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But we have

 n∑
j=1

1

z − ζj

−1 =

 1

z − ζi
+

n∑
j=1
j 6=i

1

z − ζj


−1

, (3)

and then

N(z) =
1

1

z − ζi
+

n∑
j=1
j 6=i

1

z − ζj

. (4)

From (4), we can easily derive the following fixed-point re-
lation:

ζi = z − 1

1

N(z)
−

n∑
j=1
j 6=i

1

z − ζj

(i = 1, . . . , n). (5)

Now, let z1, . . . , zn be distinct approximations to the zeros
ζ1, . . . , ζn of the polynomial P .

Putting ζi ' ẑi in (5), where ẑi is a new approximation for
the zero ζi, setting z = zi, and substituting the zeros ζj by
their approximations zj (j 6= i) on the right-hand side of the
above identity, we obtain the well-known Ehrlich method (also
known as Ehrlich–Aberth method or Maehly–Ehrlich–Aberth
method) for the simultaneous approximation of simple polyno-
mial zeros.

Therefore, Ehrlich’s method for the simultaneous determi-
nation of polynomial zeros is given by

ẑi = zi −
1

1

N(zi)
−

n∑
j=1
j 6=i

1

zi − zj

(i = 1, . . . , n). (6)

This important result was independently derived by several
different authors, including Maehly [11], Börsch-Supan [3],
Dochev and Byrnev [5], Ehrlich [6], Weißenhorn [15], Aberth
[1], and Farmer and Loizou [7].

The Ehrlich method is cubically convergent for simple roots
[2, 6].

2.2 Ehrlich-type simultaneous methods with King’s cor-
rection

It is evident from the fixed-point relation (5) that better ap-
proximations zj will produce more accurate approximations ẑi
for the zeros ζi.

In order to achieve this, and aiming to improve the conver-
gence rate and efficiency of the iterative scheme due to Ehrlich,
we propose a family of simultaneous iterative methods con-
structed on the basis of the third order Ehrlich iteration, com-
bined with a correction based on the optimal fourth order two-
step King’s method for nonlinear equations [10].

The well-known King’s family of fourth order multipoint it-
erative methods for determining a simple root of a nonlinear

equation f(x) = 0 requires only two evaluations of the func-
tion and one of its first derivative per full iteration, and is de-
fined by

yn = xn −
f(xn)

f ′(xn)
,

xn+1 = yn −
f(yn)

f ′(xn)

[
f(xn) + βf(yn)

f(xn) + (β − 2)f(yn)

]
, (7)

where β ∈ C is a parameter.
The family of simultaneous iterative methods here proposed

is obtained by combining the scheme of the third order Ehrlich
iteration (6) with an iterative correction term obtained from
King’s fourth order iteration (7), given by

CK(zj) =
P (y(zj))

P ′(zj)

P (zj) + βP (y(zj))

P (zj) + (β − 2)P (y(zj))
, (8)

where

y(zj) = zj −
P (zj)

P ′(zj)
,

and β is a parameter.
Using the King approximation zj − CK(zj) in (6) instead

of zj , we obtain a new one-parameter family of Ehrlich-type
simultaneous iterative methods with King’s correction, defined
by

ẑi = zi −
1

1

N(zi)
−

n∑
j=1
j 6=i

1

zi − zj + CK(zj)

(i = 1, . . . , n),

(9)
where CK(zj) is the iterative correction appearing in (8).

3 Order of convergence of the new fam-
ily of combined methods

In this section, we analyze the order of convergence of the
proposed family of Ehrlich-type simultaneous iterative meth-
ods with King’s correction, which is established in the follow-
ing theorem.

Theorem 1. Let z(0)1 , . . . , z
(0)
n be sufficiently close initial ap-

proximations to the simple zerosζ1, . . . , ζn of the polynomial
P . Then, the order of convergence of the one-parameter family
of iterative methods defined in(9) is six.

Proof. Consider the abbreviations

λi,j = zi − zj + CK(zj), (10)

θi =

n∑
j=1
j 6=i

zj − ζj − CK(zj)

(zi − ζj)λi,j
, (11)

and let εi and ε̂i be the errors of the numerical approximations
defined as follows:

εi = zi − ζi, (12)

ε̂i = ẑi − ζi. (13)
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Rearranging (9), we have

ẑi = zi −
N(zi)

1−N(zi)

n∑
j=1
j 6=i

1

zi − zj + CK(zj)

(i = 1, . . . , n).

(14)
Substituting (2) into (14), we obtain

ẑi = zi −

 n∑
j=1

1

zi − ζj

−1

1−

 n∑
j=1

1

zi − ζj

−1 n∑
j=1
j 6=i

1

zi − zj + CK(zj)

,

(15)
and expanding this equation and simplifying, we get

ẑi = zi −
1

n∑
j=1

1

(zi − ζj)
−

n∑
j=1
j 6=i

1

zi − zj + CK(zj)

. (16)

However, when i 6= j, we can write

n∑
j=1

1

(zi − ζj)
=

1

(zi − ζi)
+

n∑
j=1
j 6=i

1

(zi − ζj)
. (17)

Substituting (17) into (16) yields

ẑi = zi −
1

1

zi − ζi
+

n∑
j=1
j 6=i

1

(zi − ζj)
−

n∑
j=1
j 6=i

1

zi − zj + CK(zj)

,

(18)
and substituting (12) into this equation gives

ẑi = zi−
1

1

εi
+

n∑
j=1
j 6=i

1

(zi − ζj)
−

n∑
j=1
j 6=i

1

zi − zj + CK(zj)

. (19)

But, by (12) and (13), we have

ε̂i+ζi = εi+ζi−
1

1

εi
+

n∑
j=1
j 6=i

1

zi − ζj
−

n∑
j=1
j 6=i

1

zi − zj + CK(zj)

.

