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Abstract The theory of fuzzy semigroups is a branch
of mathematics that arose in the early 1990s as an effort to
characterise the properties of semigroups by means of the
properties of their fuzzy subsystems, which include fuzzy sub-
semigroups and their analogues, fuzzy one (resp. two)-sided
ideals, fuzzy quasi-ideals, fuzzy bi-ideals, etc. To be more
precise, a fuzzy subsemigroup of a given semigroup (S, -) is
just a A-prehomomorphism f of (.5, -) to ([0, 1], A). Variations
of this, which correspond to the other previously mentioned
fuzzy subsystems, can be obtained by imposing certain prop-
erties on f. From the work of Kuroki, Mordeson, Malik, and
many of their descendants, it turns out that fuzzy subsystems
play a similar role in the structure theory of semigroups that
play their non-fuzzy analogues. The aim of the present paper
is to show that this similarity is not coincidental. As a first
step to this, we prove that there is a 1-1 correspondence
between fuzzy subsemigroups of S and subsemigroups of a
certain type of S x I. Restricted to fuzzy one-sided ideals,
this correspondence identifies the above fuzzy subsystems
with their analogues in S x I. Using these identifications, we
prove that the characterisation of the regularity of semigroups
in terms of fuzzy one-sided ideals and fuzzy quasi-ideals can
be obtained as an implication of the corresponding non-fuzzy
analogue. In a further step, we give new characterisations of
semilattices of left simple semigroups in terms of left simple
fuzzy subsemigroups, and of completely regular semigroups
in terms of completely simple fuzzy subsemigroups. Both
left simple fuzzy subsemigroups and completely simple
fuzzy subsemigroups are defined here for the first time, and
the corresponding characterisations generalise well-known
characterisations of the corresponding semigroups.

Keywords Fuzzy Subsemigroup, Fuzzy One-Sided Ideal,
Fuzzy Quasi-Ideal, Regular Semigroup

1 Introduction

Given a semigroup (.5,), a fuzzy subsemigroup of S is
a function f : S — [0,1] such that for all a,b € S,
f(ab) > f(a) A f(b). Thus, a fuzzy subsemigroup is just a
prehomomorphism f : (S,-) — ([0,1],A) of semigroups. A
fuzzy subsemigroup as above will be called a fuzzy left ideal
(resp. right ideal) of S if for all a,b € S, f(ab) > f(b)
(resp. f(ab) > f(a)). The composite of two fuzzy subsets
fyg:S —[0,1] is given by

v (F(b) A if 3b,ceS,a=b
(fog)(“):{ “_bc(f(o) " i; VbSEGSc(j#bCC.

The operation o is associative. The definition of o is needed in
defining fuzzy quasi-ideals which are maps g : S — [0, 1] such
that o SN Soq C ¢. In more details, the inclusion here means
that for every a € S, (g0 S)(a) A (Soq)(a) < g(a),and S is
the fuzzy subsemigroup which maps every a € S to 1. More
generally, for every subsemigroup A of S, the characteristic
map x 4, defined by

1 if acA
XA(“):{O if ag¢A

is proved to be a fuzzy subsemigroup of S. The above no-
tions and other ones that are needed to understand the rest of
the paper can be found mostly in the monograph [1]. Neces-
sary concepts from semigroup theory are found in [2] and [3],
while basic concepts from fuzzy sets are in [4]. From [3], we
are presenting below theorem 9.3 whose fuzzy counterpart is
proved partially in [1]. We prove here its fuzzy counterpart
theorem 3, including the part already proved in [1], not in a



Mathematics and Statistics 14(2): 206-214, 2026

direct fashion as in [1], but as an implication of theorem 9.3
after having established a 1-1 correspondence between fuzzy
one-sided ideals of a semigroup S on the one hand, and one
sided ideals of .S x [0, 1] on the other hand. Theorem 9.3 of [3]
reads as follows.

Theorem 1. The following are equivalent.
(i) S is a regular semigroup.

(ii) For every right ideal R and every fuzzy left ideal L, we
have RN L = RL.

(iii) For every right ideal R and every left ideal L of S, (a)
R? =R, (b) L?> = L, (c) RL is a quasi-ideal of S.

(iv) The set of all quasi-ideals of S forms a regular semigroup.

(v) For every quasi ideal Q of S, QSQ = Q.

The last section of this paper is devoted to the semilattice
decomposition of left regular semigroups whose left ideals are
also right ideals. It is proved in [5] that such semigroups have a
nice decomposition into smaller and easier to understand sub-
semigroups. More specifically we have from [5] the following
theorem.

Theorem 2. For a semigroup (S, ) the following conditions
are equivalent:

(1) S is a semilattice of left simple semigroups.
(2) L1 N Ly = Ly Lo for every left ideals Ly and Lo of S.

(3) The set of all left ideals of S is a semilattice under the
multiplication of subsets.

(4) S is left regular and every left ideal of S is two-sided.

There is also a version of this theorem in [1] (Theorem 4.1.3)
where condition (2), (3) and (4) are fuzzy-fied by replacing the
term left ideal (resp. ideal) by fuzzy left ideal (resp. fuzzy
ideal). We prove in our theorem 4 that condition (1) can also
be fuzzy-fied. For this we have defined what a fuzzy semilattice
of left simple fuzzy subsemigroups is. In the same spirit with
the above, we give a fuzzy version of Theorem 4.1.3 of [2] by
characterising completely regular semigroups in terms of what
are defined here to be fuzzy semilattices of completely simple
fuzzy subsemigroups.

