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Table 2. MLE of Stock Market Index - GSE and NGSE

Copula OD PT1 PT2 PT3
Cl 11.65 20.10 3946 76.83
Gu 38.34 3620 36.83 37.23
Fr 2041 1295 721 4.28
Jo 12.53 1621 2940 23.40

Table 3. MLE of Stock Market Index - GSE and BRVM

Copula OD PT1 PT2 PT3
Cl 1531 28.18 56.04 97.37
Gu 20.83 2255 2334 25.00
Fr 18.73 1029 6.10 3.79
Jo 1553 2038 26.30 39.89

2.10.1 Maximum Likelihood Estimates

The maximum likelihood estimation procedure gives us the
parameter estimates for dependence of each copula, as shown
in Tables 2, 3 and 4. In all the various stock pairs, the following
can be observed:

1. The Clayton copula parameter increases by a scalar mul-
tiple of about 2.

2. The Joe copula parameter decreases by about half.

3. The Frank copula increases or decreases haphazardly.

4. The Gumbel copula parameter increases insignificantly.
From the estimates, the Gumbel copula is the most robust co-

pula with or without the presence of outliers.

2.11 Tail Dependence Analysis

From the tail dependence tables of all stock pairs, the lower
and upper tail dependence coefficients show a similar trend.
Of all the tail dependence coefficients estimated, the Gumbel
copula models best show instances of economic boom as the
stock market pairs tend to perform best when both are in their
upper extreme values. This is followed by the Joe copula.

2.12 QPlots Of Copulas

The QPlots (Fig. 1, 2, 3 and 4) are used to graphically show
the tail dependence coefficients of each stock market pair.

Table 4. MLE of Stock Market Index - BRVM and NGSE

Copula OD PT1 PT2 PT3
Cl 21.65 38.83 70.38 130.39
Gu 31.83 3277 34.59 35.09
Fr 2492 1374 7.69  3.82
Jo 12.39 2420 29.89 34.48

Table 5. Lower and Upper Tail Dependence - GSE and NGSE

Copula OD PT 1 PT2 PT 3

cl 0.76(0.01)  0.75(0.08) 0.61(0.09) 0.79(0.11)
Gu 0.01(0.60)  0.03(0.50) 0.09(0.59) 0.08(0.68)
Fr 0.38(0.49) 0.34(0.40) 0.42(0.45) 0.39(0.48)
Jo 0.06(0.40) 0.05(0.43) 0.04(0.50) 0.05(0.49)

Table 6. Lower and Upper Tail Dependence - GSE and BRVM

Copula OD PT 1 PT2 PT 3

cl 0.86(0.05) 0.79(0.09) 0.68(0.07) 0.74(0.04)
Gu 0.07(0.72)  0.04(0.59) 0.08(0.48)  0.05(0.69)
Fr 0.49(0.56)  0.42(0.49) 0.39(0.51) 0.44(0.38)
Jo 0.14(0.44)  0.08(0.53) 0.09(0.49) 0.06(0.55)

2.12.1 Clayton Copula

It can be observed that the dependence structure for the
Clayton copula of the original data shows a positive depen-
dence. However, there is a strong correlation in the lower tail
of this copula as shown in Figure 1. From the Qplot of its pro-
bability density function, most of the dependence is captured
in the lower section.

2.12.2 Gumbel Copula

The dependence structure of the Gumbel copula of the origi-
nal data shows a positive dependence as well. From the Qplot
of the Gumbel copula, most of the dependence is captured in
the upper section.

2.12.3 Frank Copula

The points show some dependence between the two stock
markets of the original data in the lower tail and upper tail.
From the tail dependence values of the original, the upper tail
and lower tail dependence values are 0.38 and 0.49 respecti-
vely. From the Qplot of the Frank copula, both tails capture the
dependence structure of the two stock markets.

2.12.4 Joe Copula

The dependence structure of the Joe copula of the original
data show some clusters of positive dependence. By observing
the Qplot, there is a correlation in the upper tail and this is

Table 7. Lower and Upper Tail Dependence - BRVM and NGSE

Copula OD PT 1 PT 2 PT3

Cl 0.68(0.11) 0.71(0.07) 0.81(0.14) 0.73(0.09)
Gu 0.03(0.64) 0.06(0.47) 0.15(0.60) 0.09(0.55)
Fr 0.54(0.59) 0.49(0.36) 0.43(0.48) 0.47(0.53)
Jo 0.09(0.52) 0.05(0.58) 0.14(0.47) 0.07(0.56)
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Figure 1. Clayton Copula Qplot

Figure 2. Gumbel Copula Qplot

due to the tail dependence figure of 0.40. The upper section
captures the dependence structure of the two stock markets.

2.13 Probability Density Functions of Copulas

The probability density function of each copula of the ori-
ginal data are represented. Probability density functions are
important in the study of copulas to determine the relationship
that exist between the stock pairs.

