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Abstract Nonlinear time-dependent reaction–diffusion
equations arise in several scientific and engineering ap-
plications, including chemical kinetics, biological pattern
formation, heat transfer, and population dynamics. Due to
their nonlinear behavior and time dependence, obtaining accu-
rate and computationally efficient numerical solutions remains
a significant challenge. In this work, three B-spline-based
numerical methods are proposed for the numerical solution of
nonlinear reaction–diffusion equations and are analyzed for
their computational effectiveness. The developed approaches
are referred to as Method I, Method II, and Method III.
Method I is based on the modified cubic B-spline differential
quadrature method, which provides an efficient approximation
of spatial derivatives. Method II employs cubic B-spline
collocation for spatial discretization in combination with
the Crank-Nicolson scheme for time integration to enhance
stability and numerical accuracy. Method III uses modified
cubic B-spline functions for spatial approximation, reducing
the governing equation to a system of ordinary differential
equations that is solved using the SSP-RK43 scheme, a
low-storage method that reduces computational cost and
minimizes error accumulation. The proposed methods are
validated through numerical experiments on nonlinear reac-
tion–diffusion models, demonstrating satisfactory accuracy,
stability, and computational efficiency in approximating
nonlinear dynamics. Comparative observations indicate that
the proposed spline-based methods provide reliable numerical
solutions while preserving computational precision. The study
contributes to the advancement of efficient B-spline numerical
frameworks for solving nonlinear partial differential equations

and offers practical relevance for modeling diffusion–reaction
phenomena in applied sciences and engineering. A limitation
of the present work is its focus on one-dimensional problems;
however, the proposed methodology can be extended to
multidimensional systems in future studies.

Keywords Reaction-Diffusion Equations, Differential 
Quadrature Method, Collocation Method, Finite Difference, 
Stability Analysis, Result Analysis

1 Introduction
Consider the time-dependent nonlinear reaction diffusion

equations

ut = p(u)uxx + q(u)ux + r(u), a < x < b (1.1)

subject to Dirichlet boundary conditions

u(a, t) = f1(t), u(b, t) = f2(t), (1.2)

and initial condition

u(x, 0) = g(x). (1.3)

where u(x, t) is an unknown function and p(u), q(u) and r(u)
are arbitrary smooth functions. Equation (1.1) is a general-
ized form of a large number of nonlinear evolution equations
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which describe important processes in science [1][2][3]. Mur-
ray equation [1][3] is a particular case of (1.1)

ut = uxx + λ1uux + λ2u− λ3u
2. (1.4)

Burgers’ equation also is a particular case of (1.1)

ut = −uux + uxx. (1.5)

Burgers’ equation has important applications in gas dynamics
[4][5], shock wave formation and traffic flow [6]. It can be
considered as a simplified form of Navier Stokes equation [7].
Equation (1.1) also represents the famous Fisher’s equation

ut = uxx + λ1u+ λ2u
2. (1.6)

Fisher’s equation was introduced by Fisher [8] in order to
describe the spatial and temporal propagation of a viral gene
in an infinite medium. Fisher’s equation describes biological
populations [8], branching Brownian motion processes [9],
autocatalytic chemical reactions [10], neurophysiology [11],
flame propagation [12] and logistic population growth models
[13]. In our work, we are considering nonlinear reaction
diffusion equations. Due to the importance of nonlinear
reaction diffusion equations, solution methods for such
types of equations are very important. Bhrawy et al. [14]
obtained numerical solutions of reaction diffusion equations
by Jacobi-Gauss-Lobatto collocation method. Mittal and
Jiwari [15] applied a higher-order numerical scheme based on
differential quadrature method to solve Murray equation. An
integral equation method is used to get numerical solutions
of nonlinear reaction diffusion equations by Gao et al. [16].
Some more numerical methods to study convection-diffusion
may be explored in [17][18][19][20].

Method I is fundamentally based on the differential
quadrature approach, where the function u is approximated at
discrete nodes as ui, and its derivatives are expressed as linear
weighted sums. A Runge–Kutta scheme is then employed to
obtain the final values of u. In contrast, Methods II and III
are based on finite difference formulations. In Method II, the
resulting system of ordinary differential equations is solved
using a Runge–Kutta method, whereas Method III employs a
Gauss elimination–based iterative procedure to compute the
final solution. A comprehensive implementation of all three
methods has been presented. These approaches differ signif-
icantly in terms of their implementation and their suitability
for solving partial differential equations. The corresponding
discussion has been incorporated into the Introduction section.
In this paper, numerical methods using B-Spline functions have
been studied. B-spline functions have become a popular tool
to study numerical solutions of nonlinear partial differential
equations. Mittal and Rohila have applied B-spline method to
study chaotic dynamical systems [21] and advection-diffusion
equations [22][23].

The paper is outlined as follows. Section 2 is devoted to the
definition of cubic B-spline and modified cubic B-spline func-
tions. In section 3, the procedure for the implementation of the

three methods to equation (1.1) is explained. Stability analysis
for the three methods is performed in section 4. We present 5
numerical test examples for exhibiting the adaptability and ac-
curacy of the proposed method computationally in Section 5.
In last section, a conclusion of numerical outcomes is given.

