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Abstract Classical orthogonal polynomials are Hermite 
polynomials, Laguerre polynomials, and Jacobi polynomials 
(also known as hypergeometric polynomials, and the special 
cases include, Gegenbauer, Legendre, Zernike, and Chebyshev 
polynomials). Orthogonal polynomials occur across math-
ematics and many areas of science. Understanding their 
properties has drawn attention since the beginning of the 
subject and continues to this day, with many open problems 
being actively pursued. Orthogonal polynomials can either be 
studied individually or collectively in a very general setting. In 
this paper, we shall describe the basic properties which are 
common to all the orthogonal polynomials, without choosing a 
specific orthogonal polynomial. This will enable us to get a 
better understanding of the basic properties possessed by all 
classical orthogonal polynomials in a very general setting. The 
basic properties include: orthogonality; expansion of functions 
in terms of orthogonal polynomials; derivative of orthogonal 
polynomial sets are again orthogonal polynomial sets; 
existence of a three-term recurrence relation; existence of 
generating functions; nature of roots of orthogonal polyno-
mials; the interlacing of roots, finite sum representation and 
the determinant representation. Then, we shall present the 
Laplace transforms of each of the aforementioned orthogonal 
polynomials using different properties in each case. We shall 
also show that the determinant representation of orthogonal 
polynomials cannot be used to determine their Laplace 
transforms. We shall further point out that the finite sum 
representations of orthogonal polynomials are more 
convenient to obtain closed-form expressions for their Laplace 
transforms.

Keywords Orthogonal Polynomials, Differential Equa-
tions, Sturm–Liouville Type Differential Equations, Ro-
drigues’ Formula, Recurrence Relations, Generating Function,

Finite Sum Representation, Laplace Transforms

1 Introduction
Classical orthogonal polynomials occur across mathemat-

ics [1, 2, 3, 4, 5, 6, 7, 8] and many areas of sciences [9, 10,
11, 12, 13]. Understanding their properties has drawn attention
since, the beginning of the subject and continues to this day,
with many open problems being actively pursued [14, 15, 16].
Orthogonal polynomials are solutions of certain second-order
differential equations of a particular type. One would expect
many such sets of polynomials obtained by changing the coef-
ficients of the differential equations. This is indeed the case,
but there are not too many of them. The classical orthogonal
polynomials are Hermite polynomials, Laguerre polynomials
and Jacobi polynomials (also known as hypergeometric poly-
nomials and the special cases include, Gegenbauer, Legendre,
Zernike and Chebyshev polynomials). Integral transforms are
powerful tools for solving differential equations. So, it is nat-
ural to have a look at the orthogonal polynomials along with
their integral transforms, particularly the Laplace transform.

Laplace transforms of orthogonal polynomials is not a
straightforward exercise. This is the case even when we take
the polynomials themselves overlooking their origins and the
corresponding properties. The Hermite polynomials and the
Laguerre polynomials are defined over [0 ,∞), which is also
the interval of integration in the definition of Laplace trans-
form. So, the Laplace transforms of Hermite polynomials and
Laguerre polynomials are “formally well defined”. On the
other hand, the Legendre polynomials and the Chebyshev poly-
nomials are defined on the finite interval [−1 , 1], which does
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not match with the interval of integration in the definition of
Laplace transform. Integral transforms of orthogonal functions
have to be obtained using the various properties (differential
equation, three-term recurrence relation, generating function,
Rodrigues’ formula, . . . ) of the specific orthogonal polyno-
mial. It is seen that different properties can be used to derive
the Laplace transforms of each of the classical orthogonal poly-
nomials. We demonstrate this in detail for each orthogonal
polynomial. We further show that the finite sum representa-
tions of orthogonal polynomials are ideally suited for obtaining
their Laplace transforms. Interestingly, we prove that the deter-
minant representation cannot be used for obtaining the Laplace
transforms of any orthogonal polynomial. In fact this is true for
any polynomial due to the nonlinear nature of the determinant.

The paper is arranged in four sections as follows. Section 2
has an outline of the orthogonal polynomials along with their
various properties in a general setting without resorting to any
specific polynomial. Section 3 starts with the basic definition
and the essential properties of the Laplace transform required
for this paper. In this section, we demonstrate why the de-
terminant representation of the orthogonal polynomials cannot
be used to obtain their Laplace transforms. Then, in rest of
the section, we derive the Laplace transforms of each orthog-
onal polynomial using different properties. We also derive the
Laplace transforms of each of the orthogonal polynomials by
a second procedure using the finite sum representation. This
approach leads to closed-form expressions in each case. Thus,
we present two distinct ways for obtaining the Laplace trans-
form for each of the orthogonal polynomials. Section 4, our
final section has the concluding remarks.

