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Abstract  The Kubelka-Munk (K-M) theory is
fundamental in the textile industry for color management,
providing a mathematical framework to describe light
interactions with textile substrates. This paper offers a
simplified, step-by-step derivation of the K-M equation to
make the underlying mathematics more accessible to
students and professionals. The K-M theory, which
connects absorption (K) and scattering (S) coefficients to
material reflectance, plays a crucial role in modern color
matching systems. This study reviews the theoretical
aspects of K-M, including its assumptions and limitations,
particularly in complex textile materials. The manuscript
also discusses how K-M theory is applied in computer color
matching (CCM), recipe prediction, and shade correction
in industrial settings, reducing the need for traditional trial-
and-error methods. Additionally, the paper addresses the
limitations of the K-M model, such as its assumptions of
homogeneity and linearity, which can lead to inaccuracies
in multi-dye and multi-layered systems. The review also
introduces the Saunderson correction to account for surface
reflections and improve the model's accuracy. This work
aims to bridge the gap between theoretical understanding
and practical application, contributing to the ongoing effort
to refine color matching processes in the textile industry.

Keywords Spectrophotometry, Color Matching, K-M
Theory, Scattering, Absorption

1. Introduction

For centuries, textile dyeing was regarded as a strictly
empirical trade, commonly referred to as a "black art"
within industrial circles. Master dyers matched hues using
subjective visual evaluations and progressive applications
of natural pigments, depending on a "trial-and-error"
approach that was intrinsically wasteful. This technique
lacked a mathematical foundation, making the process very
vulnerable to factors such as fiber shape, illuminant
metamerism, and the observer's own physiological color
perception. The absence of objective measurement led to
regular variations, where matching a "standard" shade
across several manufacturing locations was practically
difficult without significant re-dyeing and testing [1].

The industrial requirement for mass-produced, uniform
color in the early 20th century forced a move from
subjective craft to objective science. While the Beer-
Lambert Law correctly explained light absorption in clear
liquid solutions, it proved inadequate for fabrics. Textile
substrates are "turbid" or light-scattering media; unlike
liquids, they not only absorb light but also redirect it
powerfully via the physical structure of the fibers. This
needed a model that could account for both the absorption
coefficient (K) and the scattering coefficient (S)
concurrently [2, 3].

Building on the foundational work of early 20th-century
scientists, Schuster [4] explored the effects of scattering
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and absorption on radiation passing through a "foggy"
atmosphere, a concept that later influenced models of light
interaction with textile substrates. His mathematical
derivations provided insights into how light behaves in
scattering media, which laid the groundwork for later
optical models used in textile color science.

Kubelka and Munk [5] studied the optics of paint layers,
focusing on how the color and appearance of a substrate are
altered by the application of a coating. They derived
equations to describe the optical behavior of coatings,
particularly matte, uncolored coatings like white and light
gray, and examined the effects of scattering and absorption
within these layers. Their work also explored the albedo
(reflectivity) of coatings, showing that the albedo is
influenced by the ratio of absorption to scattering constants,
and how this ratio affects the overall appearance, especially
when coloring agents like lampblack are added. Their
theoretical framework for coatings provided valuable
insights into the optical properties of paints and coatings,
which were later extended to colored substrates in textile
applications.

By resolving the shortcomings of earlier models, such as
those by Gurevic and Judd, Kubelka [6] extended the
theory in 1948, especially with regard to light scattering in
turbid materials. Light reflectance and transmittance,
which were crucial for color matching in textile
manufacture, were much easier to calculate because
Kubelka's more accurate set of differential equations for
light transmission through these materials.

Although the Kubelka-Munk (K-M) equation is the
common "engine" of industrial color matching software, it
is frequently presented in academic and technical materials
in an unclear manner, which causes many people to
consider the formula as a "black box" without
comprehending its fundamental ideas. Many seminal
publications, such as the first study by Kubelka and Munk
and subsequent contributions by scholars like Judd, rely on
sophisticated mathematical ideas like calculus and
hyperbolic functions, which can be difficult for students
and textile industry professionals. Additionally, the final
K-M function is often presented in contemporary textbooks
as a "black box" formula, leaving out the detailed physical
derivation that explains the existence of the connection [2,
7-15].