At the end of this section, we mention that the ideas of
this paper are a continuation of the second author’s approach
on fuzzy groups in [6] who proved that fuzzy groups as ap-
pear in [7], are from a categorical view point certain covers of
monoids.

2 A Relationship between Fuzzy Sub-
semigroups and Semigroups
Assume we are given a fuzzy subsemigroup f : .S — [0,1]

of a semigroup (5, -). Besides the semigroup (S,-) we con-
sider the semilattice ([0, 1], A). We sometimes write I instead
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of [0,1] and let I* = I\ {0}. We can obviously regard f as
a prehomomorphism from (S, -) to ([0, 1], A). With this data
at hand, we define a subsemigroup of the direct product semi-
group (.9, -) x ([0,1], A) by letting

6(5, f) ={(b;y) € Sx[0,1] : f(b) > y}-

This is indeed a subsemigroup of S x [0, 1] since for every
(a,x), (b,y) € &(S, f) we have that f(ab) > f(a) A f(b) >
x Ay, and then,

(a,2)(b,y) = (ab,x Ay) € &(S, f).
The semigroup &(.5, f) satisfies the following three conditions

(i) m(6(S, f)) = S where 7 is the projection in the first
coordinate,

(ii) forevery b € S, (b,sup{y € [0,1] : (b,y) € &(S, f)}) €
&(S, f), since sup{y € [0,1] : (b,y) € &(S,f)} =
f(b), and

(iii) (b,y) € &(S, f) forevery y < f(b).

Conversely, every subsemigroup ¥ of the direct product S x
[0, 1] which satisfies the following three conditions

(s-1) m(X) = S where 7 is the projection in the first coordi-
nate,

(s-ii) forevery b € S, (b,sup{y € [0,1] : (b,y) € £}) € %,
and

(s-iil) (b,y) € X forevery y < sup{z € [0,1] : (b,2) € I},

gives rise to a fuzzy subsemigroup f : S — [0, 1] such that
&(S, f) = X. For this we define

f:S8—=10,1] by b sup{y € [0,1] : (b,y) € L}.

From condition (ii) we know that (b, f(b)) € X. The func-
tion f is a fuzzy subsemigroup for if a,b € S, then since
(a, f(a)), (b, f(b)) € %, it follows that

(ab, f(a) A f(b)) = (a, f(a))(b, (D)) € %,
and then f(ab) > f(a) A f(b). Finally,

(byy) € 6(S, f) = f(b) >y

& (by) eX (from (s-iii))

The set of subsemigroups X of S x I as above is denoted here
by F(S x I). Also we write §(.5) for the set of all fuzzy sub-
semigroups of S. Define now

U:F(S)—= F(SxI)by f— &(S, f).
Proposition 1. The map V is bijective.

Proof. That V¥ is correct and onto was proved above. To prove
that U is injective, we let f,g € F(S) such that &(S, f) =
5(S,9). Then, for every a € S, (a,g(a)) € &(S,g), hence
(a,g(a)) € &(S, f), and then g(a) < f(a). In a symmetric
way one can show that f(a) < g(a), therefore g(a) = f(a).

O
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We conclude this section with a further remark on the rela-
tionships between subsemigroups of S x I and fuzzy subsemi-
groups of S. Once we associate every fuzzy subsemigroup of
S with a subsemigroup of S x I, we would like to establish a
reverse correspondence. It is obvious that not every subsemi-
group of S x I is in the image of W. For instance, if t € I*
is fixed, then every subsemigroup ¥ of S x I with m(X) = ¢
cannot be in the image of W. But still we can define a fuzzy
subsemigroup o in terms of ¥ and find a relationship between
&(S, o) and X. For this we define o : S — T such that

Zf a € m (Z)

w={5 i ent

where o = sup{t € I : (a,t) € X}. We prove that o is a
fuzzy subsemigroup of S. Indeed, let a,b € S. If ab ¢ m (%),
then it is obvious that at least one of a or b cannot be in 71 (X),
consequently o(ab) = 0 = o(a) A o(b). If ab € m(X) we
let v = supC where C = sup{t € I : (ab,t) € Z}. If
now a,b € m(X), we write A = {¢/ € I : (a,t') € X},
B={t"el: (bt")e€ X}, andlet @ = supA and § = supB.
We prove that a A 5 < -y which in turn is equivalent to o (ab) >
o(a) Ao(b). Observe first that ¢’ At” € C forevery t’ € A and
t" € B since (ab,t’ At") = (a,t')(b,t") € X. Let us assume
that < 3 or equivalently that & A 8 = «. In this case, there
is !/ € B such that t” > «, and then

o = supA

sup{t' At : t' € A}

sup{t' At" :t' € A,t" € B}
supC
-

<
< (from our observation)

A similar proof is available when o > (. Let us now prove the
claim when o = 3. There are increasing sequences {t,,} C A
and {¢//} C B such that t/, — « and ¢!/ — «. It follows that
tl, At — «, and then

« = supA
= sup{t,, : n € N}
= sup{t,, At!l :n € N}
< supC' (from the observation)
=7.

In the three remaining cases when at least one of a or b is not
in 71 (X) it is straightforward that « A 8 < y. Now we prove
that ¥ C &(S,0). Indeed, let (a,t) € X, then from the defi-
nition of o, o(a) > t, hence (a,t) € &(S,0). We now define
a reverse of U as follows. Letting Sub(S x I) be the set of
subsemigroups of the product semigroup S x I, we define

T : Sub(S x I) — F(S) by ¥+ o,

with o described as above. This map is obviously surjec-
tive, and in general non injective since if o is such that 3 #
&(8,0), then (X)) = 0 = ¥(S(S,0)). The right hand side
equality above shows that U is a left inverse of 0.