2 Classical Orthogonal Polynomials:
An Outline

All the classical orthogonal polynomials are governed by
the second-order linear differential equations of the Sturm–
Liouville type

Q(x)y′′ + L(x)y′ + λny = 0 , (1)

where the coefficients Q(x), L(x) and λn satisfy certain ad-
ditional conditions noted below. The lead coefficient Q(x)
is a polynomial in x of degree ≤ 2 (i.e., at most a quadratic
polynomial), L(x) is a polynomial in x of degree ≤ 1 (i.e., at
most a linear polynomial), and λn is independent of x (i.e., a
number). Both Q(x) and L(x) are independent of λn. The
general equation leading to the respective functions has the
parameter λn which can take any value. To obtain the (fi-
nite) polynomials the λn has to necessarily be restricted to a
value of positive integers. For example, the Hermite polyno-
mials satisfy the differential equation, y′′ − 2xy′ + 2ny = 0.
For each value of n = 0, 1, 2, 3, . . . , the solutions are n-
th degree polynomials. The equation for the Laguerre poly-
nomials is xy′′ + (1 − x)y′ + ny = 0. The sets of re-
sulting polynomials have the important property of orthogo-
nality and hence are called as classical orthogonal polynomi-
als [17, 18, 19, 20, 21, 22, 23]. The orthogonality condition

is ∫ b

a

Pn(x)Pm(x)w(x)dx = 0 , n ̸= m,∫ b

a

Pn(x)Pn(x)w(x)dx ̸= 0 , ∀n ≥ 0 . (2)

The function, w(x) is called the weight function. The interval
of integration, [a , b] and the weight function are specific for
each orthogonal polynomial.

Orthogonal polynomials is an active area of research. In
passing, we note that all the classical orthogonal polyno-
mials have been generalized in various ways. One possi-
ble way to generalize them is through the quantum alge-
bras [24, 25, 26, 27, 28, 29].

Orthogonal polynomials are intimately tied to a variety of
differential equations which is an active area of research. There
is a diverse variety of differential equations and many more
are arising. This is evident by the fact there are even jour-
nals containing the phrase, differential equations in their ti-
tles. Many of the leading prizes such as the Fields Medal,
the Abel Prize and the King Faisal International Prize for Sci-
ence [30] are being awarded to works related to differential
equations and related areas. They also occur in the optical sci-
ence [31, 32, 33, 34, 35, 36, 37, 38, 39, 40].

For numerical computations involving orthogonal polyno-
mials, it is possible to use the Microsoft Excel [41] or the
symbolic packages, such as the Mathematica [42, 43]. It has
been useful in numerous applications such as the analysis of
quadratic surfaces; resistor networks; trigonometry; and num-
ber theory [44, 45, 46].

2.1 General Properties of Orthogonal Polyno-
mials

Orthogonal polynomials have many properties, which in-
clude the following

1. Each polynomial Pk(x) is orthogonal to any polynomial
of degree < k, in an orthogonal set of polynomials
{P0(x) , P1(x) , P2(x) , . . . , Pn(x) , . . .}.

2. Any polynomial f(x) of degree n can be expanded in
terms of P0(x), P1(x), P2(x), . . ., Pn(x).

3. Derivatives of the orthogonal polynomials sets also form
orthogonal polynomials sets.

4. Any orthogonal set of polynomials has a three-term recur-
rence relation, that relates any three consecutive polyno-
mials in the sequence with the following structure

Pn+1(x) = (anx+ bn)Pn(x) + cnPn−1(x) .

5. Each polynomial Pn(x) can be obtained from a generat-
ing function

G(x , t) =

∞∑
n=0

1

n!
Pn(x)t

n .
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6. Each polynomial of degree n in the orthogonal set has all
n of its roots real and distinct and they strictly lie within
the interval of orthogonality [a , b].

7. The roots of Pn(x) lie between the two consecutive roots
of Pn+1(x). This is the property of the interlacing of
zeros of the orthogonal polynomials. If {xn , k}nk=1 and
{xn+1 , k}n+1

k=1 denote the consecutive zeros of Pn(x) and
Pn+1(x) respectively, then we have

a < xn+1 , 1 < xn , 1 < xn+1 , 2 < xn , 2 < . . .

