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Abstract  ANOVA-Simultaneous Component Analysis
(ASCA) is a powerful approach for analyzing multi-factorial
experimental designs with multivariate responses. However,
standard ASCA methods assume homogeneous variance across
experimental groups, an assumption often violated in real-
world data, particularly in biological and chemical stud-
ies. This paper introduces Variance Normalized ASCA (VN-
ASCA), a novel extension that addresses heterogeneous vari-
ance through a weighted least squares framework. We pro-
vide a comprehensive mathematical derivation of the VN-
ASCA methodology, including its weight calculation strate-
gies, permutation-based significance testing, and variance par-
titioning approach. The method incorporates robust options for
weight estimation, regularization for numerical stability, and
automatic effect selection for enhanced interpretability. Prac-
tical implementation guidelines for parameter tuning are pro-
vided, and the method’s performance is validated through both
controlled simulations and application to real agricultural data
from maize trials in Ghana. The experimental results demon-
strate that VN-ASCA provides improved prediction accuracy
in the presence of heterogeneous variance while maintaining
interpretability. The application to multi-environment maize
trials in Ghana (50 plots, 100 traits, 4 locations) demonstrates
practical utility, with adaptive VN-ASCA showing measurable
improvements in root mean squared error and substantially
stronger statistical evidence for environmental effects. These
findings suggest that accounting for variance heterogeneity can
enhance the detection and interpretation of factorial effects in
complex multivariate datasets.

Keywords ANOVA-Simultaneous Component Analysis
(ASCA), Heteroscedasticity, Variance Normalized ASCA
(VN-ASCA), Least Squares, Multivariate

1 Introduction

Multivariate analysis of designed experiments plays a key
role in different fields of science, such as metabolomics, ge-
nomics, chemometrics, and environmental science. In such ex-
periments, there are many factors (treatments, time points, etc.)
and many response variables that are simultaneously measured
at the same time [1} [2} 3| |4]. ANOVA-Simultaneous Compo-
nent Analysis (ASCA) has become an effective tool to ana-
lyze these types of complex data by integrating the benefits of
both Analysis of Variance (ANOVA) to partition the effects and
Principal Component Analysis (PCA) to reduce the dimensions
and visualize the data [2, (3} 5] 6]

Nevertheless, there is a major issue with the fact that the
standard ASCA uses ordinary least squares (OLS) estima-
tion, which assumes the condition of homoscedasticity, that
the variances of all the experimental groups are equal [2]. In
practice, heteroscedasticity is pervasive, stemming from time-
dependent variability, treatment-induced effects, batch arti-
facts, or concentration-dependent measurement precision [7].
Recent advances in variable selection for high-dimensional
data have demonstrated the importance of accounting for vari-
ance structure in ANOVA-based methods [8]. This violation
leads to biased effect estimates, inflated Type I error rates,
and mathematically inconsistent variance partitioning, thereby
severely undermining the reliability of statistical conclusions
[2,9].

A further complication is the prevalence of unbalanced ex-
perimental designs, where unequal group sizes result from
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missing data or logistical constraints [10]. The standard
ASCA, designed for balanced data, does not adequately ac-
count for the systematic effects of variance heterogeneity in
such scenarios, resulting in overestimated factor contributions
and diminished statistical power [[11]. While extensions like
ASCA+ for unbalanced data, PE-ASCA for heterogeneous
data, and Robust ASCA for outlier resistance address specific
facets of this problem [10, [12], a significant methodological
gap remains. No existing approach offers a holistic solution
that simultaneously resolves the intertwined challenges of het-
eroscedasticity and unbalanced designs. Consequently, there is
a pressing need for a statistically rigorous, flexible, and com-
putationally efficient extension of the ASCA framework [10]].

To address the limitations of existing ASCA-based ap-
proaches in handling heterogeneity and unbalanced designs,
this research proposes the integration of variance-based
weighting schemes into the ASCA framework. Specifically,
four normalization strategies are implemented: group-wise
normalization, feature-wise normalization, adaptive normal-
ization, and robust normalization to calculate weights that re-
flect the underlying variance structure [1, [13]. These weights
are incorporated into a weighted least squares (WLS) estima-
tion procedure within the ASCA framework, resulting in the
development of the VN-ASCA model [14} [15]. The perfor-
mance of VN-ASCA is evaluated through simulation studies
and real data applications to test its robustness under controlled
variance heterogeneity and sample size imbalance.

