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Abstract In the 2011 Mexican Mathematical Olympiad,
contestants were asked to solve a cyclic system involving a real
quadratic polynomial. In this paper, we extend that problem by
using the dynamics of complex quadratic polynomials as an al-
ternative method to determine the number of solutions of some
cyclic systems of n real quadratic equations with n variables.
The real quadratic polynomials associated with the systems
are conjugated to polynomials of the form fc(x) = x2 + c,
with c a real parameter. Using the behavior of the real orbits
for quadratic polynomials of the form fc, standard complex
dynamics tools, and the theory of orbit portraits, we determine
how many real solutions these new cyclic systems of equations
with polynomials fc have, depending on the position of the
parameters c in the real slice of the Mandelbrot set. We prove
that if c is a positive parameter outside the Mandelbrot set,
then the system has no solutions; if we restrict our parameters
to the main cardioid M0 of the Mandelbrot set, then the
system has at least one solution; in fact, there are only two
solutions. When we move further to the left in the real line,
we go through the doubling-period cascade of real hyperbolic
components of the Mandelbrot set, where solutions always
exist and the number of solutions of the system depends on
the period of the real components, and the congruence of the
number of equations in the system modulo that period. Finally,
if c ≤ 7

4 , a system with n equations always has a solution;
moreover, for each positive divisor k of n, there will be an
orbit of period k for fc, which is a solution of the system.
The main advantage of the technique used here, compared
to, for example, Gaussian elimination algorithms or Gröbner
bases theory, is that not only can we determine if the system
has a solution or not, but we can also determine the different
windows in the real line where the number of solutions stays

stable, and where the number of solutions changes.

Keywords Equation Systems, Periodic Orbits, Quadratic
Family, Mandelbrot Set

Dedicated to Professor José Antonio Gómez Ortega for his
70th birthday.

1 Introduction
Consider the problem of solving, in the real numbers, the

following system of n equations with n variables x1, x2, . . . ,
xn,

x2
1 + x1 − 1 = x2

x2
2 + x2 − 1 = x3

...

x2
n−1 + xn−1 − 1 = xn

x2
n + xn − 1 = x1. (1)

This problem first appeared as Problem 3 in edition 25 of the
National Competition of the Mexican Mathematical Olympiad
in 2011, see [1]. One standard solution for this system uses
simple algebraic manipulations, and the inequality between the
arithmetic mean and the geometric mean (AM-GM inequality),
see below in the Appendix 7.1 for more details. Another solu-
tion is to look at the real orbits of the real quadratic polynomial
x2 + x − 1 in the system. But why do we not use complex
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methods? Instead of working with the real polynomial, we can
analyze the orbits of the complex polynomial z2 + z − 1.

First, we find a simpler quadratic polynomial to work with.
In this case, it is easier to work with the polynomial f− 3

4
(z) =

z2− 3
4 , which is conjugated (holomorphically) to z2+z−1, see

Proposition 5 below, for more details. Since both polynomials
are conjugate, their orbits are in one-to-one correspondence, so
if we find a periodic orbit of period k of one of the polynomials,
using the conjugacy, we can find the corresponding orbit of
period k of the other polynomial.

Notice that finding a solution for the given equations system
(1) is equivalent to finding all the real periodic orbits of period
n of the polynomial z2 + z − 1, which in turn means finding
all the real periodic orbits of period n of f− 3

4
. To do that,

we need to analyze the dynamics of the map f− 3
4

, which is a
parabolic map; that is, this map has a derivative equal to −1
at the fixed point − 1

2 , and any other periodic orbit of this map
is repelling. Moreover, the dynamics of any point in the real
line for this map have three possibilities: Its orbit can go to
infinity or converge to the parabolic point or it is an iterated
preimage, either of the other fixed point 3

2 or of the preimage of
− 1

2 . Therefore, the only real periodic orbits of period n of f− 3
4

are, in fact, its two fixed points − 1
2 and 3

2 . Under conjugation,
these fixed points correspond to −1 and 1, the fixed points of
z2 + z − 1. This means that the only solutions to the original
system of equations are (−1,−1, . . . ,−1) and (1, 1, . . . , 1).

More generally, let us take any real quadratic polynomial
P (x) = a0 + a1x + a2x

2, that is, a0, a1 and a2 ̸= 0 are real
numbers. Consider the quadratic polynomial fc(z) = z2 + c,

where c = a0a2+
a1
2
−a1

4

2
, then P and fc are holomorphically

conjugated maps under an affine map, see Section 2 below. We
consider a system of equations of the form

P (x1) = x2

P (x2) = x3

...
P (xn−1) = xn

P (xn) = x1,

or the corresponding system with fc instead of P , which will
be called a c-system with n equations.

Remark 1. Observe that if a1, a2, . . . , an is a solution set of
a c-system with n equations, then it is also a solution of the
c-system with n · k equations, for any positive integer k.

To find how many real solutions the c-system has, we can
study the dynamics of fc to prove that for real parameters c,
the number of real solutions of the system will depend both on
the position of c in the Mandelbrot set (that is, in the parameter
plane) and on the number n. Next, we state the main results of
this paper.

First, we consider a real parameter c greater than 1
4 . As c is

outside M , then the Julia set of fc is a Cantor set, that is, the
orbit of the critical point 0, c, c2+ c, (c2+ c)2+ c, . . . escapes
to infinity. Now, if x is any real number, x2 + c ≥ c, then its
orbit will escape to infinity, and we have the following result.

Theorem 1. Let c be a real parameter in the interval
(
1
4 ,∞

)
,

then a c-system with n equations does not have real solutions.

The previous parameters c are the positive ones correspond-
ing to real quadratic polynomials outside the Mandelbrot set to
the right. If we restrict our real parameters to the main cardioid
M0 of the Mandelbrot set, that is, c ∈

(
− 3

4 ,
1
4

]
, the c-systems

will have at least one solution; in fact, there will be two solu-
tions. First, if c = 1

4 , the only fixed point of fc is real, and it
is a parabolic fixed point, so any real number x will have an
orbit that converges to this fixed point or it will escape to infin-
ity. For the case c ̸= 1

4 , fc has one real attracting fixed point
and one repelling fixed point. All points in the interior of the
filled Julia set will converge under iteration of fc to the attract-
ing fixed point (the only two real points in the Julia set are the
repelling fixed point and its pre-image); the real points outside
the filled Julia set once again will escape to infinity under the
iteration of fc. Thus, we have the following result.

Theorem 2. Let c be a real parameter in the interval
(
− 3

4 ,
1
4

]
,

then a c-system with n equations has only two solutions,
namely the fixed points of the map fc. In the case c = 1

4 ,
the fixed point of fc has multiplicity two.

For the next result, we need the following remark.

Remark 2. For any even positive number m, there exist unique
integers r ≥ 1 and an odd number t such that m can be written
as m = t ·2r. Now fix the number 2n, with n ≥ 1 and consider
the possible residues of m module 2n, that is, 0, 2, 4, . . . ,
2n − 2. First, m = t · 2r ≡ 0 mod 2n if and only if r ≥ n; in
any other case, r < n, and m = t · 2r ≡ k · 2r mod 2n, with
k · 2r ∈ {2, 4, 6, . . . , 2n − 2} and k an odd integer.

If we keep moving to the left in the real line beyond the
parameter − 3

4 , we go through the doubling period cascade of
real components of the Mandelbrot set, where the solutions of
the c-systems behave as follows.