(20)
Simplifying and replacing the denominator of the second

summation by (10), we get

ε̂i = εi −
1

1

εi
+

n∑
j=1
j 6=i

1

zi − ζj
−

n∑
j=1
j 6=i

1

λi,j

. (21)

Multiplying and dividing the last equation by εi, we have

ε̂i = εi −
εi

1 + εi

 n∑
j=1
j 6=i

1

zi − ζj
−

n∑
j=1
j 6=i

1

λi,j


, (22)

and joining the two summations together, we obtain

ε̂i = εi −
εi

1 + εi

 n∑
j=1
j 6=i

λi,j − (zi − ζj)
(zi − ζj)λi,j


. (23)

Considering (10) again, we have

ε̂i = εi −
εi

1 + εi

 n∑
j=1
j 6=i

zi − zj + CK(zj)− zi + ζj
(zi − ζj)λi,j


, (24)

and simplifying, we obtain

ε̂i = εi −
εi

1 + εi

 n∑
j=1
j 6=i

CK(zj)− zj + ζj
(zi − ζj)λi,j


, (25)

where the summation that appears within parentheses in this
equation is, according to (11), equal to −θi.

By making the proper substitution in (25), we get

ε̂i = εi −
εi

1 + εi(−θi)
. (26)

Reducing to the common denominator and simplifying, we
finally obtain

ε̂i =
−ε2i θi
1− εiθi

. (27)

By the assumption of the theorem, the errors are small
enough in modulus, and thus it can be assumed that εi =
Om(εj) and ε̂i = Om(ε̂j) for i, j ∈ {1, . . . , n}, where this
notation means that the moduli of the pairs of complex num-
bers involved have the same order, that is, |εi| = O(|εj |) and
|ε̂i| = O(|ε̂j |), where the symbolO indicates the order of mag-
nitude.

Analyzing (10) and (11), we observe that, for sufficiently
close approximations to the corresponding zeros, the expres-
sion in the denominator of (11) is bounded and tends to
(ζi − ζj)2, for i 6= j.

Considering this, and taking into account that each method
of the family of King’s methods is of fourth order of conver-
gence [10], i.e., for these methods, ẑ − ζ = Om((z − ζ)4), we
find that

θi = Om(ε4). (28)

Using this result with (27), we conclude that

ε̂ = Om(ε6). (29)



132 Ehrlich-type Methods with King’s Correction for the Simultaneous Approximation of Polynomial Complex Zeros

Thus, the order of convergence of the family of Ehrlich-type
simultaneous iterative methods with King’s correction (9) is
six.

4 Numerical examples
In this section, some numerical examples are presented to

illustrate the convergence behaviour and effectiveness of the
proposed family of simultaneous iterative methods.

It is important to note here that not all values of the parame-
ter β lead to convergence of the fourth order King’s method
(7) [4]. Some convenient values of this parameter can be
found in the literature, including β = −1/2 [10], β = −9/2,
β = 3.9 + 0.1i [4] and β = 3− 2

√
2i [12].

In the three examples here considered, we have adopted the
value β = −7/10 for this parameter, which was determined
through a computational parameter optimization.

In the examples presented, the initial approximations were
chosen by using Aberth’s approach [1]. The starting approx-
imations to the zeros of each polynomial calculated by the
Aberth’s initialization procedure are equidistantly distributed
along the circumference |z + a1/n| = r0, where a1 is the co-
efficient of the second leading term of the monic polynomial
considered, n is the polynomial degree, and r0 is the radius of
a disk centered at the origin of the complex plane containing all
the zeros of the polynomial, obtained as usual (see, e.g., [13])
by applying the Guggenheimer’s upper bound for the zeros [9].

The numerical tolerance was set to 1×10−12 and the maxi-
mum number of iterations was fixed to 50.

Example 1. The first example considered is that of a complex
polynominal of degree 10, extracted from [8], with zeros ±1,
±i, ±

√
2/2(1± i), 2i, and 3i:

P1(z) = z10 − 5iz9 − 6z8 − z2 + 5iz + 6.

Figure 1 presents the trajectories of approximations for
the polynomial P1(z) generated by the simultaneous iterative
method (9) with a1 = −5i, r0 = 10 and β = −7/10.

The requested accuracy of 10−12 was achieved in eigth it-
erations, while Ehrlich’s method (6), on which the proposed
method is based, required 14 iterations.

Example 2. In the second example, the proposed method (9),
with β = −7/10, was applied to a real polynomial of degree
15, extracted from [14], which has only a real zero:

P2(z) = z15 + z14 + 1.

The trajectories of approximations for the polynomial P2(z),
generated by the method (9) with a1 = 1, r0 = 2 and β =
−7/10, are presented in Figure 2.

In this case, the proposed combined iterative method re-
quired five iterations to obtain approximations to the zeros of
the given polynomial with the requested accuracy.

For comparison, Ehrlich’s method needed nine iterations to
achieve the same accuracy.

Figure 1. Trajectories of approximations for Example 1.

Figure 2. Trajectories of approximations for Example 2.
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Example 3. The last example here considered is a real poly-
nomial of degree 20, extracted from [16], known as the scaled
Wilkinson polynomial:

P3(z) =

20∏
k=1

(z − k

20
).

Figure 3 shows the trajectories of approximations for the
scaled Wilkinson polynomial generated by the method (9) with
a1 = −10.5, r0 = 21 and β = −7/10.

Figure 3. Trajectories of approximations for Example 3.

A more detailed view of the trajectories of approximations
for the same polynomial corresponding to the last 11 iterations
generated by the proposed simultaneous method is shown in
Figure 4.

