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Abstract In this paper, we develop a comprehensive
theoretical framework for examining Fisher information in an
informative competing risks model when the available data are
incomplete or subject to partial censoring. The analysis begins
with a careful description of the model structure, emphasizing
how informative censoring alters the amount and quality of
information extracted from observed lifetimes. Based on this
formulation, we derive explicit expressions for the Fisher
information that can be directly applied in practical statistical
studies, including those in medical survival analysis and
reliability engineering. Since analytical evaluation of these
expressions may become challenging when the censoring
mechanism depends on the underlying lifetime variable, we
incorporate a Monte-Carlo procedure that enables stable
and flexible numerical computation under diverse censoring
scenarios. The efficiency and reliability of this computational
approach are illustrated through simulation-based examples.
Furthermore, we establish Cramer-Rao type inequalities for
unbiased estimators within the model and identify the precise
conditions under which equality is attained. It is shown that
these conditions hold naturally in the proportional hazards
setting, thereby demonstrating the theoretical consistency of
the model and offering deeper insight into the efficiency prop-
erties of estimators in the presence of informative censoring.

Keywords Competing Risks Model, Fisher Information,
Cramer-Rao Inequality, Proportional Hazards Model, Efficient
Lower Bounds, Monte-Carlo Method

1 Introduction

Competing risks models arise naturally in survival analy-
sis, reliability theory, biomedical studies and many other areas
where an individual or system may fail due to multiple possible
causes. In standard competing risks models, the lifetime of an
object is determined by the minimum of several latent failure
times. Classical theory typically assumes non-informative cen-
soring, meaning that the censoring mechanism is independent
of the actual failure time. However, in many practical situations
such independence does not hold, resulting in what is known
as an informative censoring mechanism.

The presence of informative censoring significantly affects
the statistical properties of estimators of model parameters and
complicates the analysis of Fisher information. As first em-
phasized in Fisher’s foundational work [1], Fisher information
plays a crucial role in determining the efficiency of estimators
and lower bounds on their variance. The monograph of Zacks
[2] remains a fundamental source on classical inference prin-
ciples. For competing risks under random censoring, earlier
contributions include the works [3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17].

In many practical settings, analytical computation of Fisher
information is complicated by the presence of dependence be-
tween censoring and failure times. The use of simulation-based
approaches, particularly Monte-Carlo methods [18, 19], pro-
vides a flexible and efficient alternative for evaluating informa-
tion quantities under such settings.

In this paper, we develop explicit formulas for Fisher in-
formation in the informative competing risks model, examine
the effect of informative censoring on information loss, de-
rive Cramer-Rao type inequalities, and establish conditions un-
der which these inequalities become equalities. In the propor-
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tional hazards setting, we show that the equality holds, thereby
demonstrating the internal consistency and efficiency of the
model.

2 Model description

Let (Ω,F , {Pθ, θ ∈ Θ ⊂ R}) be a probability space.
Fix a natural number k, and consider the sequence of in-
dependent, identically distributed continuous random vari-
ables {X(1)

j , X
(2)
j , ..., X

(k)
j , j ≥ 1}, whose marginal dis-

tribution functions are {F (1)
θ , F

(2)
θ , ..., F

(k)
θ }. The ”informa-

tive” nature of the model is fundamentally rooted in the fact
that all marginal distribution functions {F (1)

θ , F
(2)
θ , . . . , F

(k)
θ }

are dependent on the same underlying parameter θ. Conse-
quently, any censoring or risk event provides direct informa-
tion about this common parameter, creating a structural depen-
dence between the observed lifetimes and the cause-specific
indicators. This parameterization ensures that the censoring
mechanism is not independent of the failure process, which
distinguishes this informative framework from classical non-

informative models. Let f
(i)
θ (x) =

∂F
(i)
θ (x)

∂x , i = 1, ..., k
denote the corresponding density functions. In the informa-
tive competing risks model [20, 21, 22, 23], we observe for
each j the random vector {Xj , δ

(1)
j , ..., δ

(k)
j , j ≥ 1}. Here,

Xj = min
(
X

(i)
j , 1 ≤ i ≤ k

)
represents the observed fail-

ure time, and δ
(i)
j = I

(
Xj = X

(i)
j

)
for i = 1, ..., k is

the cause-specific indicator. The term I(·) denotes the indi-
cator function, which takes the value 1 if the i-th risk oc-
cours first and 0 otherwise. Equivalently, one may focus
on the pairs

{(
Xj , δ

(i)
j

)
, j ≥ 1

}
, i = 1, ..., k, for each i.

Define the overall distribution function of Xj by Hθ(x) =
Pθ (Xj ≤ x) and the subdistribution for the i-th cause by

H
(i)
θ (x) = Pθ

(
Xj ≤ x, δ

(i)
j = 1

)
. Clearly, for all (x; θ) ∈

R × Θ,
k∑

i=1

H
(i)
θ (x) = Hθ(x), and the cause-specific prob-

ability is p
(i)
θ = lim

x→+∞
H

(i)
θ (x)= Pθ

(
δ
(i)
j = 1

)
. By inde-

pendence of the {X(1)
j , X

(2)
j , ..., X

(k)
j , j ≥ 1}, Hθ(x) = 1 −

k∏
i=1

(
1− F

(i)
θ (x)

)
, and hence Hθ admits the density hθ(x) =

∂Hθ(x)

∂x
=

k∑
i=1

h
(i)
θ (x), where the subdensity for cause i is

h
(i)
θ (x) = f

(i)
θ (x) ·

k∏
l=1
l ̸=i

(
1− F

(l)
θ (x)

)
. Accordingly, the sub-

distribution can be written as

H
(i)
θ (x) =

x∫
−∞

h
(i)
θ (z)dz =

x∫
−∞

k∏
l=1
l ̸=i

(
1− F

(l)
θ (z)

)
dF

(i)
θ (z).