Theorem 3. Let c be a real parameter in the hyperbolic com-
ponent H2n of period 2n, with n ≥ 1, in the 2-limb of the
Mandelbrot set. The number of solutions of a c-system with
m equations depends on the congruence of m module 2n. If
m is odd, the c-system only has the fixed points of fc as solu-
tions. If m ≡ k · 2r mod 2n, with k odd, 1 ≤ r ≤ n, and
k · 2r ∈ {0, 2, 4, . . . , 2n − 2}, then the c-system has as a solu-
tion set the two fixed points and r periodic orbits, namely, the
real periodic orbits of periods 2l of fc, with 1 ≤ l ≤ r.

The idea of the proof is to use the theory of orbit portraits
that we will present in Section 4. Essentially, this theory ex-
plains how certain repelling or parabolic orbits emerge as we
vary a real parameter in the Mandelbrot set from right to left.
The number of solutions will depend on the congruence of m
module 2n, since we will observe that for real parameters in
this case, there are only real periodic orbits with period a power
of 2.

We will see that if cn is the root point of the hyperbolic
component of period 2n in the previous Theorem, then the cn-
system with m equations has the same number of solutions as
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the c′-system, with c′ a real parameter on the previous real
hyperbolic component of period 2n−1. Notice that this se-
quence of hyperbolic components of periods 2n converges to
the Feigenbaum parameter.

Finally, using Sarkovskii’s theorem (see [2] and [3]) and or-
bit portraits, we can prove that if we consider any real param-
eter c to the left of − 7

4 , every c-system has a solution, besides
the trivial ones corresponding to the fixed points of fc.

Theorem 4. Let c be a real parameter in the interval
(−∞,− 7

4 ], then a c-system with n equations always has at
least one real solution. Moreover, for each positive divisor k
of n, there will be an orbit of period k for fc, a solution of the
c-system.

In the proof of the main results, we will use several facts
given in [4] about orbit portraits and external rays. Notice
that we are interested here only in the real solutions of the c-
systems, mainly because even for real parameters c, the poly-
nomial fc will have complex periodic orbits where dynami-
cal rays with rational angles always land, which generate addi-
tional complex solutions.

In the previous results, there is a gap between the Feigen-
baum parameter c∞ ≈ −1.401155 and −7

4 . In between, there
are many small real copies of the Mandelbrot set, each originat-
ing from a hyperbolic component of a specific period. These
periods behave in Sharkovskii’s order so that we can solve the
corresponding c-system depending on the position of this pa-
rameter c in this gap, but the combinatorics are more intricate.
We hope to apply these ideas to other families of rational maps
to solve other cyclic equation systems.

Notation
We will use the following notation throughout this paper.

• Ĉ denotes the Riemann sphere C ∪ {∞}.

• fk denotes the composition of the map f with itself k
times.

• Of (z) denotes the orbit of z under the map f .

• fc denotes de map fc(z) = z2 + c, with c ∈ C.

• Oc(z) denotes the orbit of z under fc.

• Jf and Jc denote the Julia set of the map f and the Julia
set of fc, respectively.

• Ff and Fc denote the Fatou set of the map f and the Fatou
set of fc, respectively.

• KP and Kc denote the filled Julia set of P and the filled
Julia set of fc, respectively.

• M denotes the Mandelbrot set.

• d : R/Z → R/Z denotes the doubling map t 7→ 2t
(mod 1).

• RK
t and RM

t denote a dynamical external ray of angle t
and a parameter external ray of angle t, respectively.

• P = P(O) denotes the orbit portrait of the orbit O.

• WP denotes the P-wake in the parameter plane associated
to the orbit portrait P .

• H2n denotes the real hyperbolic component of period 2n.

2 Preliminaries
Let us describe some basic facts about periodic points, the

Julia set and the Fatou set of a complex rational map, with
special emphasis on the complex quadratic polynomial family
fc : z → z2 + c and its connectedness locus. A good start-
ing point for getting familiar with the complex dynamics of
rational maps are the classical books by Beardon ([5]) and by
Carlesson & Gamelin ([6]). For more details, see [7], [8], [9],
[10] or [11]. Let R : Ĉ → Ĉ be a rational function, that is, the
quotient of two co-prime complex polynomials.

Definition 2.1. A complex number z ∈ Ĉ is a periodic point
of period k for the function R if Rk(z) = z and Rj(z) ̸= z for
j < k, where Rk denotes the composition of R with itself k
times.

Given z ∈ Ĉ, the set

OR(z) = {w ∈ C : w = Rk(z) for some k ∈ N ∪ {0}}

is the orbit of z under R. If z is periodic, this set is finite, called
the periodic orbit of z.

Definition 2.2. Given two analytic functions f and g, they
are topologically (holomorphically) conjugated in the open set
U ⊂ C, if there exists a homeomorphism (biholomorphism)
φ : U → φ(U) such that φ ◦ f(z) = g ◦ φ(z) for z ∈ U . That
is, the following diagram commutes,

U

φ

��

f
// U

φ

��

φ(U)
g
// φ(U).

Remark 3. Observe that if f and g are two topologically con-
jugated functions by means of φ and z is a fixed point of f , then
φ(z) is a fixed point of g, since g(φ(z)) = φ(f(z)) = φ(z).
Moreover, it can be shown that this is also true for the periodic
points of f in U .

If we consider a special but important case of a rational func-
tion, a quadratic polynomial, we have the following essential
result for our purpose, see [12], page 223 or [6], page 123.

Proposition 5. For every complex quadratic polynomial
P (z) = a0 + a1z + a2z

2, there is c ∈ C, such that P (z)
and fc(z) = z2 + c are holomorphically conjugated by a bi-
holomorphism of the complex plane, that is, an affine function
of the form az + b, with a, b ∈ C, a ̸= 0.
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Proof. Let P (z) = a0+a1z+a2z
2 be any complex quadratic

polynomial, that is, a2 ̸= 0. In order to find a conjugation
between P (z) and a quadratic polynomial of the form fc(z) =
z2 + c, we need to solve the equation φ ◦ P (z) = fc ◦ φ(z),
that holds in all C, where φ(z) = az+ b, with a, b ∈ C, a ̸= 0,
that is, we need to find the values of a, b and c, in terms of
a0, a1, a2. Expanding the equation φ ◦ P (z) = fc ◦ φ(z), we
obtain

a(a0 + a1z + a2z
2) + b = (az + b)2 + c,

and comparing coefficients, we get that a = a2 ̸= 0, b =
a1
2

and c = a0a2 +
a1
2

− a1
4

2
.

This result shows that the study of the dynamical behavior
of quadratic polynomials can be restricted to the study of poly-
nomials of the form fc, parameterized by the complex plane C.
For example if P (z) = z2 + z − 1, then it is conjugated to fc
with c = (−1)(1) + 1

2 − 12

4 = − 3
4 .

Definition 2.3. Let f be a holomorphic function and let z be a
periodic point of f with period k and multiplier λ = Dfk(z),
where Dfk(z) denotes the complex derivative of fk in z. We
say that

1. z is attracting if |λ| < 1; if λ = 0 then z is called a super-
attracting periodic point,

2. z is repelling if |λ| > 1, and

3. z is indifferent if |λ| = 1; if λ = e2πiθ, with θ a rational
number, we say that z is a parabolic periodic point.

If {z1, z2, . . . , zk} is a periodic orbit of f , then, applying
the chain rule, we find that Dfk(zj) does not depend on j;
the last definition can be applied to every point in the periodic
orbit.

The fixed points of fc are the roots of the polynomial z2 −
z + c, which are

z1,2 =
1±

√
1− 4c

2
.

These roots are different, except in the case c = 1
4 , where the

only fixed point of f 1
4

is 1
2 .

2.1 Fatou and Julia sets
For completeness, let us define the Fatou and Julia sets for a

rational map using normal families, even though we will use a
more geometric definition (equivalent to the one given here for
the polynomial case) later on. First, we recall the definition of
a normal family.

