlation as a measure of
dependence, defined as

ρ(t) =
Cov[N1(t), N2(t)]√
V[N1(t)]

√
V[N2(t)]

, t ∈ (0, T ]. (7)

As in Bae and Kreinin [2], the goal is to simulate correlated
increment processes for a bivariate NBLP {N1(t), N2(t)}t≤T ,
given the correlation, ρ(T ), at the terminal time T . Based on
(4), the backward construction relies on the conditional de-
pendence structure between the increment processes given a
realization (N1(T ) = l1, N2(T ) = l2) at the terminal time
T . As in Duch et al. [7], we first assume that the two pro-
cesses are conditionally independent given the terminal values
(N1(T ), N2(T )). In this case, the correlation function ρ(t) is
linear in time.

Proposition 4.1 Suppose that two negative binomial processes
{N1(t)}t≤T and {N2(t)}t≤T are conditionally independent
given the pair (N1(T ), N2(T )), then

ρ(t) =

(
t

T

)
ρ(T ), 0 ≤ t ≤ T. (8)

The proof of Proposition 4.1 relies on the following property
of NBLP model (1).

Lemma 4.2 Let {N(t)} be an NBLP process with the pf (1).
Then the conditional expectation of N(t) given N(T ) = l is

E[N(t)
∣∣N(T ) = l] =

(
t

T

)
l, 0 ≤ t ≤ T. (9)

PROOF. For any fixed t ≤ T , let Et(l) := E[N(t) |N(T ) = l]
be the conditional expectation of the NBLP given its terminal
value at T . Then, by the properties of independent and station-
ary increments,

Et(l) =

l∑
k=0

kP[N(t) = k |N(T ) = l]

=

l∑
k=1

k ft(k)f(T−t)(l − k)

fT (l)

=

l∑
k=1

k
(
t+k−1
k

)
ptqk

(
(T−t)+l−k−1

l−k
)
pT−tql−k(

T+l−1
l

)
pT ql

= q

l−1∑
k′=0

(t+ k′)
(
t+k′−1
k′

)
ptqk

′((T−t)+l−1−k′−1
l−1−k′

)
pT−tql−1−k

′(
T+l−1

l

)
pT ql

= q

(
fT (l − 1)

fT (l)

)
[t+ Et(l − 1)]

=

(
l

T + l − 1

)
[t+ Et(l − 1)] .

Thus we obtain a recursive formula for the conditional expec-
tation. Noting that Et(0) = 0, we easily obtain the solution
(9). �

Now let us complete the proof of Proposition 4.1. By (9), the
iterative expectation formula and the conditional independence
assumption, we have

E[N1(t)N2(t)] = E[E[N1(t)N2(t)
∣∣ (N1(T ), N2(T ))]]

= E
[
E[N1(t)

∣∣N1(T )]E[N2(t)
∣∣N2(T )]

]
=

(
t

T

)2

E [N1(T )N2(T )] .

Then,

Cov[N1(t), N2(t)]

= E[N1(t)N2(t)]− E[N1(t)]E[N2(t)]

=

(
t

T

)2

E [N1(T )N2(T )]−
(
t

T

)2

E[N1(T )]E[N2(T )]

=

(
t

T

)2

Cov[N1(t), N2(t)]

and

V[Ni(t)] =

(
t

T

)
V[Ni(T )], i = 1, 2.

Putting these into (7) gives the desired result.

The backward simulation algorithm of a bivariate NBLP
under the conditional independence assumption is given as
follows:
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Step 1. Simulate (l1, l2) = (N1(T ), N2(T )) from
a bivariate negative binomial distribution with parame-
ters (m, p1) and (m, p2) for the marginal distributions,
and the terminal correlation ρ(T ). One may use the
gamma-Poisson or the compound Poisson-Logarithmic
representations to construct a bivariate negative bino-
mial distribution. For example, one can simulate
(N1(T ), N2(T )) from a bivariate gamma-Poisson distri-
bution where gamma random variables are correlated in
terms of a bivariate normal distribution:

N1(T ) = P−11 (Φ(W1)), N2(T ) = P−12 (Φ(W2)),

where P (·) is the cumulative distribution functions of the
gamma distribution with parameter βT , (W1,W2) is cor-
related standard normal variates with correlation ρ.

Step 2. Run two independent backward simulations
of univariate NBLP to obtain the series of increments
(ki1, . . . , kim) for each i = 1, 2. That is, for each i = 1, 2,
the generated series is an m-dimensional vector of non-
negative integers that sums to the corresponding terminal
value li.

Step 3. Repeat Steps 1 and 2 for the required number of
simulations.

Figure 1 illustrates the correlation patterns realized based
on 100,000 backward simulations using the bivariate gamma-
Poisson model with ρ ∈ {0.5,−0.5} and T = 12, p1 = p2 =
0.4. As expected from the theoretical result 9, the correlation
function is linear in time running from zero to the terminal cor-
relation values of about 0.3 and -0.3, respectively.