Though the Kubelka-Munk (K-M) equation is widely
used in industrial color matching software, its presentation
in academic and technical resources often lacks clarity,
leaving many to treat the formula as a "black box" without
understanding its underlying principles. A search of current
web-based resources and recent journal articles reveals that
most available derivations are either overly simplified—
skipping the essential differential flux balance—or overly
academic, focusing on the complex Radiative Transfer
Equation (RTE) from which K-M is a subset [16]. There is
a distinct lack of "middle-ground" literature that provides a
clear, algebraically accessible derivation while maintaining
physical accuracy regarding flux sign conventions and the

transition to infinite thickness. For students of textile
engineering and color science, this lack of transparency can
hinder a deep understanding of how absorption and
scattering coefficients actually interact within the fiber
matrix.

This paper seeks to bridge this gap by providing a clear,
step-by-step derivation of the Kubelka-Munk equation,
designed to make the mathematics more accessible to
students and professionals alike. Using a simple two-
stream model and basic calculus, we will demystify the
process and offer a deeper understanding of how light
interacts with textile fibers. The goal is to move beyond the
"black box" application of the formula and provide a clear
theoretical roadmap that connects the physical interaction
of light with the industrial reality of recipe prediction and
color control.

2. Kubelka-Munk Equation

The Kubelka-Munk theory operates on the premise of a
two-stream model for light passing through a scattering and
absorbing medium, such as textile fabric. The basic
principles of the model assume that light interacts with the
material by being absorbed and scattered, which ultimately
affects the light flux that is reflected or transmitted. The
equation that quantifies this relationship is expressed as:

K (1—-Ry)?

S 2R,

where K is the absorption coefficient, S is the scattering
coefficient, and R, is the reflectance for an infinitely thick
layer of the material [5, 17].

3. Simplified Step-by-Step Derivation
of the Kubelka-Munk Equation

The Kubelka—Munk (K-M) theory assumes a two-
stream model for light propagating through a scattering and
absorbing medium (such as a textile fabric), considering an
infinitesimal layer of thickness dx. (Figure 1).

Let

I = Downward light flux (incident light).

J = Upward light flux (reflected light).

K = Absorption coefficient.

S = Scattering coefficient.

dx = Thickness of an infinitesimal layer at depth ‘x’,
where ‘X’ is measured from the top surface downward into
the material.
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Figure 1. Schematic diagram of the simplified version of light passing
through a finite colourant layer used in K—M theory [15].
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It is assumed that losses of light through the edges of the
material are negligible. The theory also neglects internal
reflection effects that occur when light exits an optically
denser medium, such as textile fibers, into a less dense
medium like air. Furthermore, additional assumptions—
including the uniform distribution of pigments within the
material—may not fully represent real textile systems.
Consequently, deviations between theoretical predictions
and practical observations can arise under non-ideal
conditions.

The net change in each flux as a result of passing through
the thin layer is obtained by adding the fluxes gained and
lost [17, 18].

Net change in downward flux
= (Gain by scattering)
— (Loss by absorption
+ Loss by scattering)

We have
dl = SJdx — (KIdx + SlIdx)

From this, it follows that
dI

==K+ S+ )

Similarly, the upward flux (J) travels in the opposite
direction, so

Net change in upward flux
= (Gain by scattering)
— (Loss by absorption
+ Loss by scattering)

We have

—d] = SIdx — (KJdx + SJdx) [(-) sign for opposite
direction]

From this, it follows that

%=(K+S)]—SI @)

Reflectance is defined as the ratio of upward flux to
downward flux:

]
R=1

To find the change of R with respect to x, we obtain

d_R_i(l) 19 _Ja
dx dx\I/  Idx I2dx

Substituting the results of equations (1) and (2) into the
above equation, we can obtain the following with a simple
calculation

dR
— =2(K+ S)R—S —SR?
dx

If we now consider that the layer is so thick that further
increases in thickness, however great, do not significantly
change its reflectance, then the reflectance, R, will not
change with x. The value of R in this situation is denoted
by R.. and hence:

dr

==

From the equation obtained above, we have
2(K+S)R, —S—SR% =0

0

Solving this for g we obtain

K (1-Ry)?