Definition 2.4. Let U ⊂ Ĉ be a domain in the extended com-
plex plane. Let F = {f : U → Ĉ } be a family of holomor-
phic functions defined in U . The family F is a normal family
in z0 ∈ U if for every sequence {fn} ⊂ F there exist a subse-
quence {fnk

} that converges uniformly in compact subsets of
U , in a neighborhood of z0, to a function f0.

A-3/4(∞)

K-3/4

-1/2

RK1/3

RK2/3

3/2

RK0

Figure 1. In black is shown the filled Julia set K− 3
4

of the polynomial f− 3
4

with the critical point orbit in white dots. Inside the basin of attraction of
infinity A− 3

4
(∞) (the white part of the diagram), we have drawn three level

curves of the corresponding Green’s function in purple. The dynamic rays
RK

1/3
, RK

2/3
landing at the parabolic α fixed point − 1

2
are drawn in green.

Also is shown the RK
0 dynamical ray, landing at the β fixed point 3

2
.

Definition 2.5. Let R be a rational function. The point z0 ∈ Ĉ
belongs to the Fatou set FR of R, if the family {Rn} is normal
in a neighborhood of z0. The Julia set JR is defined as the
complement of FR.

Observe that if P is a polynomial of degree d > 1, then in-
finity is a super-attracting fixed point, by Böttcher’s Theorem
(see [11]), there exists a neighborhood U of the point at infin-
ity where P is holomorphically conjugated to the function zd.
Hence, the orbit of any point z ∈ U converges to infinity and
therefore z ∈ FP .
Let us define the basin of attraction of infinity as the set

AP (∞) = {z ∈ C : lim
n→∞

Pn(z) = ∞} ⊂ FP ,

and the filled Julia set of P as the compact set

KP = {z ∈ C : the orbit OP (z) is bounded}.

Since the interior of KP belongs to FP , it follows that JP
is equal to the boundary of KP , which in turn is equal to the
boundary of AP (∞).

Theorem 6 (Fatou-1919). Let P be a complex polynomial. The
set KP is connected if and only if the orbit of every critical
point of P is bounded.

2.2 Quadratic family
Let us restrict our study to the family of quadratic poly-

nomials fc(z) = z2 + c, for c ∈ C; observe that fc has
only one critical point at the origin. Let Ofc(z) = Oc(z),
Ac(∞) = Afc(∞), Kc = Kfc and Jc = Jfc (see Figure 1
that shows these sets for f− 3

4
). We have the following results

that are consequences of Fatou’s Theorem 6.

Corollary 2.6. The orbit Oc(0) is a bounded set if and only if
the Julia set Jc is connected.
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Corollary 2.7. The orbit Oc(0) goes to infinity, that is, 0 ∈
Ac(∞) if and only if the Julia set Jc is a Cantor set.

Let us now define the Mandelbrot set M (see Figure 2), as
the connectedness locus of the complex quadratic polynomials
family fc : z → z2 + c,

M = {c ∈ C : Jc is connected}

which is equivalent to saying that the orbit Oc(0) is a bounded
set. Topologically, the set M is connected, compact, and a full
subset of the complex plane, with an intricate boundary.

The following standard definitions are related to the Man-
delbrot set, see [5] and [6]. A point c ∈ C is a hyperbolic
parameter if the orbit of zero Oc(0), either escapes to infinity
or converges to a unique attracting cycle in the complex plane.
A parabolic parameter c is one where fc possesses a unique
parabolic cycle; in this case, the cycle points lie on the Julia
set, and all orbits in the bounded Fatou components converge
toward it. When the critical point of fc is pre-periodic, mean-
ing its forward orbit is finite but never returns to its starting
point, c is known as a Misiurewicz parameter.

Hyperbolic parameters in the Mandelbrot set form an open
set, where each connected component of M corresponds to a
component of the interior of M . These are known as hyper-
bolic components. The largest and most central one is M0,
the cardioid containing c = 0, which represents all parame-
ters where fc has an attracting fixed point. Every hyperbolic
component H has a specific period, defined by the length of
the attracting cycle for any parameter c within that component
(see Figure 2).

In the dynamical plane, the compact set Kc has an associated
Green’s function, Gc : C → [0,∞). This function is zero
on Kc, harmonic everywhere else, and behaves like log |z| as
|z| approaches infinity. The external rays of Kc are the paths
perpendicular to the level curves of this Green’s function (see
Figure 1). Each such ray is identified by its angle t ∈ R/Z at
the circle at infinity and is written as RK

t .
The filled Julia set Kc is connected if c ∈ M , therefore there

is a conformal isomorphism ϕc : Ĉ\Kc → Ĉ\D such that the
conditions ϕc(∞) = ∞ and ϕ′

c(∞) = 1, uniquely determined
the map. The map ϕc conjugates the dynamics of fc to the
dynamics of z2, that is, ϕc(z

2 + c) = (ϕc(z))
2, for all z in

the basin of attraction of infinity. The set RK
t = ϕ−1

c {re2πit :
r > 1} is called the dynamic ray at angle t ∈ R/Z. It follows
that fc(RK

t ) = RK
2t taking t → 2t (mod 1) on R/Z. The ray

RK
t lands at z ∈ Jc if limr→1 ϕ

−1
c (re2πit) = z, see Figure 1,

and figures 3 to 6 that show examples of several dynamic rays
landing in the corresponding Julia sets.

In the same way, the potential function GM and the exter-
nal rays RM

t associated with M (see Figure 2) are similarly
defined. There is a distinction between a dynamic ray (K-ray)
for an external ray of the filled Julia set and a parameter ray
(M -ray) for an external ray of M . For instance, for parameters
c in the Mandelbrot set, the dynamical ray of angle 0 always
lands at one of the fixed points of fc, this point is called the β
fixed point of fc, and it has the property that if we remove it
from the Julia set, it does not disconnect this last set. The other

-3/4 1/4-5/4
c4-7/4

RM3/5

RM10/17

RM151/257

RM0

RM1/3

RM2/3

W1
W2 RM2/5

RM106/257

RM3/7

RM4/7

RM7/17

Figure 2. The Mandelbrot set with parameter rays RM
t from right to left: the

RM
0 ray landing at c = 1

4
; the RM

1/3
, RM

2/3
rays landing at c = − 3

4
, bound-

ing the wake W1; the RM
2/5

, RM
3/5

rays landing at c = − 5
4

, bounding the

wake W2; the rays RM
7/17

, RM
10/17

bounding the wake W3; the RM
106/257

,

RM
151/257

rays landing at c4; and the RM
3/7

, RM
4/7

rays landing at − 7
4

. It also
shows the main component M0, the real hyperbolic components H2, H4, and
the periods of some other hyperbolic components.

fixed point of fc is called the α fixed point (see Figure 1 and
Figure 3).

3 Using holomorphic dynamics to solve
the equations system (1)

Let us consider the complex polynomial P (z) = z2 + z − 1
as an example of using holomorphic dynamics to solve the sys-
tem of equations (1). In order to solve the system associated
to P , we must find real numbers x1, x2, . . . , xn such that
P (xi) = xi+1, where the index are taking mod n, in partic-
ular Pn(x1) = x1. That is, we need to find all the real peri-
odic orbits of period n of the polynomial P . We will prove
that the only real periodic orbits of period n for this poly-
nomial are the fixed point, which is equivalent to saying that
the solution of our system are the trivial ones (1, 1, . . . , 1) and
(−1,−1, . . . ,−1).

Taking the derivative of P , we obtain P ′(z) = 2z + 1, then
P ′(z) = 0 ⇔ 2z + 1 = 1

2 ⇔ z = − 1
2 . The point z0 = − 1

2 is
the critical point of P . By Proposition 5, the polynomial P is
conjugated to the polynomial f− 3

4
(z) = z2 − 3

4 by the affine
map φ(z) = z + 1

2 . Then, finding the solutions of the system
with the polynomial P is equivalent to finding the solutions of
the − 3

4 -system with n equations.
The polynomial f− 3

4
has two fixed points z1 = 3

2 and
z2 = − 1

2 , that is, solutions of the equation f− 3
4
(z) = z.

