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Abstract This paper proposes an approximation to the
standard normal distribution function. The introduced
approximation formula is very simple and it has a very
acceptable accurate. By comparing the proposed
approximation with other existing approximations, it can
be observed that the proposed one has a simple, easily
computable formula and it gives a good accurate with
maximum absolute error equals 0.000444.

Keywords Normal Distribution, Cumulative

Distribution Function, Approximation

1. Introduction

The normal distribution function considered to be one of
the most important continuous probability distribution. It
plays a significant role in probability theory and
mathematical statistics. The importance of the normal
distribution comes from two reasons; the first one is that it
has a wide range of applications in many areas of sciences
because a lot of phenomena follow a normal distribution;
another reason is that there is a theory that the average of
the samples values takes the form of a normal distribution
even so that the variable itself does not follow the normal
distribution (central limit theorem).

The standard normal distribution is a normal distribution
with mean equal zero and standard deviation equal one. If a
random variable X is normally distributed with mean
u = 0 and standard deviation ¢ = 1, then its probability
density function is,

x2

X —e 2 , —oo<x < oo,
fGx) = T
The cumulative normal distribution function (c.d.f) is,
X CZ
P(x) = e 2 dt.
V —00

Since ®(x) cannot be expressed in a closed form for all
values of x and because the practical needs for computing

its values, then this provides the motivation for researchers
and practitioners to approximate ®(x).

The most basic expectation towards an approximation is
that it is highly accurate. In the literature, there are many
approximations to &@(x) that focus mainly on the
approximation accuracy. In general, these efforts have
resulted in highly accurate functions, without taking some
other features -like simplicity- of the approximation into
account. In this paper, we will introduce a new formula
with two terms to approximate @(x). It should be
mentioned here that the proposed approximation is very
simple, accurate and invertible.

Many efforts have been done to find an approximation
for @(x), see for example, Johnson et al. [1], Polya [2] and
Eidous and Al-Hanandeh [3]. Some of this work was done
to replace the tables of cumulative standard normal
probabilities that are found in most probability and
statistics books. In these tables, numerical techniques were
used to determine the cumulative standard normal
probabilities since the integration of the normal density
function cannot be done by elementary methods. Other
work has been done for the purpose of curiosity. Let

o*(x) = e 2 dt

fezdt

=0.54+d*(x), x=0.

=l
then

®(x) = 0.5 + —

The problem of approximating @ (x) is equivalent to
the problem of approximating ®*(x). This paper proposes
a simple approximation for ®(x),x = 0 depends on the
Polya [2]’s approximation. The new approximation has
less maximum absolute error than that of Polya's
approximation. The Polya’s approximation of ®(x) is,

®,(x) = 0.5 (1 + ,/1 - e‘%"z> ,



48 A Simple Approximation for Normal Distribution Function

with maximum absolute error equal 0.0031.
Eidous and Al-Salaman [4] gave the following
approximation for ®(x),

®,(x) = 0.5 (1 + ,/1 - e‘§x2> ,

with maximum absolute error equal 0.0018.
Eidous and Al-Hanandeh [3] gave
approximation for @(x), which is given by,

_81 2
Oy(x) =05(1+1—e 130" | .

The maximum absolute error of = ®;(x) equals to
0.0016.
Lin [5] gave the following approximation for ®(x),
1
1+ e—42mx/(9-x)"

another

Dy(x) =

The maximum absolute error of ®,(x) is 0.0067.
Bowling et al. [6]’s approximation of ®(x) is,

1
1 + e-1702%’

With maximum absolute error equal 0.0095.

While the above approximations used one term in x to
approximate ®(x), there are many others approximations
-in the literature- for & (x) with more than one term and
give more accurate. See for example Eidous and
Abu-Shareefa [7] at which most of these approximations
have been collected.

Ds(x) =

2. The Proposed Approximation

This paper organizes and develops an approximation of
the cumulative distribution function of the standard normal
distribution ®(x), which is defined as the following
t2

dx) = e Z dt.

1 X
V2w .f_m

Going back to Johnson etal.[1] , the Polya’s
approximation is originally represents an upper bound for
®(x), that is,

®(x) 0.5 (1 + w’ 1-— e_%x2> = @, (x).

Therefore, Polya used the above upper bound as an
approximation to ®(x). That is, ®;(x) = ®(x),Vx =0
with maximum absolute error 0.0031. In order to improve
the Polya's approximation, Eidous and Al-Salaman [4]

proved that
5 2
\/1 —e8 < \/1 e "

and Eidous and Al-Hanandeh [3] showed that

_81 o 5,2 _2.2
1—e 1300 < 1—e 8 <, l—enm .

That is,
D;(x) < Dy(x) < Py (x).

The usage of @,(x) and ®;(x) as approximations of
®(x) give more accurate than that of ®;(x), with
maximum absolute errors 0.0018 and 0.0016 respectively.

To obtain a more accurate approximation for ®(x), we
suggest to change the coefficient of x? in the exponent
term of the above approximation formulas. Instead of
using a constant coefficient, we suggest to use a linear
function in x as follows. Let a = 0.647 — 0.021x then
the proposed approximation of ®(x) is,

®,(x) = 0.5 (1 +V1- e—axz).