2 Cubic B-Spline Functions
A B-spline is a basis function for spline spaces defined over a

given knot vector, characterized by compact (minimal) support
and a specified degree of smoothness across knots. Each B-
spline of degree p is nonzero only over at most p+1 consecutive
knot spans, which ensures minimal support among basis func-
tions with the same degree and smoothness. This local support
property leads to sparse system matrices in numerical imple-
mentations, as each basis function interacts with only a limited
number of neighboring functions. We consider a uniform par-
tition of the domain a ≤ x ≤ b by the knots xj , j = 1, 2...N
such that xj − xj−1 = h is the length of each interval.

Bj(x) =
1

h3



(x− xj−2)
3, x ∈ [xj−2, xj−1],

(x− xj−2)
3 − 4(x− xj−1)

3, x ∈ [xj−1, xj ],

(xj+2 − x)3 − 4(xj+1 − x)3, x ∈ [xj , xj+1],

(xj+2 − x)3, x ∈ [xj+1, xj+2],

0 otherwise
(2.1)

where
{
B0(x), B1(x), B2(x), ...., BN (x), BN+1(x)

}
forms a

basis over the considered interval.

x xj−2 xj−1 xj xj+1 xj+2

Bj(x) 0 1 4 1 0
B

′
j(x) 0 3

h
0 −3

h
0

B
′′
j (x) 0 6

h2
−12
h2

6
h2 0

Table 1. Cubic B-splines and Derivatives at knots

2.1 Cubic B-Splines and its Derivatives

Modified cubic B-spline basis functions at the knots are de-
fined by (2.2)− (2.6)

B̃1(x) = B1(x) + 2B0(x), j = 1 (2.2)

B̃2(x) = B2(x)−B0(x), j = 2 (2.3)

B̃j(x) = Bj(x), j = 3, 4, 5.....N − 2 (2.4)

B̃N−1(x) = BN−1(x)−BN+1(x), j = N − 1 (2.5)

B̃N (x) = BN (x) + 2BN+1(x), j = N (2.6)

where
{
B̃1(x), B̃2(x), ....B̃N (x)

}
forms a basis over the con-

sidered interval. The new set of basis functions B̃j(x), j =
1, 2..N is modified such that the resulting system of differen-
tial equations is diagonally dominant. Splines and modified
splines are the same except at end points. They have been mod-
ified to get more accuracy at boundary points. More detailed
properties of B-splines can be studied in [24].
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3 Description of the Methods

3.1 Description of Method I
The first technique for solution of reaction diffusion

equations is based on modified cubic B-spline differential
quadrature method. It is a numerical technique [25] to solve
ordinary and partial differential equations. In Differential
quadrature method (DQM) we approximate the derivatives of
the unknown function with respect to any coordinate direction
by using linear sum of functional values along that direction in
the whole domain. The main task in DQM is the calculation
of weighting coefficients. Consider a uniform partition of the
problem domain a ≤ x ≤ b by the knots xi,i = 1, 2...N such
that xi − xi−1 = h is the length of each interval.
The first-order derivatives at the knots are approximated as

B̃
′
l (xi) =

N∑
j=1

w
(1)
ij B̃l(xj), j = 1, 2..N and l = 1, 2, 3....N

at the first knot

B̃
′
l (x1) =

N∑
j=1

w
(1)
1j B̃l(xj) , l=1,2,3....N

we obtain AW1 = b1

where A=



6 1
0 4 1
0 1 4 1
.. .. .. .. .. .. ..

1 4 1
1 4 0

1 6


,W1 =



w
(1)
11

w
(1)
12

.

.

.

.

w
(1)
1N


b1 =



−6
h
6
h
0
.
.
.
0


at the second knot

B̃
′
l (x2) =

n∑
j=1

w
(1)
2j B̃l(xj), l = 1, 2, 3....N

we get AW2 = b2 where W2 = [w
(1)
21 , w

(1)
22 , ....., w

(1)
2N ]T and

b2 = [−3
h , 0, 3

h , ...0]
T

similarly at the last knot

B̃
′
l (xN ) =

n∑
j=1

w
(1)
Nj B̃l(xj), l = 1, 2, 3....N

we obtain AWN = bN where WN = [w
(1)
N1, w

(1)
N2, ....w

(1)
NN ]T

and bN = [0, 0, 0..−6
h , 6

h ]
T

These are tridiagonal matrices and we may solve these by
using Thomas algorithm. Thus we may calculate all the
first-order weighting coefficients. Once the weighting coeffi-
cients corresponding to first-order derivatives are calculated,
higher-order weighting coefficients can be calculated by using
Shu recursion formula [26] given by

w
(S)
ij = S

[
w

(1)
ij w

(S−1)
ii −

w
(S−1)
ij

(xi − xj)

]
for i ̸= j (3.1)

w
(S)
ii = −

n∑
j=0,j ̸=i

w
(S)
ij for i = j (3.2)

Assuming u(xi, t) = ui, we discretize (1.1) by differential
quadrature method and apply boundary conditions also. Ac-
cording to differential quadrature method, derivatives are to be
approximated by linear weighted sum and u is to be replaced
by u(i). In this accordance, p(u), q(u) and r(u) are replaced
with p(ui), q(ui) and r(ui) respectively. This changes the
given partial differential equation into a system of ordinary dif-
ferential equations as follows

u̇i = p(ui)

N−1∑
j=2

w
(2)
ij uj+q(ui)

N−1∑
j=2

w
(1)
ij uj+r(ui)+β, i = 2..N−1

(3.3)
where notation u̇i is used for dui

dt . β is the part that contains
boundary conditions of the problem. Above is a system of or-
dinary differential equations and can be solved by using Runge
Kutta method to get the solution u′

is at the knots at a particular
time level.