Since the derivatives in these fixed points are f ′
− 3

4

(z1) = 3
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and f ′
− 3

4

(z2) = −1, then z1 is a repelling fixed point (the β

fixed point) and z2 is a parabolic fixed point (the α fixed point).
Hence any real number in the interval [− 3

2 ,
3
2 ] = K− 3

4
∩ R,

either belongs to a bounded component of the Fatou set, and
then has an orbit that converges to the parabolic fixed point
z2 = − 1

2 , or it is an iterated pre-image either of the other fixed
point 3

2 or of 1
2 , which is a pre-image of − 1

2 . And for real points
outside this interval, which belong to the basin of attraction of
infinity, their orbits escape to infinity, see Figure 1. Therefore,
the only real periodic orbits of period n of f−3/4 are in fact its
two fixed points − 1

2 and 3
2 . This means that the only solutions

to the original system of equations for P (z) are φ−1(z1) = 1
and φ−1(z2) = −1 which give the solutions (−1,−1, . . . ,−1)
and (1, 1, . . . , 1).

4 Orbit portraits
An important fact in Douady and Hubbard’s work about the

Mandelbrot set M is the result that every parabolic parameter
c ∈ M , with c ̸= 1

4 , is the landing point for exactly two ex-
ternal rays of angles periodic under doubling (see [8] and [9]).
Milnor in [4] provides a proof of this result and some of its
consequences using orbit portraits, which rely on elementary
combinatorics, rather than on more difficult analysis. Let us
review some of the results in [4] about orbit portraits, which
we will use later. For more about orbit portraits, see also [13].

Let us fix, for the rest of this Section, O = {z1, z2, . . . , zp}
a periodic orbit of period p for fc. Let us start with the main
definitions.

Definition 4.1. Let t ∈ Q/Z be a rational angle such that the
dynamic ray RK

t lands at a point of O. For each zi ∈ O,
the set Ai consisting of all angles of dynamic rays that land at
the point zi is a finite and non-empty subset of Q/Z. The set
{A1, A2, . . . , Ap} will be called the orbit portrait P = P(O).

The number of elements in each Ai is known as the valence
v of the orbit portrait. Theorem 1.1 in [4] states that if p ≥ 1
and there exist v ≥ 2 dynamic rays landing at each point of
O, then there is a unique sector S1 based at some point of O
which contains the critical value c = fc(0), in such a way that
its closure does not contain any other point of the orbit O. Let
0 < t− < t+ < 1 be the angles of the dynamics rays RK

t±
bounding the critical value sector S1 for fc. The main result in
[4] is the following.

Theorem 7. The parameters rays RM
t± land at a single point

rP of the parameter plane. These rays and their landing point
divide the plane into two open subsets WP and C \ WP . A
quadratic map fc will have a repelling orbit with portrait P if
and only if c ∈ WP , and it will have a parabolic orbit with
portrait P if and only if c = rP .

The set WP is called the P-wake in the parameter plane,
and rP is called the root point of this wake. The intersection
MP = M ∩WP is the P-limb of the Mandelbrot set. The open
arc IS1 = (t−, t+) formed by all angles of dynamic rays RK

t

contained in the interior of S1, (equivalently all angles of pa-
rameter rays RM

t contained in WP ) is called the characteristic
arc I = IP for the orbit portrait P .

As a consequence, there exist some orbit forcing related to
different non-trivial orbit portraits. Specifically, for any two
distinct orbit portraits P and Q, the boundaries of their respec-
tive wakes do not intersect. This implies that the closed wakes
must either be disjoint or one must be nested entirely within
the other.

Remark 4. Let IP ⊂ IQ with P ̸= Q, then WP ⊂ WQ.
Therefore, if a repelling or parabolic orbit with portrait P ex-
ists, it automatically requires the existence of a repelling orbit
with portrait Q. Furthermore, if the characteristic arcs are dis-
joint, it is impossible for any map fc to possess both types of
orbit portraits at once.

Finally, remember that AP = A1 ∪ A2 ∪ · · · ∪ Ap has pv
elements, every one with period rp under doubling, with r ≥ 1.
Then, this union splits up into pv

rp = v
r different cycles under

the doubling map. If P is the portrait associated with a periodic
orbit O, then the ratio v/r is the quantity of cycles of K-rays
landing on the orbit O.

Lemma 2.7 in [4] states that any orbit portrait with valence
v, and v > r, implies that v = 2 and r = 1, and then there
are two possibilities. The primitive case is when r = 1, where
every ray landing on the period p orbit is transformed to itself
by fp

c , and then at most two rays land on each point of the
orbit. The satellite case corresponds to r > 1, which implies
that v = r in such a way that only r rays land on each orbit
point, and all the dynamic rays belong to a unique cycle under
the angle-doubling map.

Example 4.2. Consider the quadratic polynomial f− 5
4
(z) =

z2 − 5
4 , which has a parabolic orbit of period 2, say O− 5

4
=

{z1, z2}. The angles of the dynamic rays that land at z1 are
1/5 and 4/5, that is, A1 = {1/5, 4/5}; similarly, the angles
of the dynamic rays landing at z2 are A2 = {2/5, 3/5}. The
orbit portrait associated to O− 5

4
is P = {A1, A2}, see Figure

4, where we can see in red the dynamic rays with angles in P;
in this case v = r = 2, so all the rays in the portrait belong to a
single orbit under doubling. In Figure 2, we observe also in red,
the wake W2 associated to the orbit portrait P = {A1, A2}.

There is an important work by Zakeri [14] on external
rays landing in real parameters, primarily focused on calcu-
lating the Hausdorff dimension of these parameters. How-
ever, there are some results in this work that are of interest
to us. Let H be a real hyperbolic component of period p,
then H ∩ R = (c′, c) and there exist exactly two parameters
rays with angles θ−(H) < θ+(H) landing on c, the root of
the hyperbolic component H , where θ−(H) = n

2p−1 ∈ (0, 1
2 )

and θ+(H) = 1 − θ−(H) ∈ ( 12 , 1). Also there are two rays
ω−(H) = n+1

2p+1 ∈ (0, 1
2 ) and ω+(H) = 1 − ω−(H) ∈ ( 12 , 1)

landing on c′. The open interval O(H) = [θ−(H), ω−(H)] ⊂
(0, 1

2 ) is called the opening of H and any parameter ray RM
t

whose angle t ∈ O(H), does not land on R and therefore does
not create a real orbit with the portrait associated to t under
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doubling. It also gives us a way to know if a parameter ray
RM

t , with angle t ∈ (0, 1
2 ), lands on a real parameter c ∈ M

and therefore if it creates a wake with that combinatorics. Let
d(x) = 2x mod 1 be the doubling map, then the ray RM

t lands
on M ∩ R if dn(t) /∈ (t, 1− t) for any n ∈ N.

Given a quadratic polynomial fc and a general orbit portrait
P , that is, a collection of p sets of angles with some given
combinatorics (pv angles each of which has period rp under
doubling), which Milnor called it formal orbit portrait in [4],
we would like to know if fc has a real periodic orbit with this
orbit portrait P . This formal orbit portrait has associated a
wake WP such that P is generated by an angle φ = n

2rp−1 , for
some 0 < n ≤ 2rp−1−1, that is, RK

φ lands in some point of the
orbit of period p. We can tell if such portrait P generates a real
cycle of period p for fc, just by looking if dk(φ) /∈ (φ, 1− φ),
for k = 1, . . . , pr − 1. We can also calculate the parameter
ray that creates such a wake because once we choose φ ∈ P ,
then dk(φ) ∈ P for k = 1, . . . , pr − 1. So the rays with
angles t−, t+ that create this wake are the same that bound the
smallest critical value sector, therefore we can deduce that t−
is the greatest angle in P such that t− ∈ (0, 1

2 ) and t+ is the
smallest angle in P such that t+ ∈ ( 12 , 1).