The third order Ehrlich method needed 45 iterations to reach
the required accuracy, whereas the proposed method (9), with
β = −7/10, performed only 15 iterations to reach the same
desired accuracy.

Table 1 contains a summary of the results obtained, showing
the number of iterations required by the simultaneous iterative
methods (6) and (9) to produce approximations to the zeros of
the polynomials of Examples 1 to 3 with the requested accu-
racy of 10−12.

Table 1. Number of iterations necessary to obtain approximations accurate to
within 10−12.

Method Eq. No. of iterations
P1 P2 P3

Ehrlich (6) 14 9 45
Ehrlich-King (β = −7/10) (9) 8 5 15

Figure 4. Detail of the trajectories of approximations for Example 3.

5 Conclusion
In this paper, a new sixth order family of combined iterative

methods for the simultaneous approximation of simple com-
plex zeros of a polynomial was introduced and discussed.

The proposed one-parameter family of simultaneous meth-
ods was constructed on the basis of the third order Ehrlich iter-
ation, combined with an iterative correction based on King’s
family of optimal fourth order iterative methods for solving
nonlinear equations.

It was proved that the use of King’s correction allows to
increase the order of convergence of the basic simultaneous
method from three to six.

The results of some numerical examples corroborate the the-
oretical analysis and illustrate the effectiveness and rapid con-
vergence of the proposed Ehrlich-type methods with King’s
correction for the simultaneous approximation of polynomial
complex zeros.
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Abstract  On the probabilistic space (Ω, F, P) we 
consider a given two-component stationary (in the narrow 
sense) sequence { } 1≥iii Xξ , where { } 1i i

ξ
≥

( :iξ Ω→Ξ ) is the controlling sequence and the

members :iX RΩ→  of the sequence { } 1i i
X

≥
are the 

observations of some random variable X  which are 
used in the construction of kernel estimates of 
Rosenblatt-Parzen type for an unknown density ( )f x
of the variable X . The cases of conditional 
independence and chain dependence of these observations 
are considered. The upper bounds are established for 
mathematical expectations of the square of deviation of 
the obtained estimates from ( )f x .

Keywords  Conditionally Independent Sequence, 
Sequence with Chain Dependence, Kernel Estimate, 
Markov Chain 

1. Introduction
Nonparametric estimates of a distribution density are 

one of the intensively studied issues of mathematical 
statistics. The previously studied estimates were 
constructed using independent samples. In recent years the 
construction of estimates has been done by dependent 
observations.  

Our present study deals with two types of dependence: 
conditional independence and chain dependence.  

Let us present some definitions and auxiliary facts 
concerning the nonparametric estimation of the 
distribution density by independent observations. 

Assume that the variables iX , iX R∈ , i = 1,2…, are

independent observations of the random variable X
with an unknown density ( )g x . The first attempts to

construct nonparametric density estimates were made 
by V. Glivenko ([1]) and N. Smirnov ([2]), who built 
histogram-type estimates.In the works of M.Rosenblatt 
and E. Parzen (see [3], [4]) the density ( )g x  was
estimated by considering the class of estimates  

( ) ( )( )
1

ˆ ,
n

n
n n n i

i

ag x a k a x X
n =

= −∑        (1) 

where { } 1n n
a

≥
 is the sequence of positive numbers such 

that 

( )lim ,n nn
a a o n

→∞
= ∞ =   (2) 

and the kernel ( )k x  is a Lebesgue-integrable Borel
function. Watson G. and Leadbetter M. ([5]) considered a 
more general class of nuclear estimates. Mania G. in 1970 
([6]) considered nuclear estimates for observations 

k
iX R∈  and applied the multidimensional kernel

( ( ) kk x R∈ ). Nadaraya E. A. in 1980 ([7]) generalized
the result of Rosenblatt M and established sufficient 
conditions for the uniform convergence ( )ˆ ,n ng x a  to

( )g x  k with probability 1 to the metric 2L . Along with
Rosenblatt and Parzen type estimates, projection type 
estimates were also considered (see [7], [8]) when the 
spectral decomposition of the kernel ( )k x  with respect
to the basis of orthonormal functions. L. Devroye (see [9]) 
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constructed by means of smoothing functions the density 
estimate with a finite number of discontinuity points.The 
measure of variance of estimates from ( )g x  considered 
different characteristics: L. Devroy ([9]) considered the 
accuracy of density approximation by the constructed 
estimate by metric 1L . Also, by metric 1L  was considered 
the accuracy of density approximation by the built by 
estimates of Khmaladze E. B and Mnacakanov R. M. ([10]), 
although they considered a more general class of nuclear 
estimations. In the works ([3], [7], [8]) the accuracy of 
density approximation by metric 2L  was considered. 

E. Nadaraya [7] obtained the sufficient conditions for 
the uniform convergence of ( )ˆ ,n ng x a to ( )g x  with 
probability 1. The measure of divergence between them 
was the value  

( ) ( ) 2ˆ[ , ] .n nE g x a g x dx
∞

−∞

−∫  

Definition 1. Denote by sH  ( 2s ≥ ; s  is an even 

number) the set of functions ( )k x  which satisfy the 
conditions  

( ) ( ) ( ) ( )

( )

, 1, sup ,

0, 1,2, , 1;i

k x k x k x dx k x A

x k x dx i s

∞

−∞

∞

−∞

− = = ≤ < ∞

= = −

∫

∫ 

 

   (3) 

Definition 2. Denote by sW  the set of functions 

( )xϕ  having derivatives up to s -th order ( 2s ≥ ) 

inclusive, and note that ( ) ( )s xϕ  is a continuous 

bounded function from the class ( )2 ,L −∞ ∞ . 