Let the integrated hazard functions corresponding to the distri-
butions Hθ and H

(i)
θ be denoted as

Λθ(x) =
x∫

−∞

dHθ(z)

1−Hθ(z)
=

k∑
i=1

Λ
(i)
θ (x),

Λ
(i)
θ (x) =

x∫
−∞

dH
(i)
θ (z)

1−Hθ(z)
=

x∫
−∞

dF
(i)
θ (z)

1− F
(i)
θ (z)

.

Let m
(i)
θ (x) = Pθ

(
δ
(i)
j = 1 | Xj = x

)
=

Eθ

[
δ
(i)
j | Xj = x

]
, i = 1, ..., k denote the regression

functions of the indicator variables δ(i)j with respect to the ran-
dom variable Xj . Then the following inverse representations
hold:

Λ
(i)
θ (x) =

x∫
−∞

m
(i)
θ (z)dΛθ(z),

H
(i)
θ (x) =

x∫
−∞

m
(i)
θ (z)dHθ(z), i = 1, ..., k,

(1)

where
k∑

i=1

m
(i)
θ (x) = 1 for all (x; θ) ∈ R × Θ. Furthermore,

from (1) we obtain the following expression:

h
(i)
θ (x) = m

(i)
θ (x) · hθ(x), i = 1, ..., k. (2)

If we denote by κθ

(
x, y(1), ..., y(k)

)
the joint density

of the vector {X, δ(1), ..., δ(k)} with respect to the measure
ν
(
x, y(1), ..., y(k)

)
, then:

κθ

(
x, y(1), ..., y(k)

)
=

k∏
i=1

(
h
(i)
θ (x)

)y(i)

=

=
k∏

i=1

f
(i)
θ (x) ·

k∏
l=1
l ̸=i

(
1− F

(l)
θ (x)

)
y(i)

,

(x; θ) ∈ R×Θ,

where dν
(
x, y(1), ..., y(k)

)
= dx × ∆y(1) × ... × ∆y(k)

and ∆y(i) is the counting measure concentrated at the point
y(i) ∈ {0; 1}, for i = 1, ..., k.
We denote Fisher information as follows:

{
X, δ(1), ... , δ(k)

}
by I(X, δ(1),...,δ(k))(θ), X = min

(
X(1), ..., X(k)

)
by

IX(θ), and the pair
(
X, δ(i)

)
by I

(i)

(X,δ(i))
(θ). To establish the

relationships among these information quantities, we introduce
the following regularity conditions:

(C1) The supports N (i) =
{
x ∈ R : h

(i)
θ (x) > 0

}
, i =

1, ..., k do not depend on the parameter θ, and
k⋂

i=1

N (i) ̸=

∅;

(C2)
∂mh

(i)
θ (x)

∂θm
< ∞, m = 1, 2; i = 1, ..., k; (x; θ) ∈ R ×

Θ;
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(C3)
+∞∫
−∞

∣∣∣∣∣∂mh
(i)
θ (x)

∂θm

∣∣∣∣∣ dx < ∞, m = 1, 2; i = 1, ..., k; θ ∈

Θ;

(C4) For all θ ∈ Θ, the Fisher information I(i)
(X,δ(i))

(θ) ∈
(0; +∞), i = 1, ..., k.

It is important to note that the Fisher information correspond-
ing to H

(i)
θ is given by the formula

I
(i)

(X,δ(i))
(θ) =

+∞∫
−∞

(
∂ lnh

(i)
θ (x)

∂θ

)2

dH
(i)
θ (x), i = 1, ..., k.

(3)

3 Main results
The following theorem presents two important expres-

sions for the Fisher information I(X,δ(1),...,δ(k))(θ).
Theorem 1. Assume that the conditions (C1)-(C4) are

satisfied. Then, for all θ ∈ Θ, the Fisher information
I(X, δ(1),...,δ(k))(θ) admits the following representations:

A) I(X, δ(1),...,δ(k))(θ) =
k∑

i=1

I
(i)

(X,δ(i))
(θ);

B) I(X, δ(1),...,δ(k))(θ) = IX(θ) +
k∑

i=1

I
(i)

(δ(i)|X)
(θ) ≥ IX(θ),

where the terms are defined as follows: from formula (3),

IX (θ) =
+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)2

dHθ(x) and for the conditional

component

I
(i)

(δ(i)|X)
(θ) =

+∞∫
−∞

(
∂ lnPθ(δ

(i)
j = 1 | Xj = x)

∂θ

)2

×

×Pθ(δ
(i)
j = 1 | Xj = x)dHθ(x) =

=
+∞∫
−∞

(
∂ lnm

(i)
θ (x)

∂θ

)2

m
(i)
θ (x)dHθ(x).

Proof. To prove expression A), let us first observe the fol-
lowing:

∂ lnκθ

(
x, y(1), ..., y(k)

)
∂θ

=

k∑
i=1

y(i)
∂ lnh

(i)
θ (x)

∂θ
,

where y(1) + ...+ y(k) = 1. Then it follows that:

Eθ

[
∂ lnκθ

(
x, y(1), ..., y(k)

)
∂θ

]
=

=
k∑

i=1

Eθ

[
δ(i) ·

∂ lnh
(i)
θ (x)

∂θ

]
=

=
k∑

i=1

+∞∫
−∞

∂ lnh
(i)
θ (x)

∂θ
dH

(i)
θ (x) =

=
∂

∂θ

[
k∑

i=1

+∞∫
−∞

h
(i)
θ (x)dx

]
=

=
∂

∂θ

[
lim

x→+∞
Hθ(x)− lim

x→−∞
Hθ(x)

]
= 0, θ ∈ Θ.

