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Abstract The study aims to create a model that can predict
results in cryptocurrency markets which show extreme price
movements that include patterns of behavior and nonlinear market
movements and unexpected price changes. The mathematical
study first establishes the existence and uniqueness of mild
solutions for a specific group of Caputo neutral fractional integro-
differential equations which include impulsive effects before
using these solutions to model actual financial markets. The
theoretical analysis establishes solution stability through Kras-
noselskii’s fixed point theorem and Banach contraction principle
which demonstrates solution stability against small disturbances.
The research demonstrates its real-world application through a
fractional impulsive model which combines with an LSTM neural
network to create a prediction system that effectively manages
both extended time periods and sudden market changes. The
numerical experiments which use Ethereum price data demon-
strate a strong correlation between predicted values and actual
values while showing low error metrics and stable convergence
behavior. The findings demonstrate that fractional-order modeling
combined with data-driven learning methods provides an effective
approach to studying and predicting complex financial time series
which exhibit extreme market fluctuations.

Keywords Caputo Fractional Integro-differential Equations,
Impulsive Systems, Krasnoselskii Fixed Point Theorem, Banach

Contraction Principle, Ulam-hyers Stability, LSTM Neural 
Net-works, Cryptocurrency Price Prediction

1 Introduction

Fractional calculus serves as a vital mathematical framework
which enables researchers to create models that simulate com-
plex dynamic systems which display both memory capabilities and
hereditary properties and nonlocal interaction patterns. The foun-
dational work of classical theoretical developments established
both the analytical foundations of fractional differential equations
and the solution techniques and stability theory and qualitative
analysis of these equations. The research built upon existing
knowledge to create solutions for nonlinear systems which in-
cluded both time delays and impulse effects and neutral-type struc-
tures. The development of fractional integro-differential equations
with state-dependent delays has attracted major research interest
because they present authentic engineering and biological and con-
trol process models which depend on past state information to pre-
dict upcoming system behavior. Researchers have examined sys-
tem existence and uniqueness and stability and oscillatory behav-
ior and controllability through their use of fixed-point theory and
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functional analysis and operator-theoretic approaches.
Hybrid analytical-computational methods which use artificial

intelligence together with machine learning techniques now ex-
ist as the newest development to improve predictive modeling and
controllability studies of fractional dynamical systems. The field
of fractional-order modeling now sees extensive use across so-
cial systems and biological systems and financial systems which
include behavioral dynamics and technological adoption pro-
cesses and blockchain transaction analysis and cryptocurrency
forecasting because these systems exhibit long-memory effects
and stochastic interactions. The present work which studies impul-
sive neutral fractional Volterra-Fredholm integro-differential sys-
tems with state-dependent delays exists because of theoretical ad-
vancements and interdisciplinary applications to create new find-
ings about existence and uniqueness and stability and solution con-
trollability.

Aderyani et al. [1] explored three aspects of w-Hilfer fractional
differential equations which include solution existence and unique-
ness and multi-stability. Their research established new analytical
methods which enable researchers to study stability in nonlinear
fractional dynamical systems using generalized fractional deriva-
tive methods. The findings of this study enable researchers to
investigate physical and engineering systems which exhibit mul-
tiple stable states and transition between different stability con-
ditions. Agarwal and Andrade [2] studied fractional integro-
differential equations which incorporate state-dependent delays,
and they proved the existence of solutions through fixed-point
methods. The research developed a framework which enables the
simulation of fractional-order systems through classical delay dif-
ferential equation theory to create models which depict processes
that undergo changes based on their previous states. The formu-
lations enable control theory applications which include biolog-
ical modeling and engineering systems with memory-dependent
dynamics.

Baleanu et al. [3] presented fundamental principles of fractional
dynamics and control theory through analytical methods, model-
ing techniques and control applications for fractional-order sys-
tems. The work serves as an essential reference for researchers
studying fractional dynamical systems, particularly in the design
of control mechanisms for systems governed by nonlocal dynam-
ics. Burden and Winkler [4] created Bayesian regularization tech-
niques to enhance neural network training, which resulted in im-
proved model performance for both generalization and overfitting
control. The authors established a learning framework based on
probability that improves predictive modeling results, and applies
specifically to hybrid analytical-computational studies that involve
fractional dynamical systems.

Chalishajar [5] conducted research on the controllability of
mixed Volterra-Fredholm integro-differential systems which oper-
ate in Banach spaces and used operator-theoretic methods to estab-
lish conditions that guarantee system controllability. This research
serves as a fundamental theoretical framework which enables re-
searchers to study the controllability aspects of fractional integro-
differential systems that operate in infinite-dimensional spaces.
Diethelm and Ford [6] created analytical methods to solve frac-
tional differential equations while also investigating how numer-
ical solutions behave through theoretical research. Their work
created essential foundational elements which researchers use to

study fractional dynamical systems through both theoretical and
computational methods.

Fu and Huang [7] studied neutral integro-differential equations
which include state-dependent delays and they used functional an-
alytic methods to prove existence results for their solutions. Their
study results enable scientists to create models that represent sys-
tems whose changing rates depend on both the current state and
the delayed derivative of that state. Ganesh et al. [8] exam-
ined the Hyers-Ulam-Mittag-Leffler stability of fractional differ-
ential equations which involve two Caputo derivatives. They used
fractional Fourier transform techniques to create stability criteria
which guarantee that solutions maintain their stability when faced
with small disturbances, which engineers and applied mathemati-
cians use in their research work. Kilbas et al. [9] offered an ex-
tensive theoretical explanation of fractional differential equations
through their work which contained definitions, solution tech-
niques and applications that span multiple scientific fields. Their
research established the definitive standard reference for scholars
working in the domain of fractional calculus.

The basic theory of fractional differential equations which de-
scribes existence and uniqueness through comparison principles
was established by Lakshmikantham and Vatsala according to their
work [10]. The mathematical findings which they achieved es-
tablished a framework that enables researchers to analyze non-
linear fractional systems. Pervaiz and Zada [11] studied ab-
stract neutral impulsive differential problems which involved state-
dependent delays and proved existence results by using fixed-point
theory. Their research expands the analysis of impulsive systems
to include new fractional delayed systems which engineers use in
their work. Podlubny [12] created traditional fractional differen-
tial equation theory and developed analytical methods which now
function as essential tools for solving fractional-order equations.
The work maintains its status as a fundamental source for contem-
porary fractional calculus studies.

The researchers Raghavendran et al. [13] developed an artifi-
cial intelligence system which enables users to control fractional
impulsive neutral Volterra-Fredholm integro-differential equations
under state-dependent delays. The research shows how machine
learning methods work together with fractional analytical mod-
els to improve controllability assessment. Sher et al. [14] cre-
ated a fractional-order mathematical model to study alcoholism
behavior which they used to examine qualitative system features.
The study demonstrates that fractional modeling successfully rep-
resents memory effects which exist in both social and biological
activities. Smart [15] presented fixed-point theorems together with
their uses in nonlinear analysis which become essential mathemat-
ical instruments for proving the existence of differential and inte-
gral equation solutions and their stability.

Tripathy and Santra [16] established essential conditions which
enable them to determine when second-order neutral differential
equations with impulses will exhibit oscillatory behavior. Their
research findings advance the understanding of impulsive dynam-
ical systems and the study of oscillation patterns. Zhou [17] pro-
vided a complete contemporary examination of fundamental frac-
tional differential equation theory which encompasses analytical
solution methods, stability analysis and practical application de-
velopments. Meister and Price [19] examined gas fee systems in
blockchain networks and created mathematical frameworks to as-
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sess both transaction expenses and the value of derivatives which
proved the usefulness of sophisticated mathematical approaches in
financial technology.

Yang et al. [20] developed a fractional grey prediction model
for cryptocurrency price forecasting and demonstrated improved
prediction performance compared with traditional models, high-
lighting the effectiveness of fractional modeling in financial time-
series analysis. Gatabazi et al. [21] created fractional grey
Lotka-Volterra models to study how people adopt cryptocurren-
cies and found that fractional modeling successfully demonstrates
the long-term memory behavior which occurs during technology
spreads. The research team Dipple et al. [22] created financial
market prediction models based on correlated stochastic differen-
tial equations which forecasted both cryptocurrency market trends
and social media usage patterns. The research demonstrated how
stochastic modeling methods operate within financial systems.

In this work, we investigate the existence and uniqueness of
mild solutions, together with the analysis of Ulam–Hyers stabil-
ity, for a generalized class of impulsive neutral fractional integro-
differential equations governed by the following mathematical for-
mulation:

cDα
[
h(ϑ)−X (ϑ, h(ϑ))

]
= f(ϑ)h(ϑ)

+ g

(
ϑ, h(ϑ),

∫ ϑ

ϑ0

Z1(ϑ, φ, h(φ))dφ,

∫ b

ϑ0

Z2(ϑ, φ, h(φ))dφ

)
.