Reciprocally, given a real polynomial fc with a real periodic
orbit of period p, then c must belong to a wake WP such that
P is the portrait associated with this real periodic orbit of fc.
Thus we know that for some 0 < n ≤ 2rp−1−1, RK

n
2rp−1

lands

in some point of this orbit and dk( n
2rp−1 ) /∈ ( n

2rp−1 , 1−
n

2rp−1 ),
for k = 1, . . . , pr − 1.

5 Main results

Before proving this paper’s main results, let’s state some def-
initions and results that we need for the proof.

As we described in Section 4, every orbit portrait P is de-
termined by its corresponding P-wake in the parameter plane,
see Theorem 7. We will denote by W1 the P1-wake, where
P1 = {A1} with A1 = { 1

3 ,
2
3}, which corresponds to the dy-

namical external rays RK
1
3

and RK
2
3

landing at the α fixed point
of fc, for parameters c ∈ W1 (Figure 1 and Figure 3). In this
case, v = 2, p = 1, and r = 2 (see Section 3). The P1-wake is
bounded by the external rays RM

1
3

and RM
2
3

, which land at the

point c = − 3
4 in the Mandelbrot set, which is the root of the

only hyperbolic component of period 2 of the Mandelbrot set
(Figure 2). Thus, for any c ∈ W1, the map fc will have a fixed
point (repelling) with portrait P1.

Every real hyperbolic component of the Mandelbrot set, a
component whose center is a super-attracting real parameter,
has associated a period n, which corresponds to the period of
the super-attracting parameter. For n ≥ 2, all these real hy-
perbolic components are contained in the M2 = M ∩W1, the
2-limb of the Mandelbrot set.

In this 2-limb of the Mandelbrot set, there is a sequence of
real hyperbolic components attached to the main component
of the Mandelbrot set that correspond to the doubling of the
attracting periodic orbit for the corresponding parameters in
these components. That is, tangent to the main cardioid of M ,

-1 0
α fixed point

RK2/3

RK1/3

β fixed point

RK0

Figure 3. Filled Julia set of the quadratic map f−1(z) = z2 − 1, the center
of the hyperbolic component H2. The two dynamical rays that determine the
P1 orbit portrait are shown, together with its landing point, the α fixed point
1−

√
5

2
; the other fixed point 1+

√
5

2
is also visible, as well as the super attract-

ing periodic orbit 0 and −1.

there is the hyperbolic component H2 of period 2 with center
at c = −1 and root point at c1 = − 3

4 ; next, there is a hyper-
bolic component H4 of period 4, tangent to the previous one
at its root point c = − 5

4 , with center a real super-attracting
parameter of period 4, and so on. This sequence of doubling
period cascade of hyperbolic components H2, H4, . . . , H2k ,
. . . , converges to the Feigenbaum parameter c∞ (see Figure
7).

Notice that each root point of this sequence of hyperbolic
components is the landing point of two parameter external rays,
which bound a corresponding wake (see Figure 2).

For instance, H2 has root point c1 = − 3
4 that generates the

wake W1, that is, H2 ⊂ W1, therefore for any c ∈ H2, the map
fc, besides the real repelling fixed point with portrait P1, has a
real attracting periodic orbit of period 2, and there are no other
real periodic orbits (see Figure 1).

For the hyperbolic component H4, its root point c2 = − 5
4 is

the landing point of the two external rays RM
2
5

and RM
3
5

, which

generates the orbit portrait P2 = {A1, A2}, with A1 = {1
5 ,

4
5}

y A2 = {2
5 ,

3
5}, associated to a repelling periodic orbit of pe-

riod 2 (see Figure 4). Let W2 be the wake associated with
P2; hence, by Theorem 7, any map fc with c ∈ W2 will have
a repelling periodic orbit of period 2 with orbit portrait P2.
Observe that for any real parameter d ∈ H4, the map fd has
a unique real attracting periodic orbit of period 4, and since
H4 ⊂ W2, it also has a repelling periodic orbit of period 2
with orbit portrait P2. Moreover, as W2 ⊂ W1, one of the
fixed point of fd, the α fixed point, is repelling with portrait
P1. By Theorem 7, the polynomial fd has no other real peri-
odic points of period greater than 4.

In the same way, let ck be the root point of the hyperbolic
component H2k , then let us call Wk the corresponding wake
originating in ck by the orbit portrait Pk associated to a real re-
pelling periodic orbit of period 2k−1; hence for any parameter
c ∈ Wk, it follows by Theorem 7 that fc has a real repelling
periodic orbit of period 2k−1 with orbit portrait Pk. Moreover,
if c ∈ H2k , the map fc has a unique real attracting periodic
orbit of period 2k.

By Remark 4, since Wn ⊂ Wm if m < n, then if c ∈ Wk

it follows that fc has an orbit portrait associated with a real
repelling orbit of period 2l, for each 1 ≤ l ≤ k − 1, except if c
is a root parameter. If c is a real parameter, all these repelling
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RK1/3

RK2/3

RK2/5

RK3/5

RK1/5

RK4/5

Figure 4. Filled Julia set of f− 5
4

with the dynamical rays landing in the α

fixed point in green, and the dynamical rays landing in the real parabolic cycle
of period 2 in red, whose angles form an orbit portrait; it is also shown the orbit
of the critical point that converges to the parabolic cycle in white.

periodic orbits are real by the discussion at the end of Section
4. We are ready to prove our main results.

Theorem 1. Let c be a real parameter in the interval
(
1
4 ,∞

)
and let n ≥ 2 be any integer. Then, a c-system with n equations
does not have real solutions.

Proof. As c is outside M , then the Julia set of fc(z) = z2 + c
is a Cantor set; in fact, the orbit of the critical point escapes to
infinity, that is, the increasing sequence 0, c, c2+c, (c2+c)2+c,
. . . goes to infinity. If x is a real number, its orbit under fc is
x2+c, (x2+c)2+c, . . . , then, since x2+c ≥ c, it follows that
(x2 + c)2 + c ≥ c2 + c, and so on, so the orbit of x under fc
escape to infinity too. Hence, fc has no real periodic orbit of
any period. Thus, a c-system does not have real solutions.

Now, let us go inside the main cardioid of the Mandelbrot
set.

Theorem 2. Let c be a real parameter in the interval
(
− 3

4 ,
1
4

]
,

then a c-system with n equations has only two solutions,
namely the fixed points of the map fc.

Proof. Let c ∈
(
− 3

4 ,
1
4

]
, then c is a parameter in the main

component of M . In the case c = 1
4 , the fixed point of fc is

real, has multiplicity two, and is a parabolic point. Then, all
the real points in the interior of the filled Julia set are attracted
to this fixed point, and the only other real point in the Julia
set is the pre-image of the fixed point. The real points outside
the filled Julia set escape to infinity under the iteration of fc.
Therefore, the fixed point is the only possible solution to the
c-system.

In the case c ̸= 1
4 , the situation is similar to the previous

case. Now fc has one real attracting fixed point and one re-
pelling fixed point. All points in the interior of the filled Ju-
lia set converge under iteration of fc to the attracting fixed
point. The only two real points in the Julia set are the repelling
fixed point and its pre-image. Once again, the real points out-
side the filled Julia set escape to infinity under the iteration of
fc. Hence, the c-system has only the two fixed points as solu-
tions.

