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Abstract  With respect to a normalized numerical
dataset (its variables —attributes- with mean 0 and variance
1), visualized as points in a Euclidean space with Cartesian
coordinates (one dimension per attribute), Principal
Component Analysis (PCA) is a dimensionality reduction
method that simplifies the visualization, which in this work
helps to determine the relationships between the attributes.
For this reduction, PCA is used to find a new set of
perpendicular axes, ordered according to the amount of
"information" that each one has in relation to the points,
from which the two axes containing the first and second
largest amount of "information" are usually selected, which
are called PC1 and PC2. The "information" is related to the
variance of the projection distances of the points along each
axis. The simplified visualization consists of projecting the
points onto the PC1-PC2 plane. Some literature suggests
that the “information” from PC1 and PC2 should be at least
75% of the total to draw reliable results. This work has two
objectives. First, it aims to present the mathematics of PCA
in a detailed, comprehensive, and geometrically oriented
manner, suitable for an initial learning step. The
contribution lies in offering a presentation less
mathematically compact compared to some existing
literature, less extensive compared to other existing
literature, and more geometrically oriented, facilitating the
assimilation of PCA in a first learning step. The second
objective is to propose a criterion for drawing results when
the “information” from PC1 and PC2 is less than 75%,
using a Zoning Biplot, where the shapes of the projected
points depend on the value of the main attribute. If zoning
exists based on the shapes of the point projections,

conclusions can be drawn. This criterion constitutes
another contribution of this work, with the limitation that it
has not yet been fully validated. The practical implication
of this work is that PCA can be applied to a larger amount
of available data. This work provides an example with
housing data using specialized Python PCA tools.

Keywords  Principal Component Analysis (PCA),
Biplot, Public Housing Data Analysis

1. Introduction

Principal component analysis (PCA) deals with data
analysis situations where there are n data points with m
attributes, each data point having a "specific" set of m
attribute values, these values being real numbers, where
usually n > m (for greater clarity in the equations in this
work, it is considered that m > 3).

PCA is used in this work to find the relationships
between the attributes, where there is an attribute of more
interest (the main attribute).

This work presents two contributions. The first is to
explain the mathematical foundations of PCA in a detailed,
self-sufficient, and suitable way for an initial learning step,
with an intuitive geometric orientation. Given the extensive
existing literature on PCA, section 2 offers a comparison
with existing approaches to justify the contribution of this
work.

The second contribution is the presentation of an
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improved version of the Biplot, a graph used to visualize
PCA results. This version of the Biplot is called the Zoning
Biplot.

Regarding terminology, the authors consider the
mathematical terminology used in this work to be
intermediate with respect to that used in the various
publications cited here. The authors also consider that the
terminology used for some mathematical expressions,
which is in addition to that usually found in the cited
references, is beneficial because it contributes to a better
understanding.

1.1. Problem and Solution Outline

One method for finding relationships among the m
attributes can be visualizing the n data points as points
located in an m -dimensional Euclidean space with
Cartesian coordinates, which has m perpendicular
coordinate axes, each associated with one of the m
attributes.

Due to the number of dimensions, the points are difficult
to observe, so it is convenient to observe them in a simpler
way. One solution method may consist of finding a
subspace onto which to project the points, so that it has
fewer dimensions, down to as few as 2 (a plane), which
produces the simplest global projection of the points. This
global projection should have the greatest possible
separation between point projections, one from the other.

This work explains the geometric meaning of the new
perpendicular axes that make up this subspace. The
constrained multivariable optimization process for
obtaining these axes is beyond the scope of this work, but
since this process ends up being one of eigenvector and
eigenvalue mathematics, this work deals with the
mathematics in these terms.

In this work, an illustrative example is presented,
implemented using publicly available Python tools
specialized in PCA. This work identifies these tools
without explaining their use. The mathematics presented in
this work allows practitioners to perform PCA calculations
using eigenvectors directly with Python's NumPy (without
specialized PCA tools), leading to a better understanding.

1.2. The Biplot and the Zoning Biplot

The main graph used to display the results of PCA is
called Biplot, presented in subsection 3.5. The use of the
Biplot is explained in the example in this work (sections 4
and 5). This graph typically shows the projection of the
points onto the PC1-PC2 plane; all point projections have
the same shape. The Biplot contains other projected
elements, so conclusions can be drawn from all these
projections.

When the combined “information” of PC1 and PC2 does
not reach 75%, such that the existing literature does not
recommend drawing conclusions, the present work

proposes: 1) Focusing on the attribute of greatest interest
(the main attribute); 2) Drawing the projections of the
points, so that each point is projected with a shape
according to the range of the value of the main attribute at
that point (there being 4 ranges).

A Biplot with these projections of points with various
shapes is what is presented here as a Zoning Biplot. If the
projections of the points produce a visually well-defined
(non-mixed) zoning, the main attribute is considered to be
well represented on the PCI-PC2 plane, and then
conclusions are drawn, but only with respect to the
relationship of the main attribute to other attributes (this is
explained in more detail in sections 5 and 6 of this work).

The remainder of this work contains, in section 2 the
related works, in section 3 the mathematical principles of
PCA, in section 4 the PCA example presented, specifically
an explanation of the data and tools used, in section 5 the
results of the example using a Biplot and the Zoning Biplot,
and a graph called Screeplot that represents the
“information” associated with PC1, PC2, and the
remaining new perpendicular axes. Section 6 contains the
Discussion, and section 7 contains the Conclusions,
followed by the References section, and Appendix 1, which
has more information about the example presented.

2. Related Work

The analysis of PCA began in the early 20th century,
before the availability of the present computing power [1].

The terminology used in the present work is partly
similar to that in the existing literature, such as research [2],
where the matrix X stores the values of the “observations”,
with n rows, each corresponding to an “individual” (a
data point in the present work), and p columns, each
representing a “variable” (an attribute in the present work).
In the present work, matrix Y serves the same function as
X, with n rows and m columns.

To the authors' knowledge, existing sources (such as
those cited in this work) present detailed theoretical and
practical aspects of PCA, but they have the characteristic
of presenting the mathematics in a compact way, or not
being entirely self-sufficient in all aspects for a first step in
learning, or being very extensive, which implies that the
beginner needs more time to assimilate the material, or
being very practice-oriented. The references presented here
serve as examples.

Although the study by Jolliffe and Cadima [2] covers
more diverse PCA concepts than those presented here,
including various examples with different applications and
adaptations of PCA, given that it is a 16-page work, it offers
a concise mathematical presentation. Therefore, for better
understanding, the initial reader may need to draft a more
detailed version. In contrast, the present work is intended
to be detailed, self-contained, and suitable for an initial
learning step, having an intuitive geometric orientation.
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In research [2], it is stated: “We seek a linear
combination of the columns of matrix X with the
maximum variance,” but this statement is not explained in
terms of geometric “proximity” (at least the authors did not
find it); instead, the present work explains (in later sections)
why maximizing variance implies greater “proximity”,
which is more intuitive.

Like [2] is [3], which also includes mathematical theory
and quickly moves, from the compact (conceptually deep)
theoretical equations to practical results.

A more mathematically oriented work by Shlens [4]
presents graphs to explain the theory, although no practical
results are given. In the work by Shalizi [5], there is
considerable effort put into explaining the mathematics of
PCA, providing graphs and examples with data tables. This
work requires time and careful reading. The work by
Gabriel [6] is a careful presentation of PCA, focusing on its
mathematical theory, sharing the same characteristic as [5].
The work by Greenacre [7] requires careful reading, time,
and attention. In contrast, the work by Bedre [8] which is a
website, is more practical, even including Python code
which can be very instructive, and, unlike the works
described before, there is no mathematics involved.