2.14 Model Selection

When the parametric estimation method is used, the Bay-
esian Information Criterion(BIC) is more appropriate for the
model selection. Taking into account the pair-wise relations-
hips between the stock markets, it can be seen from Table 8
that the Gumbel copula has the least BIC for GSE and NGSE
per the data used. The implication is that the Gumbel copula
is the best copula to model the dependence structure between
Ghana and Nigeria. For GSE and BRVM, it can also be seen
that the Gumbel copula models best the dependence structure
between GSE and BRVM. Finally for BRVM and NGSE, the
Joe copula models best the dependence structure that exist be-
tween them.

Table 8. Bayesian Information Criterion - GSE and NGSE

Copula OD PT 1 PT 2 PT3

Cl -341.84 -306.39 -295.26 -305.35
Gu -375.71 -698.45 -555.23 -387.89
Fr -292.49 -237.16 -201.53 -317.56
Jo -329.70  -395.25 -391.26 -348.12

Figure 3. Frank Copula Qplot

Figure 4. Joe Copula Qplot

2.15 Estimated Copula Models

The following are the copula models for Ghana and Nigeria
based on the Bayesian Information Criterion (BIC): With the
association parameters obtained from the copula models from
Table 11, the Kendell’s tau correlation measure for the Frank,
Clayton and Gumbel copula are estimated to be 0.47, 0.853,
0.97 respectively; suggesting a positive correlation between the
Ghanaian and Nigerian Stock markets. Given any values of
u and v, the copula can be estimated for each stock market
pair. This helps to ascertain the relationship that exist between
the stock market pairs; and more generally their dependence
structures.

3 Conclusions

All the stock market pairs under study in this work did not
follow the normal distribution. This was ascertained from the
Jarque-Bera test statistic. Hence, elliptical copulas were not
appropriate to model the dependence structures that exist bet-
ween the stock pairs. All the stock market pairs were positively
skewed, implying that the longer tails were on the positive si-
des of the peak. Positive kurtosis statistics also showed that
the stock markets had fatter and longer tails. To assess the im-

Figure 5. PDF of Clayton Copula
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Figure 6. PDF of Gumbel Copula

Figure 7. PDF of Joe Copula

Figure 8. PDF of Frank Copula

Table 9. Bayesian Information Criterion - GSE and BRVM

Copula OD PT1 PT 2 PT3

Cl -409.79  -295.26 -359.27 -305.35
Gu -575.71 -678.43 -698.45 -570.27
Fr -34498 -477.09 -403.58 -421.96
Jo -421.37 -538.40 -561.98 -358.18

Table 10.Bayesian Information Criterion - NGSE and BRVM

Copula OD PT 1 PT2 PT3

Cl -341.84 -276.53 -305.35 -328.86

Gu -329.70  -387.89 -269.22 -409.39

Fr -292.49 -395.25 -317.56 -389.93

Jo -375.71 -555.23 -348.12 -440.24
Table 11. Copula Models - GSE and NGSE

Copula Model

oD Cl [u11:65 + V11:65 + 1] 0:09

PT1 Gu expf (u36:20 + _\,,,36:20)0:03g

PT2 Fr O:1l4log( (1 ey e"?v)=)

PT3 Gu expf (u37:23 + ‘\/37:23)0:039

pact of the presence of outliers on the copulas for each stock
market pairs, outliers were introduced at 5 percent, 10 percent
and 20 percent, which were subsequently represented as PT 1,
PT 2 and PT 3 respectively. The original data was represented
by OD. The maximum likelihood estimation (MLE) procedure
was used to estimate the dependence parameters for each co-
pula. For all the copula models under study, it was seen that the
Gumbel copula was the most robust; as the presence of outliers
at each level did not cause its copula parameter to change signi-
ficantly. The tail dependence coefficients helps to compare the
extent of tail-heaviness in the stock market pairs. Both lower
tail dependence coefficients and upper tail dependence coeffi-
cients were estimated. The Clayton copula was more correla-
ted at the lower extreme values implying that the stock market
pairs were less likely to gain together and more likely to lose
together. This depicted economic losses. The Gumbel copula
however showed more upper tail dependence which means that
the stock market pairs are more likely to gain together than lose
together. Hence the Gumbel copula is the most robust.

3.1 Recommendations

This research work sought to assess the effect of data per-
turbations on the choice of copulas. The parametric method of
estimation was used at all levels. It is however recommended
that non-parametric and semi-parametric estimation methods
be used in subsequent work. This can be used to compare if
the effect of data perturbation is influenced by the choice of
estimation methods. Future work can also consider the time-
varying dependence structure at each level of perturbation of
the stock market by using the conditional copula. This may in-
clude evaluating and comparing time series density models at
each level of data perturbation.
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Abstract In this paper, we study some topological
properties of connected topological groups. From a logical
point of view, the concept of a topological group arises as a
simple combination of the concepts of a group and a
topological space. In the same set G , operations
multiplication and topological closure are specified
simultaneously.
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1. Introduction

Definition 1.1 [2]. A topological group isthe set G on
which both topological and group structures are given. This
requires that the maps

GxG —>G. (Xy) Xoy

and
G — G x> x~* be continuous.
A topological group (or shortly G - group) is a
topological space that is simultaneously a group, with Xy
being a continuous function of X and y and X" being

a continuous function of X. In this case, the following are
added to the four axioms of the group and the two axioms
of open sets:

TG1. For each neighborhood U (ab) of the product
ab there are neighborhoods V (a) and W (b) whose
product is contained in U (ab) .