However, since δ(i)
(
1− δ(i)

)
= 0, for i = 1, ..., k, it follows

that for all θ ∈ Θ:

I(X, δ(1), ... , δ(k)) (θ) = Eθ

[
∂ lnκθ

(
x, y(1), ..., y(k)

)
∂θ

]2
=

=
k∑

i=1

Eθ

δ(i) ·(∂ lnh
(i)
θ (x)

∂θ

)2
 =

=
k∑

i=1

I
(i)

(X,δ(i))
(θ) ,

where the value of I(i)
(X,δ(i))

(θ) is given by formula (3).

Now we will prove equality B). To do so, we use equality (2)
for all (x; θ) ∈ R × Θ. From there, we obtain the following
expression:(

∂ lnh
(i)
θ (x)

∂θ

)2

=

(
∂ lnm

(i)
θ (x)

∂θ

)2

+

(
∂ lnhθ(x)

∂θ

)2

+

+2

(
∂ lnm

(i)
θ (x)

∂θ

)(
∂ lnhθ(x)

∂θ

)
,

i = 1, ..., k.

Next, we integrate both sides with respect to the submeasure
H

(i)
θ and sum over all i = 1, ..., k. As a result, we obtain:

k∑
i=1

+∞∫
−∞

(
∂ lnh

(i)
θ (x)

∂θ

)2

dH
(i)
θ (x) =

=
k∑

i=1

+∞∫
−∞

(
∂ lnm

(i)
θ (x)

∂θ

)2

dH
(i)
θ (x)+

+
k∑

i=1

+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)2

dH
(i)
θ (x)+

+2
k∑

i=1

+∞∫
−∞

(
∂ lnm

(i)
θ (x)

∂θ

)(
∂ lnhθ(x)

∂θ

)
dH

(i)
θ (x) =

= J1 + J2 + 2J3.
(4)

Let us first prove that the term J3 is equal to zero:

J3 =
+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)[
k∑

i=1

∂ lnm
(i)
θ (x)

∂θ
dH

(i)
θ (x)

]
=

=
+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)[
k∑

i=1

∂m
(i)
θ (x)

∂θ
·
dH

(i)
θ (x)

m
(i)
θ (x)

]
=

=
+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)[
∂

∂θ

k∑
i=1

m
(i)
θ (x)

]
dHθ(x) =

=
+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)[
∂

∂θ
(1)

]
dHθ(x) = 0.

Also, the term J1 becomes:

J1 =
k∑

i=1

+∞∫
−∞

(
∂ lnm

(i)
θ (x)

∂θ

)2

m
(i)
θ (x)dHθ(x)

=
k∑

i=1

I
(i)

(δ(i)|X)
(θ) , θ ∈ Θ,

(5)

e.g, we obtain the sum of the conditional Fisher informations
of the indicators δ(i) given X . The second term J2 is:
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J2 =

+∞∫
−∞

(
∂ lnhθ(x)

∂θ

)2

dHθ(x) = IX (θ) , θ ∈ Θ, (6)

which is exactly the Fisher information of the random variable
X. Therefore, we simultaneously obtain the following two for-
mulas for the Fisher information:

I(X, δ(1), ... , δ(k)) (θ) =

=
k∑

i=1

+∞∫
−∞

(
∂ lnh

(i)
θ (x)

∂θ

)2

dH
(i)
θ (x), θ ∈ Θ,

(7)

and
I(X, δ(1), ... , δ(k))(θ) = IX(θ)+

+
k∑

i=1

I
(i)

(δ(i)|X)
(θ) ≥

≥ IX(θ), θ ∈ Θ.

(8)

Thus, from equations (5)-(8), the proof of part B) follows. The
theorem is proved.

Remark 1. The logical interpretation of Theorem 1
is as follows: equality A) shows that the information
I(X, δ(1),...,δ(k)) (θ) in the observed vector

(
X, δ(1), ... , δ(k)

)
is composed of the sum of the information from the k subdis-
tributions of the pairs

{
X, δ(1)

}
∪ ...∪

{
X, δ(k)

}
. Equality B),

on the other hand, expresses this total information as the sum
of the information IX(θ) contained in X, and the k conditional
Fisher informations of δ(i) given X = x.

Now, we will prove an analog of the Cramer-Rao inequality
for the unbiased estimator ĝ

(
X, δ(1), ... , δ(k)

)
of a function

g(θ). To do this, we introduce the following additional regu-
larity condition on the estimable function g(θ) and its unbiased
estimator:

(C5) The function g(θ) is continuously differen-
tiable, g′(θ) ̸= 0 and for the unbiased estimator
ĝ
(
X, δ(1), ... , δ(k)

)
, the following condition holds for

all θ ∈ Θ:

∫
R×{0,1}k

ĝ(x, y(1), ..., y(k))
∂κθ(x, y

(1), ..., y(k))

∂θ
×

×dν(x, y(1), ... , y(k)) = g′ (θ) .

The following theorem is a generalization of Theorem 1 from
[3].