The work by Mateos-Papis [9] attempts to provide a
comprehensive summary explanation of PCA and presents
an application for solving a problem using data on diet and
circadian rhythms. Durankova et al. [10] present a study
using PCA on the effects of lifestyle on the physical health
of university students; the focus of this work is on the
results of the study rather than an explanation of PCA. The
book by Mardia et al. [11] includes the explanation of PCA,
which requires prior in-depth mathematical knowledge for
the reader to fully understand it.

3. Mathematical Principles of PCA

This section describes the mathematical theory of PCA,
according to the objective depth of this work, so that the
interested researcher gains a general understanding of the
mathematics behind it, including its meaning, to facilitate
the practice of PCA.

3.1. Explanation of the General Problem behind PCA

Considering having n data points of m attributes,
each data point should have a unique identifier, maybe with
a unique integer value between 1 and n. Similarly,
attributes may be identified by a unique integer between 1
and m, or by other means. These identifiers are not part of
the data subject to analysis.

The data points are arranged in an organized form, in a
matrix Yy, , where the subscript n X m indicates the

matrix order: n rows and m columns. The row #i of the
matrix, 1 < i < n, contains all the attribute values of data
point #i. The column #p of the matrix, 1<p <m,
contains the numerical values of attribute #p across all
data points. Matrix Y, is a “real” matrix (with real

values) which can be expressed as (1), where Yediem
represents row #i.
YD xm
Yosm = | Y01 | =
Yrn)1xm
Yo, Yo, Yoo,
Y, y(ri)p Yy, (1)
y(Tn)l y(rn)p y(Tn)m
Row yey, = [V, Yoy, Yap] in

(1) is amatrix of order 1 X m that represents data point #i,
whose column values contain the m attribute values of that
data point'. Subindex (r;) means row #i. In (1), column
#p and row #i serve to provide a structure.

Column #p may be written as,

Yaw,]',

Where the superscript T signifies transposition.

In this work, PCA is used to find the relationship
between the various attributes, especially between an
attribute of interest (the main attribute) and the other
attributes?.

One method for finding relationships between the m
attributes of a set of n data points can be to visualize the
data points as n points on a graph consisting of a
Euclidean space with Cartesian coordinates, having m
perpendicular coordinate axes (i.e., the space has m
dimensions), each axis associated with one of the m
attributes. The location of a specific point in the graph, such
as point #i, associated with row Yoy em? is determined

[Yn, Yo,

by its various attribute values. The value of each attribute
becomes the projection of the point onto the coordinate axis
associated with the attribute. These coordinate axes are
here referred to as “original” axes.

If a directional trend were observed in the location of the
points, it could be used to propose relationships between
the attributes; however, observing this trend (if it exists) is
often difficult when the value of m is "large." In this
situation, PCA can be useful because it allows for the
observation of points in a simplified way.

PCA works with the same Euclidean space described
above (so the points remain in their original location), but

1 This notation of using subscripts written in parentheses is the opposite of that used in [11] (subchapter 1.3), where the identifier of the Y, 4., columns

is a subscript written in parentheses (not that of the rows).

2 Techniques that compare the columns of Y,,,,, are called R-techniques (see [11] subchapter 1.6), just like PCA.
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it uses m new orthogonal coordinate axes, collectively
referred to here as "alternative" axes. Individually, they are
called PC1, PC2, ..., PCm, as is commonly done in the
related literature. The adjective “alternative” is preferred to
the adjective "new", which is used in the related literature.

In PCA, the “alternative” axes are calculated (obtained)
sequentially: first PC1, then PC2, and so on. PCI is
obtained so that it is the coordinate axis geometrically
closest to the points on average, provided it shares the
origin with the “original” axes. PC2 is the second
geometrically closest coordinate axis to the points on
average, provided it shares the same origin and is
perpendicular to PC1. The other "alternative" axes are
calculated in a similar way.

No attribute, due to its inherent nature, should have
higher average values than any other attribute. This allows
for an unbiased comparison of the proximity on average of
the points to the various "alternative" axes. To achieve this,
the attribute values must be normalized (the values in each
column of Y, 4, ). Normalization does not affect the
objective of discovering the relationship between the
attributes.

The “alternative” axes end up appearing as a set of
perpendicular axes which are rotated with respect to the
“original” axes.

The projections of the points onto each "alternate" axis
form a set of distances along that coordinate axis. In section
6, it is shown that the variance of these distances increases
as the axis approaches the points geometrically, on average,
such that PC1 is the axis along which these distances have
the greatest variance; PC2 is the axis along which these
distances have the next greatest variance, and so on.

Obtaining the "alternative" axes, as described, is done
through constrained multivariable optimization (using a
Lagrange multiplier), which is beyond the scope of this
work. However, this process becomes a calculation of
eigenvectors and eigenvalues, which simplifies its
execution, so this work addresses the mathematical
concepts of eigenvectors and eigenvalues.

In colloquial terms, the previous concepts mean that in
PC1 the projections of the points are further apart (in
relation to the projections on any other “alternative” axis),
which implies that the projections along PC1 offer the most
resolving observation of the points.

The relative variance on any of the “alternative” axes:
PC1, PC2, ..., PCm is the variance on that axis divided by
the sum of the variances on all axes. The relative variance
of the distances along an "alternative" axis is said to
correspond to the "information" available about the points
projected onto that axis®. Thus, it is said that the projections
of the points onto PC1 provide more “information” than the
projections onto PC2, and in turn, those onto PC2 provide
more “information” than those onto PC3, and so on.

Therefore, the PCI1-PC2 plane, formed by the

"alternative" axes PC1 and PC2, can be said to be the
“closest” plane, on average, to the points, and the
projection of the points onto this plane contains more
“information” than the projection onto any other plane
formed by other pairs of “alternative” axes.

With this, PCA helps simplify the observation of points
if the projection of points onto the plane PC1-PC2 is
observed, losing as little “information” as possible. The
observation can also be made with the “subspace” formed
by the first three “alternative” axes, although the
observation is more difficult. In addition, the observation
can be made by considering the projections of the points
onto planes formed with other "alternative" axes, different
from PC1 and PC2, for specific situations [9].

PCA provides its result in a matrix of real values (matrix
@ as presented later in this work). The “original” and
“alternative” axes can be derived from Q.

3.2. PCA in Graphics

For the notation of this work, it is established that:

1) The “original” axes are associated with the set of
orthonormal unit “direction” vectors, here represented
as: ey, ...,€p,..,en , which are here referred to,
collectively, as the “original” direction vectors.
Although these vectors constitute what is called a
basis, in the present work it is preferred to call them
"direction vectors", something more in line with
geometry, instead of calling them "basis vectors".

2) Row V) A0 be represented as vector Y,

shown in (2).

Yop =
(y(ri)lel + ..+ y(rl.)pep + ..+ y(ri)mem) =

(Y(ri)l' o Y,y ---'Y(n)m)e i=L.,n (2

Subindex “e” in (2) indicates that the vector is expressed
according to its projections onto the “original” axes.

3) The values Yy y(rl.)p, e Y, here are called

“the elements” of y(.,) with respect to the “original”
direction vectors: ey, w€p .., €y . Since it is
common for a vector to be represented as a column
when viewed as a matrix, then y, as a column

would be: [Yd, Yao, Y (ri)m]T, that is,
the row Yord1xm transposed, where the subindex e

is omitted to avoid overloading the notation; however,
it is noted that in Yy, the elements of vector y(
are placed on a row.

4)  The transpose of the matrix Yy, that is: (Y,x;)7,
is expressed as Y,T.,, (it is important to note that the
order of the transposed matrix is m X n). This
nomenclature is extended to other presented matrices
that are transposed.