Fuzzy Semigroups via Semigroups

3 Similar Relationships for other Fuzzy
Subsystems

Given a fuzzy left ideal f : S — [0, 1] of a semigroup (.S, -),
we define a left ideal in the direct product semigroup S x [0, 1]
by

L5, f) ={(b;y) € §x[0,1] : f(b) > y}-
This is indeed a left ideal of S x [0, 1] for if (a,z) € S x [0, 1]
and (b,y) € L(S, f), then
(a,2)(b,y) = (ab,x Ay) € L(S, f)

since
flab) > f(b) >z A f(b) >z Ay.

We also note that £(S, f) satisfies the following three condi-
tions:

(i) m (L(S, f)) = S where m; is the projection in the first

coordinate,
(i) forevery b € S, (b,sup{y € [0,1] : (b,y) € £(5, f)}) €
L(S, f), since sup{y € [0,1] : (b,y) € £(S, f)} = f(b),

and

(iii) (b,y) € L(S, f) forevery y < f(b).

Conversely, every left ideal L of the direct product semi-
group S x [0, 1] which satisfies the following three conditions

(I-i) m (L)

nate,

= S where 71 is the projection in the first coordi-

(l-ii) for every b € S, (b,sup{y € [0,1] :
and

(by) € L}) € L

(l-iii) (b,y) € L forevery y < sup{z € [0,1]: (b,2) € L},

gives rise to a fuzzy left ideal of .S. For this we define

: (b,y) € L}.

In particular we have that (b, f(b)) € L. Now we show that
foralla,b € S, f(ab) > f(b). Since L is a left ideal, then for
(a,1) € S x [0,1] and (b, f(b)) € L, we have

(a,1)(b, f(b)) = (ab, f(b)) € L

hence from the definition of f, we have f(ab) > f(b). Also we
note that the left ideal £(S, f) arising from the fuzzy left ideal
f defined in terms of L is exactly the left ideal L we started
with, that is £(.S, f) = L. Indeed,

(b,y) € L(S, f) = f(b) >y
< (byy) e L

f:5—10,1] : b— sup{y € [0,1]

(from (l-iii))

A similar result with proposition 1 holds true for fuzzy left
ideals. We let L(.S x I) be the set of left ideals of S x I which
satisfy properties (I-i), (I-ii) and (l-iii) above. Also we write
£(.9) for the set of all fuzzy left ideals of S.

Proposition 2.
tion between £(S) and L(S x I).

v(s) of ¥ on £(S) is a bijec-



Mathematics and Statistics 14(2): 206-214, 2026

Proof. 1t is straightforward that for every fuzzy left ideal f,
L(S, f) = V(f), hence W|g(g) : £(S) — L(S x I) is well
defined. On the other hand, every left ideal L of L(S x I) is
in the image of W, hence the restriction map is onto. Finally,
WU|g(s) is 1-1 as a restriction of a 1-1 map. O

We note by passing that similar results hold true for fuzzy
right ideals too. For instance, one can prove that if we let 27(.5)
be the set of fuzzy right ideals of S, and R(S x I) the set of
right ideals of S’ x I which satisfy certain conditions similar to
those (I — 4,4i, i), then we have,

Proposition 3. The restriction V| (g of ¥ on R(S) is a bi-
Jection between R(S) and R(S x I).

We conclude this section by proving that analogous results
to the above hold true for fuzzy quasi-ideals.

Lemma 1. Whenever q is a fuzzy quasi-ideal and a € S has
a family of factorisations a = b;c; with v € J, then Vi € J,
q(a) > q(bi) or q(a) = q(c;).

Proof. From the definition of a fuzzy quasi-ideal ¢ we have
> (V. q(b; j
a(@) = (Y ab) A (Y a(ey)

i;/Jq(bi)
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(1) m1(Q(S,q)) = S where 7 is the projection in the first
coordinate,

(ii) forevery b € S, (b,sup{y € [0,1] : (b,y) € Q(S,q)}) €
(5, 9),

(iii) (b,y) € Q(S,q) forevery y < sup{z € [0,1] : (b,2) €
(5, q)}. and

(iv) if @ € S has a family of decompositions a = b;c; with
i€ J,thenforalli € J,

sup{z € [0,1] : (a,z) € Q(S,q)}
= sup{y € [0,1] : (bi,y) € Q(S,q)},

orforalli € J,
sup{z € [0,1] : (a,z) € Q(S,q)}
>sup{z € [0,1] : (¢;,2) € Q(S,q)}.

Conversely, every quasi-ideal @) of the direct product semi-
group S x [0, 1] which satisfies the following four conditions

(g-1) 71 (Q) = S where 7y is the projection in the first coordi-

nate,

(if for instance,) (g-ii) foreveryb e S, (b,sup{y € [0,1] : (b,y) € Q}) € Q,

then g(a) > q(b;) for all i € J. Similarly, one can show that (q-iii) (b,y) € Q for every y < sup{z € [0,1] : (b,2) € Q},

when
i (ié/Jq(bi)’j\e/Jq(c‘j)) - ngq@j)’
then g(a) > g(c;). O
For every fixed fuzzy quasi-ideal ¢ of S, we let

(S, q) = {(a,z) € S x I : q(a) > z},

and prove that (S, q) is a quasi-ideal of S x I. Indeed, if
(a,x), (b,y) € Q(S, q) and (s,t), (s',¢') € S x I are such that