3.2 Description of Method II
In cubic B-spline collocation method we approximate exact

solution u(x, t) by U(x, t) in the form

U(x, t) =

N+1∑
j=0

Cj(t)Bj(x) (3.4)

where Cj(t)’s are time-dependent quantities which we deter-
mine from the boundary conditions and collocation from the
differential equation. The approximate values U(x, t) and its
derivatives at the knots are defined by using Table 1 as follows

Uj = Cj−1 + 4Cj + Cj+1 (3.5)

hU
′

j = 3(Cj+1 − Cj−1) (3.6)

h2U
′′

j = 6(Cj−1 − 2Cj + Cj+1) (3.7)

where U(xj , t) = Uj ,U
′
(xj , t) = U

′

j and U
′′
(xj , t) = U

′′

j

Suppose we want to find Bj(xj). From (1.1) , xj

will be in the third interval and therefore Bj(xj) =
(xj+2−xj)

3−4(xj+1−xj)
3

h3 = (2h)3−4(h)3

h3 = 4. In the same way
we can find other values.

Implementation of Method: Applying Crank-Nicolson
scheme to equation(1.1)

u(n+1) − u(n)

∆t
=

[p(u)uxx]
(n+1) + [p(u)uxx]

(n)

2
+

[q(u)ux]
(n+1) + [q(u)ux]

(n)

2

+
[r(u)](n+1) + [r(u)](n)

2

(3.8)

Nonlinear partial differential equation is linearized by using
quasi-linearization as follows

fn+1 = f(u(n), u(n)
x , u(n)

xx ) + (u(n+1) − u(n))
∂f (n)

∂u

+(u(n+1)
x − u(n)

x )
∂f (n)

∂ux
+ (u(n+1)

xx − u(n)
xx )

∂f (n)

∂uxx

(3.9)
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separating the terms of (n)th and (n+1)th level and using (3.5)-
(3.7) and (3.9) in (3.8) we get

m1C
(n+1)
j−1 +m2C

(n+1)
j +m3C

(n+1)
j+1

= l1C
(n)
j−1 + l2C

(n)
j + l3C

(n)
j+1, j = 1, 2....N

(3.10)

where m1,m2 and m3 are coefficients of time-dependent quan-
tities Cj−1, Cj and Cj+1 respectively at (n + 1)th level while
l1, l2 and l3 are those at (n)th level. Equation (3.10) contains
N + 2 unknowns C0, C1...CN+1. As the number of equations
is N, two additional constraints are required to get a unique so-
lution to the system. These additional constraints are obtained
by boundary conditions U(a, t) = f1 and U(b, t) = f2. Using
approximate values we get,

C
(n+1)
0 + 4C

(n+1)
1 + C

(n+1)
2 = f1 (3.11)

C
(n+1)
N−1 + 4C

(n+1)
N + C

(n+1)
N+1 = f2 (3.12)

Using above two constraints, we get the following N ×N sys-
tem in matrix form

M1C
(n+1) = M2C

(n) + χ (3.13)

M1 and M2 are N × N order tridiagonal matrices and χ is
a column vector containing contributions of boundary condi-
tions. We start with the initial vector C(0) which can be calcu-
lated using initial conditions. In system (3.12), M1 and M2 are
tridiagonal matrices and so system can be solved using Thomas
algorithm. Then we use (3.4) to get the complete solution at a
particular time level. Hence, the solution is completely known.

3.3 Description of Method III
Using modified cubic B-spline basis functions, we approxi-

mate the solution as follows

U(x1, t) = f1(t), i = 1 (3.14)

Ui =

N∑
j=1

cj(t)B̃j(xi), i = 2, 3....N − 1 (3.15)

U(xN , t) = f2(t), i = N (3.16)

Using (3.14)-(3.16) approximate values of Ut(x) are given by

U̇1 = ḟ1(t), i = 1 (3.17)

U̇i =

N∑
j=1

ċj(t)B̃j(xi), i = 2, 3....N − 1 (3.18)

U̇N = ḟ2(t), i = N (3.19)

Using modified B-spline functions and Table 1 we get from
(3.17)− (3.19)

U̇1 = 6ċ1, i = 1 (3.20)

U̇i = ċi−1 + 4ċi + ċi+1, i = 2...N − 1 (3.21)

U̇N = 6ċN , i = N (3.22)

Using (3.14)− (3.22), (1.1)-(1.3) can be written as

6ċ1 = ḟ1(t) (3.23)

N∑
j=0

ċj(t)B̃j(xi) = p(

N∑
j=0

cj(t)B̃j(xi))

N∑
j=0

cj(t)B̃
′′

j (xi)+

q(

N∑
j=0

cj(t)B̃j(xi))

N∑
j=0

cj(t)B̃
′

j(xi)

+r(

N∑
j=0

cj(t)B̃j(xi)) + r(

N∑
j=0

cj(t)B̃j(xi)) (3.24)

where i=2,3....N-1

6 ˙cN = ḟ2(t) (3.25)

Hence, we get a system of ordinary differential equations of
the form

Mċ = d (3.26)

where M is



6 0
1 4 1
1 4 1
.. .. .. .. .. .. ..