< xn+1 , n < xn , n < xn+1 , n+1 < b . (3)

8. Each polynomial Pn(x) can be obtained using the Ro-
drigues’ formula

Pn(x) =
kn

w(x)

dn

dxn
[w(x) (Q(x))

n
] .

9. Each polynomial Pn(x) has a determinant representation
or equivalently a matrix representation. There exists a
n × n matrix Mn(x), such that Pn(x) = ∆ (Mn(x)).
Here, ∆ stands for the matrix determinant [47, 48, 49,
50, 51, 52, 53]. Matrix methods are very powerful tools
across mathematics and sciences.

10. Each orthogonal polynomial has a finite sum representa-
tion [54, 55, 56].

With this outline and the basic properties of the classical or-
thogonal polynomials, we shall consider their Laplace trans-
forms in detail in Section 3.

3 Laplace Transforms of Classical Or-
thogonal Polynomials

In Section 2, we had a basic outline of the classical orthog-
onal polynomials along with their essential properties. In this
section, we shall note the basic definition of the Laplace trans-
form named after the French mathematician, Pierre–Simon
Marquis de Laplace (1749–1827) along with some properties
relevant for this paper [57, 58, 59, 60, 61, 62, 63, 64, 65, 66].
The Laplace transform of a function f(x) denoted by L is

L[f(x)] =
∫ ∞

0

e−pxf(x)dx = F (p) . (4)

In our study, we need the following Laplace transform

L[xn] =
n!

pn+1
, n ≥ 0 , p > 0 . (5)

We also need the following properties of the Laplace trans-
forms involving derivatives of functions where ′ indicates dif-
ferentiation with respect to x

L [f ′(x)] = pF (p)− f(0)

L [f ′′(x)] = p2F (p)− pf(0)− f ′(0)

L [xf(x)] = − d

dp
F (p)

L
[
x2f(x)

]
=

d2

dp2
F (p) . (6)

The determinant representation of any polynomial P (x) =
det(M(x)), where M(x) is the corresponding matrix cannot
be used to find its Laplace transform. This applies to all poly-
nomials and not the orthogonal polynomials alone. The rea-
son originates from the nonlinear nature of the determinants as
L[det(M(x))] ̸= detL[M(x)]. To illustrate this point, let us
consider the following example,

P (x) = x5 + 2 =

∣∣∣∣ x3 2
−1 x2

∣∣∣∣
L[P (x)] =

5!

p6
+

2

p
,∣∣∣∣ L[x3] L[2]

L[−1] L[x2]

∣∣∣∣ =

∣∣∣∣∣ 3!
p4

2
p

− 1
p

2!
p3

∣∣∣∣∣ = 2! · 3!
p7

+
2

p2
. (7)

Thus from this example, we see that the determinant repre-
sentation of orthogonal polynomials is not the correct choice
among its various properties for determining the Laplace trans-
form of orthogonal polynomials [63, 64, 65, 66]. So, we have
to use one of the other properties of the (differential equation,
three-term recurrence relation, generating function, Rodrigues’
formula, . . . ) listed in Section 2. In rest of this section, we shall
demonstrate the usage of the other properties in determining
the Laplace transform of the orthogonal polynomials.

3.1 Laplace Transform of Hermite Polynomials

Hermite polynomials, named in honour of Charles Hermite
(1822–1901) satisfy the differential equation

d2y

dx2
− 2x

dy

dx
+ 2ny = 0 , (8)

for n = 0, 1, 2, 3, . . . (see [60, 61, 62]). The first few are

H0(x) = 1 ,

H1(x) = 2x ,

H2(x) = 4x2 − 2 ,

H3(x) = 8x3 − 12x ,

H4(x) = 16x4 − 48x2 + 12 ,

H5(x) = 32x5 − 160x3 + 120x ,

H6(x) = 64x6 − 480x4 + 720x2 − 120 . (9)

The generating function for the Hermite polynomials is

G(x , t) = e2xt−t2

=

∞∑
n=0

1

n!
Hn(x)t

n . (10)

The Laplace transform of the Hermite polynomials can be ob-
tained from its generating function in Eq. (10)

