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Abstract The proof of stability of solutions to difference
schemes is one of the central problems in the construction and
analysis of numerical methods for nonstationary differential
equations. Existing approaches to stability analysis, such as
the maximum principle, the method of energy inequalities,
the harmonic (Fourier) method, and others, provide effective
results for problems with constant coefficients. However,
when dealing with differential equations with variable (in
space and time) coefficients, the analysis of the stability of
the corresponding  numerical  algorithms  becomes
significantly more complicated, making it difficult to
establish the stability of their solutions. In this paper, an
attempt is made to study the stability of difference schemes
based on new stability criteria for difference equations.
In particular, criteria for uniform and uniformly asymptotic
stability of solutions to difference equations are obtained. A
discrete analogue of the well-known Wazewski inequality is
developed, which makes it possible to derive sufficient
conditions for uniform asymptotic stability. In addition,
criteria for uniform stability of solutions to homogeneous
difference equations are obtained using the second
Lyapunov method. Theorems on uniform and uni-formly
asymptotic stability of difference equations are proved. The
obtained results are applied to the study of the stability of
two-layer difference schemes arising in the approximation of
initial-boundary value problems for nonstationary equations
with variable coefficients using the finite difference method
and the finite element method. As examples, initial-boundary
value problems for diffusion and convection—diffusion equa-
tions with variable coefficients are considered. The results
demonstrate that the proposed criteria provide an effective tool
for analyzing the stability of difference schemes constructed
for a wide class of nonstationary differential equations with
variable coefficients.

Keywords  Difference Equations, Uniform Stability,
Asymptotic Stability, Difference Schemes, A Priori Estimates

1. Introduction

The proof of stability of solutions to differential and differ-
ence equations is one of the key problems in both theoretical
and applied research. It is well known that the theory of differ-
ence equations has developed in parallel with the theory of dif-
ferential equations, which is explained by the need to study nu-
merous applied problems in physics, mechanics, biology, eco-
nomics, control theory, and other fields. Mathematical models
of many such problems are described by difference equations
of various orders with variable coefficients. Therefore, there
is a growing interest in studying the qualitative properties of
these equations. Difference equations also arise in the approx-
imation of ordinary differential equations and partial differen-
tial equations using classical numerical methods such as the
finite difference method and the finite element method. In this
regard, the development of methods for analyzing the stabil-
ity of difference equations with variable coefficients and their
application to the study of stability of corresponding differ-
ence schemes particularly for parabolic and pseudoparabolic
equations is of significant interest. It should be noted that the
construction and analysis of such schemes involve certain dif-
ficulties. Most applied problems are solved using numerical
methods, such as the finite difference method and the finite el-
ement method. However, developing and analyzing these nu-
merical methods can be challenging. One key issue is proving
the stability and convergence of a numerical solution in rela-
tion to the original problem, specifically through obtaining a
priori estimates of the solutions to difference schemes. The



Mathematics and Statistics 14(2): 248-254, 2026

stability of difference equations was studied in early publica-
tions of authors of references [1-3]. In their works, the first
Lyapunov method for linear differential equations with con-
stant coefficients was transferred to the discrete case. The sta-
bility of solutions to linear difference equations with variable
coefficients was explored in references [4-6]. In references [7]
and [8], the relationship between the stability of differential
equations and difference equations was demonstrated. Works
[9-11] focused on the stability of solutions to nonlinear differ-
ence equations using the first Lyapunov method. References
[12-14] provided proofs for the asymptotic stability of solu-
tions to both linear and nonlinear difference equations based
on the Lyapunov function method.

In [15], the characteristics of stability for difference equa-
tions are established, and a new concept of the stability radius
is introduced. The obtained results impose no restrictions on
the coefficients and are applicable to general systems of vari-
ational difference equations. In [16], qualitative properties of
difference equations are studied, including local stability, the
existence of a global attractor, and boundedness of solutions.
The stability analysis of systems of ordinary differential equa-
tions is considered in [17], where a Lyapunov-based method
founded on matrix-multiplicative stability criteria is proposed,
enabling the automation of the stability analysis using compu-
tational tools. A similar approach is presented in [18], where a
method based on system linearization with piecewise polyno-
mial approximation of the solution is proposed. Related studies
are carried out in [19], with the distinguishing feature being the
derivation of conditions for stability, asymptotic stability, and
instability. In [20], certain results on Ulam stability for linear
difference equations with constant and periodic coefficients are
obtained.