Lemma 1 (see.[7]). If the values iX  , ix R∈ , i = 
1,2,…, are independent observations of some random 
variable X  with an unknown density ( )g x , 

( ) ( )2 ,sg x W L∈ −∞ ∞ , ( ) ( )2 ,sk x H L∈ −∞ ∞  
and 

( ) ( )( )
1

ˆ ,
n

n
n n n i

i

ag x a k a x X
n =

= −∑
, 

then for n →∞  the equalities  
 

( ) ( )2ˆ , n n
n n

a aDg x a dx k x dx O
n n

∞ ∞

−∞ −∞

 = +  
 ∫ ∫  (4) 

( ) ( ) 2ˆ ,n nEg x a g x dx
∞

−∞

− =  ∫
 

( )
( ) ( ) ( )

2 2
2 2

2!
ss s

n na g x dx O a
s

∞
− −

−∞

 = + ∫
α

   (5) 

hold, where { } 1n n
a

≥
 is the sequence (is defined by) (2) 

and  

( )sx k x dxα
∞

−∞

= ∫
. 

Let us present our result. 
In practice we encounter cases where the distribution of 

the observed value X  changes at random moments of 
time depending on the conditions (the controlling 
sequence { } 1i i

ξ
≥

). Thereby the observation densities 

{ } 1i i
X

≥
 also undergo changes. For example, in 

stock-exchange transactions the price of some goods 
changes according to a season though it had been 
previously fixed at the auction. Hence the flow of revenue 
due to such transactions also changes and so on.  

In such cases to estimate the density X  it is advisable 
to consider dependent observations. It should be noted one 
interesting work by Sidney Yakowitz ([11]) concerning 
density estimation by observations bound to Markov chain, 
which deals with Markov chain by general phase space of 
states. 

On the probabilistic space (Ω, F, P) let us consider the 
two-component stationary (in the narrow sense) sequence 
of random variables  

{ } 1
,i i i
Xξ

≥
              (6) 

Where, :iξ Ω→Ξ , : mX Ri Ω→  and Ξ  is 

some space. 
Definition 3. The sequence { } 1i i

X
≥

 in (6) is called a 
conditionally independent sequence (see [12]) controlled 
by the sequence { } 1i i

ξ
≥

 if for any natural n  and the 

fixed trajectory ( )1 1 2, ,..,n nξ ξ ξ ξ=  the values 

1 2, , , nX X X…  become independent and for all natural 

numbers i  , k , n , 1 2, , , kj j j… , (2 ;k n≤ ≤

i n≤  ; )1 21 , , kj j j n≤ < < < ≤  the equalities  
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( ) 1 1 1 2 21 2

1

, ,...,
,

,
j j j j j jj j j n k kk

i n i i

X X XX X

X X

ξ ξ ξξ

ξ ξ

= × × ×

=

   

 
 

are fulfilled, where X Y  is the conditional distribution 

of the value X  under the condition Y . 
Definition 4. The conditionally independent sequence 

{ } 1i i
X

≥
 in (1) is called a sequence with chain 

dependence (see [12]) if { } 1i i
ξ

≥
 is a finite Markov chain 

with discrete time.  
Lemma 2 (see.[13]). Let { } 1i i

ξ
≥

 be a finite stationary 
regular Markov chain with the set of states 

{ }1 2, , , kb b b . Let ( )n iν , 1,i k= , be the 
frequencies of those moments of time at which during the 

first n  steps the chain is in the states ,ib  1,i k= , 
respectively. Then the relations  

( ) ( ) ( ),
, ,n n i

i

i i c p
E D

n n n
ν ν π

π
 

= ≤ 
 

 1, ,i k=  (7) 

are fulfilled, where ( )1 2, , , kπ π π π=   is the initial 

distribution of the chain, ( )
, 1,ij i j k

P p
=

=
  is the 

matrix of transient probabilities and ( ), ,ic pπ  

1, ,i k=  are the constants which depend on the 
parameters of the chain. 

2. Methodology 
The method used to validate the theorems is to transition 

from a mathematical wait to a conditional mathematical 
wait during the observation of a 1 1 2( , ,..., )n nξ ξ ξ ξ=  
trajectory 

( 1[ ( )] { [ ( ) ]}n n nE f x E E f x ξ=
 

). 

The sum to be considered on fixed trajectory is divided 
into several summons. One of them is the sum of 
independent summons on fixed trajectory.After some 
transformations it results as a type for which famous results 
are used from the theory of building of estimations with 
independent observation ([7], [9]). For estimations of the 
rest of the sums inequalities of Fubin, Helder and Jensen 
are and the characteristics of the governing sequences.For 
the estimation of all summons is based on the fact that the 

( )n iν  and ( ( ))nf iν functions (when 2 ( , )f L∈ −∞ ∞  
are measures toward σ-algebra induced by the division of 
the Ω  space generated by the fixation of the 𝜉1𝑛 
trajectory (see [14]). Because of this, they are taken out of 

the conditional mathematical waiting mark.  
The method used allows for the future to consider the 

estimation of various parameters by dependent 
observations. 

3. Main Results 

Let us consider the sequence (6), where ,iξ  

1,2,...i = , are identically distributed independent 
discrete random values. Let  

{ }1 2,b bΞ = ; ( )1 1 iP b pξ = = , 1, 2i =  , 

1 2 1.p p+ =  

For the fixed trajectory ( )1 1 2, ,..,n nξ ξ ξ ξ=  of the 

sequence { } 1i i
ξ

≥
 we denote by ( )1nν  and ( )2nν  

the frequencies when the first n  members of the 

sequence takes the values 1b  and 2b  respectively. 
Theorem 1. Let us consider the sequence (6). 