Theorem 2. Suppose that the conditions (C1)-(C5) are sat-
isfied and that for all θ ∈ Θ, the variance V arθ ĝ ∈ (0,+∞).
Then, for all θ ∈ Θ, the following inequality holds:

V arθ ĝ
(
X, δ(1), ... , δ(k)

)
≥ (g′(θ))

2

I(X, δ(1), ... , δ(k))(θ)
. (9)

Proof. Let us compute the following covariance:

Covθ

{
∂ lnκθ(X, δ(1), ... , δ(k))

∂θ
, ĝ(X, δ(1), ... , δ(k))

}
=

= Eθ

{[
∂ lnκθ(X, δ(1), ..., δ(k))

∂θ
−

−Eθ

(
∂ lnκθ(X, δ(1), . . . , δ(k))

∂θ

)]
×

×
[
ĝ(X, δ(1), ... , δ(k))− Eθ

(
ĝ(X, δ(1), ... , δ(k))

)]}
=

= Eθ

[
∂ lnκθ(X, δ(1), ... , δ(k))

∂θ
×

×
(
ĝ(X, δ(1), ... , δ(k))− g(θ)

)]
=

= Eθ

[
∂ lnκθ

(
X, δ(1), ... , δ(k)

)
∂θ

ĝ
(
X, δ(1), ... , δ(k)

)]
−

−g (θ)Eθ

(
∂ lnκθ

(
X, δ(1), ... , δ(k)

)
∂θ

)
=

= g′ (θ)− 0 = g′ (θ) , θ ∈ Θ.
(10)

The last equality follows from the fact that the expected value
of the sample score is zero and from condition (C5). Now we
apply the Cauchy-Schwarz inequality to the covariance in (10):∣∣∣∣Covθ

{
∂ lnκθ(X, δ(1), ... , δ(k))

∂θ
, ĝ(X, δ(1), ... , δ(k))

}∣∣∣∣ ≤
≤
[
I(X, δ(1), ... , δ(k)) (θ) · V arθ ĝ(X, δ(1), ... , δ(k))

] 1
2

,

θ ∈ Θ. (11)

Thus, inequality (9) follows by squaring both sides of inequal-
ity (11). The theorem is proved.

We now present an analog of the Cramer-Rao inequality for
biased estimators.

Theorem 3. Assume that the conditions (C1)-(C5) are sat-
isfied, and that for all θ ∈ Θ, the expectation Eθ (ĝ)

2 ∈
(0,+∞). Then, for all θ ∈ Θ, the following inequality
holds for the mean squared error of the biased estimator
ĝ(X, δ(1), ... , δ(k)):

Eθ

[
ĝ(X, δ(1), ..., δ(k))− g(θ)

]2 ≥
≥
{
Eθ

[
ĝ(X, δ(1), ..., δ(k))− g(θ)

]}2
+

+
(g′(θ))

2

I(X,δ(1),...,δ(k))(θ)
, θ ∈ Θ.

(12)

Proof. To prove the biased version of the Cramér-Rao
inequality, we apply Walker’s inequality [24], which is a
self-improvement to the Cauchy-Schwarz inequality for ran-
dom variables where at least one variable has a zero mean.
By choosing ξ = ĝ(X, δ(1), . . . , δ(k)) − g(θ) and η =∑k

i=1 δ
(i) ∂ lnh

(i)
θ (X)

∂θ , we first observe that:

Eθη =
k∑

i=1

Eθ

[
δ(i)

∂ lnh
(i)
θ (X)

∂θ

]
=

=
k∑

i=1

+∞∫
−∞

(
∂ lnh

(i)
θ (x)

∂θ

)
h
(i)
θ (x)dx = 0,
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Next, we compute the mixed moment Eθ[ξη]:

Eθ [ξη] =
= Eθ

{[
ĝ(X, δ(1), ..., δ(k))− g(θ)

]
×

×

[
k∑

i=1

δ(i)
∂ lnh

(i)
θ (X)

∂θ

]}
=

=
k∑

i=1

Eθ

{[
ĝ(X, δ(1), ... , δ(k))− g(θ)

]
×

×
∂ lnh

(i)
θ (X)

∂θ

}
=

=
∂

∂θ

k∑
i=1

+∞∫
−∞

ĝ(x, y(1), ... , y(k))h
(i)
θ (x)dx =

=
∂

∂θ

+∞∫
−∞

ĝ(x, y(1), ... , y(k))dHθ(x) = g′(θ).

Since Eθη = 0 and Eθη
2 = I(X,δ(1),...,δ(k))(θ) > 0, Walker’s

inequality states:

Eθξ
2 ≥ [Eθξ]

2 +
|Eθ(ξη)|2

Eθη2
.

Substituting Eθ(ξη) = g′(θ) and Eθη
2 into the above expres-

sion directly yields the inequality (12). The theorem is proved.
Remark 2. If the estimator ĝ

(
X, δ(1), ..., δ(k)

)
is unbiased,

then inequality (9) follows from inequality (12).

4 Efficient estimation of parameters in
PHM

Let us consider a special case of the competing risks model,
namely, the proportional hazard model (PHM) is assumed to
hold:

1−F
(i)
θ (x) = (1−Hθ(x))

p
(i)
θ , i = 1, ..., k; (x; θ) ∈ R×Θ.

(13)
It should be noted that the PHM defined by equations (13) is
characterized by the fact that these formulas are equivalent to
the independence of the random variable X and the random
vector

(
δ(1), ..., δ(k)

)
.

Remark 3. If the PHM holds, then m
(i)
θ (x) = p

(i)
θ and

k∑
i=1

p
(i)
θ = 1. In this case, we also have

∂ lnm
(i)
θ (x)

∂θ
=

∂ ln p
(i)
θ

∂θ
, i = 1, ..., k. Then, by Theorem 1, we obtain the

following expression for the Fisher information:

I(X, δ(1),...,δ(k)) (θ) =

= IX (θ) +
k∑

i=1

+∞∫
−∞

(
∂ ln p

(i)
θ

∂θ

)2

p
(i)
θ dHθ (x) =

= IX (θ) +
k∑

i=1

(
∂ ln p

(i)
θ

∂θ

)2

p
(i)
θ , θ ∈ Θ.