3 The term "information" has traditionally been used vaguely in various sources, which is why information theorists do not define it; they only measure

it. In this work, this term is always enclosed in quotation marks.
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5) The “alternative” axes, PCI1, PC2, ..., PCm, have a
set of orthonormal unit direction vectors (also forming
a set of basis vectors), expressed here as:
91 -9, -, qm , which are here referred to,
collectively, as the “alternative” direction vectors.

Figure 1 presents an image that illustrates the concepts
described, considering a 3-dimensional Euclidean space.

PC; 4
e, A
/ q:
A e,
q3 -
e E N
e3 1 ™. PC
PC; w
N
Figure 1. Image representing a set of “original” direction vectors and a

set of “alternative” direction vectors in a 3-dimensional Euclidean space

In PCA, after an algebraic maximization analysis, it
turns out that q; is one of the eigenvectors of the matrix
Y.E«n Yyxm» such that its eigenvalue, here called A4, is the
largest one with respect to the eigenvalues of the other
eigenvectors of Y;F. .. Y, ... The eigenvectors are always
linearly independent of each other, although their
corresponding eigenvalues can be repeated. Since
Y, Ynxm is a real symmetric matrix of order m X m, it
can be shown, according to matrix theory, that it has
exactly m linearly independent real eigenvectors, to which
correspond non-negative real eigenvalues (some could be
repeated).

It also turns out that q, is the eigenvector of matrix
Y, wn Yuxm whose eigenvalue A, is the second largest
eigenvalue of this matrix. Likewise, it turns out that the
other eigenvectors g, ..., @y, 3 < j < m, correspond to
the other eigenvalues of Y,I., Y,.m , which do not
increase as the subindex number increases, such that the
last eigenvalue A,, (the one corresponding to the
eigenvector ¢q,,) is non-negative and is not greater than any
other eigenvalue of Y;T., Yixm.

The PCA literature recommends selecting the PC1-PC2
plane [2] [4] [5] for observing the projections of the points*.

It should be clear that no “alternative” axis represents
any attribute. Therefore, it is interesting, in the PC1-PC2
plane, not only to plot the projection of the points, but also
to plot the projection of the "original" direction vectors,
ej,e,,...,e,, since the “original” axes do represent the
attributes. In the PC1-PC2 plane, "moving" in the direction

and sense of the projection of any "original" direction
vector is illustrative. Assume that the projections of e,
and e;, 1 <p,s <m, onto the PC1-PC2 plane look
"rather" collinear, the “motion” in the direction of one of
these projections implies "almost" moving in the direction
of the other, which indicates that there “may be” a
relationship between the attributes #p and #s.
Continuing with the notation of this work, it is
established that:
6) The “alternative” direction vectors, q4, ..., q e Qs
can be expressed in relation to their projection values
onto the “original” axes as:

q; = (%‘191 + -+ quep + ...+ qjmem) =
(qf1’ sl ...,qjm)e 3)

expressed as a column is:

And q; q; =
mx1
[, 9j, 9jm]T, where the subscript e is

omitted so as not to overload the notation.

7) The columns Qj ey CAN form the matrix called

1
Qmxm (it is an important matrix), like:

mem = [qlmX1 quXl]mxm (4)

8) Inthe mathematics of PCA, it turns out that the matrix
Qmxm can be obtained from the so-called singular
value decomposition of Yy, and from the spectral
decomposition of Y,,.,,. Here, that is omitted.

9) The “original” direction vectors, ey, ..., ep -
can be expressed in relation to their projection values
onto the “alternative” axes as:

Umxa

'em:

ep=ep qitteqitotep qn=

(epl, ) epj, ) epm)q (5)

Vector e, expressed as a column is e =
14 Pmx1
[6py " €p; " €pp |7, where the subscript q is
omitted to avoid overloading the notation.

10) It is interesting to note that the projections of the unit
vectors e, and q;, onto each other, are equal (see

Figure 2).
ep I \§
qj,
Figure 2. Projections of direction vectors e, and q;, one onto each

other

It can be shown, by careful observation, that (6) is
fulfilled.

4 Also, for regression applications, the selection recommendation may change (see [11] —Chapter 8.8).
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mem = [qlﬂle qjmxl quﬂXl]mxm

T
€1 1xm

- ez, (©6)

Pixm

eT
mixmamxm

The columns of Q,,x;,; contain the elements of the
“alternative” direction vectors qq,...,qj ..., qm , With
respect to the “original” direction vectors ey, ... € ..., €.
And the rows of Q,,x;,; contain the elements of the
“original” direction vectors with respect to the “alternative”
direction vectors.

The matrix Q,,x;, iS orthonormal (its columns are
orthonormal to each other —and so are its rows), so it
follows that Q% = QF .., (the inverse is equal to the
transpose of the matrix).

Regarding the data points, whose vectors y., i =
1, ...,n, are expressed in terms of the “original” direction
vectors in (2), now, in (7) they are expressed in terms of the
“alternative” direction vectors.

Yoo = (L@ + -+ @+ ot tudm)

= (t1p -t ""tmi)q

It should be noted that the ordering of the subscripts of

tigpeees b oon by is reversed (one would expect to find
ti;» ti,, etc.), but for the sake of notation convenience,
especially these subscripts are left as they are. The vector

Yy is the same, whether expressed in terms of the
“original” or the “alternative” direction vectors (expressed

Q)

with different projections).

The values ty, ..., Lo
Yy With respect to the “alternative” direction vectors:
91, -, 4, -, qm (in subsection 3.4 it is exposed that these
elements are called “components” of (. ). These
elements are placed as rows (not as columns) in a matrix
called here T,xm, as (8) shows.

,tm; are here called elements of

ty 4y tmy
Toxm = ty tji bm
ti, - tjn by,
= [tlnxl tjnxl tmnXI]nxm (8)
Where it is observed that the columns of T,y,, are
denoted as ¢y, --- tjnxl’ R A

It is noted that in Tp,xn, the elements of y( ) with
respect to the “alternative” direction vectors,
91, -4, - qm, are put in row #i of Ty, something
similar to what happens with the elements of y(,, with
respect to the “original” direction vectors, ey, e, ...
which are put in row #i of Yy, as (1) shows>.

Since it is common for a vector to be represented as a
column when viewed as a matrix, then y() as a column
would be [t1; ¢ tm;]T, where the subscript
q is omitted so as not to overload the notation.

To help illustrate the concepts presented, Figure 3 shows
(as a preview of the results from the example in this work)
a projection of the points y) onto the plane formed by
PC1 and PC2.

'em:

AA
x X
AA

N
=
N
O
a

-5 15 20 25

XEroup 1 &1<25

AGroup 2: 25<=G1<45

4 +Group 3: 45<=G1<65

PC1(q1) @Group 4: 65<G1
Figure 3. Example of the projection of the points Y, y onto the plane PC1-PC2

5 It is not difficult to show that the columns of T, are not correlated. The lack of correlation does not necessarily indicate independence, but it
suggests a possibility. So, the distances of the projection of the points on any “alternative” axis are not correlated with the distances on any other

“alternative” axis.
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3.3. Coordinate Conversion for Points

In PCA, the coordinates of the points are converted to visualize them from the point of view of their projection on the
“alternative” axes. This is done by post-multiplying Y;,.,,, With Q,xm, as indicated by (9). The post multiplication of
Yoxm bY Qmxm projects the points (seen as vectors) onto the “alternative” axes.

y(rl)‘1xm
Taxm = YaxmQmxm = y<ri>:1><m [Timx1 7 Dimxg 7" Ammxa]
‘,y(rn)‘]_)(m}
Yo, 7 Yoo, 7 Yo% v 4, 7 9ma
= y(r:i)l Y(r.i)p Y(r;)m q;p q;-p Qr;lp )
y(r.n)1 J’(r‘n)p y(r,;)m ‘h.m q}fm Gmm
iy ot by
= t%i t{'i %i =[lna 7 Upa Empxa]
by b

Matrix Q,,x,, is a linear-rotation transformation matrix®, from Y;,.,, t0 Ty xpm, to view the points from their projection
onto the "original" axes to their projection onto the "alternative" axes.