1 2{ , }b bΞ = . The elements of the controlling sequence 

{ } 1i i
ξ

≥
 { }( )1 2: ,i b bξ Ω→  are independent, 

identically distributed discrete random values 

1 1 1 21 2i b bb I b Iξ ξξ = == + . 1,2,...i = . Let for every 

function 1: RΨ Ξ→ , for which ( )iE ξΨ < ∞ , the 
convergence  

( )1( )
1

1 n
Ei

jn
ξ ξ∑ Ψ → Ψ

=
 a. s.,    (8) 

hold as n →∞ . 
Let elements of the conditionally independent sequence 

{ } 1i i
X

≥
 be the observations of the value X . And let 

the conditional distributions be 
i i iX bξ = 1, 2i = , have 

respectively  unknown densities ( )if x , 1, 2i = , from 

the class ( ) ( )2 ,i sf x W L∈ −∞ ∞ , аnd let  

𝑘(𝑥) ∈ 𝐻𝑠 ∩ 𝐿2(−∞,∞). If the equalities  

( ) ,n ii cD
n n

ν 
≤ 

 
 1,2,i =         (9) 

are fulfilled for the frequencies ( ) ,n iν  1, 2i = , then 

for any natural n  the estimate of 

( ) ( ) ( )1 1 2 2f x p f x p f x= +  is  
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( ) ( )( )
1

ˆ ,
n

n
n n n j

j

af x a k a x X
n =

= −∑
 

And for expression 

( ) ( ) 2ˆ( ) [ , ]n n nu a E f x a f x dx
∞

−∞

= −∫  the following 

equality  

( ) ( )2 2
1 2( ) n

n
au a M M k x dx
n

∞

−∞

≤ + + +∫
 

1/2 2 2
1 2 1 2(( ) ) ( )naC C n p p O

n
−+ + + +

 
is valid, where 

( )
1
2

1 2 1/2 2 ,i i i iM T C n f x dx
∞

−

−∞

 
= +  

 
∫

 

( )
2

2 ( ) 2
2( [ ]

( !)
s s

i n iT a f x dx
s

∞
−

−∞

= +∫
α

 
2 1/2 2( ))( ),s

n i iO a C n p− −+ +   1,2i =  

and 

( )sx k x dxα
∞

−∞

= ∫
. 

Theorem 2. Let in the sequence (6) the controlling 
sequence { } 1i i

ξ
≥

 be a finite, homogeneous regular 

Markov chain, { }1 2,b bΞ = , with the initial distributions 

( )1 2,π π π= , ( )1i iP bπ ξ= = , 1, 2i = , and the 

matrix of transient probabilities ( )
, 1,2ij i j

P p
=

= . Let 

{ } 1i i
X

≥
be the sequence with the chain dependence 

whose elements are observations of the value X . Let 

further the conditional distributions ,
i i iX bξ = 1, 2i = , 

have the unknown densities ( )if x , 1, 2i = , 

respectively. ( ) ( )2 ,i sf x W L∈ −∞ ∞ ; 

( ) ( )2 ,sk x H L∈ −∞ ∞ . Then for any n  the 

estimate of the density ( ) ( ) ( )1 1 2 2f x f x f xπ π= +  is 

( )ˆ ,n nf x a  and the estimate 

( ) ( ) ( ) 2
1 1 2 2

ˆ[ , ( ]n nE f x a f x f x dxπ π
∞

−∞

− + ≤∫
 

( )* * 2 2
1 2( ) naM M k x dx

n

∞

−∞

≤ + + +∫
 

2 2
1 2 1 2

1( ( ( ) ( )) ) ( )naC p C p O
n n

+ + + +π π π π
 

holds, where 

( ) ( )1/2

1
2

* * 2,i
i i i

c p
M T f x dx

n

∞

−∞

 
= +  

 
∫

π

 
and 

( )
2

* 2 ( ) 2
2( [ ]

( !)
s s

i n iT a f x dx
s

∞
−

−∞

= +∫
α

 

. 

( )2 2,
( ))( ),     1,2s i

n i

c p
O a i

n
−+ + =

π
π

 
Let us proceed to proving the theorems.  
Proof of Theorem 1. When fixing the trajectory 1nξ  

we enumerate separately the moments of time at which 
the first n  members the sequence { } 1i i

ξ
≥

 take the 

values ib , 1, 2i = , respectively: 

0 ( ) 0iτ = , 1( ) min{ | ; }m m i ii j j n bτ τ ξ−= < ≤ = , 

1, 2i = , ( )1, nm iν= . 

Thus we obtain the sequence of indexes  

1 2 ( )( ), ( ),..., ( ),
n ii i iντ τ τ

 1, 2i = , 

for which the equalities  

( ) ,
m i ibτξ = 1, 2i = , ( )1, nm iν=

, 
are fulfilled. 

For the fixed trajectory 1nξ  the sum (9) can be 
decomposed as follows  

( )ˆ ,n nf x a = ,  (10) 

where 

( )ˆ ,in nf x a
= ( ) ( )( )

( )

( )
1

n

m

i
n

n i
mn

a k a x X
i

ν

τν =

−∑ . 
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It is naturally understood that if ( ) 0n iν = , 1,2i = , 

then the summand ( )ˆ ,in nf x a , 1, 2i = , does not exist.  
Let us first prove the finiteness of the values 

( )ˆ ,n nEf x a  and ( )ˆ ,n nDf x a . 