(1.1)
∆h(ϑk) = Ik(h(ϑk)). (1.2)

The equation is formulated together with the initial condition:

h(ϑ0) = h0. (1.3)

In the above formulation, cDα denotes the Caputo fractional
derivative of order α, where 0 < α ≤ 1. The mapping h : J → R,
with J = [ϑ0, b], represents the continuous function under in-
vestigation. The function f : J → R is a prescribed contin-
uous function that acts as a time-dependent coefficient influenc-
ing the linear dynamics of the system. Moreover, the mappings
g : J×R×R×R → R and Zi : J×J×R → R, for i = 1, 2, are
assumed to be continuous and characterize the nonlinear and inte-
gral interactions inherent in the model. In addition, we introduce
the function X : J × R → R, which is assumed to be continuous
and represents an additional term accounting for neutral or auxil-
iary effects within the system. Here, ∆ = {(ϑ, φ) : 0 ≤ ϑ0 ≤
φ ≤ ϑ ≤ b}, 0 < ϑ0 < ϑ1 < ϑ2 < · · · < ϑm < ϑm+1 = b, and
∆h(ϑk) = h(ϑ+

k ) − h(ϑ−
k ), where h(ϑ+

k ) and h(ϑ−
k ) denote the

left and right limits of h at ϑk, respectively.
Among the many problems that predictability faces, the most

important are the nonlinear dynamics, the sharp price changes and
the memory-dependent behavior of the cryptocurrency markets,
including that of Ethereum. The classical integer-order models
often are not able to show the long-range dependences and the
impulsive market shocks that are usual with the digital assets. Fur-
thermore, the traditional data-driven methods like typical neural
networks could be very limited in their ability to reflect the mem-
ory features and the theoretical stability constraints of the financial
system they are based on. This is why the present study is going
to put forward a robust mathematical framework that combines
fractional-order modeling and neural network learning in order to

incorporate both the temporal memory and the impulsive nature of
the cryptocurrency price movements. As a result of this, the model
will be able to provide a theoretically grounded but practically ap-
plicable approach for real-time price forecasting in the context of
highly volatile financial markets.

The innovative aspect of the suggested approach is the fusion of
Caputo neutral fractional integro-differential equations with im-
pulsive effects and a data-driven LSTM-assisted artificial neural
network for financial forecasting. The proposed hybrid frame-
work not only considers the existing studies that treat either frac-
tional models or neural networks as independent but also utilizes
all the benefits of fractional calculus such as memory preserva-
tion, and the handling of sudden jumps through impulsive con-
ditions, as well as the deep learning capability for nonlinear pat-
tern recognition. Theoretical contributions contain providing rig-
orous proofs of existence, uniqueness, and Ulam-Hyers stability
for the proposed system, thus ensuring the robustness of predic-
tions against perturbations. From the practical viewpoint, the ap-
plication to Ethereum price prediction demonstrates that the hybrid
model captures directional trends and short-term fluctuations more
accurately than classical integer-order models while at the same
time giving an understanding of the impact of trading volume and
market shocks, thus revealing its potential as a highly effective tool
for the analysis of volatile financial time series.

Theoretical formulation of the Caputo neutral fractional integro-
differential system with impulsive effects is introduced in this
study and followed by rigorous analysis on the existence, unique-
ness and Ulam-Hyers stability of mild solutions. Then, we cou-
ple the mathematical framework with an LSTM-assisted artificial
neural network to show its practical applicability in Ethereum price
prediction. We provide a detailed discussion of dataset preprocess-
ing, model architecture, prediction results, and error evaluation,
thus leading to a thorough analysis of the hybrid model’s perfor-
mance and possible extensions in the field of volatile financial time
series forecasting.

2 Preliminaries
This section concentrates on the prevalent definitions used in

fractional calculus, including the Riemann-Liouville fractional
derivative and the Caputo fractional derivative, as previously dis-
cussed in academic literature [9, 10, 12, 17, 18]. Let us consider
the Banach space C(J,R) consisting of all real-valued continuous
functions defined on the interval J = [ϑ0, b], equipped with the
supremum (infinity) norm given by

∥h∥∞ = sup
ℵ∈J

|h(ℵ)|.

Here, h ∈ C(J,R) and the completeness of this space under the
above norm plays a crucial role in establishing the fixed point ar-
guments utilized in the forthcoming analysis.

Definition 2.1. [12]
The fractional integral of a function f, in the sense of

the Riemann-Liouville definition of order α > 0, is given by

Jαf(ℵ) = 1

Γ(α)

∫ ℵ

0

(ℵ − ϑ)α−1f(ϑ)dϑ, for ℵ > 0, α ∈ R+,
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where J0f(ℵ) = f(ℵ).

Definition 2.2. [17]
The Caputo fractional derivative of order α, where α ∈

(0, 1), is defined for a function f : [0, 1) → R as follows:

Dαf(ℵ) = 1

Γ(1− α)

∫ ℵ

0

f(1)(ϑ)

(ℵ − ϑ)α
dϑ, for ℵ > 0.

Theorem 2.1. (Banach’s Fixed Point Theorem) [15]
Let Ψ be a nonempty closed subset of a Banach space

R. Then, for any contraction mapping T : Ψ → Ψ, there exists a
unique fixed point ν ∈ Ψ such that T (ν) = ν.

Theorem 2.2. (Arzelà-Ascoli Theorem) [10]
A sequence of functions that is both bounded and

equicontinuous within a closed and bounded interval [a, b] has a
subsequence that converges uniformly.

Theorem 2.3. (Krasnoselskii’s Fixed Point Theorem) [15]
In a Banach space R, let ϑ be a nonempty closed and

convex subset. Suppose H and K are two functions then:

1. H is a contraction mapping.

2. K is compact and continuous.

3. For all x, y ∈ ϑ, Hx+Ky ∈ ϑ.

Then, there exists at least one x∗ ∈ ϑ such that

x∗ = Hx∗ +Kx∗.

3 Existence and Uniqueness of Solutions
for Caputo Fractional Impulsive Neu-
tral Integro-Differential Equations

In this section, we establish the conditions under which
the given Caputo fractional impulsive neutral integro-differential
equations (1.1) and (1.3) admit at least one solution and determine
when such a solution is unique. The analysis is carried out by em-
ploying fixed point techniques, specifically the Krasnoselskii fixed
point theorem and the Banach contraction principle. These results
ensure that the proposed system is well-posed, thereby providing
a rigorous foundation for the subsequent stability analysis and nu-
merical investigations.

Before proceeding to the main results and their proofs, we first
introduce the following lemma together with several fundamental
hypotheses:
(H1) The function X : J×R → R is continuous. Moreover, there
exists a constant L∗

X > 0 such that for all h1, h2 ∈ C(J,R),∣∣X (ϑ, h1)−X (ϑ, h2)
∣∣ ≤ L∗

X

(
|h1 − h2|

)
.

(H2) The function g : J×R×R×R → R is continuous. Moreover,
there exists a constant L∗

g > 0 such that for all ϑ ∈ J and for all
hi, vi, zi ∈ R (i = 1, 2),∣∣g(ϑ, h1, v1, z1)− g(ϑ, h2, v2, z2)

∣∣ ≤
L∗
g

(
|h1 − h2|+ |v1 − v2|+ |z1 − z2|

)
.

(H3) The functions Z1, Z2 : J× J× R → R are continuous on

D = {(ϑ, φ) ∈ J× J : ϑ0 ≤ φ ≤ ϑ ≤ b}.

Moreover, there exist constants L∗
z1 ,L

∗
z2 > 0 such that for every

ϑ ∈ J and for all h1, h2 ∈ C(J,R),∣∣∣ ∫ ϑ

ϑ0

(
Z1(ϑ, φ, h1(φ))−Z1(ϑ, φ, h2(φ))

)
dφ
∣∣∣ ≤ L∗

z1 ∥h1 − h2∥,

∣∣∣ ∫ b

ϑ0

(
Z2(ϑ, φ, h1(φ))−Z2(ϑ, φ, h2(φ))

)
dφ
∣∣∣ ≤ L∗

z2 ∥h1 − h2∥,

where ∥ · ∥∞ denotes the supremum norm on C(J,R).
(H4) The mapping f : J → R is a continuous function, and the
constants L∗

X, L∗
z1 , L∗

z2 , and L∗
g are all positive.

(H5) There exist positive constants L∗
1 > 0 and L∗

2 > 0 such that

∥Ik(h1)− Ik(h2)∥ ≤ L∗
1 ∥h1 − h2∥ and ∥Ik(h)∥ ≤ L∗

2,

for all h, h1, h2 ∈ C(J,R) and for each impulsive index k =
1, 2, . . . ,m.