In the previous result, the parameter is outside every nontriv-
ial wake of the Mandelbrot set, which corresponds to nontrivial
orbit portraits. Let’s consider the trivial portrait that consists

only of the β fixed point with the dynamical ray of angle 0
landing there. It corresponds precisely to the parameters in the
“wake” M \

(
1
4 ,∞

)
and every other wake is contained in this

“wake”.
Now, let us consider real parameters and their corresponding

c-systems in nontrivial wakes in the doubling-period cascade of
real hyperbolic components. For example, consider a parame-
ter c ∈ H2. Then fc has a real attracting orbit of period 2 and
two different fixed points. Since H2 is contained in the P1-
wake but not in any other wake, there are no other real periodic
points since the existence of other real periodic points implies
the existence of two dynamical rays landing in each point of the
orbit, which means that c belongs to the wake associated to the
portrait of this orbit, and this is a contradiction since the wakes
are disjoint or are nested. Now it is clear that if m is odd, then
a c-system has only the fixed points as solutions; meanwhile, if
m is any even number, by Remark 1, the c-system has four so-
lutions, namely the two real fixed points and the two real points
in the 2-periodic attracting orbit of fc. The general case is the
following.

Theorem 3. Let c be a real parameter in the hyperbolic com-
ponent H2n of period 2n, with n ≥ 1, in the 2-limb of the
Mandelbrot set. The number of solutions of a c-system with
m equations depends on the congruence of m module 2n. If
m is odd, the c-system only has the fixed points of fc as solu-
tions. If m ≡ k · 2r mod 2n, with k odd, 1 ≤ r ≤ n, and
k · 2r ∈ {0, 2, 4, . . . , 2n − 2}, then the c-system has as a solu-
tion set the two fixed points and r periodic orbits, namely, real
periodic orbit of periods 2l of fc, with 1 ≤ l ≤ r.

Proof. Let c be a parameter in H2n , the real hyperbolic com-
ponent of period 2n, then c belongs to the wake Wn which has
associated an orbit portrait Pn = {A1, A2, . . . , A2n−1}, where
the valence v = 2 and the periodic orbit of fc for this por-
trait is repelling of period 2n−1. By Remark 4, since Wn is
only contained in all Ws, with 1 ≤ s ≤ n, the map fc has
a real repelling periodic orbit of period 2s−1, for each s with
1 ≤ s ≤ n, and a real attracting periodic orbit of period 2n;
if we consider too its real fixed points, fc has not other real
periodic orbits.

Consider a c-system with m equations. To find the solutions,
we need to analyze the different residues module 2n. First, let
m be an odd integer. Since all the real periodic orbits of fc of
period greater than or equal to 2 are the real repelling periodic
orbits of period 2s−1, for each s with 1 ≤ s ≤ n, and the real
attracting periodic orbit of period 2n, then the c-system has as
solutions only the fixed points of fc.

In the case that m is an even number, by Remark 2, it fol-
lows that m ≡ k · 2r mod 2n, with k odd, 1 ≤ r ≤ n and
k · 2r ∈ {0, 2, 4, . . . , 2n − 2}. There are two cases, first if
k · 2r = 0, then r = n; in this case fc has a real repelling
periodic orbit of period 2s−1, for each s with 1 ≤ s ≤ n, and
a real attracting periodic orbit of period 2n. These orbits are
the only real periodic orbits, other than the fixed points of fc,
since c is only contained in the wakes Wi, with i = 1, 2, . . . , n.
Therefore, they are the only solutions of the c-system. In the
other case, when k · 2r ∈ {2, 4, . . . , 2n − 2}, fc has a real re-
pelling periodic orbit of period 2s, for each s with 1 ≤ s ≤ r
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RK106/257

RK151/257

RK1/3

RK2/3

RK2/5

RK3/5

RK7/17

RK10/17

Figure 5. The filled Julia set of fc4 , where c4 ≈ −1.3940487044 is the root
point of the real hyperbolic component H24 . It is shown the dynamical rays
that land in the distinct real periodic orbits of fc4 : in green the repelling fixed
point, in red the repelling orbit of period 2, in pink the repelling orbit of period
4, and in blue the parabolic orbit of period 8.

(the parameter c belongs only to the wakes W1, W2, . . . , Wr+1

and r < n). These orbits are the only real periodic orbits, other
than the fixed points; then these orbits are the only solutions of
the c-system, which concludes the proof.

If cn is the root point of the hyperbolic component H2n of
period 2n in the previous Theorem, the number of solutions of
a cn-system with m equations is equal to the number of solu-
tions of the c′-system, with c′ in the previous real hyperbolic
component of period 2n−1, this follows since the real attracting
orbit of period 2n−1 degenerates in a parabolic orbit of period
2n−1 and the rays that land in this parabolic orbit determine the
wake Wn, see [4].

As an example, recall that the center of H2 is the param-
eter c = −1, and the corresponding quadratic polynomial
f−1(z) = z2 − 1 has a filled Julia set shown in the Figure 3.
The fixed points of f−1 are the solutions of z2−z−1 = 0, that
is, 1±

√
5

2 , and both are real and repelling; in fact the point 1−
√
5

2
is the landing point of the dynamical rays RK

1/3, and RK
2/3 that

form the P1 orbit portrait. Also, f−1 has an attracting peri-
odic orbit of period 2, namely, the solutions of the equation
(z2−1)2−1−z = z4−2z2−z = 0; solving this equation, we
obtain the solutions 0,−1, 1±

√
5

2 , so 0,−1 is the attracting pe-
riodic orbit of period 2. Our discussion about the orbit portraits
shows that f−1 has no other real periodic orbits, and Theorem
3 says that −1-systems can have as solutions sets the points
1±

√
5

2 or the orbit 0,−1 depending of the number of equations
in the −1-system.

Another example is the following, let c4 ≈ −1.3940487044
be the root point of H24 , which is the landing point of the pa-
rameter rays RM

106
257

and RM
151
257

(see Figure 2). This parameter
has associated a real parabolic periodic orbit of period 8, where
all 16 rays in the orbit portrait P4 of the angles 106

257 and 151
257 ,

which are shown in blue in the Figure 5. For the polynomial
fc4 , the only real solutions for a c4-system with m equations
and m odd are the fixed points of fc4 . If m is even, say m = 4,
then m ≡ 1 · 22 mod 24, so the c4-system has as a solution set
the two fixed points and two real repelling periodic orbits, the
one with period 2 and the one with period 4. If m = 8, then
m ≡ 1 · 23 mod 24, hence the c4-system has as a solution set
the two fixed points and three real periodic orbits of periods 2,
4, and 8, where the period 8 orbit is the parabolic orbit. Fi-
nally, if, for example, m = 26, then m ≡ 5 · 21 mod 24, so

z1

RK3/7

RK4/7

z2z3

Figure 6. Filled Julia set of f− 7
4

and the corresponding orbit portrait to the

dynamical rays RK
3
7

and RK
4
7

; {z1, z2, z3} is the real parabolic orbit of period

3.

the c4-system has as a solution set the two fixed points and the
real repelling periodic orbit of period 2. When the parameter
c moves inside H24 , that is, c ∈ H24 , then fc keeps all pre-
vious repelling orbits, the parabolic orbit of period 8 becomes
repelling, and a new real orbit appears, the real attracting peri-
odic orbit of period 16.

If we move further to the left of the Feigenbaum parameter
in the real slice of the Mandelbrot set until we reach the pa-
rameter − 7

4 , we will find several hyperbolic components with
different periods, in accordance with Sarkovskii’s theorem, see
the Appendix 7.2, and also [2], [3]. This order corresponds to
how the different wakes originated by these hyperbolic compo-
nents will appear as we move to the left.