S 2R

4. Solution for reflectance R,

To solve the quadratic equation SR%, — 2(K + S)R,, +
S = 0 (Equation 3) for R, we use the standard quadratic
formula.

Substitute the coefficients into the formula:

_ —[2(K+ )] +/[-2(K + S)]> — 4(S)(S)
® 2(S)
Solving for R, we get,

Ro=1+hs |52
- S \\S S

In the context of the Kubelka-Munk theory for textiles
and surfaces, R, represents the reflectance of an infinitely
thick layer. This value must physically be between 0 and 1

(0 £ R, < 1). In the case of a positive root, 1 + g ++/..
is always greater than 1, which is physically impossible for
reflectance. So, the negative root provides the valid

physical solution. The final solution for the reflectance R,
is:

2K

K K\?
Ro= 15 () 42

S

5. Practical Application in Textile
Industry

5.1. Computer Color Matching (CCM) and Recipe
Prediction

The most transformative application of K-M theory is
the ability to predict a dyeing "recipe" without traditional
trial-and-error. Historically, matching a target shade
required a master dyer to perform multiple sample dyeings.
With K-M theory, a spectrophotometer measures the
reflectance (R) of the target sample and converts it into a
K/S value. Since K/S is assumed to be additive, the
software can calculate the exact concentration of each dye
required to achieve that specific total absorption. This
"prediction” allows the lab to generate an accurate starting
recipe in seconds, significantly reducing the "lead time"
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from design to production. According to K-M equation,

K (1-R)?

S 2R

Assuming that the fabric and the dyes contained in the
fabric absorb and scatter light independently of one another,
K R .. . .
the 3 for a fabric containing a mixture of dyes is
K K;C1+KyCp+-+Kp

= )

S S1C1+S,Cp+-+Sp

where C is the concentration of dye; and the subscripts 1,
2, 3 and F refer to the individual dyes and the fabric,
respectively. Since reflectance measurements include the
influence of the substrate, the mathematical equations
include terms Ky and Sp for this effect. Textile dyes,
however, can be considered to be dissolved in the fibre and
therefore have no scattering power of their own. Any
scattering of light can be regarded as being only from the
fibres. Therefore, S1, Sy, Ss... can be set to zero. Equation 4
will be

K K;C +K,C; +KsCy ..+ Kp
S Sk

> <= (*S‘—;) C, + (‘S‘—;) C, + ('S‘—s) Caomont (‘S‘—:) )

The ? factors in equation 5 are constants for a
F

particular dye at a particular wavelength and are analogous
to the extinction coefficient as used in Beer’s Law.
Therefore, a series of simultaneous equations can be used
to determine what concentrations of dye are contained in a
fabric if the constants for the particular dyes in the fabric
are known and the % of the fabric is measured.

Equation 5 is the basic equation for computer-assisted
prediction of color matches. If the dyes or pigments in the
sample to be matched are identical to those that will be used
to match the color, color matching is trivial. A simple set
of simultaneous equations equal in number to the humber
of dyes in the mixture is used to solve for the concentrations
of dyes present. However, the textile colorist is usually
asked to match an almost unlimited variety and number of
colors on textile materials using a relatively small number
of available dyes and pigments. Since the spectral
reflectance characteristics of the dyes or pigments available
to the textile colorist are usually not identical to those of
the colorants in the sample to be matched, an exact match
cannot usually be made. However, an acceptable match
usually can be made by determining the concentrations that
produce an approximate solution to a large number of
simultaneous equations. Typically, 16 simultaneous
equations in the form of equation 5, each representing a
different wavelength (at 20 nm intervals from 400 to 700
nm), are used. A computer is necessary to do the many
calculations required to solve the equations [2, 7, 8, 11, 12].