Suppose in particular that p(i)θ = β(i), for i = 1, ..., k, i.e., the

values do not depend on θ. Then
∂ lnβ(i)

∂θ
= 0, i = 1, ..., k,

and therefore,

I(X, δ(1), ... , δ(k)) (θ) = IX (θ) , θ ∈ Θ,

that is, the indicators
(
δ(1), ..., δ(k)

)
carry no additional infor-

mation.
Before analyzing when equality holds in inequality (9), we

will examine informative and non-informative cases of the
PHM using the exponential distribution as an example. As-
sume that in the competing risks model we have k = 2, and
let

1− F
(1)
θ (x) = exp (−x/θ) , x > 0, θ > 0.

Example 1. Let 1−F
(2)
θ (x) = exp (−βx/θ) , β > 0, where

β is a known positive constant. Then, for all (x; θ) ∈ R+×R+,

with R+ = (0,∞), we have 1 − F
(2)
θ (x) =

(
1− F

(1)
θ (x)

)β
,

i.e., the informative PHM holds. From elementary calcula-
tions, we find the following probabilities:

p(1) = P
(
δ(1) = 1

)
=

1

1 + β
,

p(2) = 1− p(1) =
β

1 + β
.

Since X = min(X(1), X(2)), the Fisher information about θ
in the random variables X(1), X(2) and X are all equal:

IX(1)(θ) = IX(2)(θ) = IX(θ) =
1

θ2
, θ ∈ Θ.

Therefore, according to equality B) in Theorem 1, we obtain:

I(X,δ(1),1−δ(2))(θ) = IX(θ) =
1

θ2
,

I
(1)

(δ(1)/X)
(θ) = 0 = I

(2)

(δ(2)/X)
(θ), θ ∈ Θ.

This means that even in the informative PHM setting, no addi-
tional Fisher information is gained from the indicators δ(1) and
δ(2) in the exponential case.

Example 2. Now, let us consider a non-informative PHM.
In this case, we define the survival function of the second risk
through a parameter λ that does not depend on θ, whereas the
first risk remains θ-dependent:

1− F
(2)
λ (x) = exp (−x/λ)

= [exp (−x/θ)]
θ/λ

=
(
1− F

(1)
θ (x)

)β(θ)
,

where β(θ) = θ/λ. In this setting, the second risk distribu-
tion F

(2)
λ (x) is considered non-informative with respect to θ

because its primary parameter λ is functionally independent of
the parameter of interest θ.

p
(1)
θ = Pθ

(
δ(1) = 1

)
=

λ

λ+ θ
,

p
(2)
θ = 1− p

(1)
θ =

θ

λ+ θ
.
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It can be shown that, in this case, for X = min
(
X(1), X(2)

)
,

we have

IX(1)(θ) =
1

θ2
, IX(2)(θ) = 0,

I
(1)

(δ(1)/X)
(θ) = p

(1)
θ

(
∂ ln p

(1)
θ

∂θ

)2

=

=
λ

λ+ θ

[
∂

∂θ
(lnλ− ln(λ+ θ))

]2
=

λ

(λ+ θ)
3 ,

I
(2)

(δ(2)/X)
(θ) = p

(2)
θ

(
∂ ln p

(2)
θ

∂θ

)2

=

=
θ

λ+ θ

[
∂

∂θ
(ln θ − ln(λ+ θ))

]2
=

λ2

(λ+ θ)
3
θ
.

Additionally, the cumulative distribution function of X is

Hθ(x) = 1−
(
1− F

(1)
θ (x)

)(
1− F

(2)
λ (x)

)
=

= exp

(
−x

(
θ + λ

θλ

))
,

and using the Efron-Johnstone formula [6], the Fisher infor-
mation for x > 0, through the intensity function γθ(x) =

hθ(x)

1−Hθ(x)
, is calculated as:

IX(θ) =
+∞∫
0

(
∂ ln γθ(x)

∂θ

)2

dHθ(x) =

=
+∞∫
0

[
∂

∂θ
ln

(
λ+ θ

λθ

)]2
dHθ(x) =

=
+∞∫
0

(
1

θ + λ
− 1

θ

)2

dHθ(x) =

=
λ2

(λ+ θ)
2 · 1

θ2
=
(
p
(1)
θ

)2
IX(1)(θ), θ ∈ Θ.

Thus, according to formula B) of Theorem 1,

I(X,δ(1),δ(2))(θ) =

= IX(θ) + I
(1)

(δ(1)|X)
(θ) + I

(2)

(δ(2)|X)
(θ) =

=
(
p
(1)
θ

)2
IX(1)(θ) +

λ

(λ+ θ)
3 +

λ2

(λ+ θ)
3
θ
=

= IX(1)(θ)

((
p
(1)
θ

)2
+

λθ2

(λ+ θ)
3 +

λ2θ

(λ+ θ)
3

)
=

= IX(1)(θ)

((
p
(1)
θ

)2
+

λθ

(λ+ θ)
2

(
θ

λ+ θ
+

λ

λ+ θ

))
=

= IX(1)(θ)

((
p
(1)
θ

)2
+ p

(1)
θ p

(2)
θ

)
=

= IX(1)(θ)p
(1)
θ < IX(1)(θ), θ ∈ Θ.

This inequality shows that, in the noninformative PHM, the
amount of information IX(1)(θ) is actually a fraction p(1)(θ) <
1 of the total. Therefore, it is correct to seek the efficient esti-
mator precisely in the informative PHM.

Next, to show the condition for equality in inequality (9), we
begin by stating the following claim from [12], which refines
the PHM.

Theorem 4. [25]. Suppose that the set
{
X(1), ..., X(k)

}
consists of independent and positive random variables with
corresponding distribution functions

{
F

(1)
θ , F

(2)
θ , ..., F

(k)
θ

}
.