In order to find the maximum absolute error of ®4(x),
define the function h(x) as the following,

h(x) = ®(x) — dg(x)
1 X t2
=—— | e 2dt—05V1—e-%* x> 0.
N2
T Jo

The first derivation of h(x) with respect to x is
h'(x)
_ﬁ 2 3
_e" 7 [(0.3235 — 0.01575x)xe(0647x*~0.021x)
V2m '

\/1 — o—(0.647x2-0.021x3)

By equating h'(x) with zero and solve it with respect to
x, one obtain the two roots, x = 0.29757 and x =
1.22578. The values of h(x) at x = 0.29757 and at
x =1.22578 are -0.000443987 and 0.000369022
respectively, which indicates that the maximum absolute
error of ®,(x) is 0.000443987.

Graph (1) below plots the values of x and h(x) =
®(x) — Py(x) . The resulting curve represents the
maximum error (in its magnitude) for d¢(x). It is clear
that the absolute maximum error of ®4(x) is 0.000443987.
By comparing this maximum error with that of the others
approximations given in Section (1), we conclude that the
absolute maximum error of ®¢(x) is less than the
absolute maximum errors of @4(x), ®,(x),..., P5(x).

0.0002
1 N ¢ 5 6
-0.0002
-0.0004
Graph 1. The maximum error between the exact ®(x) and its

approximation @®¢(x).
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3. Comparison

We have carried out a comparison between our approximation ®.(x) and the other approximations @, (x), ®,(x),
®;(x), ®,(x) and P (x). This comparison has been done for the values of x between 0.2 and 4.2 with step 0.4. The
values of the different approximations are given in Table 1 below. The corresponding error between ®(x) and the
different approximations are also provided to compare the accuracy of them easily. From Table 1, we can see that our
approximation @ (x) is the best one for almost all values of x. Nearly, in all cases the associated error of ®,(x) is less
than that of ®,(x), ®,(x), ®;(x), ®,(x) and Ps(x).

Table 1. The exact value of ®(x) and the corresponding values of its approximations @, (x), ®,(x), ®;(x), ®,(x), ®s(x) and ®4(x). The
corresponding value of Error for each approximation is also given.

Normal Polya Eidousl Eidous2 Lin Bowling Proposed
x D(x) @, (x) @, (x) @5 (x) @, (x) D5 (x) g (x)
0.2 0.579260 0.579283 0.578565 0.578446 0.579996 0.584288 0.579662
Error -0.000024 0.000694 0.000814 -0.000535 -0.005028 0.000128 -0.000402
0.6 0.725747 0.726284 0.724435 0.724127 0.726497 0.735206 0.725932
Error -0.000537 0.001312 0.001620 -0.000388 -0.009459 0.000484 -0.000185
1.0 0.841345 0.843119 0.840859 0.840481 0.841428 0.845796 0.841055
Error -0.001774 0.000486 0.000864 0.000200 -0.004451 0.000881 0.000290
14 0.919243 0.922154 0.920191 0.919861 0.918996 0.915506 0.918912
Error -0.002911 -0.000948 -0.000618 0.000382 0.003737 0.001051 0.000331
1.8 0.964070 0.967141 0.965834 0.965613 0.963883 0.955366 0.963970
Error -0.003071 -0.001765 -0.001543 0.000218 0.008704 0.001025 0.000100
2.2 0.986097 0.988390 0.987709 0.987593 0.986045 0.976897 0.986161
Error -0.002293 -0.001613 -0.001497 0.000045 0.009200 0.001096 -0.000064
2.6 0.995339 0.996608 0.996330 0.996282 0.995344 0.988170 0.995421
Error -0.001270 -0.000991 -0.000943 -0.000015 0.007169 0.001248 -0.000082
3.0 0.998650 0.999187 0.999098 0.999082 0.998658 0.993976 0.998694
Error -0.000537 -0.000447 -0.000432 -0.000013 0.004674 0.000932 -0.000044
34 0.999663 0.999841 0.999818 0.999814 0.999665 0.996942 0.999678
Error -0.000178 -0.000155 -0.000151 -3.03343%x107¢ 0.002721 -0.000600 -0.000015
3.8 0.999928 0.999975 0.999970 0.999969 0.999927 0.998449 0.999931
Error -0.000047 -0.000042 -0.000041 4.68454x1077 0.001478 -0.003829 -3.01528x107¢
4.2 0.999987 0.999997 0.999996 0.999996 0.999986 0.999214 0.999987
Error -0.000010 -9.2734x107% | -9.13288x107° 6.23296x1077 0.000772 -0.008786 -2.53803x1077
REFERENCES [5] Lin, J. T. (1990). A simple Logistic approximation to the
normal tail probability and its inverse. Applied Statistics, 39,
[1] Johnson, N. I., Kotz, S. and Balakrishnan, N. (1994). 255-257.
Continuous univariate distributions. John Wiley & Sons. [6] Bowling, S. R., Khasawneh, M. T., Kaewkuekool, S. and

Cho, B. R. (2009). A Logistic approximation to the
cumulative normal distribution. Journal of Industrial
Engineering and Management, 2(1), 114-127.

[2] Polya, G. (1945). Remarks on computing the probability
integral in one and two dimensions. Proceeding of the first
Berkeley symposium on mathematical statistics and

probability, 63-78. [7] Eidous, O. M. and Abu-Shareefa, R. (2018). New

. approximations for standard normal distribution function.
[3] Eidous and Al-Hanandeh (2018). A new one-Term To be appear in Communications in Statistics — Theory and

Approximation to the Standard Normal Distribution. Methods

Submitted. '

[4] Eidous, O. M. and Al-Salman, S. A. (2016). One-Term
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Abstract I realized that it is possible to construct an original and well-organized theory of multiple random quantities by
accepting the principles of the theory of concordance into the domain of subjective probability. A very important point relevant
to such a construction is consequently treated in this paper by showing that a coherent prevision of a bivariate random quantity
coincides with the notion of o-product of two vectors while a coherent prevision of a quadruple random quantity coincides with
the notion of a-product of two affine tensors. Metric properties of the notion of a-product mathematically characterize both the
notion of coherent prevision of a generic bivariate random quantity and the notion of coherent prevision of a generic quadruple
random quantity. Coherent previsions of bivariate and quadruple random quantities can be used in order to obtain fundamental
metric expressions of bivariate and quadruple random quantities.