For parameters c in this gap, we know that there always
exists at least one solution. In fact, we can say more, since
c ≤ c∞, then c belongs to Wn for all n, so the polynomial fc
will have a repelling periodic orbit of period 2n, for any n ∈ N,
which can originates many solutions for a c-system depending
of the number of equations on the system.

Reaching the parameter − 7
4 is an important step in our anal-

ysis, because the quadratic polynomial f− 7
4

has a periodic orbit
of period 3, and then by Sarkovskii’s theorem, it has periodic
orbits of any period. In this context, we have the following
result.

Theorem 4. Let c be a real parameter in the interval
(−∞,− 7

4 ], then a c-system with n equations, always has at
least one real solution. Moreover, for each positive divisor k of
n, there will be a real orbit of period k for fc, a solution of the
c-system.

Proof. Let c be a real parameter in (−∞,− 7
4 ]. Since − 7

4 is
the root point of the only real hyperbolic component of pe-
riod 3 in M , f− 7

4
has a real parabolic orbit of period 3. We

can calculate such an orbit by solving the equation f3
− 7

4

(z) =

z, which has real solutions z1 ≈ 1.3019377357, z2 ≈
−0.0549581323, z3 ≈ −1.7469796037 such that (f3)′(zi) =
1, for i = 1, 2, 3; the dynamical rays RK

3
7

, RK
4
7

that land on
z3 (see Figure 6), determine an orbit portrait Q of the real 3-
periodic orbit above, with v = 2 and only one cycle of these
dynamical rays under doubling. Let WQ be corresponding
wake, then, as f− 7

4
has a periodic orbit of period 3, and 3 pre-

cedes every other natural number in the Sarkovskii’s order (see
Appendix 7.2), by Sarkovskii’s theorem (or because the wake
WQ is contained in all previous real wakes), f− 7

4
will have a

real periodic orbit of period n, for any positive integer n. Sim-
ilarly, if any c ∈ (−∞,− 7

4 ), then c ∈ WQ; hence fc has a real
repelling periodic orbit of period 3, and then fc will have a real
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periodic orbit of period n, for any positive integer n. Thus, a
c-system with n equations will always have a solution that cor-
responds to the real periodic orbit of period n of fc. For each
divisor k of n, the corresponding real orbit of period k of fc
will be a solution too, by Remark 1.

For the map f−2, the filled Julia set is K−2 = [−2, 2], thus
J−2 = [−2, 2]. In such a set, all dynamical rays land some-
where in [−2, 2], then f−2 has real orbits of any period. Sim-
ilarly, if c < −2, even though Jc is totally disconnected, all
dynamical rays continue landing in Jc ∩ R.

5.1 Examples
Let us provide some numerical examples that illustrate how

our method works.

Example 5.1. Consider the real polynomial x2 − x + 7
4 and

the corresponding system

x2
1 − x1 +

7

4
= x2

x2
2 − x2 +

7

4
= x3

...

x2
n−1 − xn−1 +

7

4
= xn

x2
n − xn +

7

4
= x1, (2)

for real variables x1, x2, . . . , xn, and for some n ∈ N. To
decide if this system has real solutions, we use Proposition 5 to
see that the polynomial z2 − z + 7

4 is conjugate to the polyno-
mial z2 + c, with c = 1, using the affine map φ(z) = z − 1

2 .
By Theorem 1, as c > 1

4 , the 1-system has no real solution, so
we conclude that the system (2) has no real solutions.

Example 5.2. Let us determine the number of solutions of the
system

x2
1 − x1 −

17

32
= x2

x2
2 − x2 −

17

32
= x3

...

x2
n−1 − xn−1 −

17

32
= xn

x2
n − xn − 17

32
= x1, (3)

for real variables x1, x2, . . . , xn, and for some n ∈ N. Using
Proposition 5, we observe that the polynomial z2 − z − 17

32 is
conjugated to the polynomial z2− 41

32 , via the map φ(z) = z−
1
2 . It is not difficult to see that − 41

32 ∈ H4, the real hyperbolic
component of period 4, but − 41

32 is not its center (it is not a
superattracting parameter). By Theorem 3, the −41

32 -system
always has a real solution; if n is an odd integer, only the fixed
points 1

2 ± 7
4
√
2

are solutions, and then φ−1( 12 ± 7
4
√
2
) = 1

2 ±
7

4
√
2
+ 1

2 = 1± 7
4
√
2

are the solution of the system (3). When n

is even, let us exemplify making n = 18; in this case 18 ≡ 1·21
mod 22, that is, r = 1 in Theorem 3, therefore the − 41

32 -system
has as solutions the two fixed points and the repelling periodic
orbit of period 2r = 21 of f− 41

32
. Using the map φ−1(z), we

find that the system (3) has three solutions: the two fixed points
of the map z2−z− 17

32 and its repelling periodic orbit of period
2.

Example 5.3. Let us prove that the following system has real
solutions

x2
1 + x1 − 2 = x2

x2
2 + x2 − 2 = x3

...

x2
n−1 + xn−1 − 2 = xn

x2
n + xn − 2 = x1, (4)

for real variables x1, x2, . . . , xn, and for some n ∈ N. By
Proposition 5, using the map φ(z) = z + 1

2 , it is possible to
conjugate the complex polynomial z2+z−2 to the polynomial
z2 + c, with c = − 7

4 . By Theorem 4, the − 7
4 -system has

solution for all n ∈ N, and the same can be say for the system
(4). In particular, consider say n = 12 and k = 2 a divisor of
12, then the − 7

4 -system has as solution an orbit of period 2 of
z2 − 7

4 . Namely, is it not difficult to find that − 3
2 , 1

2 is an orbit
of period 2 of z2 − 7

4 ; then using the map φ(z) = z + 1
2 , we

can obtain that φ−1(− 3
2 ) = −2 and φ−1( 12 ) = 0 is an orbit of

period 2 of z2 + z − 2, therefore (0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2)
is a solution of system (4) with n = 12, or in fact, for any n an
even integer.

For n = 12, we can also consider k = 3. In the proof
of Theorem 4, the period 3 orbit for f− 7

4
was explicit cal-

culated: z1 ≈ 1.3019377357, z2 ≈ −0.0549581323, z3 ≈
−1.7469796037; hence φ−1(z1) = z1 − 1

2 , φ−1(z2) = z2 − 1
2

and φ−1(z3) = z3− 1
2 is a period three orbit of z2+z−2, and

a solution of the system (4) for any n = 3m, with m ∈ N.

Summarizing, we can describe an algorithm to find the
number of solutions of a cyclic system as follows.

Step 1. Identify the quadratic polynomial P in the given cyclic
system.
Step 2. Using Proposition 5, find the quadratic polynomial fc
conjugated to P , and the conjugation map φ.
Step 3. Identify which real part of the Mandelbrot set contains
the parameter c.
Step 4. If the parameter c is not in the gap between − 7

4 and
the Feigenbaum parameter, apply one of the Theorems 1 to 4,
correspondingly (see Figure 7).
Step 5. If Theorem 3 applies, and n is even, find the congru-
ence of n mod 2n, to determine the number of solutions.
Step 6. Use φ−1 to go back to the original cyclic system (if we
can find the explicit solution of the c-system, then we can find
the solutions of the original system).
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1/4-7/4 -3/4

4

4

5

5

5

6 8

6

6

6 8

5

M0

3

3

H2
H4

c∞

Figure 7. The figure summarize our results: the interval
(
1
4
,∞

)
in green cor-

responds to Theorem 1, where there are no real solutions; the interval
(
− 3

4
, 1
4

]
in yellow represents parameter in Theorem 2, where there are only two real
solutions; the interval

(
c∞,− 3

4

]
in red corresponds to Theorem 3; the gap

interval
(
− 7

4
, c∞

)
in blue; the interval

(
−∞,− 7

4

]
in pink corresponds to

Theorem 4. It also shows the main component M0, the real hyperbolic com-
ponents H2, H4, and the periods of some other hyperbolic components.