Each column tfnx1'j =1,..,m, of Txy has the set of projections of all points, Y, i =1,..,n, onto the
“alternative” axis PCj (which has the direction vector q;).

As Qrkm = OF . from (9), (10) is obtained.

= nmerT;Lxm (10)

With this, the meanings of the columns and rows of the various matrices of the previous equations are given in Figure
4.

Ynxm

- T -
91 1xm
et T
Yoxm = nmez'nxm = [M1px1 tlnxl tmnxl] q; 1xm
T
=" Sl —qmlxm-
: - 1 : Do
Projection of ---=-L=1_-_ - = ==== g -
- . ...|t._l t q; Iq- | qi 1
pointyiyonto | T "_11 - L J_l:_ C b {_1_ - _:_]:_p_r T i)
all “alternative” : L : A
axes. LT tjnll by || Amq 19myp, Amp, |
~ \ -
S . 2
1 1
Projections of all n points Projection of e, onto all Projection of g onto all |
Y(r,) onto the “alternative” “alternative” axes. “original” axes.
axis PCj.

Figure 4. Meaning of the columns and rows of matrices Ty, and Q.

6 The linear transformation of Q,;x., is also called “orthogonal transformation”, because Qy,x., is orthogonal (see [11] (Chapter A.10.2)), also called
“Principal Component Transformation”.
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3.4. Specific Considerations on PCA Nomenclature

The “alternative” axes in this work, as in other works,
are called PC1, PC2, ..., PCm. In some works, the
“alternative” axes are confused with the principal
components; this confusion is discussed in [2] (p. 3) (see
also [11] subchapter 8.2.1).

Looking at (7), it may be said that the j* component of

Yy 18 t,» which is in.side the column t s of Trxm
(see (8)). Column tj o 18
tjnxl = [t]1 tJl tjn]T = nqujmxl

This column has the jt* component of every data point.
This column is called the principal component’ #j.
In other words, column tjnxl has n elements which are

the values of the projections of every one of the n data
points onto the “alternative” axis PCj. From the point of
view of tj wq? EVETY element of column t 1 is called a

PC score; it may be said that this name refers to the fact that
this value is the score of the data point in the Principal
Component.

The m components of y(., are placed in row #i of
. tji,..., tm; Toisolate this row, (9)
is transposed to obtain T, = QT . .Y ., and taking
only column #i, (11) is obtained?®.

Thxm, namely ty;, ..

ty; Yo, q{lxm Yo,

t, | = QLum [ Yo, | = q}lxm Yoo, | (1)

tm: ‘ T ‘

m; Y, Amyxm VD,

So, taking only row #j in (11), then (12) is obtained.
y(ri)l
t, = qulxm y(r'i)p (12)

BGHI

The factor qJT , which is the transpose of g; (the
1xm mx1

column #j of Q,xm —see (9)), contains the elements of
the “alternative” direction vector q;. This vector is called
the jt* vector of the PC Loading, which is used to obtain
the j* component of y(,), namely tj,j=1..,m The
elements of each direction vector q;, expressed as a
column, like: q; = 1, ™ 4, BGnl”, j=
1, ... m, are called loadings (see [2] p. 3) (see (3)), which
are the projections of q;, j = 1,.. m, onto the “original”
axes, which means that these projections make up the
contributions of the attributes on PCj.

3.5. Biplot

In short, a Biplot is a graph like the one in Figure 1, but

7 They represent the uncorrelated linear combinations of the attributes.

using the “alternative” axes as the main axes, plotting the
projections of the following “two” sets of elements: 1) The
points; 2) The “original” direction vectors. This graph
shows a subspace of the Euclidean space, so the projections
of both sets of elements are plotted in this subspace. If this
subspace is made with the “alternative” axes PC1-PC2,
then it is a two-dimensional Biplot; if it is made with PC1-
PC2-PC3, then it is a three-dimensional Biplot. By
considering only these projections, the observation is
simplified, with a consequent loss of “information” (as a
“price to pay”). Biplots can be formed with subspace PC1-
PC2, or subspace PCI1-PC2-PC3, or by other selected
subspaces formed by other PC j [6]. For a more
mathematical approach, the following paragraph offers an
equivalent explanation (which can be omitted for practical
reading).

The matrix Y, can be approximated by another
matrix of rank r, 2 <r <m, here called Y ., such
that it can be shown that YiumQ@mxr = Yoy, Qmxr 5
where Q,,x, i1s made up of the first r columns of Q,xm.
With calculations derived from this, it turns out that
Yo)im = Tnxr Qfxm, where Ty, is made up of the first
r columns of Ty, . These matrixes are defined as:
Yoy mam 2= Lnxr Rixm, Where Loy, 2 Ty and Ry, 2
QL. (with the sign “£” meaning “definition”). These new
matrices Ly, and R, have rank r, and are called “left”
and “right” matrixes, respectively [3]. The left and right
matrices contain the elements to obtain the projections of
the points and the “original” direction vectors in the
"alternative" Euclidean subspace, to generate the Biplot.

4. Example

4.1. About the Data Used

This section presents an example of the application of
PCA. The data used in this example are public and come
from INFONAVIT (National Housing Fund for Workers),
an institution that provides credits and financial services to
workers to help them acquire, build, expand, and repair
their homes (among other things). Through its website,
INFONAVIT offers historical data on the credits it grants,
from which the data used in this work was obtained,
specifically, the website: Big Data [12].

The Big-Data website allows the user to select up to four
“variables” (as they are called) from ten that are displayed.
Each variable has values in domains that are categories, or
ranges of values, not direct numbers (see details in
Appendix 1).

Among these ten “variables”, one is called “Product
Type”, which allows the user to mark, and thus incorporate
as a whole, the credits granted for a) purchase, b)
construction, c¢) remodeling and d) mortgage, something

8 Which is equal to the equation given in [11] (Definition 8.2.1), considering the respective change in notation.
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that in this work is identified with “home purchase credits”
(INFONAVIT offers credits for other needs).

Once the list of “home purchase credits” has been
obtained, there is still the possibility of choosing three other
“variables”, which are used as attributes in this example,
and which are: “Age”, “Income Level” and “Housing
Classification”, whose acronyms are indicated in Table 1.

Table 1. Acronyms used for the selected housing variables
Variable Acronym
“Age” Gl
“Income Level” G2
“Housing Classification” V1

As PCA requires that the attribute values be numeric,
conversions are made from categorical to numeric values
here, noting that these conversions correspond in an orderly
fashion to the size of the magnitudes described
categorically (further explanation on these conversions is
provided in Appendix 1).

On the Big-Data website, users may also select one or
two "metrics" (as they are called) from a list of five
displayed, each of which contains numerical data values.
Two metrics are selected, and acronyms are used here to
identify them. These metrics are: 1) “Number of
Formalized Credits”, which is the number of credits
approved and signed; and 2) “Credit Amount”, which
represents the funds used to finance a housing action, and
which constitutes the liability that the worker acquires with
INFONAVIT. A new metric, C3 = C2/C1, is also created
here, referred to as “Average Credit Amount”. These three
metrics and their acronyms are provided in Table 2.

Table 2. Acronyms used for the selected and created metrics

Metric Acronym
“Number of Formalized Credits” Cl1
“Infonavit Credit Amount” C2
“Average Credit Amount” C3

All selections on this website require specifying a time
frame (in year and month) within the period 2012 to 2025
(more details of the selected data are provided in Appendix
1).