(a,x)(s,t) = (Slvt/)(b’ y)
€(S,q)- (S x )N (S x I)- (S, q),

then
(as,z At) = (s'b,t' ANy),

hence as = s'b and g(as) = ¢(s’'b). From Lemma 1 we have
that either g(as) > g(a), or q(s'b) > q(b). In the first case we
have that

q(as) > q(a) >z

which proves that (a,z)(s,t) = (as,z A t) € Q(S,q). If the
second case above occurs, then

>z ANt,

q(s'd) > q(b) >y >y At

consequently, (s',t')(b,y) = (s'b,t' A b) € (S, q). We have
thus proved that (S, ¢) is a quasi-ideal of S x I. The quasi-
ideal (S, q) satisfies the following properties

and

(g-iv) If @ € S has a family of decompositions a = b;c; with

i€ J,thenforalli € J,

sup{z € [0,1] : (a,z) € Q}
> sup{y € [0,1] : (bs, ) € @},

orforalli € J,

sup{z € [0,1] : (a,z) € Q}
> sup{z € [0,1] : (¢;, 2) € Q},

gives rise to a fuzzy quasi ideal of S. Indeed, let ¢ : S — [0, 1]
be such that

q(b) = sup{y € [0,1] : (b,y) € Q}.

In particular we have that (b, ¢(b)) € Q. Now we show that
goSNSoqCq.Leta € S be any fixed element. Denote by
J the set of indexes for which there are b;,¢c; € S withi € J
such that a = b;c;. To prove the above inclusion we need to
prove that

Voq(bi) AV qlej) < q(a),
Yialb) A Voa(e) < q@
which due to the condition (qg-iii) follows directly if we prove
that

(a q(bi) A qlc;))

= (@ Y, alb) A V ale))) € Q.

, V
(i,5)eIxI
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From condition (g-iv) we may assume that for instance g(a) >
q(b;) for all i € J, hence for each j € J, we have from con-
dition (q-iii) that (a, g(b;) A g(c¢;j)) € Q. Conditions (q-ii) and

(g-iii) now imply that (a, VvV (¢(b;) A q(c;))) € Q, and
(i,5)€TxJ

we are done. A similar proof is available if we assume that for
all j € J, g(a) > g(c;). Now we show that Q(S,q) = Q for
the fuzzy quasi-ideal ¢ defined in terms of the given (). Indeed,

(b,y) € Q(S,q) < q(b) 2 y
< (by e
In a similar fashion with the case of fuzzy left and right ideals,
we denote here by Q(S x I) the set of all quasi-ideals of S x I

that satisfy conditions (q i-iv), and let (.5) be the set of all
fuzzy quasi-ideals of S. With these notations we have this

(from (g-iii).)

Proposition 4. The restriction ¥|q gy of ¥ on Q(S) is a bi-
Jjection between Q(S) and Q(S x I).

Proof. The map ¥ sends ¢ — (S5, q) € Q(S x I) and this
map is onto from the above. The injectivity of ¥|y(g) is dealt
with in the same way as that of fuzzy one-sided ideals. O

4 Regular Semigroups

Our next Theorem 3 is the fuzzy analogue of theorem 9.3
of [3] and is partially covered from theorems 3.1.2-3.1.8 of [1]
apart from characterisations (iv) and (v) which are new fuzzy-
fications of their analogues (iv) and (v) in theorem 9.3 of [3].
This theorem characterises the regularity of a semigroup in
terms of fuzzy one-sided ideals and fuzzy quasi-ideals but in
contrast with [1] where the proofs are analogue to those of the-
orem 9.3 of [3], our proofs employ the identifications of Propo-
sition 2 and Proposition 3, to obtain the result as an implication
of the corresponding result of theorem 9.3 of [3]. The follow-
ing lemma will be useful in the proof of theorem 3.

Lemma 2. Let B, C be subsemigroups of a semigroup S, and
let xp and xc be the corresponding fuzzy subsemigroups.
Then, xXp © Xc = XBC-

Proof. For every a € S we have that,

(xBoxc)le) =1& V xp(s)Axc(t) =1
s ds,teS:a=st,xp(s) =1, xc(t) =1
& ds,t € S:a=st, withs € Bandt € C
& a€ BC

< xBol(a) =1.

Further, if (xp © xc)(a) = 0, then either a does not have a
nontrivial decomposition a = st, in which case a ¢ BC and
then xpc(a) = 0, or a decomposes as a = st but for every
such decomposition we should have that x 5(s) A xc(t) = 0.
This means that either s ¢ B ort ¢ C, consequently a ¢ BC
and xpc(a) = 0. Conversely, if xpc(a) = 0, then, either a is
indecomposable, or even it is, it can never be written as a = st
with both s € B and t € C, consequently (xg © x¢)(a) = 0.
Recollecting we have that xp o x¢ = XBC- O

Fuzzy Semigroups via Semigroups

Theorem 3. The following are equivalent.
(i) S is a regular semigroup.

(ii) For every fuzzy right ideal f and every fuzzy left ideal g,
we have fNg= fog.

(iii) For every fuzzy right ideal f and every fuzzy left ideal g

of S, (a) fof=1Ff (b)gog =g (c)fogisa fuzzy
quasi-ideal of S.

(iv) The set Q(S) of all fuzzy quasi-ideals of S forms a regular
semigroup where the multiplication is o.

(v) Foreveryq e Q(S),qoSoq=q.