For the fixed trajectory 1nξ , we represent 

( )ˆ ,n nEf x a  in the form of a conditional mathematical 
expectation  

 

In view of the fact that the functions ( )1nν  and 

( )2nν  are measurable with respect to the σ-algebra 
generated by the partitioning of Ω that results from the 

fixing of the trajectory 1nξ , they can be taken out outside 
the sign of the conditional mathematical expectation.  

Here and in what follows it is assumed that the equality  

( )n
i

i
E p

n
ν

=           (11) 

is fulfilled by virtue of the condition (8) and the following 
estimate  

( ) ( ) ( )2 2
1/2 2n n n

i i
i i i

E D E n c p
n n n

ν ν ν −     
= + ≤ +     

     
 (12) 

Taking the conditions (3) into account and changing the 
variable under the sign of the integral we obtain the 
following chain of equalities is valid by virtue of the 
condition (9). 

( ) ( )
( ) ( )( )( )

( )2

1
1 1

ˆ , { ( | )}
n

m i

i
n n

n n n n
i mn

i aEf x a E E k a x X
n i

ν

τ

ν
ξ

ν= =

= − =∑ ∑
 

( )
( ) ( )

( )( )( ) ( )

( )2 2

1 1

{ ( | )} ( ( )) ( )
m i m i

n nn
n n n n i

i in

i iaE E i k a x X a k a x u f u duE
n i nττ

ν ν
ν ξ

ν

∞

= = −∞

= − = − =∑ ∑ ∫
 

2

1

( ) ( )i i
i n

tp k t f x dt
a

∞

= −∞

= +∑ ∫
 

Since ( )if x  is the density, and | ( ) |k t  is bounded by the finite constant А, we conclude that ( )ˆ ,n nEf x a  is 
finite. 

Taking into account the fact that on the fixed trajectory 1nξ  the sums ( )1̂ ,n nf x a  and ( )2̂ ,n nf x a
 

as well as 
their constituent summands are independent, the following equalities are valid: 

 

 

 

 

 

( )
( )

( )

( )( )( ) ( )( )( )2
2 2

1
1 1

{( ) [ ( )] | )}
n

j i j i

i
n n

n n n
i j n

i aE E k a x X Ek a x X
n i

ν

τ τ

ν
ξ

ν= =

= − − − =∑ ∑
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( )
( ) ( )( )( )

( )

( )( )( )2
2 2 2

1
1 1

{( ) ( ) ( [ ] | )}
n

j i j i

i
n n

n n n
i jn

i aE E k a x X Ek a x X
n i

ν

τ τ

ν
ξ

ν= =

= − − − =∑ ∑
 

( )
( ) ( ) ( )( ) ( )( ) ( )

2
2 2 2

1

{( ) ( ) [ ( ) ]n n
n n n i i

i n

i aE i k a x u k a x y f y dy f u du
n i

ν
ν

ν

+∞ +∞

= −∞ −∞

= − − −∑ ∫ ∫
 

Applying (11), we obtain the following expression for ( )ˆ ,n nDf x a  

( ) ( )( )
2

2

1

ˆ , [ ( ) ( ) ] ( )n
n n i n i i

i n

a tDf x a p k t k a x y f y dy f x dt
n a

∞ ∞

= −∞ −∞

= − − +∑ ∫ ∫
. 

Let us now estimate ( )nu a . We use Fubini’s theorem and divide ( )nu a  into two parts: 

( ) ( ) ( )
2ˆ ,n n nu a E f x a f x dx

∞

−∞

 = − ∫ = 

 =  1 2I I+ .                   (13) 

To estimate 1I , we again use Fubini’s theorem and the independence of the sums ( )1̂ ,n nf x a and ( )2̂ ,n nf x a . 
We obtain 

 

 

 

 
Applying the equality (4) from Lemma 1 we have  

( ) 22

1
1

{ ( ( ) ( ))}
( )

n n n

i n

i a aI E k x dx o
n i n

ν
ν

+∞

= −∞

 
= + = 

 
∑ ∫

 

( )
( )

( )2 22
2

1 1

{ ( ) } ( )
r

n nn n

i in

i ia aE k x dx o E
n i n n

ν ν
ν

+∞

= =−∞

   
= + =   

   
∑ ∑∫

 

( ) ( ) ( )2 2
2 2

1 1

( ) ( ) [ ( ) ( ) ]n n nn n

i i

i i ia ak x dx E o D E
n n n n n

ν ν ν+∞

= =−∞

 
= + + 

 
∑ ∑∫

. 

Now applying the inequality (12) we complete the estimation of 1I : 
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2 2
2 1/2 2

1
1 1

( ) ( ) ( )n n
i i i

i i

a aI k x dx p o C n p
n n

+∞
−

= =−∞

≤ + + =∑ ∑∫
 

2
2 1/2 2

1

( ) ( ) ( )n n
i i

i

a ak x dx o C n p
n n

+∞
−

=−∞

= + +∑∫ .                          (14) 

Let us decompose 2I  from (13): 

 

 

 

 

 

 
The first two summands from the sum are estimated in the same manner:  

( ) ( ) ( ) ( ) 2
21 1 1 1 1 1 1

1 1 1ˆ{ ( [ , ( ) ( ) ( )] | )}n n n
n n nI E E Ef x a f x f x p f x dx

n n n
ν ν ν

ξ
∞

−∞

= − + − =∫
 

( ) ( ) ( )2 2 2 2
1 1 1 1 1 1

1 1ˆ{ ( ( ) [ , ( )] | )} { ( ( ) ( ) | )}n n
n n n nE E E f x a f x dx E E p f x dx

n n
ν ν

ξ ξ
∞ ∞

−∞ −∞

= − + − +∫ ∫
 

( ) ( ) ( )1 1 1 1 1 1 2 3

1 1 ˆ2 { ( ( )[ , ( )] ( ) | )}n n
n n nE E p Ef x a f x f x dx A A A

n n
ν ν

ξ
∞

−∞

+ − − = + +∫
 

Using the equality (5) from Lemma 1 and the estimate (12) we obtain 

( ) ( )2 2
1 1 1 1

1 ˆ{( ) ( [ , ( )] | )}n
n n nA E E Ef x a f x dx

n
ν

ξ
∞

−∞

= − =∫
 

( ) ( )
2

2 2 ( ) 2 2
12

1
{( ) ( [ ] ( ))}

( !)
s s sn

n nE a f x dx o a
n s

ν α ∞
− −

−∞

= + =∫
 

( )
2

2 ( ) 2 2 1/2 2
1 1 1 12( [ ] ( ))( )