In this work, all economic amounts are given in the same
local currency, except for those of G2, which are given in
UMA?, as presented by INFONAVIT in its data. For this
analysis, data from two full-year periods: 2024 and 2012
are selected separately for comparative analysis. This
example is presented here in two parts, one with data from
the entire year 2024, and the other with data from the entire
year 2012.

In this example, there are 6 attributes, so a data point is
an array of six ordered values, one for each of the m = 6

attributes: G1, G2, V1, C1, C2, C3. Table 3 shows an
example of a “data point”. Each data point is not associated
with a single worker, but with a group of workers having
the same values for attributes G1, G2, V1, C2, and C3.

Table 3. Example of a data point
Gl G2 V1 C1 C2 C3=C2/C1
23 2.5 2 21 5,224,666.63 248,793.65

All attributes, such as those seen in this data, must be
normalized.
The example of Table 3 is a data point containing a group
of C1=21 workers, with
*  An age per worker of G1=23 years
*  Anincome level per worker of G2=2.5 UMA
* A housing classification per worker of V1=2
* A number of formalized credits, for the group of
workers together, of C1=21
* A credit amount, for the group of workers together, of
C2=$5,224,666.63 local currency
e A credit amount per worker of $248,793.65 local
currency

The data matrix, for the first part of this example,
corresponds to the year 2024, and has n = 2,916 rows
(data).

4.2. Tools Used

The Python language is used for the computational
implementation of the operations, specifically the NumPy
[13] and Pandas [14] packages, and the Scikit-learn
(Sklearn) library [15]. From Scikit-learn, the following
packages are wused: a) Preprocessing, using the
StandardScaler class, and b) Decomposition, using the
PCA class which contains unsupervised machine learning
algorithms for dimensionality reduction. The csv module
and other packages such as Seaborn [16] and Matplotlib [17]
are also used for graphical representation. Functions
developed by the authors are used to create the Zoning
Biplots (explained below).

5. Example Results

5.1. Data for the Year 2024

Using the 2024 data, PCA analysis was performed, and
the first two “alternative” axes, PC1 and PC2, were used to
form the projection plane. These two axes encompass
61.808% of the relative variance (or “information”), below
the value of 75% for these two axes. The amounts of
“information” in order from axis PC1 to axis PC6 were:
35.311%, 26.496%, 16.841%, 14.484%, 6.421%, and

9 UMA stands for Unit of Measurement and Update, and it refers to an economic unit used as a reference in credit calculations, used instead of the local
currency to decouple increases in the minimum wage and other costs in various credit calculations.
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0.446%, for a total of 100%. To graphically visualize these
amounts of “information”, a bar chart called Screeplot
(obtained with the bioinfokit.visuz toolkit [18]) was
generated, which is shown in Figure 5.

Figure 6 shows a Biplot generated with the
bioinfokit.visuz toolkit, having as its axes: PC1 and PC2,
showing the projections of the direction vectors of the
“original” axes: ey, e,, ...,€5 (m = 6), and the projections
of the points.

To fit both sets of projections on the same graph, the
Biplot uses different scales. Scales are shown for PC1 and
PC2 only in relation to the projections of the “original”
direction vectors; scales for point projections are omitted.

The matrix Q,,x,, ¥ = m, which results, is shown in
Table 4 (r < m is a variable to use when focusing PCA on
working in a subspace with only the r “alternative” axes
of bigger "information").

Proportion of variance (%)

g & g g g g
PCs
Figure 5. Screeplot formed with the 2024-year data
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Figure 6. Biplot on the PC1-PC2 plane generated with the bioinfokit.visuz tools



Table 4. Matrix Q,xm
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9. (PC1) 9. (PC2) q; (PC3) 94 (PC4) g5 (PC5) g5 (PCO)
e; (G -0.182348 -0.2776%4 0.816856 0.311951 -0.353599 -0.006025
e; (G2) -0.313016 0.484059 0.131920 0.560132 0.580127 0.003188
es (V1) -0.130107 0.376004 0.482303 -0.746605 0.227231 0.004835
e, (C) 0.651114 0.158136 0.189097 0.112377 0.063984 0.706090
es (C2) 0.639751 0.219998 0.176049 0.113343 0.016029 -0.705849
es (C3) -0.136428 0.688322 -0.126398 0.077741 -0.694576 0.056068
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From the matrix Q,,x.m,, shown in Table 4, the projection
of the direction vector e; (corresponding to the attribute
G1 “age”) with respect to the “alternative” axis PCl1 is
—0.182348 (the cosine of the angle between e; and q,).
Similarly, the projection of e; (G1) with respect to the
“alternative” axis PC2 is —0.277694. The projection of
e, with  respect to  plane  PCI1-PC2 is
\/(—0.182348)2 + (—0.277694)% = 0.332212, which is
the size that is observed graphically in the Biplot of Figure
6'°. This projection size of e; onto the PC1-PC2 plane
shows that this plane is not "so much" parallel to e;.

As has been explained, the Biplot is a graphical way of
expressing the PCA results. The projections of all points
have the same shape. This Biplot is not explained further
here; instead, the Zoning Biplot (shown in Figure 7), which
is more comprehensive, is explained.

Figure 7 shows a Zoning Biplot, generated using a
function developed by the authors, which is similar to that
in Figure 6, in this Zoning Biplot, with respect to PC1, two
scales are displayed: 1) the scale for the projections of the
points is shown on the lower edge of the graph, and 2) the

10 The magnitude of the projection of e; onto all “original” axes is

J(—0.182348)2 +(—0.277694)2 + (0.816856)2 +

(0.311951)2 + (—0.353599)2 + (—0.006025)2

scale for the projections of the "original" direction vectors,
e, ey, ..., e, is shown on the upper edge of the graph.
Similarly, with respect to PC2, two scales are displayed, on
the left and on the right edges of the graph. The two scales
are used so that both sets of elements fit well in this Zoning
Biplot.

The “improvement” of the Zoning Biplot lies in the fact
that the projections of the points are shown with shapes
according to a classification by the value of the main
attribute, the “Age” (G1), such that the shapes correspond
to the following four ranges of the value of G1: 1) G1 <25;
2) 25 <Gl <45; 3) 45 < G1 < 65; 4) 65 < G1 (the shapes
are: X, A, +, V). This Zoning Biplot shows mostly clear
zoning in the location of the point projections according to
their shape. The direction of the location of the cluster
centers seems to agree more with the direction of axes C1
and C2, although also with G1 (which is desired).

The authors use the observed zoning to indicate that the
main attribute, Gl ("Age"), is well represented, so
establishing relationships between Gl and the other
attributes is considered more reliable.

= 1. This value 1 is because e, is of unit size, so its full projection is 1.
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Biplot PC1 (gl1): 35.31% - PC2 (q2): 26.5%
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Figure 7. Zoning Biplot on the PC1-PC2 plane generated with the authors' tools. The projections of the points are observed with diverse shapes

depending on the value of the "Age" attribute (G1)

The example also obtains relationships between the
other attributes, as a possibility, but these relationships are
presented with the suggestion that they should be analyzed
further.

Table 5 shows the angles, in degrees, between the
various pairs of projections of the “original” direction
vectors seen in Figure 7. The angles are called a here.

Table 5. Angles (), in degrees, between the projections of the "original"
direction vectors, seen in Figure 7

Gl G2 Vi C1 C2 C3
G1 0.0° 113.8° 127.6° 136.99  142.3° 135.5°
G2 113.8° 0.0° 13.8° 109.29  103.9° 21.7°
Vi 127.6° 13.8° 0.0° 95.4° 90.1° 7.99
C1 136.9° 109.2° 95.4° 0.0° 5.39 87.6°
C2 142.3° 103.9° 90.1° 5.39 0.0° 82.29
C3 135.5° 21.7° 7.99 87.6° 82.2° 0.0°

between the two associated attributes. This conclusion
could be erroneous because what is observed are
projections, but if there is a way to interpret that one of the
attributes (the main one) is well represented on the plane,
then it is more reliable to draw conclusions just about
relationships with the main attribute.