Proof. (i) = (ii): The regularity of S implies that of S x I.
Indeed, for every (a,z) € SxI,leta’ € S suchthataa’a = a.
Then, (a,z)(a’,z)(a,z) = (a,z) proving that (a,x) has an
inverse. Being regular for S x I means that for every right ideal
R and every left ideal L of S x I, we have that RN L = RL.
We can apply this by taking R = 2R(S, f) = U(f) the fuzzy
right ideal of S associated with an arbitrary fuzzy right ideal f,
and L = £(S5,g) = ¥(g) the fuzzy left ideal of S associated
with an arbitrary fuzzy left ideal g. In this particular case we
have R(S, f) N £(S, g) = R(S, f)L(S, g). Further, for every
a € S, we assume that (f N g)(a) = f(a) which means that
f(a) =min(f(a), g(a)). Under this assumption we will prove
that

(fng)a) = fa) = Va=pe(f(b) A g(c)) = (f © g)(a).

A similar proof can be provided in case g(a) =
min(f(a),g(a)). Since f(a) < g(a), then (a, f(a)) €
R(S, ) N L(S,g) and (a, f(a)) € R(S, f)L(S,g). Hence,
there are (b,x) € R(S, f) and (c,y) € £(S5,g) such that
(a, f(a)) = (b,x)(c,y). It follows that a = bc, and that

fla) =z ny < f(b) Ngle).
But f is a fuzzy right ideal, then f(b) < f(bc) = f(a), hence
f(b) < f(a) < f(b) Agle) < F(b),

which implies that f(a) = f(b) = f(b) A g(c). Now we write
(fog)(a)as

(fog)(a) = (f(b) Ag(c) V (Vazper b2 (F(B) Ag(c))),

and obtain from the above that

(fog)a) = f(a)V (Vaztrer pr26(f(V) A g(c))) = f(a).
But on the other hand we have that
(fog)(a) = Vazprer (f(") Ag(c"))
< Vazprer f(V)
S f(bl/cl/)
= f(a).

Therefore we finally have that (fog)(a) = f(a) = (fNg)(a).
(#4) = (i): Let R and L be arbitrary right and left ideals of .S

(f is a fuzzy right ideal)
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and xr and 1 be their respective fuzzy right and left ideals.
From the assumption we have that xg N xr = xroXxr. Onthe
one hand, it is obvious that x g N X1 = XrnL, and on the other
hand we have from lemma 2 that xp o xr = xrr. Combin-
ing both equalities we derive that R N L = RL. Now theorem
9.3 [3] implies (i).

(1) = (4i7): Let f be a fuzzy right ideal of S and let
R(f,S) = ¥U(f) be the respective right ideal of S x I. Since
S is regular, so is S x I and then (iii) of theorem 9.3 [3] im-
plies that R(f, S)R(f, S) = R(f, S). We imply from this that
fof=/f. Foreverya€ S, (a, f(a)) € R(f,S), hence there
are (b,y), (¢, z) € R(f, S) such that

(@, f(a)) = (b,y)(c, 2) =

In particular we have that a has a decomposition ¢ = bc and
that

(be,y A z).

fla) =ynz< f(b) A fo)

It follows from this that

(f o f)(a) = (f(b) A f(e))V

(0! )2 (be)

On the other hand we have that

(fof)la)= v, fE)AF(E)

=b'c’

g vV fla) A f(<)

a=b'c
< f(a).

Combining both inequalities we obtain that (f o f)(a) = f(a).
In a similar fashion one can prove that for every fuzzy left ideal
g we have that g o g = g. Finally, that f o g is a fuzzy quasi-
ideal of S for every fuzzy right ideal f and every fuzzy left
ideal g, follows from Lemma 2.6.5 [1] and from the equal-
ity f o g = f N g which is a consequence of the equivalence
(#97) = (4): Under the assumptions that for every fuzzy right
ideal f and every fuzzy left ideal g, we have that f o f = f,
gog = gand f o g is a fuzzy quasi-ideal, we prove that for
every right ideal R of S and every left ideal L of .S we have that
RR = R, LL = L and that RL is a quasi-ideal of S. These
three conditions imply from theorem 9.3 of [3] that S is regu-
lar. Consider now the fuzzy right ideal x r and the fuzzy left
ideal xr, for which we have that xroXxr = Xr, XL OXL = XL
and that xr o xr, is a fuzzy quasi-ideal of S. Lemma 2 and
the first two assumptions imply immediately that RR = R and
LL = L. Again lemma 2 implies that x g © Xz = XRrr, Which
from our assumption is a fuzzy quasi-ideal of S. Then lemma
2.6.4 of [1] implies RL is a quasi-ideal of S.

(1) = (iv): Let q1,q92 € Q(S) be arbitrary and Q(q1, S),
(g2, S) be their corresponding quasi ideals of S x I. We
know from theorem 9.3 [3] that Q(q1, S)Q(ge, S) is a quasi-
ideal of S x I since S x [ is regular. Let a € S be arbitrary
and want to show that

(1 og2) 0 SN S0 (q10g2))(a) < (q10q2)(a)
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Assume now that a decomposes as a = b;c;d; where i € J, so
the above inequality now writes as

é/J(Ch(bi) A qa(ci)) A é/J(Ch(Cz‘) A q2(d;)) < (q1 0 q2)(a),

which is equivalent to

(q1(bi) A gz2(ci) A qi(es) A qz(dy)) < (g1 0 g2)(a).