Lemma 3.1. Let h0 ∈ R. A function h ∈ C(J,R) is a solution
of problem (1.1)-(1.3) if and only if it satisfies the corresponding
integral equation:

h(ϑ) = h0 −X (ϑ0, h0)

+ X (ϑ, h(ϑ)) +
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1 f(φ) h(φ) dφ

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)
dφ

+

∞∑
i=0

Ii(h(ϑi)).

(3.4)

Proof. The stated result is obtained by applying the integral oper-
ator defined in (2.1) to both sides of equation (1.1). This transfor-
mation directly yields the corresponding integral form expressed
in equation (3.4).

To establish the theoretical basis of our analysis, we now intro-
duce the following theorem, which ensures the uniqueness of the
solution for the system of equations (1.1)–(1.3).

Theorem 3.1. Assume that the hypotheses (H1)− (H5) are sat-
isfied. Let β and γ be positive real numbers with 0 < β < 1 such
that the following conditions hold:

L∗
X +

bα

Γ(α+ 1)

(
∥f∥∞ + L∗

g

)
γ = β,

|h0|+ |X (ϑ0, h0)|+ X0 +
bα

Γ(α+ 1)

(
L∗
z1 + L∗

z2 + g0
)

+mL∗
2 = (1− β)γ.

Then, the initial value problem (1.1)–(1.3) possesses a unique con-
tinuous solution on the interval [ϑ0, b], where

X0 := max
s∈J

|X(s, 0)|, g0 := max
s∈J

|g(s, 0, 0, 0)|,
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z∗1 := max
(s,ℵ)∈D

|Z1(s,ℵ, 0)|, z∗2 := max
(s,ℵ)∈D

|Z2(s,ℵ, 0)|.

Proof. Let the operator T : C(J,R) → C(J,R) be introduced as

(Th)(ϑ) = h0 −X (ϑ0, h0) + X (ϑ, h(ϑ))

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1 f(φ) h(φ) dφ

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)
dφ

+

∞∑
i=0

Ii(h(ϑi)).

In addition, we introduce the set Φγ , consisting of all functions
h ∈ C(J, R) that satisfy the condition ∥h∥∞ ≤ γ for some γ > 0.
The central objective of our analysis is to verify that the operator
T possesses a fixed point in the constrained subset Φγ ⊂ C(J,R).
This fixed point characterizes the unique solution of the initial
value problem represented by (1.1)-(1.3). For clarity and method-
ological rigor, the proof is structured into two fundamental steps:

Step 1. The first step involves demonstrating that the operator
T maps every function in Φγ into itself. Under the previously
established hypotheses, for any h ∈ Φγ and for every ϑ belonging
to the interval J, the following inequality can be derived:

|(Th)(ϑ)| ≤ |h0|+
1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1|f(φ)||h(φ)|dφ

+ |X (ϑ0, h0)|+ |X (ϑ, h(ϑ))|

+
1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1

∣∣∣∣g
(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)∣∣∣∣dφ
+

∞∑
i=0

||Ii(h(ϑi))||

≤ |h0|+
∥f∥∞∥h∥∞

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1dφ

+ |X (ϑ0, h0)|+ |X (ϑ, h(ϑ))−X (ϑ, 0)|

+ |X (ϑ, 0)|+ 1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1(∣∣∣∣g(φ, h(φ),∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,

∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)
− g(φ, 0, 0, 0)

∣∣∣∣+ |g(φ, 0, 0, 0)|
)
dφ

+mL∗
2

≤ |h0|+
∥f∥∞bαγ

Γ(α+ 1)
+ |X (ϑ0, h0)|+ L∗

X + X0

+
bα

Γ(α+ 1)

(
L∗
g

[
γ + L∗

z1 + L∗
z2

]
+ g0

)
+mL∗

2

≤ |h0|+ |X (ϑ0, h0)|+ L∗
X + X0 +

∥f∥∞bαγ

Γ(α+ 1)
+

bα

Γ(α+ 1)
L∗
gγ

+
bα

Γ(α+ 1)

(
L∗
z1 + L∗

z2

)
+

bα

Γ(α+ 1)
g0 +mL∗

2

≤ |h0|+ |X (ϑ0, h0)|+ L∗
X +mL∗

2 + X0

+
bα

Γ(α+ 1)

[
L∗
z1 + L∗

z2 + g0

]
+

bα

Γ(α+ 1)

[
∥f∥∞ + L∗

g

]
γ

= (1− β)γ + βγ = γ.

Consequently, it follows that ∥Th∥ ≤ γ, which indicates that
Th ∈ Φγ . This confirms that the image of Φγ under the opera-
tor T remains within the same set, i.e., TΦγ ⊆ Φγ .

Step 2. The next step is to establish that the operator T acts as
a contraction mapping. To this end, consider any two functions
h1, h2 ∈ Φγ .

|(Th1)(ϑ)− (Th2)(ϑ)| ≤ |h0|

+
1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1|f(φ)||h1(φ)|dφ+ |X (ϑ0, h0)|

+ |X (ϑ, h1(ϑ))|

+
1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1

∣∣∣∣g
(
φ, h1(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ

)∣∣∣∣dφ
+

∞∑
i=0

|Ii(h1(ϑi))|

− |h0|

− 1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1|f(φ)||h2(φ)|dφ+ |X (ϑ0, h0)|

+ |X (ϑ, h2(ϑ))|

− 1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1

∣∣∣∣g
(
φ, h2(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h2(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h2(ℵ)) dℵ

)∣∣∣∣dφ
+

∞∑
i=0

|Ii(h2(ϑi))|

≤ 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1|f(φ)||h1(φ)− h2(φ)|dφ

+ |X (ϑ, h1(ϑ))− |X (ϑ, h2(ϑ))|
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+
1

Γ(α)

∫ ϑ

t0

(ϑ− φ)α−1∣∣∣∣g(φ, h1(φ),∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ
)

− g

(
φ, h2(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h2(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h2(ℵ)) dℵ
)∣∣∣∣dφ

+

∞∑
i=0

||Ii(h1(ϑi))− Ii(h2(ϑi))||

≤ ∥f∥∞bα

Γ(α+ 1)
∥h1 − h2∥+ L∗

X||h1 − h2||

+
bα

Γ(α+ 1)
L∗
g

[
∥h1 − h2∥

+

∣∣∣∣ ∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ −
∫ φ

ϑ0

Z1(φ,ℵ, h2(ℵ)) dℵ
∣∣∣∣

+

∣∣∣∣ ∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ −
∫ b

ϑ0

Z2(φ,ℵ, h2(ℵ)) dℵ
∣∣∣∣]

+mL∗
1∥h1 − h2∥

≤ ∥f∥∞bα

Γ(α+ 1)
∥h1 − h2∥+ L∗

X||h1 − h2||

+
bα

Γ(α+ 1)
L∗
g

[
∥h1 − h2∥+ L∗

z1∥h1 − h2∥+ L∗
z2∥h1 − h2∥

]
+mL∗

1∥h1 − h2∥
≤ L∗

X +mL∗
1

+

[
bα

Γ(α+ 1)

(
∥f∥∞ + L∗

g

[
1 + L∗

z1 + L∗
z2

])]
∥h1 − h2∥

= ϵ∥h1 − h2∥,

where

ϵ = L∗
X +mL∗

1 +
bα

Γ(α+1)

(
∥f∥∞ + L∗

g

[
1 + L∗

z1 + L∗
z2

])
< 1,

we get ∥Th1 − Th2∥ ≤ ϵ∥h1 − h2∥.
This confirms that the operator T indeed satisfies the conditions

of a contraction mapping. Therefore, by invoking Theorem (2.1),
it follows that there exists a unique fixed point h ∈ C(J, R) such
that Th = h. The established fixed point is therefore equivalent
to the unique solution of the initial value problem given by (1.1)-
(1.3). Hence, the proof is fully concluded.

To establish the framework for our analytical results, we now
introduce the following theorem, which ensures the existence of a
solution for the integro-differential system described by equations
(1.1)–(1.3).

Theorem 3.2. Assume that the following condition holds:

(H6) ∥X (ϑ, h∥ ≤ ω(ϑ), ∀(ϑ, h) ∈ J × R; ∥g(ϑ, h1, v1, z1)∥ ≤
µ(ϑ), ∀(ϑ, h1, v1, z1) ∈ J × R × R × R; ∥Z1(ϑ, φ, h)∥ ≤
σ(ϑ), ∀(ϑ, φ, h) ∈ J × J × R; and ∥Z2(ϑ, φ, h)∥ ≤
ρ(ϑ), ∀(ϑ, φ, h) ∈ J × J × R, where µ, σ, and ρ belong to

C(J,R+). Under these assumptions, the problem (1.1)-(1.3) ad-
mits at least one solution on the interval [ϑ0, b].

Proof. Let us select a fixed value satisfying[
∥h0∥+∥X (ϑ0, h0)∥+∥ω∥C+

bα∥f∥∞∥h∥∞
Γ(α+ 1)

+
bα∥µ∥C
Γ(α+ 1)

+mL∗
2

]
≤ r,

and define the set

Φγ = { h ∈ C ; ∥h∥∞ ≤ γ }.