L[G(x , t)] =

∫ ∞

0

e−pxe2xt−t2dx

= e−t2
∫ ∞

0

e−x(p−2t)dx

= e−t2
[

1

p− 2t

]
. (11)
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At the same time,∫ ∞

0

e−pxG(x , t)dx =

∫ ∞

0

e−px

( ∞∑
n=0

1

n!
Hn(x)t

n

)
dx

=

∞∑
n=0

tn

n!
L [Hn(x)] (p) . (12)

Thus,

∞∑
n=0

tn

n!
L [Hn(x)] (p) =

e−t2

p− 2t
. (13)

Equating the coefficients of tn in Eq. (13) leads to the Laplace
transform of Hn(x). The method of using the generating func-
tion is not very convenient to use. So, we shall use a different
method as shown below.

To find the Laplace transform of the Hermite polynomials,
we shall use the following finite sum representation of the Her-
mite polynomials

Hn(x) = n!

⌊n
2 ⌋∑

k=0

(−1)k
1

k!(n− 2k)!
(2x)n−2k , (14)

where ⌊· · · ⌋ is the floor function. On applying the Laplace
transform to the expression in Eq. (14), we obtain

L[Hn(x)] =

∫ ∞

0

e−pxHn(x)dx

= n!

⌊n
2 ⌋∑

k=0

[
(−1)k

k!(n− 2k)!

∫ ∞

0

(2x)n−2ke−pxdx

]

= n!

⌊n
2 ⌋∑

k=0

(−1)k

k!(n− 2k)!

2n−2k(n− 2k)!

pn−2k+1

= n!

⌊n
2 ⌋∑

k=0

(−1)k

k!

2n−2k

pn−2k+1
. (15)

As a specific example, let us consider the case of H3(x) =
8x3−12x as seen in Eq. (9). The Laplace transform is obtained
directly using the result in Eq. (5) and we have L[H3(x)] =
L[8x3 − 12x] = 48

p4 − 12
p2 . Now, let us do the same example

using the finite sum. For n = 3 the sum in Eq. (14) runs from
k = 0 to k = ⌊3/2⌋ = 1 and we have

H3(x) = 3!

⌊ 3
2⌋∑

k=0

(−1)k
1

k!(3− 2k)!
(2x)3−2k

= 8x3 − 12x . (16)

Next, we use the result in Eq. (15) and obtain L[H3(x)] as

L[H3(x)] = 3!

⌊ 3
2⌋∑

k=0

(−1)k
1

k!

23−2k

p3−2k+1

=
48

p4
− 12

p2
. (17)

Thus we see that the finite sum representation is better suited
than the generating function for obtaining the Laplace trans-
forms of Hermite polynomials. For instance, if using the defin-
ing differential equation in Eq. (8), then the resulting Laplace
transform is also obtained in terms of a differential equation.
Same is true when using the other properties such as three-
term recurrence relation or the Rodrigues’ formula. The re-
sulting Laplace transform is obtained in terms of the starting
property (differential equation, three-term recurrence relation,
generating function, Rodrigues’ formula, . . . ). What is true
for Hermite polynomials is also true for the other orthogonal
polynomials. In this section, we shall use two distinct meth-
ods to derive the Laplace transform of each orthogonal poly-
nomial. The first method makes use of the various properties
of the orthogonal polynomials for deriving their Laplace trans-
forms. The second method uses the finite sum representation
for each case. This enables us to see how different properties
can be used and further shows that the finite sum representation
is better in each case.

3.2 Laplace Transform of Laguerre Polynomials

Laguerre polynomials, named in honour of Edmond Nicolas
Laguerre (1834–1886) satisfy the differential equation

x
d2y

dx2
+ (1− x)

dy

dx
+ ny = 0 , (18)

for n = 0, 1, 2, 3, . . .. (see [60, 61, 62]). The first few are

L0(x) = 1 ,

L1(x) = −x+ 1 ,

L2(x) =
1

2!

{
x2 − 4x+ 2

}
,

L3(x) =
1

3!

{
−x3 + 9x2 − 18x+ 6

}
,

L4(x) =
1

4!

{
x4 − 16x3 + 72x2 − 96x+ 24

}
,

L5(x) =
1

5!

{
−x5 + 25x4 − 200x3 + 600x2

−600x+ 120} ,

L6(x) =
1

6!