Then, X = min
(
X(i), 1 ≤ i ≤ k

)
and δ(i) = I

(
X = X(i)

)
,

i = 1, ..., k are independent if and only if there exist positive
real numbers β1, ..., βk such that

1− F
(i)
θ (x) = (1− Fθ(x))

βi , i = 1, ..., k; (x; θ) ∈ R+ ×Θ,
(14)

where Fθ(x) is some distribution function.

Proof. The proof of the independence between the minimum
failure time X and the risk indicators δ(i) under the propor-
tional hazards condition (14) is established in [25]. The ne-
cessity and sufficiency follow from the fact that under con-
dition (14), the cause-specific hazard functions are propor-
tional to the global hazard function. This proportionality im-
plies that the conditional probability of a specific failure cause,
P (δ(i) = 1|X = x), remains constant and does not depend on
the observed time x, which is a necessary and sufficient condi-
tion for independence as detailed in the characterization of the
informative competing risks model.

Hence, under condition (14), the distribution function of X
satisfies

1−Hθ(x) = (1− Fθ(x))

k∑
i=1

βi

, (x; θ) ∈ R+ ×Θ, (15)

and conversely

1−F
(i)
θ (x) = (1−Hθ(x))

p(i)

, i = 1, ..., k; (x; θ) ∈ R+×Θ,
(16)

where p(i) = P (X = X(i)) = βi
k∑

i=1
βi

, i = 1, ..., k. Thus,

in the following claim, we consider a PHM in the context of
informative competing risks. According to Theorem 4, since
X and

{
δ(i), i = 1, ..., k

}
are independent, we focus on esti-

mators that depend only on X , in order to find an unbiased
estimator that does not shift due to the indicators.

Theorem 5. Suppose the conditions of Theorem 1 and the
relationship in (15) hold, and the function g(θ) is differen-
tiable. Also assume that condition (C5) is satisfied for the
unbiased estimator ĝ(X) of g(θ). Then, when V arθ ĝ(X) ∈
(0,+∞) the following inequality holds:

V arθ ĝ(X) ≥ (g′(θ))
2

IX(θ)
, θ ∈ Θ. (17)

Equality in (17) holds if and only if the distribution function of
X has the following special canonical exponential form:

Hθ(x) = 1− exp

{
−

k∑
i=1

βiT (x)ϕ(θ)

}
, (x; θ) ∈ R+ ×Θ,

(18)
where T (x)ϕ(θ) > 0, and T (x) is a non-decreasing function.

Proof. Since the validity of inequality (17) follows the same
structure as in the classical Cramer-Rao theorem, we will only
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focus on the key distinct aspects specific to our setting. Given
the relationships (14), (15) and (18), we observe that the distri-
bution functions

{
F

(i)
θ (x), i = 1, ..., k

}
as well as their den-

sity functions, must possess a special exponential form. Tak-
ing this into account, the density function hθ(x) corresponding
to Hθ(x) must satisfy a linear relationship with the estimator
ĝ(X), in order for the absolute value of their correlation to
equal 1 which is a necessary and sufficient condition for equal-
ity in (17). This relationship is expressed as

∂ lnhθ(x)

∂θ
= ĝ(x)a(θ) + b(θ) + ϑ(x), (x; θ) ∈ R+ ×Θ,

where a′(θ) ̸= 0, b(θ) = ln a(θ), g(θ) =
1

ϕ(θ)
and

the derivative of g(θ) is given by the integral g′(θ) =∫
{x:hθ(x)>0}

∂

∂θ
ĝ(x)hθ(x)dx. The remaining steps of the proof

follow the classical derivation of the Cramer-Rao bound, con-
cluding that the theorem is proved.

Remark 4. From the conditions of Theorem 5, it is clear that
the necessary and sufficient condition for equality to hold in
inequality (17) is that the distribution function Fθ(x) appearing
in (14) and (15) must have the exponential form

1− Fθ(x) = exp (−T (x)ϕ(θ)) , (x; θ) ∈ R+ ×Θ. (19)

It is only for this distribution that the estimator ĝ(X) =
k∑

i=1

βiT (X) becomes an efficient estimator of g(θ) =
1

ϕ(θ)
,

and the Fisher information about θ contained in X becomes

IX(θ) =
+∞∫
0

(
∂ ln γθ(x)

∂θ

)2

dHθ(x)

=
+∞∫
0

(
ϕ′(θ)

ϕ(θ)

)2

dHθ(x) =

=

(
ϕ′(θ)

ϕ(θ)

)2

, θ ∈ Θ.

For example, if the distribution in (19) is a Weibull distribution
with known parameter γ, i.e., fθ(x) = θγxγ−1 exp(−θxγ),
θ > 0, x > 0, then it follows that T (x) = xγ .

5 Simulation study and application
Let us provide a realistic example for modeling an actual

system failure using an informative competing risks model.
Consider a complex production system or a large power unit.
The system may fail for various reasons. In the context of a
competing risks model, only one cause is ultimately observed
as the failure reason when multiple causes are possible simul-
taneously.

Let the possible causes of system failure be as follows:

1. Mechanical issues: Failures in mechanical components,
such as motor or bearing breakdowns.

2. Electrical issues: Interruptions or failures in electrical
supply, e.g., power loss in circuits.

3. Atmospheric factors: Environmental impacts such as ex-
treme heat or humidity, strong winds, or heavy rainfall.

To model these failure causes, we assign a different probability
distribution to each cause:

1) Mechanical issues → Exponential distribution with rate
parameter θ; 2) Electrical issues → Gamma distribution with
parameters (α, θ); 3) Atmospheric factors → Weibull distri-
bution with parameters (θ, µ).