1 4 1
1 4 1

0 6


d1 = ḟ1(t)
di = 6p(ci−1+4ci+ ci+1)(ci−1− 2ci+ ci+1)/h

2+ q(ci−1+
4ci + ci+1)(ci+1 − ci−1)3/h+ r(ci−1 +4ci + ci+1), i=2..N-1
dN = ḟ2(t)
First, the initial vector c(0) is found at a particular time level.
Then we solve the system (3.15) for vector ċ by using a variant
of Thomas algorithm only once at each time level t > 0, then
we get a first-order system of ordinary differential equations
which can be solved for vector c by using SSP-RK43 scheme
and consequently the solution is completely known by using
(3.15).
Calculation of initial vector: We can calculate the initial vec-
tor c0 by using initial conditions and boundary values of the
initial condition. To calculate initial vector we have following
system

U(xi, 0) = f1(0), i = 1 (3.27)

U(xi, 0) = g(xi), i = 2, 3...N − 1 (3.28)

U(xi, 0) = f2(0), i = N (3.29)

which can be written as
Mc0 = b

′
, where b

′
=

[f1(0), g(x2), g(x3), ...g(xN−1), f2(0)]
T ,c0 =

[c
(0)
1 , c

(0)
2 , c

(0)
3 , ....c

(0)
N−1, c

(0)
N ]T

This is a tridiagonal system and can be solved by Thomas
algorithm.
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4 Stability Analysis
Stability analysis for scheme derived in Method I: The

stability of the proposed numerical scheme is evaluated by us-
ing linearization process [27]. The stability of the linearized
problem implies local stability of the nonlinear problem, and
instability of the linearized problem implies instability of the
nonlinear problem. Following the linearized stability theory
for nonlinear PDE discretizations, we consider the partial dif-
ferential equation

∂u

∂t
= g(u, ux, uxx) (4.1)

To discuss stability of the scheme derived by differential
quadrature method, we discretize the given equation by DQM
and use local constant values to roughly linearize the equation
and get following system

du

dt
= Ru+ σ (4.2)

where u is the vector that contains unknown functional val-
ues at the knots and σ is the vector containing boundary values
and nonhomogeneous part. The stability of the system depends
on the eigenvalues of coefficient matrix R. Rough linearization
have been used in matrix analysis method [28][29][30] by as-
suming u(xi, t) = κ and ux(xi, t) = τ , for nonlinear problem,
we have
(a) for Murray equation, Rij = w

(2)
ij + λ1κw

(1)
ij and Rii =

w
(2)
ii + λ1κw

(1)
ii + (λ2 − λ3κ)

(b) for Example 3, Rij = λ1w
(2)
(ij) and Rii = λ1w

(2)
ii + λ2 +

λ3κ− λ4κ
2)

(c) for problem 4, Rij = λ1κ
α−1w

(2)
ij +λ1(α−1)κ(α−2)τw

(1)
ij

and Rii = λ1κ
α−1w

(2)
ii + λ1(α − 1)κ(α−2)τw

(1)
ii − (λ2 −

λ3κ
(α−1)) and

(d) for problem 5, Rij = 2κw
(2)
ij +2τw

(1)
ij and Rii = 2κw

(2)
ii +

2τw
(1)
ii + (1− k)

Let us consider that µi be the eigenvalues of matrix R. As
t → ∞, for the stable solution of u we must have [31]
(a) if all eigenvalues are real, −2.78 < ∆t Re(µi) < 0;
(b) if eigenvalues have only complex components,−2

√
2 <

∆t Im(µi) < 2
√
2

(c) if eigenvalues are complex, ∆tµi should be in a region as
shown in Figure 3 [32].
The stability of above system of ordinary differential equa-
tions depends on the eigenvalues of the coefficient matrix R.
We have calculated the eigenvalues of the resultant coefficient
matrix for all examples. They all are found to be negative real
numbers. A plot of eigenvalues is given in Figures 1 and 2 for
first two problems which indicate the stability of the scheme.
Stability analysis for scheme derived in Method II: To check
stability of the scheme derived in Method II, we have applied
Fourier series method (von-Neumann method). First we lin-
earize nonlinear terms by local constants κ and τ as discussed
earlier. We apply Crank-Nicolson scheme in the usual way and
use approximate values for u and its derivatives to get

m1C
(n+1)
j−1 +m2C

(n+1)
j +m3C

(n+1)
j+1 = l1C

(n)
j−1+l2C

(n)
j +l3C

(n)
j+1

(4.3)

Now substituting C
(n)
j = ρξnexp(ijϕh), where i =

√
−1, ρ

is amplitude, h is step length and ϕ is mode number, we get

(X1 + iY )ξ(n+1) = (X2 − iY )ξ(n) (4.4)

where for Murray equation X1 = 2(cos(ϕh) + 2)(1 + (λ2 −
λ3κ)

∆t
2 )− 6∆t

h2 )(cos(ϕh)−1), X2 = 2(cos(ϕh)+2)(1+(λ2−
λ3κ)

∆t
2 ) + 6∆t

h2 )(cos(ϕh)− 1) and Y = −3λ1κ∆t
h sin(ϕh)

For Example 3, X1 = (2+ (λ2 + λ3κ− λ4κ
2)∆t)(cos(ϕh) +

2) + 6λ1∆t
h2 (cos(ϕh)− 1)

X2 = (2 − (λ2 + λ3κ − λ4κ
2)∆t)(cos(ϕh) + 2) −

6λ1∆t
h2 (cos(ϕh)− 1) and Y = 0.