{
x6 − 36x5 + 450x4 − 2400x3

+5400x2 − 4320x+ 720
}
. (19)

The Rodrigues’ formula for the Laguerre polynomials is

Ln(x) =
1

n!
ex

dn

dxn

(
xne−x

)
. (20)

To obtain the Laplace transform of the Laguerre polynomials
from Eq. (20), we proceed as follows

L[Ln(x)] =

∫ ∞

0

e−px

{
1

n!
ex

dn

dxn

(
xne−x

)}
dx

=
1

n!

∫ ∞

0

e−(p−1)x

{
dn

dxn

(
xne−x

)}
dx .

(21)
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After repeated integration by parts, we obtain

L[Ln(x)] =
1

n!
(p− 1)n

n!

pn+1

=
1

p

(
p− 1

p

)n

. (22)

Next, we shall obtain the Laplace transform of the Laguerre
polynomials by using the following finite sum representation
of the Laguerre polynomials

Ln(x) =

n∑
0

(
n

k

)
(−1)k

xk

k!
, (23)

where for any positive integer n, we have(
n

k

)
= nCk =

n!

k!(n− k)!
, 0 ≤ k ≤ n . (24)

We note, nC0 = 1 = nCn. On applying the Laplace transform
to the expression in Eq. (23), we obtain

L[Ln(x)] =

∫ ∞

0

e−pxLn(x)dx

=

n∑
k=0

[(
n

k

)
(−1)k

k!

∫ ∞

0

xke−pxdx

]

=

n∑
k=0

(
n

k

)
(−1)kp−k−1

= p−1
n∑

k=0

(
n

k

)
(−p−1)k

=
1

p

(
p− 1

p

)n

. (25)

Thus, we are able to obtain a closed-form expression for the
Laplace transform of Laguerre polynomials using two distinct
methods namely, the Rodrigues’ formula and the finite sum
representation respectively.

3.3 Laplace Transform of Legendre Polynomials

Legendre polynomials, named in honour of Adrien-Marie
Legendre (1752–1833) satisfy the differential equation(

1− x2
) d2y
dx2

− 2x
dy

dx
+ n(n+ 1)y = 0 , (26)

for n = 0, 1, 2, 3, . . .. The first few Legendre polynomials are

P0(x) = 1 ,

P1(x) = x ,

P2(x) =
1

2

(
3x2 − 1

)
,

P3(x) =
1

2

(
5x3 − 3x

)
,

P4(x) =
1

8

(
35x4 − 30x2 + 3

)
,

P5(x) =
1

8

(
63x5 − 70x3 + 15x

)
,

P6(x) =
1

16

(
231x6 − 315x4 + 105x2 − 5

)
. (27)

The Legendre polynomials are defined on the finite interval
[−1 , 1], where as the Laplace transform is defined over [0 ,∞).
So, a possible idea is to redefine the Laplace transform on the
finite interval [0 , 1]. Then, the redefined Laplace transform is

L [Pn(x)] =

∫ 1

0

e−pxPn(x)dx . (28)

For a specific order, this integration can be done to obtain
the required Laplace transform. For an arbitrary n, this inte-
gral does not have a simple closed-form. As discussed earlier,
altering the interval of integration is not considered rigorous
enough.

Let us use the defining differential equation of Legendre
polynomials in Eq (26) and apply the Laplace transform to it.
On applying the Laplace transform to Eq (26) along with the
properties in Eq. (6), we obtain

p2
d2

dp2
Y (p) + 2p

d

dp
Y (p)−

(
p2 + n(n+ 1)

)
Y (p)

= −py(0)− d

dp
y(0) . (29)

This is a second-order linear differential equation (just like the
defining differential equation) for Y (p), the Laplace transform
of Pn(x). This shows that obtaining the Laplace transform
directly from the defining differential equation is not a very
convenient procedure. So, we shall do this exercise using the
finite sum representation.

To find the Laplace transform of the Legendre polynomials,
we shall use the following finite sum representation of the La-
guerre polynomials

Pn(x) =
1

2n

⌊n/2⌋∑
k=0

(−1)
k

(
n

k

)(
2n− 2k

n

)
xn−2k

=

⌊n/2⌋∑
k=0

(−1)
k

2n
(2n− 2k)!

k!(n− k)!(n− 2k)!
xn−2k .(30)

On applying the Laplace transform to the expression in
Eq. (30), we obtain

L[Pn(x)] =

∫ ∞

0

e−pxPn(x)dx

=

⌊n/2⌋∑
k=0

[
(−1)

k
(2n− 2k)!