The purpose of solving such a problem is to analyze the over-
all failure of the system and to identify the main cause of that
failure. By estimating the parameters associated with each dis-
tribution function, we can understand how long the system is
expected to function and which causes require greater atten-
tion. To solve the problem, we implement the following ap-
proach: we model the complete system failure and express it in
terms of a single common parameter θ within the framework
of competing risks.

We have a system that can fail due to three different causes,
and we link the parameters of all distributions to a common
parameter θ.

1. Exponential distribution: f1(t; θ) = θe−θt, t > 0;

2. Gamma distribution (with fixed shape parameter α):

f2(t;α, θ) =
tα−1θα

Γ(α)
e−θt, t > 0, α = 2;

3. Weibull distribution (with fixed scale coefficient µ):

f3(t; θ, µ) =
µ

θ
· ( t

θ
)µ−1e

−(
t

θ
)µ

, t > 0, µ = 3.

The system’s failure depends solely on the parameter
θ, where X denotes the failure time, and δ(i) identifies
which specific cause triggered the failure. This is mod-
eled using a competing risks framework as follows: X =
min(X(1), X(2), X(3)), δ(i) = I

(
X = X(i)

)
, i = 1, 2, 3.

The overall failure probability function of the system depends
on the three underlying distributions. Using expressions A)
and B) from Theorem 1, we numerically compute the Fisher
information through computer simulation in Python using the
Monte-Carlo method. The resulting 95% confidence interval is
presented in the following Tables 1-4.

In the figures 1 and 2 below, the 95% confidence intervals
of the Fisher information values, based on formulas A) and B),
are illustrated as functions of the parameter θ for each risk type,
using n = 500 and n = 5000 simulations.

To evaluate the Fisher information, we performed N inde-
pendent Monte-Carlo replications (where n = 500 and n =
5000). For each replication j, the Fisher information estimate
Îj(θ) was computed. The 95% confidence interval for the ex-
pected Fisher information was then determined using the stan-
dard error of the Monte-Carlo mean:

Ī(θ)± 1.96 · SMC√
n

,

where Ī(θ) is the average across simulations and SMC is the
sample standard deviation of the n estimates. This interval rep-
resents the statistical uncertainty associated with the Monte-
Carlo approximation of the theoretical Fisher information val-
ues.
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Table 1. Computation of Fisher information using expression A). Based on subdistributions, with n = 500

θ I(X,δ(1))(θ) I(X,δ(2))(θ) I(X,δ(3))(θ) I(X,δ(1),δ(2),δ(3))(θ)

1.00 (0.482; 0.749) (1.010; 1.930) (0.562; 1.040) (2.350; 3.420)
1.25 (0.301; 0.427) (0.804; 2.040) (0.573; 0.896) (1.880; 3.160)
1.50 (0.118; 0.443) (0.737; 1.170) (0.537; 0.891) (1.620; 2.270)
1.75 (0.144; 0.256) (0.481; 0.793) (0.339; 0.624) (1.100; 1.540)
2.00 (0.087; 0.207) (0.436; 0.739) (0.290; 0.532) (0.943; 1.350)
2.25 (0.057; 0.135) (0.320; 0.632) (0.374; 0.812) (0.893; 1.440)
2.50 (0.074; 0.186) (0.188; 0.430) (0.212; 0.458) (0.593; 0.955)
2.75 (0.047; 0.189) (0.058; 0.202) (0.237; 0.402) (0.437; 0.698)
3.00 (0.061; 0.135) (0.034; 0.165) (0.253; 0.522) (0.431; 0.739)

From Tables 1-4 and Figures 1-2, we observe that the ex-
pressions A) and B) given in the Theorem 1 become equiva-
lent under large-scale simulations, and that in models not gov-
erned by the PHM, the conditional Fisher information values
I(δ(i)|X)(θ), i = 1, 2, 3, still exist for the parameter.

Figure 1. Graph of the 95% confidence interval for Fisher information with
n = 500

Figures 3 and 4 show the difference between the Fisher
information values calculated based on formulas A) and B)
for Monte-Carlo simulation sample sizes of n = 500 and
n = 5000, respectively.

If the PHM condition is not satisfied, then the total Fisher
information in the model is composed of the sum of: the
information in the minimum failure time, IX(θ), X =
min(X(1), X(2), X(3)), and the three conditional Fisher infor-
mation components of the indicators δ(i), given X = x. In this
context, understanding the Fisher information within a compet-
ing risks model helps better predict the likely cause of system
failure. Such forecasts provide valuable insights for planning
preventive maintenance or improving system reliability. In

Figure 2. Graph of the 95% confidence interval for Fisher information with
n = 5000

Figure 3. Graph of the difference between expressions A) and B), with n =
500.

Figure 4. Graph of the difference between expressions A) and B), with n =
5000.
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Table 2. Computation of Fisher information using expression B). Based on regression functions, with n = 500

θ I(δ(1)|X)(θ) I(δ(2)|X)(θ) I(δ(3)|X)(θ) IX(θ) I(X,δ(1),δ(2),δ(3))(θ)

1.00 (0.619; 0.815) (0.666; 0.751) (0.534; 0.617) (0.605; 1.020) (2.577; 3.050)
1.25 (0.348; 0.443) (0.873; 1.014) (0.499; 0.552) (0.230; 0.934) (2.084; 2.810)
1.50 (0.157; 0.192) (0.832; 0.902) (0.389; 0.425) (0.217; 0.655) (1.661; 2.107)
1.75 (0.068; 0.080) (0.727; 0.769) (0.264; 0.290) (0.152; 0.464) (1.248; 1.564)
2.00 (0.028; 0.032) (0.526; 0.548) (0.192; 0.209) (0.219; 0.498) (0.986; 1.266)
2.25 (0.022; 0.026) (0.361; 0.377) (0.130; 0.141) (0.323; 0.801) (0.852; 1.330)
2.50 (0.026; 0.030) (0.225; 0.237) (0.085; 0.093) (0.235; 0.508) (0.582; 0.856)
2.75 (0.027; 0.031) (0.135; 0.144) (0.062; 0.068) (0.222; 0.426) (0.455; 0.660)
3.00 (0.030; 0.034) (0.078; 0.084) (0.045; 0.049) (0.286; 0.575) (0.446; 0.735)