Keywords Hyperhomography, Translation, Affine Tensor, Antisymmetric Tensor, &-product, &-norm

1 Introduction

It is necessary to distinguish logical aspects from the psychological ones related to random quantities. This distinction is
methodologically fundamental ([6]). Logical aspects pertain the logic of certainty as well as the logic of the probable. They are
dealt with by mathematics. The logic of certainty does not use the notion of probability ([8]). It is called so for this reason. What
is objectively possible belongs to the logic of certainty and it is different from what is subjectively probable. It makes sense to
express one’s subjective and non-predetermined opinion in terms of probability only in respect of what is possible or uncertain
at a given instant. One always means uncertainty as a simple ignorance: it ceases only when one receives certain information.
The logic of certainty is always characterized by two different and extreme aspects. The first aspect is negative because it deals
with situations of non-knowledge or ignorance or uncertainty from which one determines the set of the possible alternatives of a
random quantity: when a given numerical value is not either certain or impossible it is possible and it consequently belongs to
such a set. The second aspect is positive because it deals with the definitive certainty expressed in the form of what is certainly
true or certainly false. Every possible numerical value of a random quantity definitively becomes 0 or 1 when an empirical
observation, referring to it, is made. Therefore, into the logic of certainty exist certain and impossible and possible regarding
to the first aspect, true = 1 and false = 0 as final answers regarding to the second aspect. Conversely, the notion of probability
is of interest to an intermediate aspect which is included between the two extreme aspects characterizing the logic of certainty
([71, [9]). Indeed, the probability is distributed as a mass by a given individual over the domain of the possible alternatives
before knowing which is the true alternative to be verified. This aspect is positive but it is weak and temporary because he is
awaiting information which would give him the definitive certainty. Probability is an extralogical notion in the sense that it is
outside of the logic of certainty ([12], [13]). The value of the notion of probability does not transcend the psychological value
that such a notion has with regard to each individual. Moreover, the value of the notion of probability is not independent of such
a psychological value. Therefore, a living, elastic and psychological logic is considered: it is exactly the logic of the probable.
Probability calculus has a very special character in this conceptual context because common sense plays the most essential role
and it is mathematically expressed as objective conditions of coherence ([15]).
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2 A geometric representation of univariate random quantities

A univariate quantity X is really random for a given individual when he does not know its true numerical value. Therefore,
he is in doubt between two or more than two possible values. These values belong to the set 7(X) = {x!,...,x"}. Only one
possible numerical value of I(X) will occur “a posteriori”. Each random quantity justifies itself “a priori”. Every finite partition
of incompatible and exhaustive events representing a random quantity shows the possible ways in which a certain reality may be
expressed. A multiplicity of possible values for every random quantity is only a formal construction that precedes the empirical
observation by means of which a single value is realized among the ones of the set of the possible alternatives ([11]). Each event
is a specific random quantity because it admits only two possible values. It does not admit more than two possible values like a
random quantity. The same symbol P denotes both prevision of a random quantity and probability of an event ([14]). An event
is conceptually a mental separation between sensations: it is actually a statement such that, by betting on it, one can establish in
an unmistakable fashion whether it is true or false, that is to say, whether it has occurred or not and so whether the bet has been
won or lost ([5]). It is not at all a logical restriction to consider finite partitions of incompatible and exhaustive events. If one
wonders which is the event that will occur among an infinite number of them one can never verify if each statement representing a
single event is true or false. These statements are infinite in number, so they do not coincide with any mental separation between
sensations. Therefore, they are conceptually meaningless. I denote by (1>S a set of univariate random quantities. Every random
quantity belonging to the set (1)S can be represented by a vector X € E,,, where E,, is a vector space m-dimensional over the field
R of real numbers. It has a Euclidean structure. The different possible values of every random quantity of (I)S are m in number,
where m is an integer. It turns out to be |\ S C E,,. The different possible values of X belonging to the set /(X)) coincide with
the different components of x and they can indifferently be denoted by a covariant or contravariant notation after choosing an
orthonormal basis of E,. Such a basis is given by {e;}, j=1,...,m. I should exactly speak of components of x having upper
or lower indices because I deal with an orthonormal basis of E,. Indeed, the usage of the terms covariant and contravariant
is geometrically meaningless because the covariant components of x coincide with the contravariant ones. Nevertheless, it is
appropriate to use this notation referring to them because a specific meaning regarding them will be introduced. Having said that
I will continue to use these terms. Thus, I choose a contravariant notation with respect to the components of x so it is possible to
write X = (x') while I choose a covariant notation with respect to the components of p so it is possible to write p = (p;), where
pi represents a subjective probability assigned to x’, i = 1,...,m, by a given individual at a given instant and with a certain set of
information. Hence, different individuals whose state of knowledge is hypothetically identical may choose different p; because
each of them may subjectively give greater attention to certain circumstances than to others ([10]). A given individual is into the
domain of the logic of certainty when he considers only x € E,, while he is into the domain of the logic of the probable when he
considers an ordered pair of vectors. It is expressed by (x,p). Thus, a prevision of X is given by