Currently, the methods for studying the stability of linear
difference equations with variable coefficients are not fully de-
veloped. Investigating these equations allows for their appli-
cation in analyzing the stability of difference schemes. The
findings from studying the stability of solutions to difference
equations suggest potential advancements in understanding the
stability and convergence of difference schemes. This line of
research was initially conducted in reference [21], which es-
tablished criteria for uniform stability and stability under con-
stant perturbations for solutions to nonlinear difference equa-
tions. These criteria were subsequently applied to the analysis
of nonlinear difference schemes for parabolic equations.

In this paper, various criteria for studying the stability of so-
lutions to difference equations are proposed. Based on these
criteria, the stability of difference schemes approximating par-
tial differential equations with variable coefficients is analyzed.
The issues of uniform stability and uniform asymptotic sta-
bility of solutions of difference equations are studied. Using
a difference analog of the Vazhevsky inequality, we obtain a
sufficient condition for the uniform asymptotic stability of so-
lutions to difference equations. Two-layer difference schemes
with variable coefficients are studied. Using the proposed crite-
ria, the stability of difference schemes approximating diffusion
and convection-diffusion equations with variable coefficients is
investigated.
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2. Uniform Stability

Many nonstationary problems in mathematical physics can
be treated as an abstract Cauchy problem

du(t

S Z§)+%u(t)=F(t), 0<t<T, u0)=up (1)
with variable operators & = $(¢), ® = R(¢t) defined
on linear space H with scalar product (u,?) and norm

2
lul® = (u, ).

For spatial approximation of initial-boundary value prob-
lems for (1), for example, in the case of parabolic equations,
we obtain the system of first-order ordinary differential equa-
tions

duh (t)
dt

B, + Apup(t) = frn(t), 0 <t < T, up(0) = up,o.

2)

In this case, space H is replaced by a family of finite-

dimensional spaces Hj; with scalar product (y,w) =
> y(ayw(x)h and norm [y = (y.4)""*

TEWR

cates the density of the spatial grid. Here, h is the grid spac-
ing. Then, problem (2) is discretized using various methods:
Runge-Kutta methods of various orders, the finite difference
and finite element methods, variational methods, etc. When
approximating (2) using the finite difference method, we ob-
tain the two-layer difference scheme

, where h indi-

Boye + Apy = on, y(0) = upn,o, 3)

where B,, and A,, are linear operators depending on h, t,, T
is the time step. Here D,,, A,, : Hp, — Hp, v+ = (Ynt1 —
yn)/T’ Yy = y<tn) =Yns Yn+1 = y(tn + T), Pn = @(tn>-

The main difficulties in studying difference schemes (3) are
proving their stability based on a priori estimates in norms con-
sistent with norms of the original space H.

The aim of this paper is to prove the uniform stability of the
homogeneous difference scheme

Buye + Apy =0, y(0) = un,o, “)

based on the results of the theory of difference equations. It is
known that the uniform stability of scheme (4) with respect to
the initial data is sufficient for the stability of scheme (3) with
respect to the right-hand side [22].

Difference scheme (3) can be considered as a special case of
the inhomogeneous difference equation

Yn+1 = SnYn + fn, n=0,1,.... &)

In fact, as follows from (5), for S,, = E — 75, LA, and
fn = 78, 1, we obtain (3) under the assumption of the
existence of inverse operator B;;!. Here E is the identity op-
erator.

Definition 1 [22]. Scheme (4) is uniformly stable with re-
spect to the initial data if the following a priori estimate holds
for its solution

lynll < Myly;ll, 0<j<n, n=0,1,.., (6)
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where M; > 0 is the constant independent of the grid spacing
in time and space.

Ynt1 = SnYn, n=0,1,.... (7
Using formula (5), we obtain
n—1
Yn = Tn,0¥0 + Z T4ty ®)
=0

where T}, ; = Sp—1Sn,—2 - - - 5 is the resolving operator from
layer j to layer n, and T}, o = Sp,—1Sn—2 -+ Sy is the resolving
operator. In particular, 75, ,, = E. From (8), we have

n—1

lyall < I Tl - llyoll + Y~ W Tl - IF5l - ©)
j=0

Theorem 1. For solution (7) to be uniformly stable, it is nec-
essary and sufficient that the following condition be fulfilled

HTHJH SMI; OSJSH, 7’7/:0,17 (10)
For M, = 1, solution (7) is uniformly asymptotically stable.