2 Background

2.1 Standard ASCA Model

The standard ASCA approach combines ANOVA with PCA
to analyze designed experimental data with multiple factors.
For a dataset X € R™*P with n observations and p variables,
the ASCA model partitions the data according to the experi-
mental design:

F
XZIHT+ZXf+Xres (1)
f=1

where:

- 17 represents the overall mean ( is the mean vector)
- X represents the effect matrix for factor f

- Xjes 1s the residual matrix

- F is the total number of factor effects (including interac-
tions)

For a two-factor experiment with factors A and B, the model
becomes:

X:]_MT-"-XA"'XB“FXAB"'Xres )

where X 4, X, and X 4 g represent the main effects of fac-
tors A and B and their interaction, respectively.
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In standard ASCA, each effect matrix is estimated using or-
dinary least squares (OLS) regression. For a given factor with
design matrix Zy, the effect coefficients 3 5 are estimated as:

B =(27Z5) 7' 27X, 3)

where X, is the centered data matrix. The effect matrix is
then calculated as:

Xy =ZsB; (4)

After partitioning the data, PCA is applied to each effect ma-
trix to reduce dimensions and visualize the structure of the ef-
fects.

3 Variance Normalized ASCA

3.1 Problem Formulation

VN-ASCA introduces a per-effect variance scaling step by
standardizing each variable within effect matrices before PCA
to equalize contributions and mitigate the dominance of high-
variance variables. This normalization enhances interpretabil-
ity and balances variable influence, making VN-ASCA partic-
ularly well-suited for complex designs involving multiple fac-
tors or interactions. VN-ASCA addresses the heterogeneity
problem by incorporating observation-specific weights based
on local variance estimation. The key insight is to downweight
observations with high variance and upweight those with low
variance during effect estimation.

Let X € R™*P be a data matrix with n observations and p
variables, generated from an experimental design with multiple
factors. The true data-generating process can be represented as:

F
X=1p"+> X te, & ~N(0,5,5) O
=1

where:
« 17 is the grand-mean matrix

* X 3{“‘“‘ is the true effect matrix for factor f (including in-
teractions)

* ¢ is the residual matrix with heteroscedastic structure

Var(si) = Zg(i) € RP*P (6)
where X ;) represents the covariance matrix for the group
that observation ¢ belongs to.
3.2 Model and Dimensions

Let X € R™*P be the data matrix with n observations and p
variables. The data-generating model is written as

F
X =1p" + ) Xy 4 ¢
f=1
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Table 1. Dimensions and interpretation of terms in the data-generating model
Term Dimension and Meaning
X € R™*P: data matrix (rows = observations, columns = variables).
1 € R™*!: column vector of ones (replicated over observations).
n € RP*1: overall (grand) mean vector for the p variables; hence pu " € RM*P.
1p’ € R™*P: mean matrix (each row equals the grand-mean row).
X}rue € R™*P: effect matrix for factor f (if modeled via design matrices, X}”‘e =
ZB; with Z; € R"**/ and By € R* *P),
€ € R™*P: residual matrix (error), possibly heteroscedastic with Var(e;) =

Eg(i) c RP*P,

where each term has the following dimensions and interpreta-
tion:

The effect matrix for factor f is expressed as X}”‘e =Z;By
with By € R¥7%P_ The complete model becomes:

F
X =1p" + ZZfo + e
f=1

3.3 Weight Calculation Strategies

VN-ASCA supports multiple strategies for calculating the
weights, each suited to different types of heterogeneity pat-
terns:

3.3.1 Group-wise Normalization

Group-wise normalization is designed for experiments with
group-specific variance differences. Here, weights are com-
puted as the inverse of the within-group standard deviation for
each variable:

Wij = ! @)
Og(i)j
where 0(;); is the standard deviation of variable j in the
group ¢ to which observation 7 belongs.
For robust estimation, we use the median absolute deviation
(MAD):

Ty(iy; = MAD, sy x 1.4826 (8)

9(i)j
where 1.4826 comes from the inverse of the 75th percentile
of the standard normal distribution:

1.4826 = where &1 (0.75) ~ 0.6745.