For Example 4, after linearizing nonlinear terms, we assume
γ1 = λ1κ

α−2τ(α− 1), γ2 = λ1κ
α−1 and γ3 = λ3κ

α−1 − λ2

to get X1 = 2(1 − γ3∆t
2 )(cos(ϕh) + 2) − 6γ1∆t

h2 (cos(ϕh) −
1), X2 = 2(1+ γ3∆t

2 )(cos(ϕh)+2)+ 6γ1∆t
h2 (cos(ϕh)−1) and

Y = − 3γ2∆t
h sin(ϕh). Similarly assuming γ1 = 2κ, γ2 = 2τ

and γ3 = 1 − k, we evaluated X1, X2 and Y for Example 5
and observed that they come out to be the same as in Exam-
ple 4. The scheme will be stable if |ξ| ≤ 1. Following above
procedure, we did stability analysis for the derived scheme for
different problems and found them to be unconditionally sta-
ble.

Stability analysis for scheme derived in Method III: We
linearize equation (1.1), by assuming p(u) = κ, q(u) = τ and
r(u) = ζu. Making these substitutions, applying boundary
conditions and using (3.4) in (1.1), we obtain,

Kċ = Hc+ b
′′

(4.5)

where K=



4 1
1 4 1
.. 1 4 1
.. .. .. .. .. .. ..

1 4 1
1 4 1

1 4


,

H=



a2 a2
a1 a2 a3
.. a1 a2 a3
.. .. .. .. .. .. ..

a1 a2 a3
a1 a2 a3

a1 a2


,

a1 = 6κ
h2 − 3τ

h + ζ, a2 = −12κ
h2 + 4ζ, a3 = 6κ

h2 + 3τ
h + ζ,

c = [c1, c2, c3, .....cN−2]
T

and G is a column vector containing nonhomogeneous part
and boundary conditions. Stability of above system depends
on the eigenvalues of K−1H . The eigenvalues of H are given
by

hs = a2 +2
√
a1a3 cos(sπ/(N − 1)), s = 1, 2...N − 2 (4.6)

and eigenvalues of K are given by

ks = 4 + 2 cos(sπ/(N − 1)), s = 1, 2...N − 2 (4.7)

which lie within the interval (2, 6). For stability, ratio |hs|
|ks| , s =

1, 2...N − 2 must lie within the region as shown in Figure 3
[32]. Assuming the values of local constants, we calculated
eigenvalues for different problems. They all lie within the re-
gion of stability.
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Figure 1. Plot of eigenvalues for example 1 with
n=30

Figure 2. Plot of eigenvalues for example 1 with
n=60

Figure 3. Stability region for complex eigenval-
ues

5 Numerical Experiments and Results
We apply cubic B-spline-based three methods to five prob-

lems taken from the literature. The accuracy of the methods
has been calculated by using maximum absolute error norms
given by

L∞ = ∥uexact − UN∥∞ = max|uexact
i − UN

i | (5.1)

here UN stands for the numerical solution. uexact
i and UN

i

represent exact solution and the numerical solution at the knot
xi. The rate of convergence for the method has been calculated
using the following formula

Rate of convergence =
ln(E(N2)/E(N1))

ln(N1/N2)
(5.2)

where E(N1) and E(N2) represent the maximum absolute er-
ror with the number of grid points N1 and N2 respectively.

The obtained results are given in tabular form and illustrated
in graphs also.
Example 1: We consider the Murray equation [8] in [−1, 1] as

ut = uxx + λ1uux + λ2u− λ3u
2,−1 < x < 1 (5.3)

with the following boundary conditions

u(−1, t) =
λ2

2λ3

[
1 + tanh

( λ2

8λ2
3

(
− 2λ1λ3 +

(
λ2
1 + 4λ2

3

)
t
)]

(5.4)

u(1, t) =
λ2

2λ3

[
1 + tanh

( λ2

8λ2
3

(
2λ1λ3x+

(
λ2
1 + 4λ2

3

)
t
)]
(5.5)

and initial condition is

u(x, 0) =
λ2

2λ3

[
1 + tanh

( λ2

8λ2
3

(
2λ1λ3x

))]
(5.6)

This equation has an exact solution given by

u(x, t) =
λ2

2λ3

[
1 + tanh

( λ2

8λ2
3

(
2λ1λ3x+

(
λ2
1 + 4λ2

3

)
t
)]
(5.7)

In our numerical experiments, we fix λ1 = 1, λ2 = 1 and
λ3 = 1. Numerical runs are carried out at different values of
involved parameters. The results of the problem by all the three
methods are presented in tabular form in Tables 2 and 3. Table
4 shows a comparison of maximum absolute errors for different
methods at time t = 1, 2, 3, 5 and 10. It may be noticed that all
the three methods are giving excellent results. The numerical
solutions computed by Methods I, II and III along with exact
solutions are depicted in Figures 4, 5 and 6. We observe sim-
ilar patterns by all the three methods. We may conclude from
Table 4, that Method I is better than Methods II and III. Rates
of convergence of different methods have been calculated by
using (5.2) and have been given in Table 5. We may observe
almost second-order convergence of all the three methods.
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x Method I Method II Method III Exact Solution
∆t=0.001,n=20 ∆t=0.001,n=100 ∆t=0.0001,n=20

-0.8 0.70057 0.70057 0.70057 0.70057
-0.6 0.72111 0.72112 0.72112 0.72112
-0.4 0.74078 0.74078 0.740778 0.74078
-0.2 0.75951 0.75951 0.75951 0.75951
0.0 0.77730 0.77730 0.77730 0.77730
0.2 0.79413 0.79413 0.79412 0.79413
0.4 0.81000 0.81000 0.80999 0.81000
0.6 0.82491 0.82491 0.82490 0.82491
0.8 0.83889 0.83889 0.83888 0.83889