Proof. Necessity. Let solution (7) satisfy the following esti-
mate

lynll < Myllysll, 0<j<n. (11)
From (7), we obtain
Yn = SpSn—1- - Sjyj = dnjY;5-
Hence
[ynll < 170l - lysll, 0 <5 <n. (12)

Comparing estimates (11) and (12), we obtain estimate (10).
Sufficiency. If (10) is satisfied, then (11) follows from (12).
Theorem 2. If the solution to (7) is uniformly stable with

respect to the initial data, then it is stable with respect to the

right-hand side and the following estimate holds for its solution

n—1
lyall <M { ol + S US|, n=1,2,....

=0

The proof follows from Theorem 1 and inequality (9) [23].

3. One Method for Investigating Uni-
form Stability

Let the norm of operator S,, be estimated as

where cg is the constant satisfying the following conditions
a) cg > 0;
b)co <0 (1+cogn >0), n=0,1,....
Let T;, ; be the resolving operator of system (6). Then

Tn,j :SnSn_l'”Sj, OSJSTL
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Consequently,
[T sl < U[Snll - [1Snall -~ 1S5]}, 0 <7 <mn.

Hence, considering (13), we have

n—1
[Tl < T (1+ cogm)- (14)
m=)

Let us estimate the product on the right-hand side of (14):

n—1 n_l

In I (1+cogm) = E In(1 4+ cogm) <
m=j .
m=j

n—1 n—1
< Z Codm = Co Z dm-
m=j m=j
Then from (14) we have the following estimate

co nif am
1Tnsll < e ™=

(15)
Thus, we have arrived at the assertion that

a) if ¢g > 0, then for ||T}, ;|| < M; < oo to be true for all
j (0 < j < m),itis necessary and sufficient that the following
holds

n—1
ZQWLS61<007 0<j<mn,
m=j
i.e., this series is bounded, ¢; > 0 is a constant.
b)if ¢y < 0, but 1 + cpq,, > 0, then from (15), we obtain

|Tnsll <1, 0<j<n, n=0,1,...

The following theorem holds.
Theorem 3. Let inequality (13) hold. Then

n—1
a)ifcg > 0,and > gm < ¢ < oo, then estimate (10)
m=j
holds;
b) if ¢y < 0, then for any ¢,,, > 0 such that 1 + coq,,, > 0,
estimate (10) holds for M = 1.

4. Difference Analog of Vazhevsky’s In-
equality
The following theorem holds

Theorem 4. For any solution of (7) for 0 < n < oo, the
following inequality holds

n—1
VAR ] < ] <
n—1
<M VAR .0 <5 <n

N

(16)

where ||y, ||- is the Euclidean norm of vector y,,, and A(R,)
and A(R,)- are the smallest and largest eigenvalues of matrix
R, = S!Sy, here, S, = [s;(n)], and S} = [s;;(n)] is its
Hermitian conjugate matrix.




Mathematics and Statistics 14(2): 248-254, 2026

Proof. From (7), taking the conjugate, we obtain

Yni1 = YnSn- a7

Let y = (y1,¥2, .., Yn) be a nontrivial solution to system

(7). Then y*y = |ly||*. Hence, |yn11]|* = ¥ 19n+1. Using
(7) and (17), we obtain

[Yns1ll® = ¥ Rutn, (18)

where R, = S} 5,,. Since R,, = R} > 0, then for any n, we
obtain
AR ynll” < v Ry < AR lyall?, (19)

where A(R,,) and A(R,,) are the smallest and largest eigenval-
ues of matrix R,,, respectively.
By virtue of (18), from (19) we have

)‘(Rn)”y’nHQ < Hy7z+1||2 < A(Rn)”yn”2~

From this, we obtain inequality (16). Formula (16) is also
valid for the trivial solution ¥,, = 0.

Corollary 1. For uniform asymptotic stability of the solu-
tion to (7), it suffices that the following condition be fulfilled

AR, <¢*<1, n=0,1,..

or
m]?xAk(S;S7,) <p’<1, n=0,1,...

Now, using Vazhevsky’s inequality, we investigate the uniform
stability of the solution to (7). From (16), we obtain

n—1
||ynH < Ul;[j A(Ry) HyJ” , 0<j<n.

Let the following estimate hold

IR = 1|Ss - Snll <1+ coqn, n=0,1,.... (20)
Then
max A, (5755,) < (1 + cogn)? <
n
n—1
2¢o > qu
<e i ,wv<n-—1, né&N.
n—1
Theorem 5. If (20) holds for ¢ > 0, > ¢, < ¢1 <
v=j

o0, 0 < j < n, then the solution to (7) is uniformly sta-
ble, i.e., the a priori estimate (6) holds. If (20) holds for
co < 0 (1 + cogn > 0), then the solution to (7) is uniformly
asymptotically stable, i.e., (6) holds for 0 < M; < 1.