Within this analytical framework, we now define two operators, Θ
and Ψ, acting on the subset Φγ , specified as follows:

(Θh)(ϑ) = −X (ϑ0, h0) + X (ϑ, h(ϑ)) +
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)
dφ

(Ψh)(ϑ) = h0 +
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h(φ) dφ+

∞∑
i=0

Ii(h(ϑi)).

When considering h from the set Φγ , we observe that:

∥Θh+Ψh∥ ≤
∥∥∥h0 + 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h(φ)dφ

−X (ϑ0, h0) + X (ϑ, h(ϑ)) +
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)
dφ

+

∞∑
i=0

Ii(h1(ϑi))
∥∥∥

≤ ∥h0∥+ ∥X (ϑ0, h0)∥+ ∥ω∥C +
bα∥f∥∞∥h∥∞
Γ(α+ 1)

+
bα∥µ∥C
Γ(α+ 1)

+mL∗
2

≤ r.

Consequently, we deduce that Θh + Ψh ∈ Φγ . It is important
to highlight that hypothesis (H6) ensures that the operator Ψ acts
as a contraction. Moreover, the continuity of the functions g, Z1,
and Z2 involved in equations (1.1)-(1.3) implies the continuity of
the operator Φ. Additionally, we remark that the operator Θ is
uniformly bounded over the subset Φγ , as demonstrated in the fol-
lowing analysis:

∥Θh∥ ≤ ∥X (ϑ0, h0)∥+ ∥ω∥C +
bα∥µ∥C
Γ(α+ 1)

.

Next, we develop the compactness of the operator Θ. Since
the functions g, Z1, and Z2 are bounded on the compact
set Ω1 = J × R × R × R, we can define C1 :=
sup(ϑ,h1,v1,z1)∈Ω1

∥g(ϑ, h1, v1, z1)∥.
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For ϑ1, ϑ2 ∈ [ϑ0, b], and h ∈ Φγ , we observe that:

∥(Θh)(ϑ1)− (Θh)(ϑ2)∥ =
∥∥∥ 1

Γ(α)

∫ t1

ϑ0

(t1 − φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)
dφ

− 1

Γ(α)

∫ t2

ϑ0

(t2 − φ)α−1 g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)
dφ
∥∥∥

≤ 1

Γ(α)

∥∥∥∫ ϑ1

ϑ2

(ϑ1 − φ)α−1g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)

−
∫ ϑ2

ϑ0

(ϑ2 − φ)α−1g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)
+

∫ ϑ2

ϑ0

(ϑ1 − φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)∥∥∥

≤ 1

Γ(α)

∥∥∥∫ ϑ1

ϑ2

(ϑ1 − φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ
)
dφ

−
∫ ϑ2

ϑ0

[
(ϑ2 − φ)α−1 − (ϑ1 − φ)α−1

]
g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)

≤ C1

Γ(α+ 1)
|2(ϑ1 − ϑ2)

α|+ C1

Γ(α+ 1)
|ϑα

2 | −
C1

Γ(α+ 1)
|ϑα

1 |

≤ C1

Γ(α+ 1)
|2(ϑ1 − ϑ2)

α + ϑα
2 − ϑα

1 |.

The value of this quantity does not depend on the specific choice
of h, which indicates that the operator Θ is relatively compact on
the set Φγ . Accordingly, by applying Theorem (2.2), Θ is estab-
lished as a compact operator on Φγ . Moreover, all the assumptions
required in Theorem (2.3) are satisfied. Therefore, the conclusion
of Theorem (2.3) can be invoked, guaranteeing that the problem
(1.1)-(1.3) possesses at least one solution. This marks the comple-
tion of the proof of the theorem.

4 Analysis of Ulam-Hyers Stability

In this section, we examine the Ulam-Hyers stability of the
problem (1.1)-(1.3). Consider the following inequality:∣∣∣∣∣cDα

[
h(ϑ)−X (ϑ, h(ϑ))

]
− f(ϑ)h(ϑ)− g

(
ϑ, h(ϑ),

∫ ϑ

ϑ0

Z1(ϑ, φ, h(φ))dφ,

∫ b

ϑ0

Z2(ϑ, φ, h(φ))dφ
)∣∣∣∣∣ ≤ ε

∆h(ϑk) = Ik(h(ϑk)).

(4.5)

Definition 4.3. The problem (1.1)-(1.3) is said to be Ulam-Hyers
stable if there exists a positive constant Cf > 0 such that, for any
ε > 0 and for every function ν ∈ C(J,R) satisfying inequality
(4.5), there exists a solution ℵ ∈ C(J,R) of (1.1)-(1.3) such that

|ν(ϑ)− ℵ(ϑ)| ≤ εCf, ∀ϑ ∈ J.

To establish a basis for the subsequent stability analysis, we
now present the following theorem, which demonstrates the Ulam-
Hyers stability of the system described by (1.1)-(1.3).

Theorem 4.1. Assume that (H1), (H2) and (H5) are satisfied.
Then, the problem (1.1)-(1.3) is Ulam-Hyers stable for ε < 1.

Proof. Let ε > 0, and suppose that ν ∈ C(J,R) satisfies inequal-
ity (4.5). Furthermore, let ℵ ∈ C(J,R) denote the unique solution
corresponding to the original initial value problem. Under these
considerations, we recall that

h(ϑ) = h0 −X (ϑ0, h0) + X (ϑ, h(ϑ))

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1 f(φ) h(φ) dφ+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)
dφ

+

∞∑
i=0

Ii(h(ϑi)).

Upon integrating inequality (4.5) and utilizing the initial condition
from problem (1.3), we deduce the following expression:∣∣∣∣∣h(ϑ)− h0 + X (ϑ0, h0)−X (ϑ, h(ϑ))

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1 f(φ) h(φ) dφ− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

g

(
φ, h(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h(ℵ)) dℵ

)
dφ

−
∞∑
i=0

Ii(h(ϑi))

∣∣∣∣∣ ≤ ε
bα

Γ(α+ 1)
.
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Additionally, let’s examine this

|h1(ϑ)− h2(ϑ)| ≤
∣∣∣h1(ϑ)− h0

+ X (ϑ0, h0)−X (ϑ, h2(ϑ))

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h2(φ)dφ

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1g

(
φ, h2(φ),∫ φ

ϑ0

Z1(φ,ℵ, h2(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h2(ℵ)) dℵ
)
dφ

−
∞∑
i=0

Ii(h2(ϑi))
∣∣∣

≤

∣∣∣∣∣h1(ϑ)− h0 + X (ϑ0, h0)−X (ϑ, h1(ϑ))

+ X (ϑ, h1(ϑ))−X (ϑ, h2(ϑ))

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h1(φ)dφ

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h1(φ)dφ

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h2(φ)dφ

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1g

(
φ, h1(φ),∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ
)
dφ

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1g

(
φ, h1(φ),∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ
)
dφ

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1g

(
φ, h2(φ),∫ φ

ϑ0

Z1(φ,ℵ, h2(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h2(ℵ)) dℵ
)
dφ

−
∞∑
i=0

Ii(h1(ϑi)) +

∞∑
i=0

Ii(h1(ϑi))−
∞∑
i=0

Ii(h2(ϑi))

∣∣∣∣∣
≤
∣∣∣h1(ϑ)− h0 + X (ϑ0, h0)−X (ϑ, h1(ϑ))

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1f(φ)h1(φ)dφ

− 1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1g

(
φ, h1(φ),∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ
)
dφ

−
∞∑
i=0

Ii(h1(ϑi))
∣∣∣

+ |X (ϑ, h1(ϑ))−X (ϑ, h2(ϑ))|

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1|f(φ)| |h1(φ)− h2(φ)|dφ

+
1

Γ(α)

∫ ϑ

ϑ0

(ϑ− φ)α−1

∣∣∣∣g(φ, h1(φ),∫ φ

ϑ0

Z1(φ,ℵ, h1(ℵ)) dℵ,∫ b

ϑ0

Z2(φ,ℵ, h1(ℵ)) dℵ
)

− g

(
φ, h2(φ),

∫ φ

ϑ0

Z1(φ,ℵ, h2(ℵ)) dℵ,
∫ b

ϑ0

Z2(φ,ℵ, h2(ℵ)) dℵ

)∣∣∣∣dφ
+

∞∑
i=0

|Ii(h1(ϑi))− Ii(h2(ϑi))|

∥h1 − h2∥ ≤ εbα

Γ(α+ 1)
+ L∗

X

+
bα

Γ(α+ 1)

(
∥f∥∞ + L∗

g

[
1 + L∗

z1 + L∗
z2

])
∥h1 − h2∥

+mL∗
1∥h1 − h2∥

∥h1 − h2∥ ≤ εbα

Γ(α+ 1)
+ ϵ∥h1 − h2∥

∥h1 − h2∥ ≤ ε

Γ(α+ 1)(1− ϵ)
= εM ; where,M =

bα

Γ(α+ 1)(1− ϵ)
.