6 Conclusions

In this paper, we use the dynamics properties of the com-
plex quadratic polynomials z → z2 + c to determine if cyclic
systems of real quadratic equations have real solutions. The
existence and number of solutions depend mainly on the posi-
tion of the parameter c on the intersection of the Mandelbrot set
and the real line, ranging from no solutions for certain param-
eters to always having more than one solution for others. The
main tool used to prove our results is the orbit portraits theory,
which is a dynamical technique in the complex setting, applied
here to decide the existence of real solutions for the c-systems.
The main advantage of this technique compared to, for exam-
ple, Gaussian elimination algorithms or Gröbner bases (which
use some computer algorithms since it involves to choose some
set of generators of an ideal of polynomials and then to give
some special order to this set, or to deal with some compli-
cated matrix computations), is that not only can we determine
if the c-system has a solution or not, but we can determine the
different windows in the real line where the number of solu-
tions stays stable, and where the number of solutions change,
for example when we pass from some hyperbolic component
of the Mandelbrot to another, without the use of computer al-
gorithms. In this sense, our method using complex dynamics
tools, presented in this paper, works better to decide if solu-
tions exist for a given cyclic system; we just need to identify
the quadratic polynomial in the system and then find to which
complex polynomial of the form z2 + c it is conjugated.

A limitation of our approach to determining whether a cyclic
system has real solutions or not, as mentioned in the Introduc-
tion, is the intricate combinatorics involved in mapping be-

tween the Feigenbaum parameter c∞ and the parameter − 7
4 .

In between, there are many small real copies of the Mandelbrot
set, each originating from a hyperbolic component of a specific
period. For parameters c in this gap, there always exists at least
one solution. In fact, since c ≤ c∞, then c belongs to Wn for
all n, so the polynomial fc will have a repelling periodic orbit
of period 2n, for any n ∈ N, which originates other solutions
for a c-system depending of the number of equations on the
system. But to determine how many more solutions, we need
to know the existence of additional periodic orbits of a certain
period for the corresponding parameter, which is determined
by Sharkovskii’s order; so to decide how many solutions some
c-system has, we need to know exactly in which wakes of the
Mandelbrot set the parameter sits on, fact that involves a finer
analysis to be done. We conjecture that the analysis done in
[14], about the opening that generates a real hyperbolic com-
ponent, in terms of the angles of the parameter external rays,
and the use of some techniques of [15] will allows to have a bet-
ter description of the number of solutions of a c-system, with
c ∈ (− 7

4 , c∞).
We hope to apply these ideas to other families of rational

maps to solve other cyclic equation systems. For instance, con-
sider the multibrot families, that is, the parameter spaces gen-
erated by the families zd + c, with d a fixed integer exponent
and c a complex parameter. Under certain normalized condi-
tions, we can conjugate a polynomial of degree d to a map of
the form zd+c, and then we expect to use the known properties
of the multibrot families to make a similar analysis as done in
this paper. Another direction to consider is working with cubic
polynomials of the form Qa,b(z) = z3 − 3az2 + b, with a, b
complex parameters, for which some results are known about
the parameter space of this family, see for example [16].

Remark 5. The figures were made with the program Man-
del 5.20 from Wolf Jung, which can be downloaded at
https://www.mndynamics.com/indexp.html

7 Appendix

7.1 Solution of the equation system (1) using
AM-GM inequality

Let us review, as an example, the standard solution of the
system (1), as a classical contrast to the dynamical approach.
Consider the system

x2
1 + x1 − 1 = x2

x2
2 + x2 − 1 = x3

...
x2
n−1 + xn−1 − 1 = xn

x2
n + xn − 1 = x1

for the real variables x1, x2, . . . , xn. First, let us rewrite the
system as follows

x2
1 + x1 = x1(x1 + 1) = x2 + 1

x2
2 + x2 = x2(x2 + 1) = x3 + 1
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...

x2
n−1 + xn−1 = xn−1(xn−1 + 1) = xn + 1

x2
n + xn = xn(xn + 1) = x1 + 1.

We observe that if some xi = −1, then all the xj are equal
to −1. Thus, we can assume that xi ̸= −1 for all i =
1, 2, . . . , n. Then, if we multiply all the equations, we obtain

that
n∏

i=1

xi(xi + 1) =

n∏
i=1

(xi + 1), which, after canceling out,

we get
n∏

i=1

xi = 1. Now, if we add the original equations, we

get
n∑

i=1

(x2
i + xi − 1) =

n∑
i=1

(x2
i + xi)− n =

n∑
i=1

xi, therefore

n∑
i=1

x2
i = n. Using the AM-GM inequality (see [17]), we ob-

tain that

1 =
1

n

n∑
i=1

x2
i ≥

(
n∏

i=1

x2
i

) 1
n

= 1,

and then x2
i = 1, for all i, that is, x1 = x2 = · · · =

xn = 1. Hence the system has only two real solutions:
(−1,−1, . . . ,−1) and (1, 1, . . . , 1).

Let us review the general case. Consider a quadratic polyno-
mial P (x) = a2x

2 + a1x+ a0. We would like to find the real
solutions for the equation system using P . After factoring, we
obtain

x1(a2x1 + a1) = x2 − a0
x2(a2x2 + a1) = x3 − a0

...
xn−1(a2xn−1 + a1) = xn − a0

xn(a2xn + a1) = x1 − a0.

One of the simplest cases is when some xi = a0, then xi−1 = 0
or xi−1 = −a1/a2 and in both cases the other solutions of the
system can be found with the general formula for quadratic
equations and the solutions will be given in terms of the coef-
ficients a0, a1, a2. The other trivial case is when some xi =
−a1/a2, then xi+1 = a0 and all the other solutions are found
by substituting these values into the following equations and
will also depend on the coefficients a0, a1, a2. If no solution
xi equals a0 or −a1/a2, the solution may be harder to find;
even deciding if the solutions exist is not trivial, since the al-
gebra could get more involved and challenging to manage. In
this sense, our method using complex dynamics tools allows us
to decide quickly if solutions exist for a given cyclic system of
quadratic polynomials.

7.2 Sarkovskii’s Theorem
Sarkovskii’s Theorem is a result about discrete dynamical

systems. It provides an ordering of the natural numbers N un-
der which any function of an interval into itself with a periodic
point of any period, then it has periodic points of any bigger
periods, according to the order. It also guarantees that the con-
verse also holds, that is, given any n ∈ N, there is a function

having a point with period n and, consequently, points with the
following period given by the order.

The Sarkovskii’s order in N is as follows:

3 ≺ 5 ≺ 7 ≺ 9 ≺ · · · ≺ 2 · 3 ≺ 2 · 5 ≺ 2 · 7 ≺ 2 · 9 ≺ · · · ≺

22 ·3 ≺ 22 ·5 ≺ 22 ·7 ≺ 22 ·9 ≺ · · · ≺ 24 ≺ 23 ≺ 22 ≺ 2 ≺ 1.

This ordering is a total order, that is, every positive integer ap-
pears exactly once somewhere on this list; however, it is not a
well-order. For our purpose, we need only the following part
of Sarkovskii’s Theorem, see [2] and [3].

Theorem[Sarkovskii] Suppose that f : R → R is a contin-
uous function. If f has a periodic point of period m and m
precedes n in the above ordering, then f also has a periodic
point of period n.
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[17] Bulajich R., Gómez J., Valdez R., “Inequalities. A Mathe-
matical Olympiad Approach”, Birkhäuser Verlag, Switzerland,
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