P(X) =X =x'p,, (1)

where I imply the Einstein summation convention. This prevision is coherent when one has 0 < p; < 1,i=1,...,m, as well as
Y, pi=1([1]). This implies that a coherent prevision of X always satisfies the inequality infI(X) < P(X) < supI(X) and it
is also linear, that is to say, one has P(aX +bY +cZ+...) = aP(X) 4+ bP(Y) 4 cP(Z) + ... for any finite number of univariate
random quantities, with a, b, c, ... any real numbers. In particular, from P(X +7Y) = P(X) + P(Y) follows an additivity property
of P. A coherent prevision of X can be expressed by means of the vector X = (¥') that allows to define the transformed random
quantity yt: it is represented by the vector ,t = X — X whose contravariant components are given by

di=x )

This linear transformation of X is a change of origin or translation. A coherent prevision of the transformed random quantity yt
is necessarily given by

P(yt) = (X —&)pi =0. 3)
The a-norm of the vector x is expressed by

x5 = (x)*pi. (4)

It is the square of the quadratic mean of X. It turns out to be ||x||%, > 0. In particular, one writes ||x||% = 0 when the possible
values of X are all null: this is a degenerate case. Hence, one says that the ¢ot-norm of the vector x is strictly positive. The &t-norm
of the vector representing y is given by

thH(QX = (xti)zpi = O-)%' &)

It represents the variance of X in a vectorial fashion. I will later explain why I use the term a-norm.
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3 A geometric representation of bivariate random quantities

I denote by (2)S (2) a set of bivariate random quantities and by X}, = {,X,,X} a generic bivariate random quantity of this set.
A pair of univariate random quantities (,X,,X) evidently represents an ordered pair of univariate random quantities which are
the components of Xj,. Each element of (2)S<2> can be represented by an affine tensor of order 2 denoted by 7 € E, @ _ E,QFE,.
Therefore, the possible values of X, coincide with the numerical values of the components of 7. The dimension of E,, as well as
the number of the different possible values of every univariate random quantity of X, is expressed by m. Thus, T is an element
of a vector space m2-dimensional. Moreover, it turns out to be (2)S 2 - E,(nz). I choose an orthonormal basis of E,,;, which is given
by {e;}, j=1,...,m, with m > 2, in order to represent the possible values of Xi». These values coincide with the contravariant
components of T so it is possible to write

T=X®@px= <1>xi' <z>xizei1 K e,. (6)

The tensor representation of X;» expressed by (6) depends on (,X,,X ). Indeed, if one considers a different ordered pair (,X, ;X )
of univariate random quantities one obtains a different tensor representation of X, expressed by

T=x® X = 2 ale, @, @)

because the tensor product is not commutative ([22], [23]). Therefore, the components of T expressed by (7) are not the same
of the ones expressed by (6). Both these formulas express an affine tensor of order 2 whose components are different. I have
consequently (X ® )X =+ 2)X & ()X I must at the same time consider (6) and (7) in order to release a tensor representation of
X, from any ordered pair of univariate random quantities which can be considered, (;X,,X) or (,X,,X). This means that the
possible values of a bivariate random quantity must be expressed by the components of an antisymmetric tensor of order 2. It is
expressed by

T= Y (0" " — ¥ e @, ®)

i1<ip

The number of the components of an antisymmetric tensor of order 2 is evidently different from the one of the components of
an affine tensor of the same order. Thus, a tensor representation based on an antisymmetric tensor of order 2 does not depend
either on (;X,,X) or (,X,,X). I choose it in order to represent a generic bivariate random quantity X;»>. Therefore, |, f is an
antisymmetric tensor of order 2 called the tensor of the possible values of Xj,. The contravariant components of |, f expressed
by

€))

represent the possible values of Xj, in a tensorial fashion. These components are equal to 0 when they have equal indices.
It is evident that the vector space of the antisymmetric tensors of order 2 does not have a dimension equal to m? but it has a
dimension equal to (’g) Now, I must introduce the probabilities into this geometric representation of Xj,. It is possible to say
that the tensor of the joint probabilities p = (p;,;,) is an affine tensor of order 2 whose covariant components represent those
probabilities related to the ordered pairs of components of vectors representing the marginal univariate random quantities ;X
and ,X of X1». In order to define the covariant components of |, f I must consider those vector homographies that allow me to
pass from the contravariant components of a type of vector to the covariant components of another type of vector by means of
the tensor of the joint probabilities under consideration. Indeed, the covariant components of |, f represent those probabilities
related to the possible values of each marginal univariate random quantity of Xj,. These components are obtained by summing
the probabilities related to the ordered pairs of components of (X and RS putting the joint probabilities into a two-way table
I consider the totals of each row and the totals of each column of the table as covariant components of |, f. In analytic terms
one has (l)xil Piyiy = (1y%;, and (2>xi2 Piyiy = ()%;, by virtue of a specific convention that I introduce: when the covariant indices to
right-hand side vary over all their possible values I obtain two sequences of values representing those probabilities related to the
possible values of each marginal univariate random quantity of X1,. They are the covariant components of |, f. It turns out to be

(1>xi2pi2il (l)xilpiliz

¥ (y*e ) ,
@)X Pt X" Piria

@)X (Y0

: (10)

12f(i1i2) =

The covariant indices of the tensor p can be interchanged when it is necessary so one has, for instance, mxi1 Piji, = (l)xil Diyi, -
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4 A metric structure related to univariate random quantities which are the com-
ponents of bivariate random quantities