The SmartMatch feature of the Datacolor MATCH
Textile software significantly enhances the accuracy of
first-time color matching and correction. By using the
Kubelka-Munk theory, SmartMatch stores data about dye

concentrations and previous dyeing results to refine future
predictions. This helps address the issue of dye interactions,
which the basic K-M theory does not account for.
SmartMatch continuously learns from past predictions. It
improves the precision of color matches over time. This
feature is especially useful in industrial production. In such
settings, color consistency is crucial. The system can
automatically correct the first dyeing attempt. It then
applies this knowledge to future color matches. This
minimizes errors and reduces trial and error. SmartMatch
points can also be manually checked and adjusted. If they
cause inaccurate predictions, this offers flexibility in the
process [19].

HunterLab's EasyMatch QC program helps with textile
color matching and formulation. It uses Kubelka-Munk
theory to improve accuracy. The program calculates K/S
values for samples using the K-M equation. This helps
estimate dye concentrations more accurately. It also
improves color uniformity in manufacturing batches.
EasyMatch QC reduces trial-and-error in color formulation.
It speeds up the process by saving colorant K/S values. This
method simplifies dyeing. It improves accuracy, especially
with complex dye combinations [20].

Kurabo Electronics’ Computer Color Matching (CCM)
system uses the Kubelka-Munk (K-M) theory. This
improves the precision and effectiveness of color
formulation and matching. The system predicts the best
blending ratio of color ingredients using the K-M theory.
This helps achieve accurate color reproduction with little
color variance. The CCM system also includes isomeric
matching. This removes metamerism effects. It ensures
consistent color matches in different lighting conditions
[21].

5.2. Shade Correction and Production Control

In industrial production, even a well-predicted dyeing
recipe can produce a trial batch that is slightly off-shade.
This happens due to variations in processing conditions.
Factors like water quality, temperature fluctuations,
machine settings, and fibre—dye interactions affect the
results. Kubelka—Munk (K—M) theory is important at this
stage. It allows for mathematical shade correction instead
of relying on visual trial-and-error. Traditionally, the
reflectance of the batch is measured. This is then converted
to a (K/S) value and compared with the standard's (K/S).
The difference shows if there is a deficit or excess in
absorption. This allows the system to calculate the exact
amount of dye needed. The goal is to bring the shade within
an acceptable color tolerance, usually shown as (AE). This
method reduces the need for costly stripping and re-dyeing.
It also ensures better production efficiency.

In modern instrumental color control, shade correction is
performed using a colorimetric framework that links dye
concentration changes to perceived color differences. The
tristimulus values (X, Y and Z) of a sample are obtained
from its spectral reflectance as
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X = Z E)\ X;\R;\
Y= Z ExyaRa
Z = z EAZ}\R;\

where X, Y and Z are the CIE tristimulus values
representing the red—green response, luminance (perceived
brightness), and blue-yellow response of color,
respectively; E, represents the spectral power distribution
of the illuminant at wavelength A; X,,¥,and Zz, are the
CIE standard observer colour matching functions; R, is
the spectral reflectance of the sample at wavelength A, and
obviously A denotes the wavelength of light.
The color differences are defined as

AX = X, — X,
AY =Y, - Y,
AZ=7,-1,

where (AX, AY, AZ) are tristimulus differences; (X, Y, Z¢)
are tristimulus values of the target shade; and
(X, Yp, Z,, )are tristimulus values of the produced shade.

If a small adjustment is made to a single dye
concentration, the resulting color shift can be approximated
using first-order differentials:

X
AX = (a_) AC]_

C1

)¢
AY = (a_) Acy

C1

Az (aZ)A
~\dc, “
where (c;) is the concentration of dye 1; Ac, denotes a
small change in dye concentration and (X/ dc,) indicates
the sensitivity of (X) to dye concentration.
For practical dye formulations involving multiple
colorants, the total color change becomes

X 0X 0X
8¢ = () e+ (5 e + (55 s
ay aY ay
AY = (6_c1) Acy + (6_c2) Ac, + (6_c3) Acs

A7 = (6Z)A (6Z)A +(6Z)A
~\dc, ot dc, © dcs Cs

where (cq, ¢y, c3) are concentrations of individual dyes
and Ac,, Acy, Ac, are small concentration adjustments.