TG2. For each neighborhood U (a™), there exists a
neighborhood V (&) such that V(a)™ is contained in
u@™).

From TG1 and TG2, the statements readily follow:

TG1/1. For each neighborhood U (a™'b) there are
V(a) W (D) such that

neighborhoods and

V (a) "W (b) is contained in U (a*b).

TG2/1. For each neighborhood U (ab™) there are
neighborhoods V(a) and W (b) that
V (a)W (b)™ is contained in U (ab™) [2].

The topological group is usually denoted by <G, 9,o>.

such

Suppose F is a closed set, U is an open set, P is
an arbitrary set, and a is some element of the topological

group G . Then Fa, aF, F ™ are closed sets; UP,
PU ,U ™ are open sets [6].

If a basis at the unit € is given, then all neighborhoods
of this element are specified: those will be the sets U (E) ,

which contain at least one of the basis neighborhoods. But
then the neighborhoods and other points are known,

because if U (€) is a neighborhood of the unit €, then
aU (e) is a neighborhood of a and all neighborhoods
of a can be represented in this form[6].

Indeed, if U (@) is an arbitrary neighborhood of g,

then aU () is an open set and e e a U (@), then
U(e) = a‘u (), therefore, we have U (a) =alU (e) .
One can call @U(€) «neighborhood of the point g

shifted by g » [4].

The sets of all neighborhoods of e € G are denoted
by Q.
The following properties are true [3]:
1. e€U forall U €2,
2. if U, U, e, thenexists U €€2 since
UcU,NU,
3. if U isopensubsetand a €U , then exists
V eQ since aV cU
4. if UeQ and aeG,thenexists V € Q) since
ava' U
5 if UeQ,thenexists V € () since vv * U

The closure of A is denoted by A.
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Proposition 1.1 [5]
Let G be a topological group and E = G be an
arbitrary subset of G, then E = ﬂUE = ﬂEU .

UeQ UeQ

Proposition 1.2 [4]

Let G be agroupand geG, M a family a
subset of G for each «ael Then

g(ﬂM )=ﬂgM ,where | is the set of indices.

ael acl

We introduce the following definition and the
corresponding theorems.

Definition 1.2 [4]

Let (G*) be a group and H be a non-empty subset
of G. Then (H,*) is called a subgroup of (G,*), if
(H ,*) isagroup.

Definition 1.3 [4]
Let (G*) be a group. A subset H ofagroup G is

called a normal subgroup of G, if aH = Ha for all
aeG.

Definition 1.4 [4]

Let H be a subgroup of G . Then the number of
distinct left cosets (written [G : H]) of H is called the
indexof H in G.

A topological space X is called connected [2], if X
cannot be decomposed into a union of non-empty open
non-intersecting sub sets.

Proposition 1.3 [2]
A topological space X is connected if and only if X
does not have its proper subset Y (ie.Y =, X ),

which is closed and open simultaneously.

A connected component [2] of a topological space X
is any maximal connected subset in X,

If X, eX
K(X)=UM, of all

is a fixed point, then the union

connected  subsets  of
MXO < X containing X, is connected. It is easy to
show that K(X,) is not a proper subset of any other
connected

set, ie. K(X,) connected component

containing the point X .
Theorem 1.1 [7]

Let A,B < G be arbitrary non-empty subsets in a
topological group G and b € G an arbitrary element

of G . Then the following statements are true:

1) If A isa connected set in a topological group G,
then A~ is a connected set in a topological group
G.

2) Ifa A connected set in the topological group G,
then DA and Ab are connected sets in the
topological group G .

3) If A and B are non-empty connected sets in the
topological group G , then the set A.B is a
connected set in the topological group G .

Theorem1.2 [7]

If G is a topological group and Ce is a connected

component of the unit € in the topological group G,
then it is a closed normal subgroup in the topological group

G, and for any element J € G the set C.g is a
connected component of the point g in the topological

group G and C,g =0C,.

2. Main Results

Proposition 2.1
Let G be a topological group and E <G be an
arbitrary subset, @ € G, then
a  aE=aE (Ea=Ea)
b. Int(aE)=alnt(E) (Int(Ea) = Int(E)a).