Therefore, it follows that the system (1.1)–(1.3) possesses Ulam-
Hyers stability, which completes the proof of the theorem.

5 Numerical Example

Consider the Caputo fractional impulsive neutral integro-
differential equation given by:

cD0.5

[
h(ϑ)−

∫ ϑ

0

eφ−ϑ

2
· h(φ) dφ

]
= Ah(ϑ)

+

∫ ϑ

0

eφ−ϑ

5
· h(φ) dφ+

∫ ϑ

0

cos(ϑ− φ)

4
· h(φ) dφ

+

∫ ϑ

0

sin(ϑ− φ)

∫ φ

0

er−φ

3
· h(r) dr dφ

+

∫ ϑ

0

sin(ϑ− φ)

∫ φ

0

er−φ

2.5
· h(r) dr dφ,

(5.6)

where h(ϑ) is the unknown function to be solved, and A is a con-
stant coefficient. The equation is subject to the initial condition:

h(0) = h0,

and impulsive conditions at impulsive moments ϑk ∈
{ϑ1, ϑ2, . . . , ϑm} ⊂ (0, b]:

∆h|ϑ=ϑk
= Ik(h(ϑ

−
k )), k = 1, 2, . . . ,m,

where Ik are given bounded impulse functions. Let us fix the pa-
rameters as follows: α = 0.5, b = 0.5, L∗

X = 0.25, L∗
g =

0.2, L∗
Z1

= 0.3, L∗
Z2

= 0.3, L∗
1 = 1

12 , ∥f∥∞ = 0.1.

Using the given data, the critical constant ϵ is computed
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to verify the contraction:

ϵ = L∗
X +

bα

Γ(α+ 1)

(
∥f∥∞ + L∗

g

[
1 + L∗

z1 + L∗
z2

]
+mL∗

1

)
= 0.25 +

(0.5)0.5

Γ(1.5)

(
0.1 + 0.2(1 + 0.3 + 0.3) + 0.084

)
= 0.25 +

0.707

0.886
(0.1 + 0.32) + 0.084

= 0.651 < 1.

Since ϵ < 1, the operator satisfies a contraction condi-
tion, ensuring the existence of a unique solution.

Now, the constant M used in the Ulam stability analy-
sis is computed:

M =
bα

Γ(α+ 1)(1− ϵ)
=

0.50.5

0.886 · (1− 0.651)
= 2.290.

With ε = 0.5, we obtain:

εM = 0.5 · 2.290 = 0.436 < 1,

which guarantees that the system also satisfies the Ulam-type sta-
bility condition. Under the specified conditions and parameter val-
ues, the Caputo fractional integro-differential equation (5.6) ad-
mits a unique, bounded, and Ulam-Hyers stable solution on the
interval [0, b], satisfying all hypotheses of Theorem (3.1). This
example verifies the applicability of our theoretical framework to
impulsive fractional systems.

Figure 1. Three-dimensional surface of the state function h(ϑ) as a function of the
independent variable ϑ and the initial value h(0).

The figure highlights the characteristic oscillatory pattern of the
neutral fractional operator and the abrupt variations caused by the
impulse functions at ϑ = 0.15, 0.30, 0.42. This visualization sup-
ports the qualitative behavior predicted by the existence, unique-
ness, and Ulam-Hyers stability results. The three-dimensional dis-
play surface depicted in Figure 1 shows the family of solutions
h(ϑ), which has grown out of the impulsive neutral fractional
integro-differential problem, and it is plotted against the indepen-
dent variable ϑ ∈ [0, 0.5] and the initial condition h(0). Each
horizontal cut at a particular value of h(0) is equivalent to a trajec-
tory ϑ 7→ h(ϑ), whereas each vertical cut at a defined ϑ reveals the
influence of the initial condition on the state. The representation
of the solution as a surface allows to observe at the same time the
state evolution with respect to ϑ and the sensitivity with respect to
h(0), thus providing a visual confirmation of the continuous de-
pendence on initial data that is the basis for the uniqueness and
stability results.

The gentle smooth wavelike oscillations along the ϑ-direction
are due to the nature of the neutral and integral operators. A decay
factor that decreases exponentially along with a modulation by si-
nusoidal terms is sufficient to reflect the joint action of the neutral
kernel and the memory terms in the integro-differential equation,
which are the causes of the wavelike structure of the surface. As
a result, the surface’s “ups and downs” are in line with the be-
havior expected from the fractional convolution operators, which
determine the extent of influence past states have on the current
evolution, showing it clearly.

Sharp discontinuities appear on the smooth surface at the im-
pulsive moments ϑ = 0.15, 0.30, 0.42. The jumps are associated
with the impulse operators Ik and marked in the plot as abrupt
vertical ridges for all values of h(0). For any fixed initial value
h(0), the function h(ϑ) shows a sudden increase at each impulsive
moment, while for a fixed ϑ, at an impulse moment, the surface
discloses a discontinuity in the ϑ-direction but remains continuous
with regard to h(0). This portrays the impulsive characteristic of
the model very clearly.

From the point of view of the existence and uniqueness theorem,
the surface is an additional proof of the theoretical analysis. The
group of trajectories is always single-valued, smooth during inter-
vals between impulses, and continuously depending on the initial
parameter h(0), which is totally in line with the contraction-type
estimates that guarantee uniqueness. The lack of intersecting or
branching surfaces implies that different initial conditions produce
distinct but orderly trajectories, thus confirming the theoretical re-
sults.

The figure presents a very clear and easy to visualize geomet-
ric explanation of the Ulam-Hyers stability property. The stability
property states that the approximate solution which hardly violates
the conditions of the system, at the same time, will not be farther
from the exact solution than the bound which is of the same or-
der as the error of approximation. The closeness of the adjacent
layers of solutions is the manifestation of this stability property
in the three-dimensional surface: the small changes in the initial
value h(0) cause the corresponding small changes in the resulting
trajectory h(ϑ), apart from the consequent jumps at the impulsive
points where the impulses have an equal effect on all trajectories.
Therefore, the surface conveys the Ulam-Hyers stability’s require-
ment of bounded sensitivity in a visualized form.

If one needs more insight, they can take two-dimensional slices
of the surface. The graphs of h(ϑ) against ϑ for some initial val-
ues not only show the development through time and the size of
the jump, but also the graphs of h(ϑ) versus h(0) for constant ϑ
demonstrate the continuity of the initial data dependence. These
auxiliary views add to the three-dimensional representation and
provide a more qualitative understanding of the system.

6 Application to Ethereum Price Predic-
tion Using the Proposed Hybrid Frac-
tional Impulsive Model

In this study, we investigate the existence and uniqueness of so-
lutions together with the Ulam-Hyers stability results for a class
of impulsive neutral fractional integro-differential equations. The
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governing mathematical system is expressed as:

CDα
[
h(ϑ)−X (ϑ, h(ϑ))

]
= f(ϑ)h(ϑ)

+ g

(
ϑ, h(ϑ),

∫ ϑ

ϑ0

Z1(ϑ, φ, h(φ)) dφ,

∫ b

ϑ0

Z2(ϑ, φ, h(φ)) dφ

)
,

(6.7)
with impulsive conditions

∆h(ϑk) = Ik(h(ϑk)), (6.8)

and the initial condition

h(ϑ0) = h0. (6.9)

The operator CDα denotes the Caputo fractional derivative of
order 0 < α ≤ 1. The mapping h is the unknown system state
affected by nonlinear integral memory components Z1 and Z2,
while X represents the neutral-type feedback term. The impul-
sive jump ∆h(ϑk) highlights discontinuous effects corresponding
to sudden market shocks. Existence and Ulam-Hyers stability as-
surance confirm the reliability of solutions under perturbations,
supporting real-time forecasting.

6.1 Integration with Neural Network-Based Prediction
Framework

In order to verify the actual forecasting ability of the proposed
fractional impulsive integro-differential system (6.7)–(6.9), a data-
driven approach based on Artificial Neural Network (ANN) learn-
ing is combined with a predictive control mechanism. The ANN
model is utilized to capture the nonlinear control input that has
a direct impact on the system trajectory, which is determined by
fractional dynamics. The control input from the neural network is
expressed mathematically as

u(t) = NN(W,X(t), b), (6.10)

where NN(·) indicates the neural network function, X(t) is the
feature vector built from past Ethereum time-series characteris-
tics, and W and b are the trainable parameters for weights and
biases. With this neural approximation, a short-term prediction of
the Ethereum price is created using the predictive operator

P̂ (t+∆t) = Φ(h(t), u(t)), (6.11)

which encompasses the fractional-order state response h(t) along
with the learned corrective control u(t).