If a =180°, the relationship between the associated
attributes is in complete opposition; if & =90° or 270°,
there is no relationship.

Table 6 indicates the cosine of the angles shown in Table

If the projections of two “original” directions are highly
collinear with the same sense, then a is small, and one
might conclude that there is a reinforcing relationship

5.
Table 6. Cosine of the angles () shown in Figure 7
G1 G2 Vi C1 C2 C3
G1 1.000 -0.404 | -0.610 | -0.731 | -0.791 | -0.713
G2 -0.404 1.000 0971 | -0.329 | -0.240 | 0.929
V1 -0.610 0.971 1.000 | -0.095 | -0.002 0.991
C1 -0.731 -0.329 | -0.095 1.000 0.996 0.043
C2 -0.791 -0.240 | -0.002 | 0.996 1.000 0.135
C3 -0.713 0.929 0.991 0.043 | 0.1351 1.000
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From Table 5 and Table 6, the relationship found
between the “Age” (G1) attribute and other attributes is as
follows.

Table 8. Extract from Table 5 and Table 6 in relation to point 4

1)

The “Age” (G1) has a relationship rather opposite to
the “Number of formalized credits” (C1), and with the

cos(a) a
G2 A\ G2 A\
V1 0.971 13.8°
C3 0.929 0.991 21.7° 7.9°

“Infonavit credit amount” (C2) (see values of @ and
cos(a) in Table 7), meaning that older workers
collectively request fewer credits and collectively
request smaller credits. This trend is also observed
when observing the location of the points in Figure 6.

Table 7. Extract from Table 5 and Table 6

cos(a) a
Gl C1 Gl C1
C1 -0.731 136.9 °
C2 -0.791 0.996 142.3° 53°

2) “Age” (Gl) and “Income Level” (G2) are a “little”
opposed ( a =113.8° and cos(a) = —0.404 ),
which means that older workers experience a slight
decrease in their income.

The relationship that could be proposed among other
attributes, which should be taken with caution, resulting in
relationships that seem reasonable, is the following.

3) The “Number of formalized credits” (C1) and the
“INVONAVIT credit amount” (C2) are strongly
reinforcing (@ = 5.3° and cos(a) = 0.996). This
means that the more credits are requested, the greater
is the total amount of credit requested. This seems
obvious.

4) The “Housing Classification” (V1), the “Income
Level” (G2), and the “Average Credit Amount” (C3)
reinforce each other “significantly” (see values of «
and cos(a) in Table 8). This indicates that higher-
income workers request more credit per worker, and
apply the credit to more expensive housing; although
(as seen in point 5) higher-income workers request a
slightly smaller number of credits, overall, and
request less credit, overall, compared to the group of
lower-income workers.

The relationship that could be proposed among other

attributes, which should be taken with caution, resulting in
relationships that do not seem obvious, is the following.

5)

The “Number of formalized credits” (C1) and the
“Infonavit credit amount” (C2) are both slightly
opposed to the “Income level (G2) (see the values of
a and cos(a) in Table 9). This means that the
higher-income workers request a slightly smaller
number of credits, overall, and less-credit overall,
compared to lower-income workers. Higher-income
workers request more credit per worker, and apply it
to more expensive housing, compared to lower-
income workers (as seen in point 4).

Table 9. Extract from Table 5 and Table 6 in relation to point 5

cos(a) a
G2 C1 G2 C1
C1 -0.329 109.2°
C2 -0.240 0.996 103.9° 5.3°

6)

The “Number of formalized credits” (C1) and the
“Infonavit credit amount” (C2) are both
approximately independent of the “Housing
classification” (V1) and of the “Average credit
amount” (C3) ( 822<a <954 such that
|cos(a)| < 0.1352). This may be because there are
trends that counteract each other: (C1 and C2 slightly
oppose G2 and V1 reinforces with G2).

5.2. Data for the Year 2012

PCA was applied using the 2012 data, where PC1 and

PC2 axes account for 60.123% of the “information”. The

resulting Screeplot and Zoning Biplot are

shown,

respectively, in Figure 8 and Figure 9. It is observed that
the data trend presents similar characteristics to those of the
year 2024.
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Figure 9. Zoning Biplot on the PC1-PC2 plane generated with the authors' tools. The projections of the points are observed with diverse shapes

depending on the value of the "Age" attribute (G1), similar to that of Figure 7 but for data from the year 2012
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6. Discussion

6.1. Variance of the Magnitudes of the Projections of
Points and Geometric Proximity to Points

To find the first “alternative” coordinate axis, PC1, the
goal is to find it so that it is as geometrically close as
possible, on average, to the points. This is equivalent to
maximizing the variance of the magnitudes of the
projections of the points onto PC1. This is well explained
in research [5] (page 352, Figure 18.1), but here a brief
explanation is provided.

To calculate the direction and sense of PC1 (described
by q), the magnitude of the difference between each point
Yoyl = 1, ..,n, and its projection vector onto PCl1 is
calculated, resulting in the residue vector of y(;, here
called Residue of y,. Once all the residue vectors
have been obtained, their squared magnitudes are averaged.

The direction and sense of PC1 (of q,) must be such that
the average of these magnitudes is minimized. This is
equivalent to maximizing the variance of the magnitudes of
the projections of the points onto PC1. This is explained
below.

Figure 10 gives a simplified example where the “original”
Euclidean space has dimension m =2 , with two
coordinate axes: e; and e,, and where there are three
points ¥y, Yr, )» and Y.y (n = 3). The “alternative”
Euclidean space has m = 1 dimensions with the single
“alternative” coordinate axis PC1 (described by q;). The
residue vector of Yy, is the difference between y(,
and its projection vector onto PC1, that is:

Residue of Yoy =Yay— Vep 41)q0i=1,..,n

Where n =3 and y(-q; is the magnitude of the
projection vector of Y.,y onto PCI (with the symbol *-”
representing the dot product operation).

y(ﬁ)
Residue of y

e

(J’(r3) "h)‘h

q1

\
Residue of y(r\z) Residue of y(,) =
Yoy = (Vo) " @)

Figure 10. Representation of a bidimensional Euclidean space which
compares geometric distances with the projection distances of the points

To observe the size of the Residue of y( one can
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use its squared Euclidean norm, which is
2
= Yoy Yoo~ Ve 41)

Obtained by knowing that q, - q; = 1. The mean value
of the squared Euclidean norm of all residues is

n

Z (y(n-) Y T (J’(ri) ) ‘11)2)

1

n

I AN
2
~n __I(Y(ri) Vo) ~ ;Z(J’(n) "q.)

This value is to be minimized, but the first sum does not
depend on q, so it does not matter when trying to do
minimization, and since the second sum is negative, then
minimizing the expression, as a function of ¢q,, is

2

equivalent to maximizing. iz?ﬂ(y(n) ~q1) . It can be
observed that ¥y, " q; is the magnitude of the projection
vector of each point onto PC1, so the sum corresponds to
the sum of the squared magnitudes of the projection vectors
of the points onto PC1. Since the mean magnitude of
y(ri),i =1,..,n is 0, then what is maximized is the
variance of the magnitude of the projection vectors. It can
be shown that the expression to be maximized is equivalent
10 1 4y Yomxn Ynxm iy, (€Xpression that can be found
with slightly different notation in [2] (Pg. 2).

6.2. Verification of the Usefulness of the Zoning Biplot
by Using Generated Data

This subsection provides more insight into the Zoning
Biplot and its significance. In the example given in this
work (sections 4 and 5), PC1 and PC2 accounted for
61.808% of the total “information”.