Proof: a) By
aE =) (aE

UeQ UeQ
associatively of the group operation

(aE)U = a(EU) (U (Ea) = (UE)a) andwe have

() (@E)U = () a(EU)

proposition 1.1 we have
(Ea=()U(Ea)) . By

UeQ UeQ

((U(Ea)=()(UE)a) - Now, by virtue of
UeQ UeQ

proposition 1.2, we have a(EU)=a EU
((UBE)a=([UE)a) then the equality
UeQ UeQ

aE = aE (Ea=Ea) holds.

b) Firstly, we prove that a map L, :G > G is
homeomorphism, at L, (X) =ax for all X € G (where
a is a fixed element of group G ). The mapping L,is
one-to-one. Indeed, for every element Yy’ there is an
element X', and moreover, there is only one such that
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y'=ax’ .
Indeed, if y'=ax’ and W are some neighborhood of

Further, the mapping L, is continuous.

the element y', then there exist neighborhoods U and
V of the elements aand X' such that UV —W ; but
aeU and, therefore, aV cW , ie. L,(V)cW ,
which means the continuity of the mapping L, .The
continuity of the inverse mapping L;*(y) = a ™Y is also
proved. Then by the homeomorphism property we have
that IntL, (E) = L, (IntE) Hence,
Int(aE) = aInt(E) .Secondly, a map R, :G -G
(at R,(X)=xa for all XeG) is a homeomorphism.
Because, the R, mapping is one-to-one. Indeed, for every
element y' there is an element X', and moreover, there
is only one such that Yy’ = X'a . Further, the mapping R,
is continuous. Indeed, if y'=x'a and W are some
neighborhood of the element Yy’

neighborhoods U and V of the elements X' and a
such that UV cW ; but aeV and, therefore,
UacW ie R,(V)cW,which means the continuity

then there exist

of the mapping R, .The continuity of the inverse mapping

R:*(y)=ya™ is also proved. Then by the
homeomorphism property we have that
IntR,(E) = R, (INtE) for an arbitrary subset of
E < G. Hence, Int(Ea) = Int(E)a. Proposition 2.1
is completely proved.

Theorem 2.1

Let the topological group G be connected:

1). then there is no open proper subgroup of group
G,

2). if the subgroup H has a finite index in the
topological group G , then the subgroup H is
densein G.

3).  if subgroup H has a finite index in the
topological group G, then each cosets of group
G oversubgroup H isdensein G.

Proof. 1) Suppose the opposite. Let a topological group
G be connected and there is an open proper subgroup H
of the group G . We show that H = H . It is known that
H — H for arbitrary subset H — G . Choose an
arbitrary point aecH . Then aH will be an open
subset in the topological space G containing point a,

and we have aH N H = . Assume that b € aH
and beH , then there exists he H such that
b=aheH.wWehave acHh*cHH *=H.In

this way, H = H . This means that the subgroup H is

clopen. By proposition 1.3 topological group G s
disconnected. This contradicts the condition of theorem 2.1.

So, there is an open proper subgroup of the group G .
2) Now suppose that H is a subgroup with a finite
index of a topological group G. Then there exists a finite

sequence &;,a,,...,a, (aH ;tajH forall 1% j,
i=12,....,n and j=12,..,n) of G, such that
aiH uaZH u...uanH =G . It is known that,

aHcaH for al i=12...n , then

G=(aHuaHuU..uaH)c(aHuaHu..uaH)cG
. Hence have, that aiﬁu azﬁu...u anﬁ =G.

Now we prove that H isa subgroup of a topological
group G . Let §;,0, € H and U is be an arbitrary

neighborhood of point §,J, . Since we have continuity of
the group operation with respect to both variables, there

exist neighborhoods V, , V, of points ¢, and J,,
respectively, such that V,V, < U . From the definition of

closure, we get g, €V,NH and ¢g,eV,nH .
This means that g, € H , g, e H . We get that
0,9, €V\V, and since H
0,9, € H . Since VV, cU we get 9,0, €U, so

is a group we have

0,9, €U nH . Finally, we proved that 0,0, eH.

Let he ﬁand U is be an arbitrary neighborhood of a
point h™'. From the continuity of the inverse map we get
Utis neighborhood of a point h .From the definition of
closure, we get U "~ H =@ . So, there exists point
g : such that geU "and geH then gt eH

since H is a subgroup of G . We get that g~ €U and

g'eH , so greUnH . In order to show

h™ e H we need to prove U " H = for all U is
an arbitrary neighborhood of a point h™t. It follows that

h™e ﬁ , as required. Then we have that H isaclosed
subgroup with a finite index in the topological group G .

Then coset aH s also closed in G . The union of all

finite cosets, except of H | is closed again. This union is a
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complement of the subgroup H . Consequently, H is

open. Hence, H is clopen subgroup in G .Then the

proposition 1.3, we have that H=G. Then H is
densein G.

3) Suppose that H subgroup has finite index
connected of topological group G . Then by virtue of

theorem 2.1 part2), H isdensein G ,i.e. ﬁ =G .By
proposition 2.1 part a) we have that

XH=xH=xG=G (Hx=Hx=Gx=G) for all
XeG. Then XH (HX) is everywhere dense in G .
Theorem 2.1 is completely proved.

For a subset A of a group ©
A" ={a":a e A}[4].

we write

Definition 2.1[4]

A group G is called nilpotent if G" ={e} for some
positive integern.