V
(i)eTxJ
This follows if we prove that for every (i, 7) € J x J we have
q1(bi) A qz2(ci) A ai(cj) A ga(d;) < (qrog2)(a). (1)

For this consider the element (a, g1(b;) A g2(c;) A qi(cj) A
q2(d;)) € S x I for which we have

Q(q1,5)(g2, S)(S x I)
3 (bis q1(b:))(cis q2(ci)) (di, q1(cj) A q2(d;))
= (a,q1(bi) A g2(ci) Aaqi(cs) A ga(dy))
= (bj, q1(bi) A ga2(ci))(cj, q1(c;))(d), q2(d;))
€ (8 x 1)Q(q1,5)Q(q2, ).

Since

Q(q1,9)Q(q2,9)(S x I)N
< Q(q1,5)0Q(g2, ),

(S x 1)Q(q1,5)Q(q2, 5)

then

(a,q1(bi) A q2(ci) A qi(cs) A qa(d;)) € Q(q1,5)Q(q2, S),

therefore there are (s,z) € Q(¢1,5) and (t,y) € Q(g2,5)
such that

(a,q1(bi) A g2(ci) A qi(cej) A ga(d;))
= (S,.’I})(ty)
= (st,z N y). 2)

It follows that

(q1 0 gq2)(a) = (q1 0 g2)(st) (since a = st)
> q1(s) A ga(t)
>z Ay (since g1 (s) > = and g5 (t) > y)

= q1(b:) A q2(ci) A qi(cj) A qa(d;) (by (2).)

(from the definition of o)

This proves (1) and we are done with the first part of the proof.
It remains to prove that (Q(S), o) is regular. For this we utilize
again theorem 9.3 [3] where it is proved that for every quasi-
ideal @ of S we have that QSQ = Q. Let ¢ € Q(S) and
(g, S) be its corresponding quasi-ideal of S x I which satis-
fies

Q(g, S)(S x 1)Q(q, S) = Q(q, 9).

We use this and the obvious fact that S € Q(.5) to show that
q o S o g = ¢q which would prove that ¢ is regular. First we
show that for every a € S, (g0 Soq)(a) < ¢(a). Indeed, since

(goSog)a)= Vv a(b)Aq(d),
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to prove the inequality, it is enough to show that ¢(a) > ¢(b)
or g(a) > ¢(d) for every decomposition a = bed. But either
one or the other is insured from lemma 1 and then the result
follows. Conversely, (a,¢(a)) € (g, S), therefore there are
(b, ), (d,y) € Q(q,S) and (¢, z) € S x I such that

(a,q(a)) = (b,7)(c,2)(d,y) = (bed, z A z N y).
From this it follows that

gla)=xz ANz Ay
< q(b) A q(d)
< (goSoq)(a)
hence ¢(a) < (g o S o g)(a) which concludes the proof.

(
(iv) = (v): Since (Q(S),o0) is regular, then for every ¢ €
Q(S) there is some ¢’ € Q(S) such that ¢ = g o ¢’ 0 g. But

(x < q(b) and y < ¢(d))
(a = bed,)

qoq og<goSoq<yg,

hence g = go Sogq.

(v) = (i): If we prove that for every quasi-ideal @) of S we
have that QSQ = @, then Theorem 9.3 of [3] implies that S
is regular. Consider ¢ which from Lemma 2.6.4 of [1] is a
fuzzy quasi-ideal of .S for which we have from our assumption
that xo = x@ © Xs © X@. From Lemma 2 we can write the
above as xg = Xq@sqg which implies that Q = QSQ and we
are done. O

S Semilattice Decompositions

Recall from [5] that a semigroup S is called left regular if
for every a € S, there is x € S such that a = za?. Like-
wise regular semigroups, left regular ones have the property
that every element have nontrivial decompositions as a prod-
uct of two elements. Most importantly, as shown in [5], the
left regular semigroups whose every left ideal is two-sided are
precisely those who decompose as semilattices of left simple
semigroups. The aim of this section is to give a ”softer” version
of Saito’s characterisation of left regular semigroups whose ev-
ery left ideal is two-sided in terms of what are defined here for
the first time, the fuzzy semilattices of left simple fuzzy sub-
semigroups. Before we give the definition of a fuzzy semilat-
tice, we recall that for every fuzzy subsemigroup f of a given
semigroup S and every ¢ € I, there is the so-called level subset
(or the t-cut) fy = {a € S : f(a) > t} associated with ¢. It is
obvious that f; is a subsemigroup of S.

Definition 1. Ler (Y, -) be a semilattice and f,, for oo € Y be
a family of fuzzy subsemigroups of a semigroup S. We say that
this family forms a fuzzy semilattice of fuzzy subsemigroups of
S if the following three conditions are satisfied.

(i) Ya € S, and all o, € Y with a # (3, we have that
fala) A fa(a) = 0.

(ii) Foralla,B €Y, foo f3 C fap.

(iii) Y(a,t) € Y x I*, (fo)r # 0, and V(a,t) € S x I*,
Ja €Y such that a € (fo).

Fuzzy Semigroups via Semigroups

In such a case we say that S is a fuzzy semilattice of fuzzy
subsemigroups of S.

Example 1. Given real numbers < o, we let 1, and Ig be
copies of the semilattice ([0, 1], A\) indexed by o and S respec-
tively. We let 0 : I, — Ig be the constant homomorphism
0(z) = 1. With these data the union I, U Ig becomes a com-
mutative semigroup where the multiplication is given by

aNb if a,bel,
axb— anbd zf a,belg

Oa) Nb if a€l,,belg

anbb) if ae€lgbel,.