Table 2. Numerical solution of Example 1 at t=1.0

x Method I Method II Method III Exact Solution
∆t=0.0001,n=30 ∆t=0.0001,n=100 ∆t=0.0001,n=20

-0.8 0.96610 0.96610 0.96610 0.96610
-0.6 0.96923 0.96923 0.96923 0.96923
-0.4 0.97208 0.97208 0.97208 0.97208
-0.2 0.97467 0.97467 0.97467 0.97467
0.0 0.97702 0.97702 0.97702 0.97702
0.2 0.97916 0.97916 0.97916 0.97916
0.4 0.98111 0.98111 0.98111 0.98111
0.6 0.98288 0.98288 0.98288 0.98288
0.8 0.98448 0.98448 0.98449 0.98448

Table 3. Numerical solution of Example 1 at t=3.0

Example 2: Consider Murray equation [33] with exact so-
lution

u(x, t) =
λ2 + C1exp(γx+ γ2t)

λ3 + C0exp(−λ2t)
, γ =

λ3

λ1
(5.8)

Boundary and initial values are taken from the exact solution of
the problem. Numerical experiments are carried out by taking
different sets of values of λ’s. In first test, we fix λ1 = λ3 =
0.2 and λ2 = 0.01. Table 6 shows a comparison of solutions
obtained by different methods with the exact values. Second
set of values of λ’s is λ1 = λ2 = λ3 = 1.0. We can observe
from Table 7 that Method II is giving better results. For λ1 =
λ3 = 1.0 and λ2 = 0.01 and different values of t, we can
see from Table 8 that for this set also, method II is better than
Method I and Method III. The numerical results computed by
three methods are illustrated in Figures 7, 8 and 9. It is found
that numerical solutions are coinciding with exact results in all
three techniques.

Example 3: Let us consider the problem [14]

ut = λ1uxx + u(λ2 + λ3u− λ4u
2), 0 < x < 1 (5.9)

The exact solution is given by

u(x, t) =
λ3 +

√
4λ2λ4 + λ2

3 tanh
[√

4λ2λ4+λ2
3

2
√
2λ1λ4

(
x+ λ3

√
λ1√

2λ4
t
)]

2λ4
(5.10)

Again, boundary and initial conditions are taken from the exact
solution of the problem. We performed experiments for two
sets of λ′s. Maximum absolute errors are presented in Tables
9 and 10. For λ1 = λ2 = λ3 = λ4 = 1.0, all the three
methods are giving excellent results as shown in Table 9 but
we observe that in order to get comparable solutions, one has
to increase n in Method II and time step has to be reduced in
Method III. Table 10 shows the results for second set of λ′s.
It can be observed that for this particular set of values of λ′s,
Methods I and II are better than Method III. Infact, Method I is
giving better results than II. Figures 10, 11 and 12 confirm that
computed solutions are compatible with the exact solutions.

Example 4: We consider a nonlinear time-dependent
reaction-diffusion equation [34] having density-dependent dif-
fusion

ut = (λ1u
α−1ux)x−λ2u+λ3u

α, α > 1, λ3 > 0,−1 < x < 1
(5.11)

The boundary conditions are

u(−1, t) = u(1, t) =
( 2λ2α

λ3(α+ 1)

) 1
α−1

cos
[α− 1

2

√
λ3

λ1α

] 2
α−1

(5.12)
and the initial condition is given by

u(x, 0) =
( 2λ2α

λ3(α+ 1)

) 1
α−1

cos
[α− 1

2

√
λ3

λ1α
x
] 2

α−1

(5.13)
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t L∞ error for Method I L∞ error for Method II L∞ error for Method III
∆t=0.0001,n=30 ∆t=0.0001,n=100 ∆t=0.0001,n=20

1 2.3E − 05 2.7E − 05 1.3E − 07
2 8.9E − 06 6.9E − 06 1.1E − 05
3 7.8E − 07 1.2E − 08 1.7E − 06
5 8.1E − 08 1.0E − 09 1.3E − 05

10 7.7E − 10 7.6E − 10 1.4E − 05

Table 4. A comparison of Maximum absolute errors for methods I,II and III for Example 1

n Method I r Method II r Method III r
10 1.20E-04 - 9.02E-06 - 1.36E-04 -
20 2.30E-05 2.4 2.24E-06 2.0 3.36E-05 1.30
40 1.58E-06 2.3 5.51E-07 2.0 6.85E-06 2.29
80 6.93E-06 2.1 1.28E-07 2.1 9.9E-07 2.79

Table 5. Rate of convergence of different methods in Example 1

Figure 4. Method I

Figure 5. Method II

Figure 6. Method III

Figure 7. Method I

Figure 8. Method II

Figure 9. Method III
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x Method I Method II Method III Exact Solution
∆t=0.0001,n=60 ∆t=0.001,n=20 ∆t=0.00001,n=151

0.1 2.53299 2.53278 2.53284 2.53281
0.2 2.79851 2.79825 2.79834 2.79830
0.3 3.09195 3.09165 3.09176 3.09172
0.4 3.41624 3.41591 3.41604 3.41599
0.5 3.77465 3.77429 3.77442 3.77437
0.6 4.17075 4.17036 4.17050 4.17044
0.7 4.60851 4.60809 4.60823 4.60817
0.8 5.09231 5.09187 5.09200 5.09193
0.9 5.62699 5.62653 5.62665 5.62699