Table 3. Computation of Fisher information using expression A). Based on subdistributions, with n = 5000

θ I(X,δ(1))(θ) I(X,δ(2))(θ) I(X,δ(3))(θ) I(X,δ(1),δ(2),δ(3))(θ)

1.00 (0.518; 0.589) (1.170; 1.390) (0.851; 1.030) (2.630; 2.920)
1.25 (0.317; 0.406) (1.020; 1.230) (0.726; 0.911) (2.160; 2.450)
1.50 (0.225; 0.279) (0.842; 0.991) (0.592; 0.739) (1.730; 1.940)
1.75 (0.163; 0.269) (0.649; 0.762) (0.534; 0.651) (1.200; 1.610)
2.00 (0.129; 0.187) (0.510; 0.653) (0.479; 0.637) (1.190; 1.410)
2.25 (0.131; 0.194) (0.357; 0.453) (0.399; 0.533) (0.945; 1.120)
2.50 (0.135; 0.190) (0.207; 0.283) (0.324; 0.410) (0.712; 0.838)
2.75 (0.116; 0.168) (0.108; 0.163) (0.293; 0.363) (0.554; 0.657)
3.00 (0.104; 0.144) (0.064; 0.117) (0.248; 0.302) (0.447; 0.532)

Table 4. Computation of Fisher information using expression B). Based on regression functions, with n = 5000.

θ I(δ(1)|X)(θ) I(δ(2)|X)(θ) I(δ(3)|X)(θ) IX(θ) I(X,δ(1),δ(2),δ(3))(θ)

1.00 (0.656; 0.709) (0.687; 0.710) (0.572; 0.598) (0.720; 0.865) (2.680; 2.840)
1.25 (0.382; 0.409) (0.869; 0.904) (0.506; 0.523) (0.388; 0.596) (2.180; 2.400)
1.50 (0.174; 0.185) (0.860; 0.882) (0.395; 0.407) (0.303; 0.466) (1.750; 1.920)
1.75 (0.065; 0.069) (0.716; 0.728) (0.289; 0.297) (0.376; 0.531) (1.460; 1.610)
2.00 (0.030; 0.031) (0.534; 0.542) (0.195; 0.201) (0.419; 0.607) (1.180; 1.370)
2.25 (0.024; 0.025) (0.361; 0.367) (0.129; 0.133) (0.407; 0.559) (0.927; 1.080)
2.50 (0.026; 0.028) (0.230; 0.233) (0.088; 0.090) (0.370; 0.470) (0.717; 0.818)
2.75 (0.029; 0.030) (0.136; 0.139) (0.062; 0.063) (0.347; 0.431) (0.577; 0.661)
3.00 (0.029; 0.030) (0.078; 0.080) (0.046; 0.047) (0.295; 0.360) (0.451; 0.516)

conclusion, calculating the Fisher information for the param-
eter θ that corresponds to the three competing causes of sys-
tem failure enables us to obtain precise and reliable knowledge
about that parameter. Accurately estimating such parameters
is crucial for assessing their reliability and making informed
operational decisions.

The Monte-Carlo simulation results conducted in this study
reveal that as the number of replications increases from n =
500 to n = 5000, the confidence intervals for Fisher informa-

tion narrow significantly. This trend confirms the increased
precision and stability of the estimates with larger sample
sizes. Particularly in complex systems where the conditions
of the proportional hazards model (PHM) are not met, analyz-
ing Fisher information through both the failure time (X) and
the specific failure causes (δ(i)) provides a more comprehen-
sive understanding of the parameter θ. The proposed approach
serves as a high-precision mathematical framework for predict-
ing system reliability and optimizing maintenance strategies in
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real-world industrial processes.

6 Conclusions
In this study, we have derived and analyzed two fundamen-

tal expressions for Fisher information within the informative
competing risks framework, as presented in Theorem 1. Fur-
thermore, we established analogues of the Cramer-Rao type in-
equalities for both unbiased and biased estimators, along with
their corresponding lower bounds for variance.

A significant theoretical contribution is the proof of the nec-
essary and sufficient conditions for achieving equality in the
informative (PHM), which identifies when efficient estimators
can be obtained. These results provide a precise methodology
for determining the theoretical limits of statistical estimation in
the presence of informative censoring.

Using the Monte-Carlo method, we calculated the 95% con-
fidence intervals for Fisher information for various values of
the common parameter θ, utilizing simulation trials n = 500
and n = 5000. The numerical results, illustrated in the graphs
and Tables 1-4 provided, confirm the theoretical consistency
of the model, as expressions A) and B) converge as the sample
size n increases.

The practical utility of this approach was demonstrated
through a realistic reliability model involving mechanical,
electrical, and atmospheric risks, modeled by Exponential,
Gamma, and Weibull distributions, respectively. By linking all
risk factors to a common parameter θ, the Monte-Carlo simu-
lation enabled accurate estimation of the overall system failure
information. These findings identify critical failure causes that
warrant prioritized maintenance to enhance system reliability.

Overall, the theoretical derivations and numerical examples
presented in this article establish a rigorous foundation for
the practical computation of Fisher information in informative
competing risks models. These insights are essential for
improving estimation efficiency and optimizing operational
maintenance strategies in complex systems.
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