5 Conditional dependence
Bae and Kreinin [2] construct bivariate Poisson processes

with flexible time correlation structures using the Mar-
shall–Olkin bivariate binomial distribution for the conditional
law and some parametric families of bivariate copulas. A simi-
lar method can be implemented for the backward simulation of
correlated NBLPs. Specifically we use uniform random vari-
ates generated from a bivariate copula for the recursive sim-
ulations of the increment series from multinomial probabili-
ties (5) and (6). For instance, the pair of the first increments
(k11, k21) is generated as follows. Simulate a bivariate uniform
random variates (u11, u21) from a bivariate copula such as the
Fréchet family of copulas which is defined as a linear com-
bination of the comonotonicity copula (the Fréchet-Hoeffding
upper bound), the independence copula and the countermono-
tonicity copula (the Fréchet-Hoeffding lower bound):

C(u, v) = αmin(u, v) + (1− α− β)uv

+βmax(u+ v − 1, 0), (10)

where α, β ∈ [0, 1] and α+ β ≤ 1. Then,

ki1 =

li∑
j=0

jI

[
j∑

k=0

p(k|li) ≤ ui1 <
j+1∑
k=0

p(k|li)

]
, i = 1, 2,
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(b) ρ = −0.5

Figure 1. Correlation patterns under a conditional independence

where I[·] is the indicator function and p(k|li) := P[∆0(δ) =
k|li] as defined in (5). The subsequent pair of increments
(k1j , k2j), j = 2, . . . ,m, can be generated recursively from
the multinomial distributions (6) in the same way using the
same copula.

Figure 2 illustrates the correlation patterns realized based on
100,000 backward simulations under the conditional comono-
tonicity (α = 1), countermonotonicity (β = 1) and a case for
(α, β) = (0.6, 0.4), with parameters T = 12, p1 = p2 = 0.4
and ρ = 0.5. Specifically, the realized correlation functions are
linear for both comonotonicity and countermonotonicity. Dif-
ferent from the conditional independence case, however, the
correlations at time zero are extremal (maximal and minimal,
respectively). For the third case, the realized correlation func-
tion is (approximately) constant over time.

Note that, with various combinations of the parameters in
(10) or by using other parametric copula families such as Clay-
ton, Farlie-Gumbel-Morgenstern, Ali-Mikhail-Haq or Gum-
bel’s survival copula (Bae and Kreinin [2]), a variety of time
correlation structures may be realized. For instance, Figure 3
gives the correlation patterns realized under the Calyton cop-
ula,

c(u, v) = max{u−θ + v−θ − 1, 0}−1/θ, θ ∈ [−1,∞)/{0},

with a few prescribed values of parameter θ (and T = 12, p1 =
p2 = 0.4, ρ = 0.5 as in Figure 1). We can see that the correla-
tion patterns are linear toward the terminal correlation but the
starting values (i.e., the correlation at t = 1) differ by the pa-
rameter θ in the Clayton copula. When θ < 0, the negative
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(c) α = 0.6, β = 0.4

Figure 2. Correlation patterns under a conditional dependence

dependence is incorporated at t = 1 and the opposite is true
for θ > 0.
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Figure 3. Correlation patterns incorporated by the Clayton copula

More general (possibly non-linear) correlation structures can
be incorporated by letting the parameters in the bivariate cop-
ulas vary over time. For illustration purpose only, we consider
the following time-dependent θ in the Clayton copula:

θ(t) =

{
T−2t
T−2 θs + 2(t−1)

T−2 θm, 1 ≤ t ≤ T/2
2(T−t)
T θm + 2t−T

T θf , T/2 ≤ t ≤ T,
(11)

where θs, θm and θf are parameters to be specified. Figure 4
illustrates a few non-linear correlation patterns realized based
on the Clayton copula with the time-varying parameter struc-
ture (11).

In practice the three copula parameters, θs, θm and θf , can
be chosen to match the empirical correlation estimates at t = 1,
t = T/2 and t = T .

To illustrate the relevance and practical significance of the
proposed BS method, we further consider the time correlation
structure of the numbers of category 4 and 5 hurricanes in At-
lantic and Pacific oceans. The annual data spanning from 1950
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θ(1) = 10, θ(T/2) =  1, θ(T) = 10
θ(1) = 10, θ(T/2) = −1, θ(T) = 10

Figure 4. Correlation patterns incorporated by the Clayton copula with the
time-varying parameters

to 2018 is complied from the National Hurricane Center (NHC)
Data Archive. Table 1 gives a summary of the historical data.

# of hurricanes Mean Variance p̂
Atlantic 98 1.44 1.77 0.81
Pacific 144 2.11 5.74 0.37

Table 1. Frequencies of category 4 and 5 hurricanes

For both Atlantic and Pacific oceans, the sample variance of
annual frequency is larger than the sample mean, and thus, the
data exhibits over-dispersion. By matching the mean and vari-
ance in (3) with the sample quantities, we estimate the parame-
ter p in the NBLP, i.e., p̂ = N̄/S2 where N̄ and S2 are the sam-
ple mean and variance of annual number of hurricanes, respec-
tively. To see the empirical correlation pattern (as a function of
the length of time interval), for each t = 1, . . . , 5 (years), the
correlation estimate of two regions is computed by splitting the
time horizon into non-overlapping intervals of size t. To reduce
the impact of a specific starting point, the correlation estimates
are computed by moving the starting year from 1950 to 1964
are averaged.

Figure 5 shows the empirical correlation pattern and the one
obtained from the backward simulated NBLPs. We set the pa-
rameters for the BS as p1 = 0.81, p2 = 0.37 for the NBLPs,
and ρ = −0.31 for a bivariate normal distribution in simulating
correlated gamma-Poisson random numbers. For the the time-
varying parameter structure (11) in the Clayton copula, we use
θs = −0.62, θm = 0.17 and θf = −0.8, which provides a
correlation pattern close to the empirical one.
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Figure 5. Empirical and simulated correlation patterns for the frequencies of
hurricanes
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