Table 6. Numerical solution of Example 2 at t = 1.0, λ1 = 0.2, λ2 = 0.01 and λ3 = 0.2

x Method I Method II Method III Exact Solution
∆t=0.0001,n=50 ∆t=0.001,n=80 ∆t=0.00001,n=120

0.1 2.92753 2.92728 2.92733 2.92728
0.2 3.15853 3.15826 3.15831 3.15826
0.3 3.41383 3.41353 3.41358 3.41353
0.4 3.69598 3.69564 3.69571 3.69565
0.5 4.00780 4.00743 4.00750 4.00744
0.6 4.35241 4.35201 4.35209 4.35202
0.7 4.73327 4.73283 4.73292 4.73283
0.8 5.15419 5.15370 5.15379 5.15371
0.9 5.61937 5.61884 5.61894 5.61884

Table 7. Numerical solution of Example 2 at t = 1.0, λ1 = 1.0, λ2 = 1.0 and λ3 = 1.0

Exact solution of the problem is

u(x, t) =
( 2λ2α

λ3(α+ 1)

) 1
α−1

cos
[α− 1

2

√
λ3

λ1α
x
] 2

α−1

(5.14)
In Figures 13, 14 and 15, we depicted numerical and exact re-
sults for t=1.0. Infact, we obtain similar patterns at other values
of t, coinciding with the depicted curve by the three techniques
that are considered in this work. Table 11 shows results for
α = 2, t =1, 2, 3, 4 and t=5. It may be noted that the perfor-
mance of all three Methods is good but Method I is performing
slightly better than Methods II and III. Rates of convergence
have been listed in Table 12. Second-order convergence rate
has been observed.

Example 5: Another problem [35] is the diffusion-reaction
equation with Fischer-Kolmogorov reaction term and density-
dependent diffusion.

ut = (u2)xx + u(1− u),−1 < x < 1 (5.15)

boundary conditions are

u(−1, t) =
2

1 + tanh
(−1+t

4

) , u(1, t) = 2

1 + tanh
(
1+t
4

) ,
(5.16)

and initial value is

u(x, 0) =
2

1 + tanh
(
x
4

) (5.17)

Exact solution as given in [35] is

u(x, t) =
2

1 + tanh
(
x+t
4

) (5.18)

Results computed by three methods at different values of t are
presented in Tables 13, 14, 15, 16 and 17. In Table 17, maxi-
mum absolute errors at different values of time are presented.
Method I is giving slightly better results than Methods II and
III. The compatibility of computed numerical results with the
exact values is illustrated in Figures 16, 17 and 18.

6 Conclusions
We presented three numerical techniques to obtain solutions

of nonlinear reaction diffusion equations. We have considered
five different nonlinear reaction diffusion equations to test the
performance of the methods. All three numerical techniques
are giving good results which are fully satisfactory and reli-
able. These methods can be employed to solve more problems
which have important applications in different fields of science
and engineering. As far as the complexity of implementation is
concerned, Methods I and III are very easy to implement while
method II involves derivation of the computational scheme
by Crank-Nicolson method. Keeping in view the number of
nodes n, value of ∆t and complexity of implementation, we
conclude from the numerical experiments carried out that
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t x Method I Method II Method III Exact Solution
∆t=0.0001,n=60 ∆t=0.001,n=80 ∆t=0.00001,n=100

0.4 0.2 0.91796 0.91789 0.91791 0.91789
0.4 1.12009 1.12000 1.12002 1.12001
0.6 1.36697 1.36687 1.36689 1.36687
0.8 1.66851 1.66839 1.66841 1.66839

0.6 0.2 1.12121 1.12121 1.12115 1.12120
0.4 1.36833 1.36823 1.36827 1.36823
0.6 1.67018 1.67005 1.67009 1.67005
0.8 2.03885 2.03870 2.03875 2.03870

0.8 0.2 1.36970 1.36960 1.36963 1.36960
0.4 1.67184 1.67172 1.67176 1.67172
0.6 2.04088 2.04073 2.04078 2.04073
0.8 2.49163 2.49144 2.49150 2.49144

1.0 0.2 1.67351 1.67338 1.67342 1.67338
0.4 2.04291 2.04276 2.04281 2.04276
0.6 2.49411 2.49392 2.49398 2.49392
0.8 3.04520 3.04497 3.04504 3.04497

Table 8. Numerical solution of Example 2 for λ1 = 1.0, λ2 = 0.01 and λ3 = 1.0

t L∞ error for Method I L∞ error for Method II L∞ error for Method III
∆t=0.001,n=20 ∆t=0.0001,n=100 ∆t=0.00001,n=90

1.00 2.3E − 05 8.9E − 05 2.9E − 05
2.00 5.7E − 04 9.9E − 05 3.3E − 05
5.00 1.3E − 06 1.3E − 04 5.5E − 06
10.0 1.6E − 07 1.3E − 04 1.7E − 06

Table 9. A comparison of Maximum absolute errors for methods I,II and III for Example 3 at λ1 = λ2 = λ3 = λ4 = 1.0

Method I is better than Methods II and III.
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t L∞ error for Method I L∞ error for Method II L∞ error for Method III
∆t=0.001,n=20 ∆t=0.001,n=20 ∆t=0.001,n=40