Proposition 2.2

If G is a Hausdorff topological group and H is a
nilpotent subgroup of a group G, then H also be a
nilpotent subgroup of agroup G .

Proof: According to theorem 2.1, H isa subgroup of a
group G.

We prove that H isa nilpotent subgroup.

Assume that H" ={e}. Itmeansthat h" =e forall

h e H . Suppose the opposite, and let aeH such

elements that a" =e . Since G is a Hausdorff
topological group, then in a topological group G there

are such neighborhoods U and V elements a" and €,

respectively, that U NV =O.
It follows from the continuity of the multiplication
operation that there exist such neighborhoods

U,(a),u,(),.,u,(a of a such that

U,(@U,(a)..U,(a)cU . 1t is known that

n
U(a) =NU,(a) isaneighborhood of a. It means that
i=1

for all j=12,..,n . In this case, we have
U(@)-U(@)-..-U@)cU ie U(a)"cU.
Since, aeH then U@NH=D . If

beU(a)NH, then from the nilpotent subgroup H it

follows that b" =e . Moreover e=a" eU(a)" U ,

soUnNnV 0.
We got a contradiction with the choice of neighborhoods

Vand U .
Denote by C'a connected component of the point a

in the topological group.
The connected component of the neutral element e of
group G is called the neutral component of this group [3].

Theorem 2.2

If G is a topological group and a,b G is an

arbitrary elementin G . Then the following statements are
true:

C,=b-C .,
2. Cab = Ca ) Cb
1
3. C_..=C(,
Proof. 1) First we show that C, =bC .

According to theorem 1.1, part 2), b’lCa will be a
connected set in the topological space G containing
point  b~'a Then b_l-CaCCb_la since

C,cb-C .,

connected set in the topological space G containing the
point @ .Then b.bel = C, We have that
a

C,=bC_,

a b™a

2) Now we show that C,, = C, - C,) By theorem
12, C, =abC,6 =ab(C.C,)=a(bC,)C, .
We have that
C,, =a(C,b)C, = (aC,)(bC,)=C,C, .

3) By virtue of theorem 1.2, C_, = a_lCe. It is

Similarly, b-Cb,1a will be a

known that Ce is a normal subgroup of the topological
-1
group G C, =C, So
-1 -1~ -1 -1 -1
C,=aC,=aC, =(C,a =C

a a
Theorem 2.2 is completely proved.

Then

A topological space X is called hereditarily
disconnected [1] if X does not contain any connected
subsets of cardinality larger than one. Hence, a space X is
hereditarily disconnected if and only if the component of
any point X € X consists of the point X alone. Since the
components of a space are closed, every hereditarily
disconnected space is a 'I'1 -space.

A topological space X is called extremally
disconnected [1], if X is a Hausdorff space and for every

openset U < X theclosure U isopenin X .
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We say that a topological space X is locally connected
[1], if for every point X € X and any neighborhood U
of the point X there exists a connected set C —U such
that X € IntC

Theorem 2.3
Let G be atopological group. Then

a. G is hereditary disconnected if and only if there is
a connected component of a point X &€ G
consisting only of X.

b. G is extremally disconnected if and only if there
exists an open set U < G whose closure [U]is
openin G.

C. G is locally connected, if and only if for unit point

e € G and any neighborhood U of € there is
a connected set C —U suchthat e € IntC .

Proof: @) 1) It is clear that a topological group G is
hereditarily disconnected, then the component of every
point X € G consists only of X.

2) Let C, ={X} where is C_is be a connected
component of the point X of the topological group G. We
show that C_, ={a} for all a€G , where C, is
connected component of a pointa . Then, by theorem 1.2,
XC, =C, since, XC, ={X} . This equality of the
product of both parts X - € G , we get aC, ={a}.
Now, still using theorems 1.2, it follows that aC, = C, .

From where we have that C, ={a}.

b) 1) It is known that if a topological group G is
extremally disconnected, then for every open set U < X
the closure U is openatG .

2) Suppose that there is an open setU < G, such that
the closure U is open in G . We choose point XeU ,
then there exists a neighborhood U, of a point of a neutral
element €€ G such thatU =xU, . Then, by part a) of
proposition 2.1the closure [U]=x[U.]is open in G .
Consequently, the closure [U.]is open at G . Choose
arbitrary point y€G . Then the set y[U,]=[yU,]is
open atG . Then for every open set U, — G the closure

[U,]is open inG , where U is a neighborhood of an

arbitrary point y € G . Therefore, the topological group

G is extremally disconnected.

¢) 1) It is known that if a topological group G is locally
connected, then for each point X € G in particular
ee G and any its neighborhood U there exists a
connected set C < U such thate € IntC .