-1(0.75)’

It is the scale factor that makes MAD a consistent estimator
of the standard deviation for normally distributed data and is
widely used in robust statistics [[L6, [17].

3.3.2 Feature-wise Normalization

ASCA is sensitive to variable variance, where high-variance
variables may affect the results of analysis. This sensitivity

has some essential issues: Variables measured on a larger scale
(e.g., grain yield in kg/ha) may overshadow those on a smaller
scale (e.g., harvest index as a ratio), when the subset of smaller
measured variables actually carries biologically relevant infor-
mation. Feature-wise normalization ensures that all variables
contribute equally to the ASCA decomposition so that analy-
sis can give biologically significant patterns across the entire
variable space.

Feature-wise normalization technique accounts for differ-
ences in scale between variables by using weights which are
inversely proportional to the overall feature standard deviation:

1

Wij = P ©)
J

where o.; is the standard deviation of variable j across all
observations.

3.3.3 Adaptive Normalization

This is designed to handle unbalanced designs and small
group sizes, which often lead to unstable variance estimates.
This approach combines group-wise and feature-wise normal-
ization using a shrinkage parameter:

1

S 1—
T X O
g(3)j J

(10)

wij =

o 8

where s; is a shrinkage parameter that adapts to the group

size:
Mo
§; = min ﬂ, 1
no

* ngy(;) as the number of observations in the group

(1)

with

* nyg as the threshold parameter (typically ng = 10)
This ensures:

(i) Small groups (ny < mg): s; < 1, so the estimate relies
more on global variance (o ;) to avoid instability.

(ii) Large groups (ny > np): s; = 1 so the estimate uses the
group-specific variance.
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The weighted variance estimate is expressed as

62 =500+ (1—

9, 59)5°

J

The approach is grounded in empirical Bayes and James-Stein
shrinkage principles, which are widely recognized for improv-
ing variance estimation in high-dimensional and unbalanced
data |18, [19].

3.3.4 Robust Normalization

This approach uses robust influence functions to down-
weight potential outliers:

c 1
i =min | 1, — | x 12
i Imn( VMO MAD; 12
where z;; is the robust z-score of observation ¢ for variable
VE
2;; — median;
MAD;
and c is a tuning constant (typically ¢ = 1.345 for 95% effi-
ciency). The constant ¢ = 1.345 is selected because it reaches
about 95% efficiency for the Huber M-estimator when normal
errors are assumed. This choice balances robustness against
outliers with statistical efficiency [[16} [20].

13)

Zij =

3.4 Weight Matrix W ; Calculation

The weight matrix W; € R™*" is a diagonal matrix where
each diagonal element w;; represents the weight for observa-
tion 7.

3.4.1 Matrix Structure

Wf = diag(wu, w2, . . (14)

< wnn)

where w;; is the weight for observation ¢ (only diagonal ele-
ments are non-zero).

3.4.2 Weighted Effect Estimation

For a given experimental design with factors, we first define
a weight matrix W € R™*? where each element w;; represents
the weight for observation ¢ and variable j.

The weighted ASCA model retains the same structure:

F
X = 1IJ'T+ZXf + Xies
f=1
But now, the effect matrices are estimated using weighted
least squares regression.
For a given factor effect f with design matrix Z;, we esti-
mate the effect coefficients 3 as:

15)

By " = (2TW,z2,) 7 ZTW X, (16)
where:

e X, is the centered data matrix
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* W; is a diagonal matrix with the appropriate weights for
factor f

The effect matrix is then calculated as:

Xy = ZsB; (17

3.5 Handling Unbalanced Designs in VN-ASCA
3.5.1 Motivation for Type III Sum of Squares

Unbalanced experimental designs are common in practice,
particularly in biological and agricultural experiments where
missing observations, dropouts, or unequal observations occur
[21} 22]. Traditional ASCA methods can produce misleading
results in such scenarios because:

1. In unbalanced designs, main effects and interactions are
not orthogonal, leading to confounded estimates [23]]

2. Effect estimates may not represent the true marginal ef-
fects when other factors are present [24]

3. The sequential nature of Type I sum of squares makes re-
sults dependent on the order of the model terms [21]]

VN-ASCA addresses this by implementing Type III sum of
squares in the weighted least squares framework, ensuring ro-
bust and interpretable results for unbalanced designs.