The control input u(t) establishes the connection between the
fractional impulsive system and the neural network framework as
it functions as an adaptive correction method which affects the
fractional state h(t). The fractional derivative of order α estab-
lishes a nonlocal memory effect because it enables system state
determination through all past system states. The LSTM networks
use their memory property to learn sequences because they need
to maintain long-term relationships which occur throughout time-
series observations. The LSTM-based neural network operates
within this hybrid framework to establish a nonlinear relation-
ship which transforms historical Ethereum market data into the
control input u(t). The system embeds learned control into the

fractional integro-differential system which controls its entire dy-
namic behavior. The impulsive terms ∆h(ϑk) function as mar-
ket shocks which the neural network learns through training data
sudden changes. The neural component functions as a part of the
fractional dynamical model because it exists as a complete system
within the model structure.

The Artificial Neural Network architecture employed in this re-
search is composed of an input layer that takes in multivariate mar-
ket data, two hidden layers each with 64 neurons, and finally, one
output neuron that estimates the control input u(t). The ReLU
activation function is applied in the hidden layers with the inten-
tion of introducing nonlinearity as well as avoiding the problem of
gradient vanishing, while in the output layer a linear activation is
assigned with the purpose of ensuring continuity in the prediction
process. The Adam optimizer is chosen because of its demon-
strated effectiveness in managing non-stationary and noisy finan-
cial data, which results in faster and more stable convergence com-
pared to classical optimization methods. The neural architecture is
integrated into the fractional impulsive framework which allows
the hybrid model to recognize the nonlinearities and the tenden-
cies of impulsive behaviours that are typical of the cryptocurrency
market.

The historical Ethereum dataset spanning from June 2025 to
November 2025 was sourced from Investing.com. Included in the
dataset are daily Open, High, Low, Close prices and trading Vol-
ume, which together create the multidimensional input sequence
that is necessary for training the predictive ANN. The variables
used are indicative of actual trading activity and are therefore quite
effectively reflecting the volatility and impulsive changes in the
market. The distribution of closing prices, as shown in Figure 2,
indicates very significant price variations, thus reinforcing the ar-
gument for the use of fractional-order modeling that can handle
capturing long-range temporal memory as well as abrupt disconti-
nuities.

Figure 2. Historical Ethereum closing price behaviour (Jan 2024–Jan 2025).

The dataset depicts significant price volatility and irregular im-
pulsive variations, supporting the motivation for hybrid fractional
modelling described in (6.7)–(6.8).

The research utilized daily Ethereum market data which was
sourced from Investing.com and covered the time period between
June 2025 and November 2025. The dataset contains five main
attributes which include Open, High, Low, Close prices and trad-
ing Volume to show price movements and market trading patterns.
The dataset contains approximately n observations, where each
entry represents one trading day. The researchers maintained data
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quality by using interpolation methods to fill in missing data while
they used statistical methods to detect and investigate outlier data
points. The researchers applied MinMax scaling to the study fea-
tures which transformed data to the range of [0, 1] to achieve bet-
ter numerical stability and faster neural network training. The re-
searchers used a sliding window method which moved in 5 incre-
ments to create input-output sequences that helped the model learn
how time dependencies function.

6.2 Dataset Preprocessing and LSTM–ANN Architecture

Before training the model, normalization of the raw historical
Ethereum dataset was done with the MinMax scaling technique
which shrinks all feature values into the range of [0, 1]. This nor-
malization stage was a prerequisite to speed up the convergence
of the neural networks, decrease gradient instability, and keep the
training process dominated by such highly fluctuating market fea-
tures like trading Volume. The dataset was partitioned into train-
ing and testing sets using an 80/20 split strategy, which allowed for
strong validation and safeguarding against overfitting. The tempo-
ral dependency structure was constructed by a sequential sliding
window approach with a chosen step size of step size = 5, which
implies that every five successive days of historical market obser-
vations would be used to foresee the next future price value.

The predictive learning method was established with the aid of
a hybrid LSTM-assisted artificial neural network architecture that
was built to get both the chronological dependencies and the non-
linear impulsive market dynamics. The model takes as input a five-
dimensional OHLCV vector that corresponds to the Open, High,
Low, Close prices, and trading Volume. The architecture consists
of two hidden dense layers with 64 neurons each, where the Rec-
tified Linear Unit (ReLU) activation function is used to make the
output nonlinear and to distinguish sharp ups and downs in the
price of cryptocurrency. A single neuron output layer with a Linear
activation function is employed to predict the control input u(t) re-
lated to the fractional integro-differential model defined in (6.10).
Training was carried out on the Adam optimizer with a learning
rate of 10−3, which was chosen to speed up the convergence and
stabilize learning in the case of rapidly changing data. Overfitting
was countered with dropout and the network was thus trained for
20 epochs to enhance its generalizability.

The coupling of LSTM time handling and ANN densest layers
gives a big boost to short-term sequential dependencies and long-
term memory patterns that are found in the cryptocurrency mar-
kets. So, this architecture is well suited for the approximation of
the nonlinear dynamic response that is used for computing u(t) as
in (6.10), hence granting the hybrid fractional impulsive model a
good chance of predicting prices realistically.

6.3 Prediction Results

Figure 3 shows the comparison between the predicted and actual
Ethereum closing prices resulting from the hybrid fractional im-
pulsive integro-differential model combined with an LSTM-based
neural estimator. The figure shows that the prediction track very
well matches the market behavior observed, especially in the rapid
directional changes, localized peaks, and short-term fluctuations
capture, which usually are ruled by impulsive trading responses

and high volatility. The smooth and consistent rise of the predicted
curve confirms the fractional-order formulation’s ability to retain
long-range memory characteristics, while the neural learning com-
ponent helps in the non-linear price dynamics control input u(t) in
(6.11) being very adaptively approximated.

The strong agreement similarity of predicted and observed val-
ues is interpreted as an indication of the model’s great general-
ization capability, which means the proposed hybrid method has
indeed been successful in both avoiding overfitting and being able
to adapt to sudden market changes. This is also an instance where
integrating fractional operators with data-driven learning is benefi-
cial since traditional integer-order models typically cannot account
for the discontinuous transitions and memory effects that are part
of the cryptocurrency price evolution. The findings not only af-
firm the real-time financial forecasting application appropriateness
of the proposed architecture but also imply the potential to other
high-volatility asset environments.

Figure 3. Predicted vs actual Ethereum closing prices based on the hybrid frac-
tional integro-differential neural framework derived from (6.7).

6.4 Error Evaluation

To quantitatively assess the performance of the proposed hybrid
fractional-LSTM model, standard error metrics including Mean
Absolute Error (MAE), Root Mean Squared Error (RMSE), and
Mean Absolute Percentage Error (MAPE) are employed. These
metrics are defined as follows:

MAE =
1

n

n∑
i=1

|Pi − P̂i|,

RMSE =

√√√√ 1

n

n∑
i=1

(Pi − P̂i)2,

MAPE =
100

n

n∑
i=1

∣∣∣∣∣Pi − P̂i

Pi

∣∣∣∣∣ .
The computed values for the test dataset are

MAE = 263.51, RMSE = 307.67, MAPE = 4.82%.

The results show that the predicted Ethereum prices closely
match actual market prices because the two prices differ by small
absolute and percentage errors. The RMSE value shows exactly
how much prediction errors will vary under controlled conditions
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while the low MAPE shows strong prediction accuracy for upcom-
ing events in highly volatile cryptocurrency markets. The model
demonstrates effective market fluctuation management because its
error patterns show how it handles sudden market changes and
rapid trading activity, which operates through the impulsive con-
dition that occurs in (6.8). The absolute error variation over the
testing period is illustrated in Figure 4, which shows a stable er-
ror trend without significant spikes. The system stability for (6.7)
Ulam–Hyers stability because it guarantees that small input or ini-
tial condition changes will create only limited solution deviations.
The numerical results prove both the predictive capacity and the
theoretical strength of the hybrid fractional impulsive model which
we proposed.

Figure 4. Absolute error variation across the test duration, showing convergence
behaviour and stability of the proposed hybrid fractional model supported by the
Ulam-Hyers stability of system (6.7).

The training dynamics of the LSTM-ANN component were
tracked through the epoch-wise loss values and summarized in Ta-
ble 1. The table unequivocally portrays a steady decline of the
training loss during the 20 epochs which signifies the achieving of
the learning and convergence goal effectively. Interestingly, at the
beginning of the epochs, there was a rapid decline in loss but it was
not until the later epochs that the smaller fluctuations occurred and
this can be explained by the synergistic effects of the Adam opti-
mizer and dropout regularization. Such behavior is a confirmation
that the model is able to maintain the good learning and overfitting
control equilibrium while also being able to cope with the nonlin-
ear and memory-dependent characteristics of the Ethereum price
series.