2nk!(n− k)!(n− 2k)!

×
∫ ∞

0

xn−2ke−pxdx

]

=

⌊n/2⌋∑
k=0

(−1)
k
(2n− 2k)!

2nk!(n− k)!(n− 2k)!

(n− 2k)!

pn−2k+1

=

⌊n/2⌋∑
k=0

(−1)
k

2n
(2n− 2k)!

k!(n− k)!

1

pn−2k+1
. (31)

This general formula gives the Laplace transform of any Leg-
endre polynomial.
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3.4 Laplace Transform of Chebyshev Polynomials

The Chebyshev polynomials are two sequences of orthogo-
nal polynomials related to the expansions of the two trigono-
metric functions cosine and sine functions respectively (see
books in [67, 68, 69, 70] and the journal papers in [71, 72, 73,
74, 75, 76, 77, 78]). The Chebyshev polynomials are named
in honour of Pafnuty Lvovich Chebyshev (1821–1894) and are
also known as Tchebycheff or Tchebyshev or Tschebyschow
polynomials. They are one of the special cases of the Jacobi
polynomials. There are Chebyshev polynomials of the first
kind and second kind respectively.

1. Chebyshev Polynomials of the First Kind:
It is seen that cos(nθ) = Tn(cos θ), where Tn(x) is the
sequence of orthogonal polynomials known as the Cheby-
shev polynomials of the first kind.

2. Chebyshev Polynomials of the Second Kind:
Likewise, sin((n+ 1)θ) = Un(cos θ) sin θ, where Un(x)
is the sequence of orthogonal polynomials known as the
Chebyshev polynomials of the second kind.

3.4.1 Chebyshev Polynomials of the First Kind

Chebyshev polynomials of the first kind satisfy the differen-
tial equation(

1− x2
) d2y
dx2

− x
dy

dx
+ n2y = 0 , (32)

The first few are

T0(x) = 1 ,

T1(x) = x ,

T2(x) = 2x2 − 1 ,

T3(x) = 4x3 − 3x ,

T4(x) = 8x4 − 8x2 + 1 ,

T5(x) = 16x5 − 20x3 + 5x ,

T6(x) = 32x6 − 48x4 + 18x2 − 1 . (33)

The Chebyshev polynomials of either kind are defined on
the finite interval [−1 , 1], where as the Laplace transform is
defined over [0 ,∞). So, a possible idea is to redefine the
Laplace transform on the finite interval [0 , 1]. Then, the re-
defined Laplace transform is

L [Tn(x)] =

∫ 1

0

e−pxTn(x)dx . (34)

For a specific order, this integration can be done to obtain the
required Laplace transform. For an arbitrary n, this integral
does not have a simple closed-form. Altering the interval of in-
tegration is not rigorous enough. This is so because the polyno-
mials are defined over all intervals. So, it is natural to look for
another procedure to obtain the Laplace transform of Cheby-
shev polynomials of either kind.

Chebyshev polynomials of the first kind satisfy the recur-
rence relation

Tn+1(x) = 2xTn(x)− Tn−1(x) , (35)

with the initial conditions T0(x) = 1 and T1(x) = x. Using
the properties in Eq. (6), we apply the Laplace transform to
the recurrence relation in Eq. (35). We shall use the notation
L[Tn(x)] = Yn(p). Then we obtain a new recurrence relation
for the Laplace transforms Yn(p)

Yn+1(p) = −2p
d

dp
Yn(x)− Yn−1(p) . (36)

We note that the recurrence relation thus obtained for the
Laplace transforms of the Chebyshev polynomials of the first
kind is structurally different from the recurrence relation for
the Chebyshev polynomials of the first kind. This difference
is due to the presence of the first derivative in the recurrence
relation of the transform. Obviously, this recurrence relations
is not very convenient for finding the Laplace transforms of
the Chebyshev polynomials. So, it is natural to look for other
properties such as the finite sum representation.

The Chebyshev polynomials of the first kind have the fol-
lowing finite sum representation

Tn(x) =
n

2

⌊n
2 ⌋∑

k=0

(−1)k
(n− k − 1)!

k!(n− 2k)!
(2x)n−2k . (37)

On applying the Laplace transform to the expression in
Eq. (37), we obtain

L[Tn(x)] =

∫ ∞

0

e−pxTn(x)dx

=
n

2

⌊n
2 ⌋∑

k=0

[
(−1)k(n− k − 1)!

k!(n− 2k)!