5. Investigation of the Stability of a Dif-
ference Scheme for the Convection-
Diffusion Equation with Variable
Coefficients

InQr = QUI[0,T], Q= {0<x <1}, we consider the
convection-diffusion equation with convective terms in sym-
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metric form:
ou 1 ou 0

5 t3 <9(x’t)6:v + 6T/(Q(ac,t)u)) —
0 ou @D

_% (k(‘r)ax) = f((E,t), (.’E,t) S QT?
U(I,O) = UO(I)a T e Qv (22)
u(0,1) = pr(t), u(l,t) = pa(t), te (0,77, (23)

where 0 < ¢ < O(z,t) < ¢2, 0 < 3 < k(z) < ¢y,
Qr ={QuU (0,7}, Q={0<z<l}, o, a« =1,4are
constants.

For (21)-(23), we construct an explicit difference scheme

yt"‘A(Z)y:SD(m?t_)v (T/»f) € wp X Wr, (24)
y(a:,O) = uO(I)7 T € Wh, (25)
y(oat) = ,Ull(t)7 y(l7t) = M?(t)a t € ws, (26)

where
A(E) = CO + Da

Cod = iy + (p)g], DI = A,
MY = —(a¥z),, t=tnios,
Co=-C;, D=D">0,
and parameters p, a and ¢ are calculated using template func-
tionals, for example,
p=0(z;, 1), (z,t) € wp X wr, a=k(z;i_05),
Ti—05 = x; — 0.5k, o = f(z;,1), 0 < c3 <a<cy,y € Hp,
wp =4{x;=1th, i=0,1,...N, h=1/N},
W ={th =n1, n=0,1,...}

grids over space and time are, respectively, w, = wp\{z =
0,1}, wr =@, \{t =0} [24].

In the space of grid functions H}, we introduce operators
A, = A@t), A, : H, — Hp, B, = E. Then, the differ-
ence scheme (24)—(26) has the form (3), where the operator is

A, # A: > 0.

Now we prove the stability of scheme (24)-
(26). By the Cauchy-Bunyakovsky inequality,
(Suyy) < ISayllllyl < ISallllyl*. On the other

hand, considering the skew-symmetry of Cy ((Coy,y) = 0)),
we obtain

(Snyy) = (B = T4n)y,y) < (1= 7[ID])llyl>

Consequently, by the second condition of Theorem 3, we ob-
tain the condition for uniform asymptotic stability of scheme
(24)-(26) 7 < 1/||D|| or taking into account ||D|| < 5% we
get
T < c3h?/4

with almost coincides with the condition [22, p. 430].

Theorem 6. Let condition (27) hold. Then, the solution
scheme (24)—(26) is stable, i.e., in the norm of space H},, the
following estimate holds

27)

n—1

[ynll < M, (Iyoll + ZT%II) , n=12...

v=0
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6. Investigation of Uniform Stability
Based on the 2nd Lyapunov Method

Consider the Lyapunov function as a quadratic form

Va(yn) = YnDnyn = (Dnyn, Yn)- (28)
Let D} = D,, > 0 and the difference be AV,, < 0, where
AV = Var1(¥nt1) = Va(yn) = Vas1(Snyn) — Va(yn)-
Then, taking into account (28),
AV = yYpi1Dnt1ynt1 — Yp Dnyn =
= Yn (93 Dnt1Sn — Dn)yn < 0.
From this, we obtain the following condition
Sy Dni1Sn — Dy <0, (S5, Dny1Sn < Dy). (29)

Theorem 7. Let conditions D} = D, > 0, AV,, < 0 be
satisfied. Then condition (29) is necessary and sufficient for
the uniform stability of the solution to equation (7) in norm
D,,, i.e., the following a priori estimate holds for its solution

lynllp, < llgsllp. 0<j<n, n=01...

where ||u| , = v/ (Du, u) is the energy norm.
Thus, based on this theorem and Theorem 2, the following a

priori estimate holds for the solution of (5).

n—1

p, <M (Iyollp0 +> ||fv||D,U> , n=1,2,...
v=0

|yl

In the case of the two-layer scheme (3), this estimate has the
following form

n—1
p, <M <|I‘JO|DO + ZTHBgl%HDv) ’

v=0

| n]

n=12,...