( !)
s s s

n na f x dx o a C n p T
s
α ∞

− − −

−∞

≤ + + ≡∫
 

It is not difficult to obtain the estimate of the sum 2A  
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( ) 2 2 1/2 2
2 1 1 1 1

1
{( ) ( ) } ( )nA E p E f x dx C n f x dx

n
ν ∞ ∞

−

−∞ −∞

= − ≤∫ ∫
 

We use the fact that the values 
( ) ,n

i
i

p
n

ν
−  1,2i = , as well as 

( )n i
n

ν
 are measurable with respect to the σ

-algebra generated by the fixed trajectory 1nξ . Applying Holder’s inequality we estimate 3A  as follows  

( ) ( ) ( )3 1 1 1 1 1

1 1 ˆ{ ( ) ( [ , ( )] ( ) | )}n n
n n nA E p E Ef x a f x f x dx

n n
ν ν

ξ
∞

−∞

= − − ≤∫
 

( ) ( ) ( ) 2 2
1 1 1 1 1

1 1 ˆ{ ( ) ( [ , ( )] ( ) | )}n n
n n nE p E Ef x a f x dx f x dx

n n
ν ν

ξ
∞ ∞

−∞ −∞

≤ − − ≤∫ ∫
 

( ) ( ) ( )2
2 ( ) 2 2 2

1 1 12

1 1
[ ] ( ) ( ) { ( )}

( !)
s s s n n

n na f x dx o a f x dx E p
s n n

ν να ∞ ∞
− −

−∞ −∞

≤ + × − ≤∫ ∫
 

( ) ( ) ( )2
2 ( ) 2 2 2 2 2 2

2 [ ] ( ) ( ) ( ) ( ) ( )
( !)

s s s n n
n i n i i i

i i
a f x dx o a f x dx f x dx E E p

s n n
ν να ∞ ∞ ∞

− −

−∞ −∞ −∞

≤ + − ≤∫ ∫ ∫
 

( )
2

2 ( ) 2 2 2 1/2 1/2 2
1 1 1 1 12 [ ] ( ) ( )

( !)
s s s

n na f x dx o a f x dx C n C n p
s
α ∞ ∞

− − − −

−∞ −∞

≤ + ⋅ + ≡∫ ∫
 

1/2 2
1 1 1 ( )T C n f x dx

∞
−

−∞

≡ ⋅ ∫
 

Combining the estimates 1A 2A and 3A we obtain  

1/2 2 2 2
21 1 1 1 1( ( ) ) ,I T C n f x dx M

∞
−

−∞

≤ + ≡∫                          (15) 

where, 

1/2 2
1 1 1 1 ( )M T C n f x dx

∞
−

−∞

= + ∫
. 

In the same manner it can be shown that  

1/2 2 2 2
22 2 2 2 2( ( ) )I T C n f x dx M

∞
−

−∞

≤ + ≡∫ ,                                  (16) 

where, 

( )
2

2 ( ) 2 2 1/2 2
2 2 2 22( [ ] ( ))( )

( !)
s s s

n nT a f x dx o a C n p
s
α ∞

− − −

−∞

≡ + +∫
. 

Let us consider the sum 22I . Using Fubini’s and Holder’s theorems we have  
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Each of the obtained two factors is estimated as the 
summands 21I and 22I . We obtain  

23 1 2I M M≤               (17) 

By the decomposition (13) and the obtained estimates 
(14-17) the theorem is proved.  

Proof of Theorem 2. The proof is carried out in the 
same way as that of Theorem 1, but we should note that 
there is some difference.  

For the fixed trajectory 1nξ  we denote by the symbols 

( )n iν 1,2i = , the frequencies of the chain being is in the 

states 1b  and 2b (respectively) during the first n  steps. 
We do not need the conditions (8) and (9) of Theorem 1. 
As we know (see [10]), if the so-called condition of 
ergodicity is fulfilled for regular Markov chains, then the 
condition (8) is fulfilled for any continuous function of the 
chain states. For regular Markov chains the relations (7) 
from Lemma 2 are valid  

( ) ( ) ( ),
,n n i

i

i i c p
E D

n n n
ν ν π

π
 

= ≤ 
  1,i k= . 

Hence there holds the following estimate  

( ) ( ) ( ) ( )2 2
2,n n n i
i

i i i c p
E D E

n n n n
ν ν ν π

π
     

= + ≤ +     
      , 

which we use instead of the estimate (9). 

Example 1. 
We may have one such interpretation of a conditional 

independent sequence 
Consider { } 1i i

ξ
≥

 the sequence independent discrete 

randomly distributed values with the 

1 2: { , ,..., }i rb b bξ Ω→ , 
1( )

1
i

r

i i b
i

b I ξξ =
=

= ∑  of 

distribution ( )1 i iP b pξ = = , 1,i r= , 

1 2 ... 1rp p p+ + + = . 