The vector space of univariate random quantities which are the components of bivariate random quantities is denoted by
(2)5(]) C E,;,. These univariate random quantities are represented by two vectors, (X and 2% belonging to E,,. I deal with two
ordered m-tuples of real numbers when I am into the objective domain of the possible alternatives. An affine tensor p of order 2
must be added to the two vectors under consideration when I pass from the domain of the possible alternatives to the one of the
evaluation of probabilities. Therefore, I always consider a triple of elements. I transform the vector 2)X into the vector (z)X/ by
means of the tensor p. Hence, it is possible to write the following dot product

WX @X = X @2 Pivia = ()X (2% "
I note that i
% = @ Pii = @)X "

is a vector homography whose expressions are obtained by applying the Einstein summation convention. Then, the a-product of
two vectors, X and 2% is defined as a dot product of two vectors, (X and (2)x’ , so | write

HXO X = X X (13)

In particular, the oc-norm of the vector X is given by

||(1)X||(Zx = (1)xi1(1)xilpi1i1 = (1)xi1(1)xi1' (14)

I use the term a-norm because I refer to the o-criterion of concordance introduced by Gini ([24], [25]). There actually exist
different criteria of concordance shown by Gini in addition to the a-criterion. Nevertheless, by considering quadratic measures
of concordance it always suffices to use the a-criterion. When I pass from the notion of o-product to the one of ¢-norm I say
that the corresponding possible values of the two univariate random quantities under consideration are equal. I also say that the
corresponding probabilities are equal. Therefore, the covariant components of the tensor p = (p;,,) having different numerical
values as indices are null. Thus, I say that the absolute maximum of concordance is realized. Given the vector y = X+ A )X

with A € R, its a-norm is expressed by
9112 = 11yl + 22y x @ gy%) + 2] o 12 (1)

It is always possible to write ||y||% > 0. Moreover, the right-hand side of (15) is a quadratic trinomial whose variable is A, so
I must consider a quadratic inequation. All real numbers fulfill the condition stated in the form ||y||%, > 0. This means that the
discriminant of the associated quadratic equation is non-positive. I write

M = 4((1)x @ %) = [l x 13l 2y x5
Given A, <0, it turns out to be
((1)x®(2)x)2 < ||(1)X||é||<2)x||¢217

so I obtain
X @ x| < llyXllallg)Xlla- 16)

The expression (16) is called the Schwarz’s a-generalized inequality. When A = 1 one has y = X+ )X By replacing
()X © (ox) into (15) with || )X [[[ ) X[|x One has the square of a binomial given by

X+ X||2 | 1)X||c2x+2H(1)XHa||(2)X||a+H(z)XH%xa

So one obtains
X+ @Xlla < lgyXlle + o)Xl an

The expression (17) is called the a-triangle inequality. Dividing by ||<1>x||a\|(2)xHa both sides of (16) one has

|| X || x||a
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that is to say,
X)X

)

-1<————<1
Toy¥llall o Xl

so there exists a unique angle ¥ such that 0 < y < & and such that

)X O )X

cosy = (18)

||(1)XHGH(2)X||05'

It is possible to define this angle to be the angle between the two vectors X and 2% By considering the expression (13) it is
also possible to define it to be the angle between (X and (z)x’ .

5 A metric structure related to bivariate random quantities

I deal with the vector space denoted by (2)8(2)A whose elements are antisymmetric tensors of order 2. Nevertheless, by
introducing the notion of ¢-product of two antisymmetric tensors of order 2 I must underline a very important point: it is
not necessary to refer to the bivariate random quantity X, in order to introduce that antisymmetric tensor whose covariant
components are represented like into the expression (10). Therefore, it is also possible to consider a bivariate random quantity
denoted by X34 as well as an antisymmetric tensor of order 2 denoted by 5, f whose covariant components are expressed by

(3>xi2pi2i1 (3)xi1pi1i2

@%@t ) ,
@X?Phiy (X" Piriy

@*n @t

: 19)

34f(i1i2) =

Thus, it is possible to extend to the antisymmetric tensors |, f and 5, f the notion of a-product. This means that one can examine
the domain of the possible alternatives in a more complete fashion ([16]). Then, one has

1

Lo a®
2

) (20)

i f) ©34f(i)iy)

X @

where it appears % because one has always two permutations into the two determinants: one of these permutations is “good”
when it turns out to be i; < iy regarding to (;)x"! ;) x2 and (5 x; ) x;, While the other is “no good” because it turns out to be
ip > ij regarding to (l)xiz (2)xi1 and (3)%i2 ()%, Hence, I am in need of returning to normality by means of % Such a normality is
evidently represented by i; < i>. I need different affine tensors of order 2 in order to make a calculation given by the expression

(20). These tensors of the joint probabilities allow me of defining the bivariate random quantities X;3, X4, X>3 and Xp4. Thus,
one has

O e
12f Onuf = A (23) i x,»lp('zf) ~ 21
@ @)Y Fii 2 @Y Pib
In particular, the ¢t-norm of the tensor |, f is given by
o 13 = 12f ©12f = 12 121y (22)
so it turns out to be
i i it i (1) iy it (12)
lofl2 = Lo ot ot bl o X Pan o or P (23)
1201l = 5 1 X X2 X X i i ,(21) i i (22)|°
@7 @ [l@7 @ e ) Phi @ @ Phi,
Anyway, it is always possible to write
XO X XO X
fOauf= Hmr=e" M 4) (24)
P X 0ex X0 uX
as well as
2
2 _ laxlla  1)X© X 25)
o Ve ‘(2)"@(1)X ||(2)X||¢zx
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The o-norm of the tensor , f is again strictly positive. It is equal to 0 when the components of |, f are all null and when one can
write X = 7L<2)x, with A € R. I define the tensor f as a linear combination of |, f and 5, f such that I can write f = |, f + 15,1,

with A € R. Then, the Schwarz’s a-generalized inequality becomes

l12f ©aaf| < Mli2fllall3af Nl (26)
the a-triangle inequality becomes
l2f +3aflla < o flla =+ ll3af Nl (27)
while the cosine of the angle y becomes
cosy = NLYACE TV . (28)
12/ leell34f Nl