In other words, a x b matches with N if a,b fall into the same
copy of I, otherwise it equals to the factor which falls into
Ig. This is in fact a commutative semilattice Y of commu-
tative semigroups 1, and Ig since I, * Ig = Ig x I, C
Ig = Iynp. Here the semilattice Y is ({, 8}, N). Now we
let fo : I, U Ig — I defined by

Sz if xzel,
f“(”“")_{o if welg,
and similarly fg : I, U Iz — I given by
_Jox if =xzelg
fﬁ(w)_{o if x€l,

Both f,, and fg are fuzzy subsemigroups of (1,U1g, x). Indeed,
fa(s*t) = 0 whenever at least one of s or t is in I3, therefore

fa(sxt) =0= fa(s) A falt).
Ifs,t € I, and s < t, then

falsxt) = fa(s) =s=sNt = fo(s) A fal(l).

In the case of fg the proof is similar to the above but we will
present it for convenience. When s,t € Ig and s < t, then

fa(sxt) = fp(s) =s=sAt = fa(s) A fs(?).

When one of s or t is in I, for instance s € I, then fg(s) =0
and

fo(s*t) 2 0= fs(s) A fa(t).
Also we have that for every x € I, U Ig
(fa N f)(x) =0,

since the union I, U I is disjoint. Further we have that

faofa=[fsofa < fang = [

Indeed, if a € 1, then for any decomposition a = x * y we
have that x,y € 1,, therefore

fa(@) A f3(y) = 0= fs(a),

which implies that (fo o fg)(a) = 0= fg(a). Let now a € Ig
and a = x * y be any decomposition of a. If both x,y € Ig, we
have in particular that fo(x) = 0, consequently

fala) =a>0= fo(z) A fa(y).
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Ifz € 1, theny = a and fg(y) = a. In this case we have that

fala) =a>xNa= fo(x) A f5(y).

Ifx € Ig, then fo(x) = 0 and

fs(a) =a>0= fo(z) A fa(y).

Recollecting, we have again that fg(a) > (fo o fg)(a). Also it
is easy to verify that conditions (iii) of definition 1 are satisfied
for both f, and fa, hence (I, U Ig, %) is a fuzzy semilattice of
Sfuzzy subsemigroups fo, and fga.

We observe the following.

Proposition 5. If a semigroup S has a semilattice decomposi-
tion, then S has a fuzzy semilattice decomposition.

Proof. Assume that S is a semilattice of semigroups S, with
o € Y where Y is a semilattice. Let g, be the correspond-
ing fuzzy subsemigroups of S. We show that the family xs,_
with a € Y forms a fuzzy semilattice of left simple fuzzy sub-
semigroups of S. Let a # [ be elements of Y and a € S
be arbitrary. If a ¢ S, U Sg, then xs,(a) A xs,(a) = 0. If
a € S, then x5, (a) A xs,(a) = 0, and similarly, if a € Sg,
then x5, (a) A xs,(a) = 0. Secondly, for all o, 3 € Y, we
have that

(from Lemma 2)
(since So S8 C Sa.8.)

XSa © XS5 = XSaSs
g Xsa-ﬁ

Thirdly, V(a,t) € Y x I*, (xs., )t # 0 since for ¢t # 0,
(xs,)t = Sa. Also V(a,t) € S x I*, 3a € Y such that
a € (xs, )t We can choose o € Y such that a € S, and then
a € Sy = (x5, )t O

Proposition 6. If S is a fuzzy semilattice of fuzzy subsemi-
groups of S, then S x I* has a semilattice decomposition.

Proof. Assume that S is a fuzzy semilattice of fuzzy subsemi-
groups f, with o € Y. We define for each o € Y the set

S*(fu,S) = {(a,t) € S x I* : fula) > t}.

This set is nonempty from the assumption (iii) on f,, and
clearly forms a subsemigroup of S x I*. For every fixed pair
(o, t) € Y x I'* we consider the nonempty set

(fa)t ={a €S fala) >t}
={a€S:(a,t) € " (fa,9)},

and let

flaty = (fa)e x {t}.
It is straightforward that f(, ;) is a subsemigroup of S x I*.
We will prove that the family of all f, ;) forms a semilattice
decomposition of subsemigroups for S x I*, where the index
semilattice is (Y, -) x (I*, A). We observe that foreacha € Y,

6*(fous) = tEL}*f(a’t). (3)

With this observation in mind we prove that the family of all
J(a,py with (o, t) € Y x I*, are pairwise disjoint. Indeed, for
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every fixed a € Y, two different f(, ), f(a,+) do not intersect
since t # t'. To prove that for all &« # 3 and t,¢' € I*,
flary N fapry = 0 it is enough to prove that &*(fo,S) N
&*(f3,5) = 0. Let (a,t) € &*(fa,S) NS*(f5,95), then

fala) > tand fg(a) >t,

which is impossible since one of f,(a) or fz(a) has to be
zero from definition 1, (i). So it remains that &*(f,,S) N
&*(fs,S) = 0. Let us prove that for every («,t),(8,t') €
Y x I we have that fi, ) f(3,¢) € fa-8,tar)- Indeed, for
every (a,t) € fias) and (b, 1) € f(g,+) we have that

fa-ﬁ(ab) 2 (foc © fﬁ)(ab)
=V Fald) A T0)
> fa(a) A f3(b)

>tAY,

(definition 1, (ii))

which implies that

(a7t)(b7 t/) = (ab7t A t/) € f(aﬂ,t/\t’)'

Finally, that U
(a,t)eY xI*

definition 1, (iii). O]

Jia,py = S x I" follows directly from

Definition 2. A fuzzy subsemigroup f of a semigroup S is
called a left simple fuzzy subsemigroup of S if for everyt € I*,
the set fy = {a € S : f(a) > t} is nonempty and forms a left
simple subsemigroup of S.