The LSTM-ANN network’s ability to capture the Ethereum
dataset’s complex nonlinear relationships and temporal depen-
dence is well illustrated by the evolution of loss values in Table 1.
The minor fluctuations observed during some intermediate epochs
indicate the adaptability of the training process to the challenges
posed by fluctuating and irregular financial data, which is typical
for high-frequency trading in the cryptocurrency markets.

Error analysis gets strong support from Figure 5, which shows
the volume of trades and Ethereum closing prices as interrelated.
The positive correlation pattern suggests that the increase in price
is generally accompanied by high trading volumes, which is con-
sistent with the memory-based integral terms in (6.7) and provides
additional evidence for the hybrid model’s capability to incorpo-
rate the effects of market pressure into the predictive framework.

Table 1. Training loss values across epochs for the proposed Hybrid Fractional-
ANN model

Epoch Loss Value
1 0.1679
2 0.0188
3 0.0182
4 0.0153
5 0.0100
6 0.0121
7 0.0202
8 0.0085
9 0.0100

10 0.0124
11 0.0111
12 0.0136
13 0.0098
14 0.0149
15 0.0161
16 0.0146
17 0.0144
18 0.0109
19 0.0176
20 0.0097

Figure 5. Volume vs. price scatter illustrating a positive relationship between
trading pressure and closing price movement.

6.5 Comparison with Baseline Models

The evaluation of the proposed hybrid fractional impulsive
model was conducted through a comparative assessment which
tested its performance against standard Artificial Neural Network
(ANN) and LSTM models that operate independently without
fractional coupling. The results in Table 2 show that the hy-

Table 2. Performance comparison with baseline models

Model MAE RMSE MAPE (%)
ANN Model 412.85 498.23 7.91

LSTM Model 321.44 389.12 6.03
Proposed Hybrid Model 263.51 307.67 4.82

brid fractional-LSTM model surpasses both baseline models when
evaluated through all assessment standards. The system achieved
better prediction accuracy through its MAE and RMSE reduc-
tion while its MAPE decrease demonstrated better results com-
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pared to before. The model shows enhanced capabilities to handle
long-term dependencies and abrupt market changes because it in-
cludes fractional memory effects together with impulsive dynam-
ics, which traditional neural architectures lack.

6.6 Discussion

The findings of this research indicate that the hybrid fractional
impulsive integro-differential model suggested, combined with an
LSTM-ANN predictive framework, is effective in representing the
price behaviour of Ethereum. The fractional-order derivative α al-
lows the model to carry long-range historical memory, thus letting
past market states influence future predictions in a smooth man-
ner. This property is of major importance in cryptocurrency mar-
kets, where price changes have very high autocorrelation and are
subject to memory-dependent volatility. Moreover, the application
of impulsive terms in (6.8) enables the model to pinpoint market
shocks and bursts of speculation that are often found in the case of
very volatile digital assets. Memory effects, impulsive reactions
and nonlinear adaptive learning through LSTM-ANN are blended
together by the hybrid model in such a way that both short-term
fluctuations and directional trends are captured with a higher pre-
cision than in the case of classical integer-order models that have
no temporal memory or impulsive considerations.

The Ulam-Hyers stability of the proposed fractional impulsive
system establishes that the system will respond within fixed lim-
its whenever initial conditions or input signals experience minor
changes. The system’s performance becomes more dependable
because the neural prediction system uses actual data to train its
control input u(t) which includes real-world disturbances. The hy-
brid model continues to deliver accurate predictions because it can
manage unpredictable market fluctuations. The fractional opera-
tor’s ability to save memory works together with LSTM architec-
ture to help the model learn both extended time periods and quick
price changes in cryptocurrency markets.

Measurement of the error metrics (MAE and RMSE) and the
training loss values (Table 1) verifies that the model reaches stable
convergence and keeps the predictive accuracy of the test dataset
throughout. The positive correlation that has been noted between
trading Volume and price fluctuations as shown in Figure 5, serves
to further confirm that the model adoption of market pressure ef-
fects through the memory-based integral terms in (6.7) is quite suc-
cessful. The combined results of these experiments strongly under-
score the real-time applicability of the proposed hybrid model for
cryptocurrency forecasting, thereby proving its capability to cope
with different types of market conditions - non-linear, unstable,
and influenced by memory.

In the future, the model can be made more powerful by us-
ing very sophisticated sequence learning architectures like Trans-
former or Bidirectional LSTM networks, which will allow easy
capturing of long-range dependencies and thereby improving pre-
diction for the larger horizon. The fractional derivative order could
be changed in an adaptive manner by employing meta-heuristic
optimization techniques for the purpose of further enhancing fore-
casting accuracy. Besides, multivariate extensions including senti-
ment analysis, macroeconomic indicators, and blockchain network
activity could be merged to deliver a more complete and strong
forecasting framework, thus allowing the model to cater to both

technical and fundamental market drivers. In a nutshell, the hybrid
fractional-LSTM approach paves the way for a flexible and theo-
retically sound methodology to grasp complex financial dynamics
within the volatile cryptocurrency markets.

7 Limitations and Future Scope

The hybrid fractional impulsive model which was developed in
this study achieves better results than standard models yet still
presents certain limitations that need to be recognized. First,
the study is based on a single cryptocurrency dataset (Ethereum),
which may restrict the generalizability of the results to other finan-
cial assets with different market structures and volatility patterns.
The model’s strength will be proven through testing which requires
both multiple assets and cross-market data. The fractional order α
remains constant during the entire analysis process. Financial sys-
tems which exist in the real world will experience memory effects
that change over time. The current method needs to improve its
ability to identify real-time market shocks because it handles two
aspects of market shocks. The current framework fails to address
market irregularities which arise from external economic factors
and unpredicted events.

The selection of the fractional order α plays a crucial role in de-
termining the memory characteristics of the proposed model. The
study uses an alpha value to demonstrate long-range dependency
in cryptocurrency price movements which researchers can analyze
through existence, uniqueness and stability studies. The present
work does not obtain the alpha value through a formal optimization
process. The selection process chooses the optimal value because
it provides a balance between memory effects and stability in frac-
tional dynamical systems. The ideal alpha value should be selected
based on specific market circumstances and data patterns accord-
ing to actual market conditions. The implementation of systematic
fractional order optimization through grid search and evolutionary
algorithms and machine learning parameter tuning techniques will
lead to improved prediction results. Future research should focus
on developing more adaptable and efficient solutions for the hybrid
model which needs to enhance its capabilities.

The proposed hybrid model performs based on its primary pa-
rameters which include the fractional order α and the impulsive
functions Ik. The fractional order determines memory effect
strength because lower alpha values show long-term dependen-
cies and alpha values near one make the system behave like tra-
ditional integer-order systems. The impulsive terms Ik determine
how strong and how often the system experiences sudden changes
which limits the model’s capability to detect market shocks. The
system shows different dynamic patterns and prediction results
because the parameters undergo changes. The study uses fixed
parameters but implementing a systematic sensitivity analysis to-
gether with an adaptive parameter selection method would im-
prove model performance and stability in real-world scenarios.

Deep learning systems become more complex because
fractional-order operators need additional processing power,
which results from their fractional derivatives that possess non-
local properties and their neural networks which require multiple
training cycles. The system performs better with lower latency
when processing high-frequency data because it requires less time
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to respond during financial operations that need immediate results.
The system needs both effective numerical approximation meth-
ods and efficient neural network designs to achieve both scalable
performance and real-world operational capabilities. The model
tests its efficacy through Ethereum price data but its framework
permits expansion to other cryptocurrencies and traditional finan-
cial instruments like stocks and market indexes. The model needs
new parameter settings and neural network retraining because dif-
ferent asset types show different volatility patterns, liquidity levels
and market activities. The model needs testing across multiple as-
sets to validate its performance in different market conditions.

The proposed framework encounters its main computational dif-
ficulty because fractional-order derivatives require analysis of non-
local properties. The Caputo derivative needs a complete record
of the state variable to compute its value at any specific mo-
ment because it behaves differently from traditional integer-order
systems. The temporal computational complexity increases with
larger datasets because direct numerical implementations show an
order of O(N2), which depends on the number of time steps de-
noted by N . The computational expense of this method increases
at a quadratic rate, which creates a barrier that prevents high-
frequency trading applications from conducting real-time opera-
tions because they need to process data that arrives within ex-
tremely short time intervals. The solutions to this problem in-
clude multiple methods such as memory truncation techniques
which can estimate fractional derivative behavior through lim-
ited recent history, fast convolution-based numerical methods and
parallel computation frameworks. The combination of fractional
modeling with neural network approximations through hybrid ap-
proaches helps decrease computational demands by developing ef-
ficient memory term representations. The techniques provide sub-
stantial advantages for scaling systems, which allows their use in
actual financial environments that require real-time operations.