The color sensitivity of tristimulus values to dye
concentration is obtained from

X Z . _(GR;\)
aCi B A X2 aCi
where c; is the concentration of dye (i) and (dR,/ dc;)

denotes change in the reflectance with dye concentration.
Since reflectance is related to concentration through the

Kubelka—Munk function, application of the chain rule

gives
X o _( dRy \(0[f(R)]
a_ci_ZE“ % (d[fam])( ac, )
oY o __( dRy \(0[f(Ry)]
a_ci‘ZEA Y (d[f(R;)])( ac; )

0Z _ 7 dRy A[f(Ry)]
7~ 2.5 4 (qren)
ac d[f(Ry)] ac;
where f(R;) denotes the Kubelka—Munk function; dR,/
d[f(R;)] is the reflectance sensitivity to the K-M function
and (9[f(R,)]/ dc;) denotes absorption sensitivity to dye
concentration.
The Kubelka—Munk relationship between reflectance
and absorption—scattering behaviour is
(1 -Ry?
2R,
Solving the above equation, we get,
f(R R 1+ !
(Ry) = R

Differentiating the above equation with respect to R,,
we get

f(Ry) =

difRD] 1 _ 1

dR, 2 2RZ
dlf(R)]  RE-1
dR,  2RZ
And the reciprocal derivative is:
dR, 2R
d[f(R)] Ri-1

Since the relationship between f(R) and R is not
straightforward (nonlinear), the value of f(R)] changes

depending on how much reflectance there is. It works only
over a small range of reflectance values and is usually
calculated from the target’s reflectance curve. If only the
XYZ color values of the target are available, we must
calculate it using the reflectance curve based on the dye
concentrations in the current recipe at the end of each
iteration. We can do the same for the partial derivatives of
the second and third dyes.

Finally, the correction matrix, which shows how changes
in XYZ are influenced by changes in dye concentration, is
used to compute the necessary adjustments in the dye

recipe:
dc dcy dcy
e, = (G ) o+ (G ) av + (5z) 2
dc, dc,
Ac, = |— AX+(W)AY+ — | AZ
dcs
Acy = ) AX + (W) AY + (=) AZ
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The new corrected recipe is:
new c; = original ¢; + Acy

new c, = original ¢, + Ac,
new c3 = original c; + Acs

At the end of each loop in the iteration procedure, the
correction matrix is recalculated, and if the AX, AY and AZ
differences from the standard are not within tolerance, they
are inserted into the correction matrix to compute the
changes in dye concentrations required to bring the recipe
closer to the target [22].

5.3. Color Strength Evaluation

In the textile and pigment industries, the Kubelka-Munk
(K-M) equation is the primary mathematical tool used for
Color Strength Evaluation. Color strength is defined as the
ability of a colorant (dye or pigment) to change the color of
a substrate. Evaluating this property is essential for
comparing a "Trial" sample against a "Standard" reference
to ensure batch-to-batch consistency and to quantify the
relative potency of different dye lots. The evaluation relies
on the calculation of a Color Value, which is a numerical
representation of the light-absorbing material contained in
the sample. Based on industrial standards, there are three
primary methods for calculating color strength indices
using the K-M relationship [23]:

In the single wavelength method (SWL), chromatic color
strength evaluates the ratio of (K/S) values at a specific
wavelength, typically the wavelength of maximum
absorption (Amax). This method is the standard for routine
laboratory checks but requires that both the sample and
standard share the same Amax to yield accurate results. The
calculation is defined as:

K
(S)trial

K
e,

The summation method (SUM), or apparent strength
(referencing DIN 55986), provides a more robust
assessment by integrating the ratio of (K/S) data across the
entire visible spectrum, generally from 400 to 700 nm. A
significant advantage of this method is that the results are
independent of the specific illuminant or observer
conditions used during measurement. It is expressed as:

700 (K

A=400\Q

S )mam

20 (5).,,

In the weighted summation method (WSUM), integrated
strength weights the (K/S) values at each wavelength by the
product of the illuminant energy and the standard observer
functions (fy, fy, fz). Unlike the SUM method, WSUM is
illuminant-dependent, meaning the calculated strength may
vary if the light source (e.g., D65 vs. Illuminant A) is