2) Choose an arbitrary point X € G topological group
G . Letforasingle point € € G and any its neighborhood
U there exists a connected set C —U , such that
e € IntC . Then, any of its neighborhoods U’ of a point
X , there exists a neighborhood U of a point € € G such
that U’ = XU and XC < XU =U" . Itiseasy to see that
the set C'=XC are connected. By virtue we get
xe € XIntC . By proposition 2.1 part b) implies that
X € Int(xC) . Then for each point X € G and any its

neighborhood U there exists a connected setC' U’

such that X € IntC’. Therefore, a topological group G is
locally connected. Theorem 2.3 is completely proved.
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Abstract Critical thinking is a skill needed for
education. Critical thinking has two main components i.e.
ability and critical thinking disposition. The purpose of this
research is to describe the disposition of critical thinking of
mathematics education students especially analyticity and
systematicity component when solving non-routine
problem (the problem that is not logical and incomplete).
This research is a qualitative descriptive study. The stages
in this study are first, students are given three non-routine
questions. The second stage, the researchers observed
directly and recorded the subject when working on the
problem. Third, interviewing the subject related to
non-routine problem resolution. Fourth, concluded by
describing the disposition of critical thinking of
mathematics teacher candidate students, especially
analyticity and systematicity components. The results
showed that the disposition of critical thinking of first-year

college students in mathematics education major is still low.

They have not analyzed the problems and answers well and
have not written the answers in order and lack of focus
when solving non-routine problems. They not yet have a
high sense about the irregularities of the problem. It is
highly recommended for further research that there is a
need for advanced development to improve the disposition
of critical thinking students.

Keywords Critical Thinking Disposition, Analyticity,
Systematicity, Non-routine Problems

1. Introduction

Technological advances such as the internet make
information very accessible to everyone. The ease of
access to information is growing very rapidly. However, it
does not ensure the ability to use the knowledge astutely to
facilitate problem solving. In dealing with these
developments, critical thinking is needed in order not to get
caught in the negative flow of globalization. Educators and
employers have recognized critical thinking as an
increasingly important outcome of a college education [1].

Critical thinking considered as an important topic for 21%
century teaching and learning, it is one of the factors
contributing to the success of the individuals [2]. In
education, there is a great movement in the development of
critical thinking, creative thinking, collaboration, and
communication skills abbreviated with 4Cs [3]. The
tendency to improve and develop thinking skills in
mathematics education [4], especially critical thinking
skills [5] very needed. The Government of Indonesia
recommends that graduates of primary and secondary
education programs are required to have creative thinking
skills, productive, independent, critical, collaborative, and
communicative [6]. Based on this, all of the basic and
intermediate educational institutions in Indonesia are
required to develop these skills.

Critical thinking is at the heart of the future for every
society in the world [7]. Gaining the ability of critical
thinking will help individuals to define the aims of his or
her life [8]. Critical thinking is a necessary thought
especially in education [9], because it is widely recognized
as an essential component of education and a powerful and
vital resource in one’s personal and civic life [10]. Critical
thinking is a metacognition process consisting of a number
of sub-capabilities and dispositions [11]. Critical thinking
was frequently referred to as the individuals’ cognitive
ability to think and make correct decisions independently,
and utilizing rational/logical thought [12], [13].

Critical Thinking has two dimensions; the first
dimension is critical thinking skills and the second
dimension is disposition to think critically [14], [15]. The
critical thinking skills cannot be separated from the
disposition of critical thinking. To think critically required
the disposition/attitude of critical thinking [16]. The
disposition of thinking is their tendency to guess, ask, seek
clarity, risk intellect, and think critically and imaginatively
[17]. Without the habit to tend to think critically, students
will not use their critical thinking [18]. Critical thinking
disposition is considered as complementary to critical
thinking skills and habits [19]. The components of critical
thinking disposition are truth-seeking, open-mindedness,
analyticity, systematicity, self-confidence, inquisitiveness
and maturity [14], [20]-[22]. Of the seven components,
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there are several components that need to be studied more
deeply, are analyticity and systematicity. Because, in fact,
the prospective student's analyticity is still low [23] and
student systematicity needs to be improved [24]. The
research by [21] shows where the scores for
open-mindedness, inquisitiveness, and maturity were
higher than those of truth-seeking, analyticity,
systematicity, and self-confidence. In addition, the results
of research conducted by [14], analytical, systematicity and
open-mindedness components have the lower value than
self-confidence and inquisitiveness components. The
analytical person solves the problem by re-examining the
parts of the answers as a whole, taking into account the
influence of his choice of answers to others, and having a
good argument, whereas the systematic person tends to be
more organized, orderly, focused and diligent in doing the
work/problems [22]. Analyticity measures how one's
reasoning emerges and how to anticipate potential
difficulties in solving problems. Systematize measures

organizing, sorting, focusing and finding diligently [25].

There are limited of critical thinking disposition’s
research, so its need for research on the disposition of
critical thinking [1]. Past studies on critical thinking
disposition were largely cross-sectional and did not take
into account important background variables. Other
research on critical thinking disposition examined the
relationship between professional values and critical
thinking  disposition of  Science-technology and
mathematics teachers. However, there did not explain the
critical thinking disposition of the teachers clearly. The
disposition of critical thinking of mathematics teachers and
science technology is still low [19].