6 A new meaning of the notion of coherent prevision of a bivariate random quantity

The notion of a-product depends on three elements which are two vectors of E,,, (X and 2% and one affine tensor p =

(pi,ip) of order 2 belonging to E @ _ E,, ® E,,. Given any ordered pair of vectors, p is uniquely determined as a geometric object.
This implies that each covariant component of p is always a subjective probability. It must intrinsically be coherent ([4]). With
regard to some problem that may be considered it is possible that all reasonable people share each covariant component of p.
Nevertheless, an opinion in terms of probability shared by many people always remains a subjective opinion. It is meaningless to
say that it is objectively exact. Indeed, a sum of many subjective opinions in terms of probability can never lead to an objectively
correct conclusion ([3]). Thus, given a bivariate random quantity X;» = {,X,,X }, its coherent prevision P(X,) is an a-product
whose metric properties remain unchanged by extending them to P. Therefore, P is an a-commutative prevision because it is
possible to write

P(1X:X) =P(2X1X), (29)

P is an a-associative prevision because it is possible to write
P[(L1X)2X] = P[1X (2X)] = AP(1X2X), VA €R, (30)

P is an ¢-distributive prevision because it is possible to write
P[(1X+2X)3X] = P(1X5X) + P(.X3X). @31

Moreover, when one writes
P(]XzX) = P(2X1X) =0, (32)

and all possible values of ;X and ,X are not null, one says that ;X and ,X are a-orthogonal univariate random quantities.
In particular, one observes that the «a-distributive property of prevision implies that the covariant components of the affine
tensor p(!3) are equal to the ones of the affine tensor p(33). Moreover, the covariant components of the affine tensor related to
the two univariate random quantities 1 X+,X and 3X are the same of the ones of p(13) and p(23). By considering a bivariate
random quantity one finally says that its prevision P is bilinear. If the possible values of the two univariate random quantities
of Xi» = {,X,,X} are correspondingly equal and the covariant components of the tensor p = (p;,;,) having different numerical
values as indices are null, then P(X,) = P(;X2X) = P(2X,X) coincides with the o--norm of HX =X If P(X)7) is a coherent
prevision of Xj» = {,X,,X}, then its univariate random quantities, ;X and ,X, represent two separate and finite partitions of
incompatible and exhaustive events whose non-negative probabilities sum to 1. These are objective conditions of coherence ([2],
[19], [20]). It is evident that each covariant component of p = (piliz) represents a probability of the joint of two events which
includes a conditional probability of an event given the other. Hence, by denoting by A one of the possible values of | X and by
B one of the possible values of ,X it turns out to be P(AAB) =P(A)P(B|A) = P(B)P(A|B), with AAB = BAA, as regards each
covariant component of p ([17], [18], [21]). I denoted by A AB = B A A the logical product of two events while I considered
P(A A B) as a probability of their joint. In general, from the notion of conditional probability denoted by P(E|H) it is always
possible to deduce that the notion of subjective probability is relative to the current state of information of a given individual
represented by H. This operationally means that P(E|H) is the price to be paid for a conditional bet which is annulled if H does
not occur. Conversely, this conditional bet is won if H and E occur while it is lost if H occurs and E does not occur. I evidently
considered a tri-event denoted by E|H with values 1|1 =1, 0|1 =0, 0|0 = 1|0 = 0 into the logic of certainty. It represents only
a formal variation with respect to the starting delimitation because @ = void is added to the two starting values 1 = true and 0
= false. Any tri-event can always be expressed by means of two events from a conceptual point of view. This means that all
tri-events are only formally meaningful. Given a transformed bivariate random quantity y 7 = {l Xt,zxt}, its coherent prevision
P( Xlzt) is again an a-product whose metric properties remain unchanged by extending them to P. In particular, when it turns out
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to be pi i, = Pi, Piy> Vil,iz2 € Ly, with I, = {1,2,...,m}, one observes that a stochastic independence exists. Hence, one obtains
P(Xlzt) =0, that is to say, the vectors ( 1)t and (2)t are o-orthogonal. One equivalently says that the covariance of | X and ,X is
equal to 0.

7 A geometric representation of quadruple random quantities

By a quadruple random quantity I mean a random quantity having two marginal random quantities which are two bivariate
random quantities, 12X and 34X. Therefore, a quadruple random quantity is denoted by X2 34 = {12X, 34X }. Each bivariate
random quantity consists of two univariate random quantities so a quadruple random quantity can be represented by means of an
affine tensor of order 4 given by

T = (I)X ® (2)X ® (3)X ® (4)X = (l)xil (2)Xi2 (3)Xi3 (4)Xi4ei] ® €, ® €3 ® €, (33)
where {ej}, j=1,...,m, is again an orthonormal basis of E,,, with m > 4. I am able to gather (33) in two groups so I write
T =(1)X® %) ® ()X @ (4)%) = (13" 82 (32" (4% ) (&1, D €) @ (1 Dey,). (34)

Moreover, I can write 15y = X ® ()% 34Y = (3)X ® @)X & ®e;, = &,i, and e;; ® €;, = &;;, so (34) becomes