The use of fractional operators together with neural networks
creates higher computational demands because it increases the
complexity of models, which makes it difficult to use them in
real-time operations of high-frequency trading systems. The sys-
tem needs both efficient numerical schemes and optimized training
methods to achieve better performance with increased capacity.
The model depends on market historical data, which can be dis-
rupted by three types of data issues: noise, missing information,
and non-stationary market patterns. The application of prepro-
cessing techniques does not eliminate the impact of those issues
on prediction performance. The upcoming research will develop
a model that supports multiple assets by using adaptive fractional
orders and sentiment analysis together with macroeconomic indi-
cators and blockchain activity as additional features. Advanced
deep learning systems that include Transformer-based models and
bidirectional networks will help improve forecasting results and
support real-time system applications.

8 Conclusions

In this study, we presented a category of Caputo neutral frac-
tional integro-differential equations with impulses and solved the
problem of existence and uniqueness of mild solutions. To rigor-
ously substantiate the theoretical results, we made use of the Kras-

noselskii fixed point theorem and Banach’s contraction principle.
Further, the Ulam-Hyers stability analysis indicated that the ini-
tial perturbations of allowed magnitude will lead to proportionally
bounded deviations in the evolution of the system, thus underlin-
ing the strength of the model. We also showed through examples
the accuracy of our analysis, thus confirming the validity and ap-
plicability of the established theory.

Moreover, the feasibility of the proposed model in practice
was illustrated by a case study of real-world financial forecast-
ing, specifically Ethereum price prediction. The fractional im-
pulsive model combined with an LSTM-assisted Artificial Neural
Network created a hybrid framework that not only effectively cap-
tured the long-range memory effects but also the impulsive mar-
ket shocks, which are characteristic of cryptocurrency dynamics.
The numerical outcomes indicated that the estimated prices were
very near to the market trends that were observed, and the moder-
ate error metrics (MAE and RMSE) signaled the asset’s volatility
to some extent. The analysis of training loss assured the neural
learning part’s convergence and stability, and the Volume-Price re-
lationship pointed out the model’s capability to factor in the market
pressure effects.

The study, in general, makes it clear that using a combination
of fractional-order integro-differential modelling and data-driven
neural learning gives a powerful and flexible method for both the-
oretical analysis and practical forecasting of complex and volatile
systems. In the coming days, researchers can adapt this framework
to work with multiple indicators of the market, use meta-heuristic
methods to optimize the fractional order α, and deploy advanced
sequence learning archetypes like Transformers or BiLSTM net-
works to further boost their long-term predictive performance.

Declarations

Funding
Not applicable.

Author’s Contribution
All authors read and approved the final submitted version of this

manuscript.

Data Availability Statement
The historical Ethereum dataset used in this study is publicly

available from Investing.com (https://www.investing.com). The
dataset includes daily Open, High, Low, Close prices and trading
Volume for the period June 2025 to November 2025. Processed
data and code for the hybrid fractional-LSTM model can be pro-
vided by the corresponding author upon reasonable request.

Conflict of Interest
The authors declare that there is no conflict of interest regarding

the publication of this study.



280 Mathematical Analysis and Neural Learning-Based Prediction of Cryptocurrency Using Fractional Impulsive Models

REFERENCES
[1] S. R. Aderyani, R. Saadati, T. M. Rassias, H. M. Srivastava,

“Existence, uniqueness and the multi-stability results for a w-Hilfer
fractional differential equation,” Axioms, Vol. 12, No. 7, pp. 681,
2023. DOI: 10.3390/axioms12070681.

[2] R. P. Agarwal, B. D. Andrade, “On fractional integro-differential
equations with state-dependent delay,” Computers & Mathematics
with Applications, Vol. 62, No. 3, pp. 1143-1149, 2011. DOI:
10.1016/j.camwa.2011.02.033.

[3] D. Baleanu, J. A. T. Machado, A. C. J. Luo, “Fractional Dynamics
and Control,” Springer, New York, USA, 2012. DOI: 10.1007/978-
1-4614-0457-6.

[4] F. Burden, D. Winkler, “Bayesian regularization of neural net-
works,” Artificial Neural Networks: Methods in Molecular Biology,
vol. 458, pp. 23-42, 2008. DOI: 10.1007/978-1-60327-101-1 3.

[5] D. N. Chalishajar, “Controllability of mixed Volterra Fredholm-
type integro-differential systems in Banach space,” Journal of
the Franklin Institute, Vol. 344, No. 1, pp. 12-21, 2007. DOI:
10.1016/j.jfranklin.2006.04.002.

[6] K. Diethelm, N. J. Ford, “Analysis of fractional differential
equations,” Journal of Mathematical Analysis and Applications,
Vol. 265, No. 2, pp. 229-248, 2002. DOI: 10.1006/jmaa.2000.7194.

[7] X. Fu, R. Huang, “Existence of solutions for neutral integro-
differential equations with state-dependent delay,” Applied
Mathematics and Computation, Vol. 224, pp. 743-759, 2013. DOI:
10.1016/j.amc.2013.09.010.

[8] A. Ganesh, S. Deepa, D. Baleanu, S. S. Santra, O. Moaaz, V.
Govindan, R. Ali, “Hyers-Ulam-Mittag-Leffler stability of frac-
tional differential equations with two Caputo derivatives using
fractional Fourier transform,” AIMS Mathematics, Vol. 7, No. 2,
pp. 1791-1810, 2021. DOI: 10.3934/math.2022103.

[9] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, “Theory and Applica-
tions of Fractional Differential Equations,” Elsevier, Amsterdam,
2006.

[10] V. Lakshmikantham, A. S. Vatsala, “Basic theory of fractional
differential equations,” Nonlinear Analysis: Theory, Methods
& Applications, Vol. 69, No. 8, pp. 2677-2682, 2008. DOI:
10.1016/j.na.2007.08.042.

[11] B. Pervaiz, A. Zada, “Existence results for the solution of abstract
neutral impulsive differential problems with state-dependent delay,”

Qualitative Theory of Dynamical Systems, Vol. 23, No. 1, pp. 21,
2024. DOI: 10.1007/s12346-023-00872-2.

[12] I. Podlubny, “Fractional Differential Equations,” Academic Press,
New York, USA, 1999.

[13] P. Raghavendran, T. Gunasekar, I. Ayoob, N. Mlaiki, “AI-driven
controllability analysis of fractional impulsive neutral Volterra-
Fredholm integro-differential equations with state-dependent
delay,” AIMS Mathematics, Vol. 10, No. 4, pp. 9342-9368, 2025.
DOI: 10.3934/math.2025432.

[14] M. Sher, K. Shah, M. Sarwar, M. A. Alqudah, “Mathemat-
ical analysis of fractional order alcoholism model,” Alexan-
dria Engineering Journal, Vol. 78, pp. 281-291, 2023. DOI:
10.1016/j.aej.2023.07.010.

[15] D. R. Smart, “Fixed Point Theorems,” Cambridge University Press,
Cambridge, UK, 1980.

[16] A. K. Tripathy, S. S. Santra, “Necessary and sufficient conditions
for oscillations of second-order neutral differential equations with
impulses,” Kragujevac Journal of Mathematics, Vol. 47, No. 1, pp.
81-93, 2023. DOI: 10.46793/KgJMat2301.081T.

[17] Y. Zhou, “Basic Theory of Fractional Differential Equations,”
World Scientific, Singapore, 2014. DOI: 10.1142/9069.

[18] P. Raghavendran, Y. Parthiban, “A Hybrid Neural Network
Approach to Controllability in Caputo Fractional Neutral Integro-
Differential Systems for Cryptocurrency Forecasting,” Fractal and
Fractional, Vol. 10, No. 4, pp. 268, 2026. DOI: 10.3390/fractal-
fract10040268.

[19] B. K. Meister, H. C. Price, “Gas fees on the Ethereum blockchain:
from foundations to derivative valuations,” Frontiers in Blockchain,
Vol. 7, pp. 1462666, 2024. DOI: 10.3389/fbloc.2024.1462666.

[20] Y. Yang, J. Xiong, L. Zhao, X. Wang, L. Hua, L. Wu, “A novel
method of blockchain cryptocurrency price prediction using
fractional grey model,” Fractal and Fractional, Vol. 7, No. 7, pp.
547, 2023. DOI: 10.3390/fractalfract7070547.

[21] P. Gatabazi, J. C. Mba, E. Pindza, “Fractional gray Lotka-Volterra
models with application to cryptocurrencies adoption,” Chaos: An
Interdisciplinary Journal of Nonlinear Science, Vol. 29, No. 7,
2019. DOI: 10.1063/1.5096836.

[22] S. Dipple, A. Choudhary, J. Flamino, B. K. Szymanski, G. Korniss,
“Using correlated stochastic differential equations to forecast
cryptocurrency rates and social media activities,” Applied Network
Science, Vol. 5, No. 1, pp. 17, 2020. DOI: 10.1007/s41109-020-
00259-1.