This definition is consistent with the definition of a left sim-
ple subsemigroup A of S. Indeed, in that case the property of
the fuzzy subsemigroup x 4 that (x4): = {a € S : xa(a) >
t} is left simple for all ¢ € I* means exactly that A is a left
simple subsemigroup of S since fort € I*, (xa): = A.

Theorem 4. For a semigroup (S, ) the following conditions
are equivalent:

(1’) S is a fuzzy semilattice of left simple fuzzy subsemigroups
of S.

(1) S is a semilattice of left simple semigroups.

Proof. We begin by proving that (1) = (1). Assumption (1°)
and Proposition 6 imply that there is a semilattice decomposi-
tion of S x I* with components f, sy = (fa): X {t} where
(a,t) € Y x I* and Y is a semilattice. Further we show that
each f(, 1) is a left simple subsemigroup of S x I*. Indeed,

since (o) = (fa)e x {t} and

(fa)r={a€S:(at) € & (fa,5)}
={aeS: fola) > t},

we have from our assumption and definition 2 that f(, ) is left
simple. Saito’s theorem now implies that S x I* is left regular
and that every left ideal there is two sided. The first implies that
S is also left regular, and the second implies that every left ideal
of S is two sided. To see the second one, we let L be a left ideal
of S, and ¢t € I'*, then clearly L x (0, t] is a left ideal of S' x I*
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and hence a right ideal. Let now s € S and a € L be arbitrary.
Then for every (a,t’) € L x (0,¢] and (s,u) € S x I* we
have that (as,t’ Au) = (a,t')(s,u) € L x (0,t], consequently
as € L which proves that L is a right ideal of S.

Let us now prove the converse implication (1) = (1’). As-
sume that S is a semilattice of left simple semigroups S, with
a € Y where Y is a semilattice. From Proposition 5, we have
that the family xg, with o € Y forms a fuzzy semilattice of
fuzzy subsemigroups of S. In addition, each xg_ is a left sim-
ple fuzzy subsemigroup. This is obvious from the comment
after definition 2. O

Theorem 4.1.3 of [2] states that Every completely regular
semigroup is a semilattice of completely simple semigroups.
Our next attempt will be to generalize this by replacing the
semilattice of completely simple semigroups with fuzzy semi-
lattice of completely simple fuzzy subsemigroups. We make
first the following definition.

Definition 3. A fuzzy subsemigroup f of a semigroup S is
called a completely simple fuzzy subsemigroup of S if for each
t € I*, the set fr = {a € S : f(a) > t} is a nonempty and
forms a completely simple subsemigroup of S.

As in the case of left simple fuzzy subsemigroups, the above
definition generalizes completely simple subsemigroups of S,
for if A is such one, then y 4 has the property that for each
teTI* (xa) ={a €8S :xala) >t} = Ais acompletely
simple subsemigroup.

Theorem 5. Every completely regular semigroup S is a fuzzy
semilattice of completely simple fuzzy subsemigroups.

Proof. If we prove that S being a fuzzy semilattice of com-
pletely simple fuzzy subsemigroups is equivalent to .S being
a semilattice of completely simple subsemigroups, then our
claim follows from Theorem 4.1.3 of [2]. Assume that there
is a semilattice Y and a family f, with @« € Y, of com-
pletely simple fuzzy subsemigroups of .S which form a fuzzy
semilattice decomposition for S. We first show that S x I*
has a semilattice decomposition of completely simple subsemi-
groups. Indeed, from Proposition 6 we have that the family
flaty = (fa)e x {t} with (a,t) € Y x I* is a semilattice de-
composition of S'x I'*. Our assumption together with definition
3 implies that each f ;) is a completely simple subsemigroup
of S x I*. Secondly, Proposition 4.1.2 of [2] implies that each
fa,t) is completely regular. Thirdly, let a € S be arbitrary. For
every t € I*, from our assumption of the family f,, there is
a € Y such that (a,t) € f(a,:). Since f(4 1) is completely reg-
ular, it follows that (f,); is completely regular as well, there-
fore there is a subgroup of (f); containing a. This proves that
S is completely regular. Theorem 4.1.3 of [2] implies that .S
is a semilattice of completely simple subsemigroups. For the
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converse, assume that S is a semilattice Y of completely sim-
ple subsemigroups S, with a € Y. Consider the family of
fuzzy subsemigroups x s, with o € Y. From Proposition 5 we
have that this family forms a fuzzy semilattice of fuzzy sub-
semigroups of S. The comment after definition 3 implies that
each x s, is fuzzy completely simple. [

6 Conclusions

The main scope of this paper was to find mechanisms which
make it possible to prove certain fuzzy versions of well known
results of semigroup theory directly as an implication of their
semigroup counterparts rather than by mimicking their corre-
sponding proofs. These mechanisms not only serve as bridges
between the two theories, but allow to make new generalisa-
tions. An example for this is Theorem 4 where left simple
semigroups whose every left ideal is two sided are now charac-
terised as those semigroups which decompose as a fuzzy semi-
lattice of left simple fuzzy subsemigroups. We believe that
building bridges like these is beneficial for both theories. On
one direction, it is now possible to use results from classical
algebra to enrich the fuzzy mathematics, and more interest-
ingly, in the reverse direction, one can bring to the classical
mathematics ideas developed independently over many years
in fuzzy mathematics. This is like adding new tools to the
toolbox of classical mathematics which, although designed for
different kinds of problems, may turn out to be efficient for
tackling difficult classical problems.
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