T = 15y @34 = 1271234 €1, ® €y (33)

where T considered (12X, 34X) as an ordered pair of marginal bivariate random quantities. By considering (34X, 12X) as an
ordered pair of marginal bivariate random quantities I obtain a different tensorial representation of X, 34 expressed by

T = 34y ® 1Y = 347 100128151, @ €4y (36)

If I permute the two univariate random quantities of 12X I obtain ;X while if I permute the two univariate random quantities of
34X I obtain 43X. It is useful to say that it is not necessary to consider ;X and 43X in addition to 12X and 34X in order to obtain
different tensors in addition to (35) and (36). Hence, I do not consider ;X and 43X for this reason. From i{iy = i3iy4 it follows

34Y 4 10 2 €5y @ Eiyiy = 3412 12V €1y ® Eigiy s (37
so when I consider (35) and (36) in a joint fashion I obtain an antisymmetric tensor representing Xi» 34 and denoted by 12 34 f.
This tensor is given by

12.30f = (12912347 — 1293341 ) €111y N €y (38)
and it is related to the possible values of a quadruple random quantity having two marginal bivariate random quantities. Its
contravariant components are
12y{1l2 12y13l4

i, iziq) _ y y
112 314
34Y 34Y

12,34 ) 39)

with i1 < i, i3 < ig as well as i1 < i3, i» < iy. Each contravariant component of 1 34f is a contravariant component of an affine

tensor of order 2. The tensor 12 34f belongs to the vector space denoted by ) SN C E7514)A. For instance, if m = 4 then the

vector space E,(nz) = E,, ® E,, has a dimension which is equal to 16 so the different possible values of 12X coincide with the

contravariant components of |,y and they are exactly 16. The same thing evidently goes by considering 5,y which is again an

affine tensor of order 2 belonging to E,(nz) = E,, ® E,,. Hence, the possible values denoted by ,y'12;,y"3" of the quadruple random
quantity under consideration are 256. When I put the joint probabilities into a two-way table I must consequently consider 16
rows and 16 columns. Thus, I have an affine tensor p of order 4 whose generic covariant component is denoted by p;,;,,i5i,- Each
covariant component of p must intrinsically be coherent. It is evident that every joint probability related to Xi, 34 derives from
two events considered into 12X viewed as one event into X;» 34 and from two events considered into 34X viewed as one event into
Xi2,34. Therefore, it is absolutely superfluous to repeat those considerations that I showed into a previous section in this paper.
A coherent prevision of X5 34 = {12X, 34X } is then expressed by

P(X12,38) = 12512343 Pi i, i (40)

where I obviously imply the Einstein summation convention. Now, the totals of each row and the totals of each column of the
table under consideration are obtained by means of hyperhomographies related to the components of the affine tensors shown
into (39). I always obtain two sequences of values. In analytic terms one has

1292 iy iy = 12Visi 41)
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and N
34 Pigig,iviy = 34,0y (42)

The covariant components of |2 34 f are then given by

12Yiyi,  12Yizi4
34Viyi,  34Yisiy

12,34 iz, iyia) = J 43)

with i1 <ip, i3 <i4 as well as iy < i3, i» < i4. The tensor 12 34 f always satisfies simplification and compression needs because it is
an antisymmetric tensor. In particular, one can observe that when m = 4 the vector space denoted by ( 4>S (47 is one-dimensional.

12,34)

Thus, I have to consider 12,34 f ( and 12 34f| (12,34) only. The vector space ( 4)S (4 is obtained by ( 4)S ) by antisymmetrization.

Moreover, (4)S(4) can always be divided so one can write (4)5(2) ® (4)5(2) = (4)S<4>, where one has (4)5(2> C E,(,,z).

8 A metric structure related to quadruple random quantities

A metric structure related to a quadruple random quantity must be divided into two different metric structures. I must firstly
consider a metric structure of the vector space of the affine tensors representing those marginal bivariate random quantities which
are the components of a quadruple random quantity. I must secondly consider a metric structure of the vector space of the
antisymmetric tensors representing a quadruple random quantity. Thus, given the affine tensors |2y and 34y belonging to ( 4)S<2>,
their ¢-product is expressed by N S

12Y ©34Y = 129" 34Y10, = 1257345 Pigig, iy - (44)
It evidently coincides with a coherent prevision of the quadruple random quantity under consideration. Therefore, I say that
a coherent prevision of a quadruple random quantity denoted by Xj» 34 coincides with the notion of o-product of two affine
tensors, 12y and 34y, representing the two marginal bivariate random quantities of X2 34 = {12X, 34X }. Properties of the notion
of a-product of two affine tensors are the same of the ones characterizing the notion of ¢-product of two vectors. When the two
affine tensors coincide one can introduce the notion of a-norm so it is possible to write

2 i i i
2y lle = 129" 12940, = 1292129 2 Pivin iy - (45)

This means that the two marginal bivariate random quantities of Xj, 34 are equal. Given 2y and 34y, a linear combination of these
two affine tensors is represented by the affine tensor y = |,y + A4,y, with A € R. After considering the a-norm of this tensor I
am able to write the Schwarz’s a-generalized inequality in the form

l12y © 3431 < 2y llall3ay lles (46)
the o-triangle inequality in the form
12y + 34l < 2y llac + 347 [l 47)
and the cosine of the angle 7y in the form
cosy= 12O (48)
oY llell349 [l

Now, I must define two transformed random quantities which are obtained by considering the two bivariate random quantities
12X and 34X of X 34. A coherent prevision of 72X is given by