1.00 8.4E − 07 3.2E − 06 3.5E − 02
2.00 1.4E − 06 2.9E − 06 4.5E − 02
3.00 1.4E − 06 3.1E − 06 4.8E − 02
5.0 9.7E − 07 3.9E − 06 5.0E − 02

Table 10. A comparison of Maximum absolute errors for methods I,II and III for Example 3 at λ1 = 0.1, λ2 = 0.01, λ3 = 0.1 and λ4 = 1.0

t L∞ error for Method I L∞ error for Method II L∞ error for Method III
∆t=0.0001,n=60 ∆t=0.001,n=80 ∆t=0.0001,n=100

1.00 2.5E − 06 2.4E − 05 3.0E − 05
2.00 2.9E − 06 3.1E − 05 3.7E − 05
3.00 3.1E − 06 3.3E − 05 3.8E − 05
4.00 3.1E − 06 3.3E − 05 3.9E − 05
5.0 3.1E − 06 3.3E − 05 3.9E − 05

Table 11. A comparison of Maximum absolute errors for methods I,II and III for Example 4 at λ1 = 1.0, λ2 = 1.0 and λ3 = 1.0

Figure 10. Method I

Figure 11. Method II

Figure 12. Method III

Figure 13. Method I

Figure 14. Method II

Figure 15. Method III
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n Method I r Method II r Method III r
10 4.00E-04 - 1.66E-03 - 3.01E-03 -
20 1.15E-04 1.8 4.14E-04 2.0 7.54E-04 1.9
40 2.96E-05 2.0 1.03E-04 2.0 1.88E-04 2.0
80 6.40E-06 2.2 2.58E-05 2.0 4.71E-05 2.0

Table 12. Rate of convergence of different methods in Example 4

x Method I Method II Method III Exact Solution
∆t=0.0001,n=20 ∆t=0.001,n=100 ∆t=0.0001,n=50

-0.8 2.16184 2.16181 2.16184 2.16183
-0.6 2.05127 2.05125 2.05128 2.05127
-0.4 1.95123 1.95121 1.95124 1.95123
-0.2 1.86071 1.86069 1.86071 1.86071
0.0 1.77880 1.77879 1.77881 1.77880
0.2 1.70469 1.70468 1.70469 1.70469
0.4 1.63763 1.63762 1.63763 1.63763
0.6 1.57695 1.57694 1.57695 1.57695
0.8 1.52205 1.52204 1.52205 1.52205

Table 13. Numerical solution of Example 5 at t = 0.5

x Method I Method II Method III Exact Solution
∆t=0.0001,n=20 ∆t=0.001,n=100 ∆t=0.0001,n=50

-0.8 1.90484 1.90482 1.90484 1.90484
-0.6 1.81874 1.81872 1.81873 1.81873
-0.4 1.74082 1.74080 1.74082 1.74082
-0.2 1.67032 1.67031 1.67032 1.67032
0.0 1.60653 1.60652 1.60653 1.60653
0.2 1.54881 1.54880 1.54881 1.54881
0.4 1.49659 1.49658 1.49659 1.49659
0.6 1.44933 1.44932 1.44933 1.44933
0.8 1.40657 1.40656 1.40657 1.40657

Table 14. Numerical solution of Example 5 at t = 1.0

x Method I Method II Method III Exact Solution
∆t=0.0001,n=20 ∆t=0.001,n=100 ∆t=0.0001,n=50

-0.8 1.54882 1.54877 1.54880 1.54881
-0.6 1.49659 1.49655 1.49657 1.49659
-0.4 1.44933 1.44930 1.44932 1.44933
-0.2 1.40657 1.40654 1.40656 1.40657
0.0 1.36769 1.36785 1.36787 1.36788
0.2 1.33287 1.33285 1.33286 1.33287
0.4 1.30120 1.30117 1.30119 1.30119
0.6 1.27253 1.27251 1.27252 1.27253
0.8 1.24660 1.24658 1.24659 1.24660

Table 15. Numerical solution of Example 5 at t = 2.0
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Figure 16. Method I

Figure 17. Method II

Figure 18. Method III
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x Method I Method II Method III Exact Solution
∆t=0.0001,n=20 ∆t=0.001,n=100 ∆t=0.0001,n=50

-0.8 1.12246 1.12245 1.12243 1.12246
-0.6 1.11081 1.11079 1.11078 1.11080
-0.4 1.11027 1.11025 1.11024 1.11026
-0.2 1.09072 1.09071 1.09070 1.09072
0.0 1.08209 1.08208 1.08207 1.08208
0.2 1.07428 1.07427 1.07426 1.07427
0.4 1.06721 1.06720 1.06719 1.06721
0.6 1.06081 1.06081 1.06080 1.06081
0.8 1.05503 1.05502 1.05501 1.05502

Table 16. Numerical solution of Example 5 at t=5.0

t L∞ error for Method I L∞ error for Method II L∞ error for Method III
∆t=0.0001,n=20 ∆t=0.001,n=100 ∆t=0.0001,n=50

0.50 6.4E − 05 2.1E − 05 1.0E − 05
1.00 4.9E − 05 1.8E − 05 3.7E − 07
2.00 3.0E − 05 3.1E − 04 1.5E − 05
5.00 8.3E − 06 1.0E − 05 2.8E − 05
10.0 5.5E − 07 1.4E − 05 3.9E − 05
15.0 4.5E − 08 9.2E − 06 3.8E − 05

Table 17. A comparison of Maximum absolute errors for methods I, II and III for Example 5
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