Strength% = 100 x

Strength% = 100 x

changed. The formula is given by:
K
77\2(4)100 [(g)x ' (fx + fy + fZ)A]trial

77\29100 [(g)x ’ (fx + fy + fZ)}‘]std

Strength% = 100 X

5.4. Determination of Dye Compatibility Index (DCI)
and Color Matching Index (CMI)

In modern color science, advanced indices have been
established to evaluate the efficacy of dyeing processes by
utilizing the Kubelka-Munk (K-M) relationship. The Dye
Compatibility Index (DCI) is a critical metric for
determining the harmonious build-up of color in binary
mixtures, ensuring that dyes exhaust at similar rates under
varying concentrations and conditions. It is empirically
expressed as the ratio of the change in absorption to the
change in chroma (DC) over the depth of shade:

K/S

Dye Compeatibility Index (DCI) = oc

A lower DCI value signifies a more compatible dye pair,
indicating a stable and predictable color build-up rate,
which is essential for maintaining a linear relationship
between dye concentration and the $K/S$ value in
computer-aided color match predictions.

Furthermore, the Color Matching Index (CMI) provides
a quantitative measure for assessing the appropriateness of
predicted formulations by comparing the produced
matching sample against the standard. This index
incorporates the K/S value, chroma (DC), and lightness
differences (DL) to define the success of a spectral match
irrespective of the sign or direction of color deviations:

(K/S) x DC
DL x DL X 100

In industrial practice, CMI values above 5 are typically
deemed unacceptable for high-accuracy databases [24].

Color matching Index (CMI) =

6. Saunderson Correction

In practical color measurement, the reflectance from
textile materials includes more than just internal scattering
and absorption. It also includes surface reflection. This
reflection happens because of the difference in refractive
index between air and the material. The Kubelka—Munk
theory does not consider these surface effects. Therefore, a
correction is needed for accurate optical parameters. The
Saunderson correction is commonly used for this. It adjusts
the measured reflectance values. The correction uses
coefficients based on Fresnel reflection theory. These
coefficients depend on the refractive index of the medium
and the measurement setup. Applying this correction
makes the reflectance data better represent the material's
internal optical behavior. This leads to better accuracy in
calculating K/S wvalues, color matching, and recipe
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prediction. The correction is especially important in
industrial color measurement systems. It ensures the
predicted and observed colors match exactly [25].

7. Limitations of K-M Theory

The Kubelka-Munk (K-M) theory has several limitations
in the textile industry. First, it assumes materials are
homogeneous. However, textiles often have different fiber
types, textures, and coatings. These variations can affect
how light interacts with the material. The model does not
account for these factors. The theory also idealizes light
absorption and scattering. It ignores factors like dye
application and fabric texture. These factors can influence
light interaction. K-M is limited when applied to
transparent or semi-transparent materials. It does not
consider the transmission of light through fabrics. The
model assumes dyes behave independently. However, dye
interactions can affect the final color. K-M works well for
simple color systems. But it struggles with multi-dye
systems or multi-layered fabrics. This leads to inaccurate
predictions. At higher dye concentrations, K-M's linear
relationship breaks down. This causes incorrect results.
The model also depends on accurate calibration of
absorption and scattering coefficients. These can be
difficult and time-consuming to obtain. Finally, K-M does
not account for complex dye-fiber interactions. These
interactions can alter the final appearance of the fabric.
These limitations show the need to use other models or
methods alongside K-M for better predictions [26].

8. Conclusions

The Kubelka-Munk theory is an important tool in the
textile industry. It helps achieve accurate and consistent
color matching. The theory is used in color matching
software. This software has made dye recipe predictions
faster and more efficient. As a result, it reduces the time
and resources spent on trial-and-error. However, the K-M
model has some limitations. It has difficulty with complex
dye mixtures, multi-layered fabrics, and varying fiber
properties. These limitations show that the model needs
improvement. The simplified derivation in this paper
makes the K-M equation easier to understand. It is aimed
at both students and industry professionals. In the future,
more research can combine the K-M theory with advanced
models. This can help improve color prediction in complex
textile environments.
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