The purpose of this study is to describe the disposition of
critical thinking on the analyticity and systematicity
components of first-year college students in mathematics
education major when solving non-routine problems.
Responses to the following questions have been sought to
achieve this purpose:

1. How the process of first-year college students in
mathematics education major when solving
non-routine problems?

2. How the analyticity of first-year college students in
mathematics education major when solving
non-routine problems?

3. How the systematicity of first-year college students in
mathematics education major when solving
non-routine problems?

2. Methods

This research is qualitative descriptive research and the
subjects are first-year college students in mathematics
education major at Universitas PGRI Madiun, Indonesia.
The subjects were collecting with purposive sampling
technique. The criteria of subjects are first-year college
students can solve the mathematics problem using critical

thinking. There are 55 first-year college students in
mathematics education major, however, the students were
meet the criteria 20 students only.
The instruments used are 3 math problems consisting of
non-logical and incomplete questions. A teaching strategy
that involves non-routine problems in the classroom will
develop high-level thinking skills in the process of
understanding, exploring, and applying mathematical
concepts [26]. The technique used in the determination of
the subject is the method of purposive sampling (taking the
subject by choosing without random with a particular
purpose).
There are five stages in this study. First, giving non
routine questions to all subjects and asking each subject to
do it. The problems provided consist of 3 (three)
non-routine problems, there are one incomplete problem
and 2 (two) non-logical problems. The non-routine
problems used in this study are
(1) Findthevalue ofa, b, cwherea,b,c e A={1, 3,5, 7,
9, 11, 13, 15} and you can make a repetition of the
number such thata + b + ¢ = 30!

(2) If0<ac<hb, a2+ b2 =-4ab, then find the value of
(b—a)/(at+h)!

(3) Find the invers of the function f(x) = x?!

The second stage, observing and recording video,
researchers recorded directly each subject and also by
recording directly any activity of research subjects when
solving non-routine problems based on the observation
sheet to classify the tendency of analyticity and
systematicity. Observations focused on behavioral trends
in performing analyticity and systematicity during
non-routine tasks.

The third stage, analyzing the two components of critical
thinking disposition that appear on each subject of research
based on the results of direct observation and video
recording, that are analyticity and systematicity. The
results were analyzed in the form of conclusions about the
behavior of research subjects whether the subject to do
analyticity and systematicity or not. Fourth, perform
triangulation of data to confirm the results of the analysis is
the conclusion whether the subject to do analyticity and
systematicity or not by conducting an in-depth interview.
Interview guidelines used are with a structured and open
format. In addition to interviews, there is also a data
reduction stage that is not required after in-depth
interviews. Finally, summarizes the results of the analysis
of two components of critical thinking disposition of
prospective mathematics teachers based on the results of
observation, video recording, and interviews so that data
can be obtained by a disposition of critical thinking of the
students of mathematics education in solving the
non-routine problem. The results obtained at the last stage
are the classification of analyticity and systematicity of
prospective  mathematics  teachers when solving
non-routine questions. The indicator of analyticity and
systematicity when solving the non-routine problem can be
viewed on Table 1 below:
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Table 1. The Indicator of Analyticity and Systematicity when solving the nonroutine problem

Critical thinking Nonlogic problems

Incomplete problems

turn it into a logical question

disposition
. Can analyzing the problems . Can analyzing the problems

Analyticity . Doing the reflective and checking the solution . Doing the reflective and checking the solution
. Being able to find a non-logic of the problem and | < Can find the incomplete of problem and turn

them into complete problems

Systematicity

. Write down answers that are well organized .
. ordered, focused and diligent in the work .

Write down answers that are well organized,
ordered, focused and diligent in the work

3. Result

The results showed that the students have not yet critical
thinking. Of the 20 students there are 4 students who show
the existence of symptoms of disposition of critical
thinking, namely T, Y, K and R. They can find the
non-logic of the problem and describe it. Of the four
students only one student who can change the problem
becomes a logical matter. In question number 1, subject T
tries to add 3 numbers directly, and after 8 attempts and the
result fails. Here T is diligent in doing but still lacking
focus in understanding the problem. T is able to analyze the
problem and find the insanity of the problem, he also turns
the matter into a logical question by giving a statement that
the set A must have even member numbers. The answer of
subject T can be viewed on Figure 1 below:

|
at+b+C =% T atbtc

i atb4c= 3

b ]

) : oy a2t anuaokn pilangan genap
Kesimpulon  himpunon A forus membki  ongqota bilanfan g