 Consider the r  number of sequences { }
1i i

X α

≥
, 

1, rα =  of independent random values. Assume that 
the members of the corresponding sequence of each α  

index have the same α , distribution 1, rα = . We 
have r  sequences. 

1 1 1 1
1 2 3, , ,..., ,...nX X X X  
2 2 2 2
1 2 3, , ,..., ,...nX X X X  
................................. 

1 2 3, , ,..., ,...r r r r
nX X X X  

At each i −  step, if each i −  member of the sequence 

gets a value of bα  ( )1 rα≤ ≤ , then take the iX α

vector 1, rα =  from the column of ( 1 2, , ,..., )r T
i i iX X X  

vectors. Call it iY . We get a conditional independent 
sequence 

( )
1

i

r

i iY X Iα
ξ α

α
=

=

=∑
, 

where AI  is an indicator of A  set. It is clear that 

1 2, , , nY Y Y…  represent conditionally independent random 

vectors, with a fixed “trajectory” ( )1 1 2, ,..,n nξ ξ ξ ξ= . 
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If { } 1i i
ξ

≥
is a finite chain of Markov with 

1 2{ , ,..., }rb b b  set of states, than 

( )
1

i

r

i iY X Iα
ξ α

α
=

=

=∑
, 

sequence will be chain defendant sequence. 

Example 2. 
Let us take an example of the practical application of 

the theorem approved in the article. 
At the Frankfurt Stock Exchange in the winter season 

(Börse Frankfurt) 2018, the fruit brokerage agreements set 
the price of apples at 3.9 euros. 

Naturally, let us consider the price of apples to be 
normally distributed random variables. Suppose the price 
of apples during the winter season is normally distributed 
with parameters (2,5;1,44)N , and let us assume that 
during the summer season we do not know these 
parameters (1;1,21)N . Let us estimate the price density of 
apples by observing contract prices. 

Let us consider the sequence 

{ } 1≥iii Xξ                 (18). 

where { } 1i i
ξ

≥
 are the days of observations, and { } 1i i

X
≥

 
is the apple price for brokerage transactions during the 
relevant days. 

Let winter days be 1 and the summer days be 2.  
Suppose the desire to trade apples during winter is three 

times as high as summer season, therefore
1( 1)
4ip ξ = = ,

3( 2)
4ip ξ = = . Suppose, the sequence (18) is stationary 

in the narrow sense. For simplicity of computation, 
consider only 4 observations: 

1 2 3 41, 2 (EUR);   1 (EUR);    2,8 (EUR);   3, 2  (EUR)X X X X= = = = . 

For building the 1 2
1 1( ) ( ) ( )
4 4

f x f x f x= +  density 

estimation let us use the core of Bartlett
2

1
3( ) (1 )I
4 xk x x ≤= − . It is clear 2( )k x H∈ . 1( ) f x

and 2 ( ) f x normal distribution densities so obviously 

( ) if x  has a continuous derivative of any order. So, we 

can say that 2 2( ) W ( , )if x L∈ ∩ −∞ ∞ . In the role of

1{ }  n na ≥ sequence we can suppose the sequence

 =na n .  
We will get the estimation of ( )f x as the result.  

2
1( ( ) )1

3ˆ ( ) (1 [ ( )] ) I
4 i

n

n j x Xj n

f x n x X
n − ≤=

= − −∑ . (19) 

Suppose that the terms of (8) and (9) are fulfilled. 
Consider that 4n = , insert in (19) the values of 

1 2 3;   ;      X X X and 4X . The result of calculation will 
be:  

2

2

2

2
4

1,5 3 1,125)         when [0,5;0,7);                              
3 6,6 2,91)          when [0,7;1,5];      
1,5 3,6 1,785)      when (1,5;1,7];      

ˆ ( ) 1,5 8,4 11,385)    whe

x x x
x x x

x x x
f x x x

− + − ∈

− + − ∈

− + − ∈

= − + −

  
  
  

2

2

n [2,3;2,7);      
3 1,8 26,37)         when [2,7;3,3];      
1,5 9,6 14,985)    when (3,3;3,7];      

0                                        when ( ;0,5) (1,7;2,3) (3,7; );      

x
x x x

x x x
x






∈
− + − ∈

− + − ∈
∈ −∞ ∪ ∪ ∞

  
  
  
  






  


 
 
 
 
   , 

The price distribution function will be

4( ) ( )
x

F x f x dx
−∞

= ∫ . 

4. Discussion 
( )n i
n

ν
 and ( )n iν  multiples made it difficult to obtain 

estimates when proving theorems. It was necessary to 
calculate the mathematical expectation of the estimated 
value on the fixed  1 1 2( , ,..., )n nξ ξ ξ ξ=   trajectory and 
the product of these multiples. It has been shown that 

( )n iν  and ( ( ))nf iν functions (when 2 ( , )f L∈ −∞ ∞  
are measures toward σ-algebra induced by the division of 
the Ω  space generated by the fixation of the 𝜉1𝑛 
trajectory (see [14]). This fact has allowed us to extend 
these values beyond the conditional mathematical 
expectation. 

The ( )ˆ ,n nEf x a  and ( )ˆ ,n nDf x a  values show that 

the remainder is finite in the 1I  addend, the remainder is 

estimated by Lemma 1, the remainder in the 2A  addend is 
estimated using the Helder inequality. 

5. Conclusions 
Until now, the estimates were based on independent 

observations. Their accuracy was also established in the 
case of independent observations. 

The obtained results allow to construct the 
Rosenblatt-Parten density estimation by means of some 
type of dependent observations (conditionally independent 
and chain dependent). 
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Therefore, we built nonparametric density estimates 
with conditional observations (conditionally independent 
and chain-dependent observations) and determined the 
approximation densities with these estimates. 
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