We investigate the uniform stability of the solution of the dif-
ference scheme (4) in norm D,, using Theorem 7. Substituting
the explicit form of operator S,, (for B,, = F) into (29), we
obtain

(E—-7A})Dypi1(E—7A,) — Dy, <0. 30)

If we consider the implicit two-layer difference scheme (4)
(B, # F), then with (30), we have

(E—7A%(B;Y)Dpi1(E—7B;*A,) — D, <0. (31)

Let operator A,, satisfy in ¢,, the Lipschitz condition (is
Lipschitz-continuous in t)

[((A(tn +7) = Altn))y, y)| < Tes(Altn)y, y),

where c3 is some positive constant.

(32)

On Uniform Stability of Solutions to Difference Equations

In Q7, we consider the following problem

)G = 5 (We0 5 ) 410, (0.0 € Qr. G
u(z,0) = ug(z), €9, (34)
u(0,t) = pa(t), u(l,t) = pa(t), te€(0,T], (35)

where c(z,t) > ¢ > 0,0 < ¢ < k(z,t) < cs
Qr = {QuUO,T]}, Q={0o<xz<l}, Q= QuU(0,I),
Ca, « = 1,3 are constants.

For (33)—(35), we construct an explicit difference scheme
[22]

pye = Ay + ¢, (36)
y(x,0) = ug(x), « € wp, (37)
y(0,t) = pa(t), y(l,t) = pa(t), tew,.  (38)

Here, A(t)Y = (a(z,1)V3),, t=tnt0.5 =t,~+0.57, param-
eters p, a and ¢ are calculated using template functionals, for
example,

p = c(zi 1), a = k(zimos,1), ¢ = pla, 1) = f7707,
(z,t) € wp X wr,0< 1 <a <o,

n+1

AN
yeHy, y=y; =ylxitn), ¥ =y, =y@i, tns1).

In the space of grid functions Hj, we introduce operators
B, = pE, A, = —A(t), By, A, : H, — Hy. Then, the
difference scheme (36)—(38) has the form (3), where B,,, A,
are self-adjoint positive operators. Consequently, their inverse
operators B!, A1 exist, which are also self-adjoint and pos-
itive.

Let operator A,, satisfy condition (32), which will be met if
coefficient k(x, t)is Lipschitz continuous in ¢:

|k(z,t) — k(z,t —7)| < Tesk(x, t — 7). (39)
Now we investigate the stability of scheme (36)—(38). We
have B, = pE, A, = A}, >0andlet D,, = A,,, ApApi1 =
An+1A,. Then from (31), we have
(E - Tp_lAn)AnJrl(E - Tp_lAn) - An <0
or

Apir — Ay —27p YAy Ay (E - gp—lAn) <0. (40)

Let
An = UTA’VLU7 A7L+1 = UTA7L+1 U7

where A,, = diagA,(%). Then
An,A71,+1 = UTAnUUTAn+1U = UTAnAn+1U7
since UUT = E. Consequently, from (40) we obtain
An-&-l

— An =205 Adnr (1= Zp700) <0

for all 7. Let us consider two cases:
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) Apt1 — Ay <016 Ay < Apand1— Zp~ A, > 0or
T< 22

b) l;y condition [A, 41 — A,| < c¢37A,, and from (40)
p = FA,orT < i—p is a sufficient condition for stability.

Given these assumptions, from (40) we obtain

e3TAn — 279" N Anst (1 - gpflxn) <0

or T
c3 — 2p71A71,+1 (1 — §p71/\n) <0,

i.e., we obtain the stability condition for scheme (36)—(38)

20 cgp? p cap?
<2 <2 41
W W LD Wb

Thus, under conditions (41), the following estimate holds

||yn+1HAn < ||yo||A0, n=0,1,....

Consequently, we have proven the following theorem.

Theorem 8. When (41) is satisfied, the solution to differ-
ence scheme (36)—(38) is stable in norm D,, = A,, i.e., the
following estimate is true

n—1

HynHDn < M <|90||DO + ZTHB;H)%’

v=0

7. Conclusions

This study establishes various criteria for uniform stability
and uniformly asymptotic stability of solutions to difference
equations. Using the difference analog of Vazhevsky inequal-
ity, we prove theorems regarding the uniform stability of solu-
tions to these equations. Additionally, we derive results related
to the stability of two-layer difference schemes with variable
coefficients based on our examination of difference equations.
The findings on uniform and uniformly asymptotic stability
are then validated through examples of difference schemes ap-
plied to convection-diffusion and diffusion equations with vari-
able coefficients. Corresponding a priori estimates are ob-
tained. The results can be applied to the study of the stabil-
ity of difference schemes for multidimensional parabolic and
pseudoparabolic equations.

Thus, this paper proposes new criteria for the stability
analysis of difference equations and difference schemes with
variable coefficients, the main advantage of which is the
simplicity of analyzing the stability of the considered objects.
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