Figure 1. The Answer of Subject T number 1

Subject Y is experimented by determining 2 numbers
first then looking for the third number by subtracting 30
with the sum of two numbers that have been determined.
Then realize that the number that in can not be a member of
set A, try it is done 7 times. Subjects do analysis. Y can find
the insignificance of the problem but can not change the
problem to be a logical matter. The answer is less well
organized, still lacking focus because it should be 3 times
trying to be able to conclude. Subject R examines the
problem, and analyzes first, the student is immediately able
to detect a non-logic on the matter. The analysis is done by
recalling the even and odd number characteristics. That is
where the mismatch arises with facts, namely number 30,
the subject says the result should not be an even number but
an odd number, because odd plus odd number of even and
even odd is the result is odd. The subject gives the
conclusion that there is no triple member number of set A
that satisfies the equation a + b + ¢ = 30. The subject has
not changed the matter to be a logical matter, only knowing
the problem is not logical. And give one counter example.
Subject K determines the value of a first, by making a list
of 8 columns with a value of each of all members of set A.
The first value of A is 15, the subject analyzes by thinking
15 summed with the other members, so as not to find the
result 30. And so on and on. The answer is well organized,
the subject of focus but does not give the right analysis, the
subject also does not change the matter to be a logical
matter. After interviewing the subject said that the three
odd numbers if summed the result is also an odd number,
not even an even number. The conclusion given there is no
value of a, b, c fulfilling.
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Figure 2. The Answer of Subject K number 1

In question number 2, Subject T tries 3 times, more
focused than before. Have done the analysis and found the
non-logical. Already changing the matter to a logical
problem but not writing how the relationship a and b, just
write a must have a negative. It means either one of aor b
must be negative. Subject Y tried to change the equation of
questions, but did not work out. Then do experiment by
substituting the values of a and b, by direct path takes 2
numbers not explained where a and mana b (less
organized), just tried 2 times (more focused). Finding the
insanity of the problem (from video recording) but not yet
changing the matter becomes a logical matter. Subject R
does not do problem number 2 because do not understand
the material. The subject of K does a straightforward
question without looking at the truth of the matter, with the
algebra of the cluster. Until the end is not settled, the
subject is completely unaware of any incoherence in the
matter.
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Figure 3. The answer Subject T number 2
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Figure 4. The Answer of Subject K number 3

In question no 3, subject T does not work at all, while the
subject Y does procedural without realizing that the
problem is incomplete, not understanding the meaning of x.
not checking back answers. Subject R did not know the
incompleteness of the problem. Subjects do procedurally
and make mistakes in working. The subject does not yet
understand the true function of the inverse. Subject K does
procedurally and gets settled, but the settlement only
applies to x members of real numbers. According to the
interview the subject says X is a real number.

4. Discussion

Based on the results obtained, it can be said that the
disposition of critical thinking on the component of
analyticity and systematicity of students of mathematics
education program when solving non routine problems is
still low. There are some unanswered questions, the
analyticity is still low, they have not done the analysis of
the problem and the answer well, have done a little process
of checking the answer and have been able to find the
incomplete/incompleteness of the problem, but not all of
them can change the problem is not logical/incomplete
matter that is logical/complete. Student candidates for
mathematics teacher also have not written a well-organized,
ordered, focused and diligent answer in doing. They tend to
be hasty and write out un-systematic answers that are hard
to understand. The results are in accordance with the results
made by [3] which state that the prospective math teacher
in Indonesia is not critical thinking because it is at the level
of non-critical thinkers.

This is very contrary to opinion [20] which states that a
person who thinks critically always has the characteristics
of critical thinkers who always demand accuracy and
analyze and assess what to do. In this study, students of
mathematics teacher candidate tend not to check the truth
about the problem before doing and do not do analysis
based on logical proof and argumentation. Thus, the
analyticity and systematicity of a mathematics student
candidate when solving non-routine questions is not able to
change the views and positive opinions of each given
problem.

Based on the discussion, it is necessary to do the learning
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that focuses on the development of critical thinking
disposition of prospective mathematics teacher students,
especially analyticity and systematicity so that the

prospective mathematics teacher becomes a critical thinker.

There are several ways that can be done to develop a
critical thinking disposition that is by learning explicit
(infusion) and implicit (immersion) and a combination of
both [27]-[29]. It also can be applied learning that focuses
on problem solving with the provisions of non-routine
problems as well as traditional learning methods [30].

5. Conclusions

When solving non-routine problems first-year college
students do trial and error by experimenting with all
numbers and forgetting mathematical concepts. They did
not find irregularities in the problems and immediately
worked without analyzing the problems first. They are
aware of the oddity of the problem when working on it and
they are confused.

Analyticity and systematicity of mathematics education
students when solving non-routine problems are still low.
They have not done the analysis of the problem and the
answer well, have done a little process of checking the
answer and have been able to find the incomplete/
incompleteness of the problem, but not all of them can
change the problem is not logical/incomplete matter that is
logical/complete. First-year college students also have not
written a well-organized, ordered, focused and diligent
answer in doing. They tend to be hasty and write out
un-systematic answers that are hard to understand.

The suggestion given is to apply continuous learning
mathematics that focuses on developing critical thinking
disposition especially analyticity and systematicity by
applying infuse learning, immersion, combined infusion
and immersion, and problem solving. It can also be done
habitually giving non-routine questions in every learning
mathematics.
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