P<12X) = (1>xll (2>x12p,1,2. (49)
A coherent prevision of 34X is given by . .
P(34X) - (3))6[3 (4)xl4pi3i4. (50)
These coherent previsions must be viewed as two a-products. Each of them is an ¢-product of two vectors. Such previsions are
represented by affine tensors: each of them has equal contravariant components. They are respectively denoted by |,¥ and 3,7.
I consequently obtain two transformed random quantities which are represented by means of two affine tensors of order 2. The
first tensor is expressed by
12l = 12y — 1295 (51)

where its contravariant components are given by

1t = )12 — 3. (52)
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The second tensor is expressed by
34t = 34Y — 347, (53)

where its contravariant components are given by
34l = 34y — 3470 (54)

By considering S
N2t iy i (595)

I am able to write the Pearson correlation coefficient by using two affine tensors of order 2, |, and 5,¢. Indeed, I obtain

_ i1y _
128 O34t = 128234855, = 121

12f O34l

—_—n (56)
1ot llecll342 [

cosy=

In particular, when a stochastic independence exists because one has p,;, i;i» = Pi,i, * Pisiy it turns out to be |, @ 3, = 0. I finally
consider only two essential metric expressions into ( 4)S (4 The first expression is given by

. y© 56  12Y © 78Y
o | , 57
12,34 56,78 34Y Os56Y  34Y O g
while the second one is given by
lavlle 12y @30y
72 = ) (58)
2,34 I WOyl

From (57) it follows that I have to use the tensors of the joint probabilities related to X2 56, X12,78, X34,56 and X34 78. They are
evidently other quadruple random quantities in addition to Xj, 34. I already underlined that this thing means that one can study
the domain of the possible alternatives in a more complete fashion.

9 Rewriting of some fundamental metric expressions and its reason

It is possible to rewrite some fundamental metric expressions by using properly the notion of coherent prevision of bivariate
random quantities as well as the notion of coherent prevision of quadruple random quantities that I introduced. Therefore, when
one rewrites (24) and (25) it is possible to obtain

ol O = ) o)
and
et = o) o) (60)
By rewriting (57) and (58) it is possible to obtain
T
and
b=k we |

On the other hand, it is known that any vector viewed as an element of a given vector space can always be expressed as a linear
combination of the vectors representing a basis of the vector space under consideration. Hence, each linear combination is a
division of a vector into those vectors representing a basis of the vector space under consideration. An analogous thing goes by
considering (59), (60), (61) and (62), where one observes that coherent previsions of separate bivariate random quantities as well
as coherent previsions of separate quadruple random quantities are basic elements of the metric expressions under consideration.
I evidently accept into the domain of subjective probability a very meaningful principle borrowed from geometry according to
which it is possible to divide a more complicated mathematical object into simpler mathematical objects represented by coherent
previsions of bivariate or quadruple random quantities in this context. Thus, it is possible to realize that a new and fruitful
notion of coherent prevision of a generic bivariate and quadruple random quantity is introduced. Moreover, the above principle
is conceptually fulfilled by considering systematically all marginal univariate random quantities into a generic bivariate random
quantity as well as all marginal bivariate random quantities into a generic quadruple random quantity. A very important point must
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finally be stressed: the notion of coherent prevision of a univariate or bivariate or quadruple random quantity is not a mathematical
convention. It is an indirect mathematical notion because its foundation is the notion of prevision of the same random quantity
which is always a psychological notion in the first instance. I show a geometric approach which does not introduce arbitrary
mathematical conventions but it makes more important a distinction between an extralogical or psychological notion and a logic
or mathematical notion which is nevertheless intrinsically connected to the former. According to such mathematical conventions
it would be possible to give a uniquely determined answer to a problem even when it is an indeterminate problem because of its
data which are only able to establish certain limits or boundaries because they are clearly incomplete data. These conventions
must not be accepted for this reason.

10 Conclusions

I accepted the principles of the theory of concordance into the domain of subjective probability in order to construct an
original and well-organized theory of multiple random quantities. This acceptance is well-founded because it is known that
the definition of concordance shown by Gini is implicit as well as the one of prevision of a random quantity and in particular
of probability of an event. Indeed, these definitions are based on criteria which permit to measure them. After representing
bivariate random quantities in a tensorial fashion I represented quadruple random quantities in a tensorial fashion. I observed
that the notion of ¢-product of two affine tensors of order 2 coincides with the notion of a coherent prevision of a quadruple
random quantity. This geometric approach that I have shown is useful because it is possible to examine in a more complete
fashion the domain of the possible alternatives by extending the notion of a-product to two different antisymmetric tensors of
the same order. Indeed, with regard to any problem that one has to consider, there always exists an enormous number of possible
alternatives. If information and knowledge of a given individual do not permit him to exclude some of them as impossible then
all alternatives which can logically be considered remain possible for him in the sense that they are not either certainly true
or certainly false. In particular, this means that it is possible to consider different quadruple random quantities in addition to
the starting one. This tensorial approach allows of representing a quadruple random quantity regardless of any ordered pair
of marginal bivariate random quantities which are the components of the quadruple random quantity under consideration. The
number of the components of an antisymmetric tensor of order 4 decreases by passing from an affine tensor of order 4 to an
antisymmetric tensor of the same order and this is useful in order to satisfy simplification and compression needs. I introduced
fundamental metric expressions referring to transformed random quantities representing changes of origin obtained by using a
notion of coherent prevision of bivariate random quantities coinciding with the notion of a-product of two vectors. I realized that
the notion of coherent prevision of quadruple random quantities can be used in order to obtain fundamental metric expressions
of quadruple random quantities.
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