3.5.2 Type III Sum of Squares Framework

For a complete factorial design with factors A, B, and their
interaction A x B we construct the full design matrix:

Z=[1 Z, Zp Zug] (18)
where:

¢ 1 € R™*! is the intercept column

o Z 4 € R*(a=1) encodes factor A with a levels

e Zp € R"*(=1) encodes factor B with b levels

o Zap € R<(a=1)(b=1) encodes the interaction

Critical Implementation Note: Type III interpretation re-
quires appropriate contrast coding (e.g., sum-to-zero con-
straints) to ensure that each effect represents its marginal con-
tribution adjusted for all other effects in the model [21} 225].

3.5.3 Weighted Least Squares Estimation
For each variable j, we estimate the full model using
weighted least squares [26, 27]]:

B; = (Z"W,Z)'Z"W x; (19)

where W; = diag(wi;, waj,...,wy;) is the diagonal
weight matrix for variable j based on the chosen normaliza-
tion strategy.
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The weighted residuals from the full model are:

i =x; — Zﬂ (20)
with weighted residual sum of squares:
full __ 1/2_ full) 2
WRSSH! = ||W /2| 1)

3.5.4 Type III Sum of Squares Calculation

For each effect f (main effect or interaction), we calculate
the Type III sum of squares by comparing the full model with
a reduced model that excludes effect f [28] 29].

Step 1: Reduced Model Estimation

Construct the reduced design matrix Z_; by removing
columns corresponding to effect f from Z. Fit the reduced
model:

By = (2L, W,Z ) 2T W x, (22)
Step 2: Reduced Model Residuals
Calculate residuals from the reduced model:
e (23)
with weighted residual sum of squares:
WRsS! ) = w2012 24)

Step 3: Type III Weighted Sum of Squares
The Type III weighted sum of squares for effect f and vari-
able j is:

WSSy = WRSS{ /) — wRss™! (25)

Step 4: Aggregation Across Variables
The total weighted sum of squares for effect f across all

variables is: ,
= WSS
=1

This aggregated statistic serves as our test statistic for the
significance of effect f in the multivariate context, following
the principles established for multivariate analysis of variance
(30, 131].

WSS, (26)

3.5.5 Integration with VN-ASCA Framework

Effect Matrix Reconstruction After calculating Type III
sum of squares, we reconstruct the effect matrices using the
full model estimates. For effect f, the effect matrix is:

X;=Z;B; 27)

where B TS RksXP contains the estimated coefficients for
effect f across all variables, extracted from the full model fit.

Degrees of Freedom For effect f, the degrees of freedom are
[21]:
df; = rank(Z) — rank(Z_ ;) (28)

This accounts for the actual degrees of freedom lost when re-
moving effect f from the full model, which is particularly im-
portant in unbalanced designs where traditional formulas may
not apply [22].

through Controlled Simulations

Mean Square Calculation The weighted mean square for

effect f is:
WSS

df

WMS; = (29)

3.6 Permutation Testing and Enhanced Effect Selection

Following the computation of weighted sums of squares
(WSS), including the Type III formulation for unbalanced de-
signs, statistical significance of each effect is assessed using
permutation testing. The observed test statistic for effect f is
defined as its weighted sum of squares:

TP™ = WSSy,

which incorporates both variance normalization and correc-
tions for unbalanced sample sizes.

The permutation testing procedure is modified to preserve
the Type III interpretation: For each effect, B = 1,000 permu-
tations were performed, with factor labels randomly permuted
within strata to preserve the structure of other factors, follow-
ing standard permutation strategies for factorial designs [32].
Specifically, when testing factor A, the levels of A are per-
muted while maintaining the original assignment of factor B
and any blocking structure, ensuring the permutation null hy-
pothesis correctly reflects the target effect.

The detailed permutation protocol is as follows:

1. Permutation Strategy: Permute only the factor labels for
effect f while maintaining the structure of other factors
and any blocking variables.

2. Weight Handling: For each permutation, keep the orig-
inal weights W ; constant (more conservative) and recal-
culate weights based on the permuted factor structure.