Given this lack of enough “information” in PC1 and PC2,
this work proposes verifying that the points show a clear
zoning with respect to the attribute of interest (the main
attribute). This verification is performed using the Zooning
Biplot. This work also proposed to draw conclusions about
the relationships only between the main attribute and the
other attributes, avoiding drawing conclusions about
possible relationships among the other attributes.

To observe in more detail what a Zoning Biplot can
mean, using Numpy Python, the authors generated five sets
of 500 pseudo-random values, independent of each other,
with a normal probability density, a mean of 0, and a
variance of 1. This can be considered as the formation of
500 data points with five attributes: A, B, C, D, and E,
independent of each other.

After applying PCA, the “information” in PCI1, PC2,
PC3, PC4 and PC5 were: 21.886%, 20.815%, 19.883%,
19.253% and 18.163%, respectively. The sum for PC1 and
PC2 was 42.701%

Figure 11 shows a Zoning Biplot, with coordinate axes
PC1 and PC2, with the projections of the points drawn with
shapes according to the value of attribute C (any attribute
could be selected). It can be seen that the symbols x, A, +,
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V are scattered throughout the graph, without clear zoning.
This is because the projections of the points do not
represent them well enough according to attribute C. In
view of this, even though there are some projections of
“original” direction vectors which are closely collinear,
like those associated with attributes C and D, it is avoided
to draw any conclusion about the relationship between
these attributes.

The authors performed a similar generation of 500
pseudo-random points with five attributes, but now having
B depending on A, according to B = m; A + F, where m,
is a constant, and F is a random variable generated with
mean 0 and variance 0.2. After applying PCA, the
"information" values for PC1, PC2, PC3, PC4 and PC5
were: 36.944%, 21.574%, 19.263%, 18.581% and 3.637%,
with 58.519% being the sum for PC1 and PC2.

Figure 12 shows a Zoning Biplot, with coordinate axes
PC1 and PC2, and the projections of the points drawn with
shapes according to the value of attribute A.

The Zoning Biplot shows a fairly clear zoning regarding
the projections of the points. The Zoning Biplot also
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displays the projections of the “original” direction vectors,
including those associated with attributes A and B, which
are practically aligned.

The Zoning Biplot shows four groups of point
projections, formed according to the range of values of
attribute A. The groups are drawn in such a way that they
align, approximately according to the average value of that
range, in the growth direction of the projections of the
direction vectors associated with attributes A and B. This
suggests a strong relationship between attributes A and B.

The direction vectors associated with attributes A and B
are mostly perpendicular to the projections of the direction
vectors associated with the other “original” direction
vectors, indicating that there is no relationship between
attributes A and B and the other attributes. It is avoided to
draw conclusions about relationships among the other
attributes.

In sum, it is plausible to continue exploring the Zoning
Biplot to seek validation of the PCA results, even though
the Screeplot does not indicate a strong trend of
“information” concentration on axes PC1 and PC2.

Biplot PC1 (q1): 21.89% - PC2 (q2): 20.82%
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Figure 11. Zoning Biplot on the PC1-PC2 plane (generated with the authors' tools) of 500 points with independent attributes: A, B, C, D, E. A zoning

with regard to attribute C is observed
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Biplot PC1 (q1): 36.94% - PC2 (q2): 21.57%
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Figure 12. Zoning Biplot on the PC1-PC2 plane (generated with the authors' tools) of 500 points with dependent attributes: A and B, and independent

attributes: C, D, E. A zoning with regard to attribute A is observed

6.3. Graphical Derivation to Propose the Zoning Biplot

The following is a graphical explanation of the
advantage of the Zoning Biplot, using the image of Figure
13, which represents a simplified scenario.

Attribute 2

Bt 4 @

.
1
by

S
=

Attribute 1

Figure 13. Representation of a bidimensional Euclidean Space showing
a simplified scenario, for explaining the advantage of a Zoning biplot

Consider that there are two attributes: Attributel and
Attribute2, and two points: a and b. All these elements
are represented in a two-dimensional Euclidean space (a
plane).

The direction vectors e; and e, correspond
respectively to the “original” coordinate axes associated
with Attributel and Attribute2, and the vectors a =
a,e, + a,e, and b = b,e, + b,e, provide the location
in the plane of the two points. The "alternative" coordinate
axis PC1, which is more collinear with e,, is also
represented in the plane.

With respect to Attributel, it is observed that b; > a,,
and with respect to Attribute2, a, > b,. Regarding the
projections onto PCl, it is observed that apc, > bpc, -
This means that the same ordering is found in the
projections of points with respect to PC1 and Attribute2.
This suggests that projections of points onto PCI1 tend to
maintain the same ordering as those onto the coordinate
axis most collinear to PC1. This is not always the case, as
seen by considering point b’, since b; exceeds a; by a
greater amount.

This is the idea that leads to considering the Zoning
Biplot as an aid to consider that a well-defined zoning
indicates that an attribute is well represented.
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6.4. Evaluation of Point Clusters According to Their
Shape in Figure 7

The Silhouette coefficient (S) is a measure used in
unsupervised machine learning to assess the quality of a
point's clustering relative to the cluster it belongs to. S
ranges from —1 to +1 and is formed using the values of
two metrics called separation and cohesion. When S is
close to +1, the point is well-clustered (high cohesion) and
is far from the other clusters (high separation). When S is
close to 0, the point is on the boundary between two
clusters, and if S is close to —1, the point has likely been
assigned to the wrong cluster. An average S value can be
obtained for each cluster and overall.

For the Zoning Biplot in Figure 7, the overall average S
value was —0.0557, suggesting possible overlap between
clusters. The S value by cluster (by group) is: Group 1
(G <25) Sgyg =—0.0592; Group 2 (25 <G1<45)
Savg = —0.1242; Group 3 (45 <=G1<65) Sy =
0.0203; Group 4 (65 <= G1) S;p,q = 0.1011. Although
there is overlap between clusters, there are regions with
higher density that are identifiable by cluster. Even cluster
1 (Group 1) and cluster 2 (Group 2), which are the most
mixed, have visually identifiable high-density areas.

Using the Mahalanobis distance, keeping only 75% of
the points closest to their cluster, the points form Figure 14.
If only 25% of the points are kept, the clusters appear even
further apart (the image is omitted).

6.5. Alternative Methods for Interpreting PCA

A major drawback of PCA is its interpretability, since
each attribute is assigned a non-zero weight (or "loading")
in a PC. This can make it very difficult to understand what

each PC represents, especially when there are thousands of
attributes (as in genetics, finance or image processing).

There are alternative methods to ameliorate the
interpretation drawback of PCA, which include: 1)
Utilizing rotations like Varimax for better component
interpretation; 2) Applying Sparse PCA for clearer variable
selection, and 3) Using Nonlinear PCA.

Rotated PCA (Varimax) is a two-step statistical method.
First, PCA is used. Then the Varimax method rotates the
PC1 and PC2 axes (maintaining perpendicularity) to
become RCI1 and RC2, so that each "original" direction
vector is projected much more onto RC1 than onto RC2, or
vice versa. The resulting scores remain uncorrelated, the
variance is redistributed among RC1 and RC2, and the total
variance remains the same. This creates a simpler structure
that facilitates the interpretation of the results, which is
convenient for subsequent statistical tests. Like Verimax,
other forms of rotation methods exist, depending on the
data needs, like Oblique Rotations (Promax) or Quartimax.

Sparse PCA is a method designed to improve
interpretability by producing PCs that are linear
combinations of only a small subset of the “original”
attributes. It sacrifices almost none of the variance or power
compared to standard PCA.

PCA is a linear method because it projects data onto
straight lines. If the relationship between attributes is not
linear, PCA may not find correct relationships. Therefore,
there are nonlinear PCA methods that allow the analysis of
data structures where attributes interact nonlinearly. These
methods include Autoassociative Neural Networks
(Autoencoders), and statistical methods (such as

Alternating Least Squares) that can handle categorical or
nominal data.