×
∫ ∞

0

(2x)n−2ke−pxdx

]

=
n

2

⌊n
2 ⌋∑

k=0

(−1)k(n− k − 1)!

k!(n− 2k)!

2n−2k(n− 2k)!

pn−2k+1

=
n

2

⌊n
2 ⌋∑

k=0

(−1)k(n− k − 1)!

k!

2n−2k

pn−2k+1
. (38)

Thus, we have a closed-form expression for the Laplace trans-
form of Chebyshev polynomials of the first kind.

3.4.2 Chebyshev Polynomials of the Second Kind

Chebyshev polynomials of the second kind satisfy the differ-
ential equation

(
1− x2

) d2y
dx2

− 3x
dy

dx
+ n(n+ 2)y = 0 , (39)
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for n = 0, 1, 2, 3, . . .. The first few are

U0(x) = 1 ,

U1(x) = 2x ,

U2(x) = 4x2 − 1 ,

U3(x) = 8x3 − 4x ,

U4(x) = 16x4 − 12x2 + 1 ,

U5(x) = 32x5 − 32x3 + 6x ,

U6(x) = 64x6 − 80x4 + 24x2 − 1 . (40)

Chebyshev polynomials of the second kind satisfy the recur-
rence relation

Un+1(x) = 2xUn(x)− Un−1(x) . (41)

with the initial conditions U0(x) = 1 and U1(x) = 2x. Using
the properties in Eq. (6), we apply the Laplace transform to
the recurrence relation in Eq. (41). We shall use the notation
L[Un(x)] = Yn(p). Then we obtain a new recurrence relation
for the Laplace transforms Yn(p)

Yn+1(p) = −2
d

dp
Yn(x)− Yn−1(p) . (42)

We note that the recurrence relation thus obtained for the
Laplace transforms of the Chebyshev polynomials of the sec-
ond kind is structurally different from the recurrence relation
for the Chebyshev polynomials of the second kind. This dif-
ference is due to the presence of the first derivative in the re-
currence relation of the transform. This recurrence relations is
not very convenient for finding the Laplace transforms of the
Chebyshev polynomials of the second kind. So, we shall use
other property, namely the finite sum representation.

The Chebyshev polynomials of the second kind have the fol-
lowing finite sum representation

Un(x) =

⌊n
2 ⌋∑

k=0

(−1)k
(n− k)!

k!(n− 2k)!
(2x)n−2k . (43)

On applying the Laplace transform to the expression in
Eq. (43), we obtain

L[Un(x)] =

∫ ∞

0

e−pxTn(x)dx

=

⌊n
2 ⌋∑

k=0

[
(−1)k(n− k)!

k!(n− 2k)!

×
∫ ∞

0

(2x)n−2ke−pxdx

]

=

⌊n
2 ⌋∑

k=0

(−1)k(n− k)!

k!(n− 2k)!

2n−2k(n− 2k)!

pn−2k+1

=

⌊n
2 ⌋∑

k=0

(−1)k(n− k)!

k!

2n−2k

pn−2k+1
. (44)

Thus, we have a closed-form expression for the Laplace trans-
form of Chebyshev polynomials of the second kind.

4 Concluding Remarks
To summarize, in this article we had an outline of the classi-

cal orthogonal polynomials along with some of their properties
relevant for this paper. It was proved that the determinant rep-
resentation of any polynomial (need not be from the the orthog-
onal polynomials) cannot be used for the purpose of deriving
its Laplace transform. So, only the remaining properties can be
used to derive the Laplace transforms of the orthogonal poly-
nomials. We used different properties (differential equation,
three-term recurrence relation, generating function, Rodrigues’
formula, . . . ) for deriving the Laplace transform of each of
the orthogonal polynomials. Then, we derived the Laplace
transform using the finite sum representation in each case. On
comparing the results, we noted the following. The starting
property such as the generating function results in a generating
function for the Laplace transform. The defining equation of
a given orthogonal polynomial leads to a differential equation
of for the Laplace transform. Same applies to other properties
such as the three-term recurrence relation and the Rodrigues’
formula. Significantly, the Laplace transform obtained from
the finite sum representation of any of the orthogonal polyno-
mials is readily obtained in a closed-form. Thus, we showed
that the finite sum representation is an ideal starting point for
deriving the Laplace transform of all orthogonal polynomials.
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