Cluster 1
Cluster 2
Cluster 3
Cluster 4

Figure 14. Points of Figure 7, with clusters (groups) keeping only 75% of the points by cluster
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Also, there are alternative non-competitive PCA
methods, such as Factor analysis, used to describe
variability among observed, correlated attributes, in terms
of a smaller number of unobserved theoretical variables
called factors.

In addition, there are several other dimensionality
reduction techniques, such as t-Distributed Stochastic
Neighbor Embedding (t-SNE), an unsupervised machine
learning technique for nonlinear dimensionality reduction
of data with hundreds or thousands of attributes in a two-
dimensional or three-dimensional subspace. It works by
grouping nearby points and, unlike PCA, is not
deterministic and is computationally expensive. It can be
used in conjunction with PCA, where PCA (which is much
faster) first reduces the dimensionality.

There are other methods for dimensionality reduction.

This work focuses on PCA.

7. Conclusions

PCA can be used to facilitate the visualization of data. It
is important that the Biplot used (in this case, two-
dimensional) be representative of the attributes.

The Zoning Biplot can provide more certainty regarding
the validity of the Biplot interpretation (although in this
sense, there is still work to be done).

It is not necessarily correct that projections onto the
“alternative” plane PC1-PC2 are the best; that depends on
the data.

The matrix Q,,x,, that results from PCA application is
important and can be used to create Biplots.

Understanding PCA mathematics provides for versatility
when using PCA.

Since the PCA application provides projected images,
where "information" is lost, it is important to be cautious
when drawing conclusions.

The availability of data that can be converted into
numerical values is fundamental for the effective use of
PCA. This data must be normalized for use with PCA.

The work of selecting the attributes of interest can be
intensive.

Understanding PCA theory is one part of this tool; the
other is understanding and having access to the
computational tools, including the appropriate software
and code.

The authors are happy to share the Zoning Biplot code.

Regarding outliers: In the example presented, only a first
approximation is made, and outlier removal is not
considered. When there are many dimensions, it is difficult
to identify an outlier, which is most easily observed after
PCA has been applied. However, since PCA is a linear
procedure, outliers can bias its results (PCA is not
considered robust). Therefore, once PCA has been applied,
outliers can be removed before running PCA again. The

11 ZCU. Urban Consolidation Zones.

treatment of outliers is beyond the scope of this work.

Regarding missing data: The example presented here has
no missing attribute values, so imputation was not
necessary. Imputation can introduce bias if not performed
correctly.

Since PCA is a linear method, if the relationship between
the attributes is not linear, PCA may not find the correct
relationships.

A major disadvantage of PCA is its difficulty of
interpretation, which is why alternative methods exist. Also,
some other methods are used when the number of attributes
is very large.

Because PCA is very fast, it can operate in conjunction
with other dimensionality reduction methods that require
greater computing power.
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Appendix 1

The data in this study were obtained from the website:
Big Data [12], specifically from the “Credit Granting
Indicators” tab, where up to 4 “variables” (as they are
called) can be selected from among 10 displayed, which are:
1) “Product Type”, 2) “Housing Classification”, 3) “Age”,
4) “Participation Modality”, 5) “Line”, 6) “Income Level”,
7) “States”, 8) “Month”, 9) “Credits Formalized in ZCU'"”,
10) “Credits Formalized by ZCU Adequate Mobility
Level”. The selection also includes indicating a period
between the years 2012 and 2025. Additionally, it is
required to add to the selection the indication of 1 or up to
2 “metrics” (as they are called) from among 5 displayed,
which are: 1) “Number of Credits Formalized”; 2)
“Number of subsidies”; 3) “Check amount”; 4) “Subsidy
amount”; 5) “Infonavit credit amount”.

The variable “Product Type” indicates the type of credit
support. This variable includes various types of “products”
for acquiring housing, encompassing aspects such as
purchase, construction, remodeling, and mortgage
payments. The three “products” of interest are: the
“Traditional Credit,” which allows for the purchase,
construction, remodeling, or mortgage payment of a new or
used home, and allows the use of the balance in the
Housing Subaccount (SCV '?); the “Infonavit Total,” which
combines credit from INFONAVIT with credit from a
financial institution to purchase a home; and the
“Cofinavit,” which is similar to the “Infonavit Total” but

12 SCV. Housing Savings System. It is the savings that the worker accumulates with the contributions made by his employer.
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also allows the use of the SCV balance. It is important to
note that the data obtained from INFONAVIT regarding
the last two products indicates amounts provided by
INFONAVIT, without including the amount provided by
the other financial institution.

Regarding the metrics, two are of interest: “Number of
Formalized Credits,” which is the number of INFONAVIT
credits approved and signed; and “Infonavit Credit
Amount,” which represents the resources used to finance a
housing action and constitutes the liability that the worker
acquires with INFONAVIT. The metric “Check Amount,”
which is the total amount transferred for a formalized credit
(comprising the credit amount plus the SCV minus
administrative expenses), is not considered because this
metric includes amounts beyond a single credit.

For reference, in relation to the year 2024, Table 10
provides a comparison of the metrics “Check Amount”
versus “Infonavit Credit Amount”.

Regarding the numerical conversions, the following is
indicated:

1) The values for V1 can be: “Other”, “Land for

residential use”, “Popular”, “Economic”,
“Traditional”, “Medium”, “Residential”’, and
“Residential Plus”, which are associated here with the
values 0 through 6, respectively. Although this
numerical association is discretionary, it does
correspond to the cost in this classification, from
lowest to highest. It should be noted that all data found
with the “Other” classification are no longer included

2)

3)

4)

)

in the data handled here, as they correspond to product
types that were not selected.

The values for G1 are given in 5-year ranges: “Up to
20 years”, “From 21 to 25 years”, ..., “From 61 to 65
years”, and “66 years or older”, which are converted
here to the average value in each of these ranges,
leaving 20 and 68 as the values for the initial and final
ranges, respectively. In some data points
(approximately 10 data points), this attribute was
listed as "Other". In these cases, the data was
discarded.

It must be clear that, based on the data obtained from
the website, all combinations of data values G1, G2,
V1, Cl1, C2, and C3 are unique: they are not repeated.
To explain further, for example, there are several data
points that repeat the value G1 “From 21 to 25 years
old,” but the values of the other attributes are not
repeated.

The values for G2 are given in UMA, in ranges: “Up
to 1 UMA”, “More than 1 and up to 2 UMA”, “More
than 2 and up to 3 UMA”, ..., “More than 24 and up
to 25 UMA”, and “More than 25 UMA”. The average
value was taken in each range, and for the initial and
final ranges the values 1 and 25.5 were taken,
respectively.

For informational purposes, the values of the attribute
“Product Type” are: “Infonavit Support”, “Cofinavit”,
“ConstruYO”, “Traditional Credit”, “Infonavit Total”,
“MejOraSi”, “Mejoravit”, and “Other: Emergency
Credits”.

Table 10. Comparison of "Check Amount" vs "Infonavit Credit Amount"

"Check Amount" (local currency) "Infonavit Credit Amount" (local currency)
Selected Products

Total Amount in 2024 % of Total Total Amount in 2024 % of Total
"Cofinavit" $13,211,973,732.48 4.639% $10,476,207,654.98 4.227%

"Traditional credit" $191,892,483,080.64 67.376% $175,646,921,084.67 62.517%
"Infonavit Total" $37,263,567,900.14 13.084% $32,697,772,734.61 6.685%

Subtotals $242,368,024,713.26 85.099% $218,820,901,474.26 73.429%

Total amount in 2024 for all products $284,807,868,838.46 100.000% $236,053,033,999.20 100.000%
-
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