3. Test Statistic: For each permutation b, calculate:

p
b
wss() =3~ [wrss(”  —wrss{, | (30)
j=1
4. P-value Calculation:
1+ #{Wss® > wssoy
pr= ! ! @31)

1+ B

For each effect, B=1000 permutations were performed. For
main effects, factor labels were permuted randomly within
strata defined by other factors. For interactions, we employed
restricted permutation following the Freedman-Lane approach,
preserving the main effect structure.

3.6.1 Enhanced Effect Selection

After obtaining weighted effect matrices and their signif-
icance through permutation testing, VN-ASCA performs en-
hanced effect selection to create a parsimonious model.

Step 1: Significance Assessment. The weighted test statis-
tic for each effect f is calculated as:

= Z:w?j(xf,ij)2
4,

obs
Ty
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Permutation testing is then performed to obtain p-values py.

Step 2: Effect Selection Criterion. A significance thresh-
old « (typically 0.05) is defined. Effects with p; < « are re-
tained, while effects with py > o are removed. The enhanced
model becomes:

X = 1HT + Z Xf+X§é1:1anced
fips<a

where the enhanced residual incorporates non-significant ef-
fects:

Xf:fanced = Xies + Z Xf

f:pf>a

This integrated approach ensures that only statistically mean-
ingful effects are retained for interpretation, model complexity
is reduced, and variance partitioning reflects the contribution
of significant structured variation.

3.7 Principal Component Analysis of Effect Matrices

After estimating and selecting significant effect matrices, we
apply PCA to each to facilitate dimension reduction and visu-
alization.

3.7.1 PCA Decomposition

For each significant effect matrix X ¢, we compute the PCA
as:

T
Xy =T;P; (32)
where:
1. Ty € R™*k is the scores matrix

2. Py € RP*F s the loadings matrix

3. k is the number of principal components (typically £ <
)
3.7.2 Interpretation of PCs

The principal components can be interpreted as follows:

* The first principal component (PC1) represents the direc-
tion of maximum variance in the effect matrix

* The loadings (P¢) indicate which variables contribute
most to each principal component

* The scores (T ;) represent the coordinates of observations
in the principal component space

For visualization, we typically plot the first two principal
components of the scores matrix, which allows for visual iden-
tification of patterns associated with the experimental factors.
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3.8 Variance Partitioning
3.8.1 Weighted Variance Partitioning

The weighted variance partitioning in VN-ASCA is calcu-
lated as:

Z?:l ?:1 wz‘2j (xf,ij)2

D1 ?:1 w?j(xcdj)Q

where . ;; is the (4, j) element of the centered data matrix
Xe.

This ensures that the variance proportions represent the
weighted contribution of each effect to the total weighted vari-
ance.

(33)

Varf =

3.8.2 Enhanced Variance Partitioning

After effect selection, we calculate the enhanced variance
partitioning:

Varenhanced _ Z?:l Zg?:l wizj (zf,ij)2
- n
d Dic ?:1 wz‘zj(xc,ij)Q

for each significant effect (py < o). The variance proportion
for the enhanced residual is:

enhanced __ Z?=1 Z§=1 wizj (l’gﬁ%r}ced)Q

(34)

Vargaaneed — S SIS (35)
: 2
e Diet =1 Wij; (@c,ij)?
By construction, these variance proportions sum to 1:
Z Varf}nhanced + Var?fl:lshanced =1 A3 6)

fips<a

3.9 VN-ASCA: Step by Step Procedure

1. Data setup and centering: Assemble the data matrix X
with n observations and p variables. Subtract the grand
mean to obtain the centered matrix.

2. Specify design and effects: Define the experimental de-
sign matrices for each factor (including interactions) and
set up the intended decomposition into effect matrices and
residuals.

3. Choose a weighting strategy: Select one of the four vari-
ance normalization schemes depending on the data struc-
ture: group-wise, feature-wise, adaptive, or robust.

4. Build weight matrices: Construct diagonal matrices as-
signing observation-specific weights according to the cho-
sen scheme.

5. Variance scaling: Standardize each effect matrix so that
variables contribute comparably.

6. Effect estimation: Estimate factor effects using weighted
least squares regression.

7. Decomposition: Express the data as a sum of estimated
effect matrices and residuals.
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8. Permutation testing: Assess the statistical significance
of each effect using weighted test statistics and label per-
mutations.

9. Enhanced effect selection: Retain only effects that meet
a significance threshold, and absorb non-significant ones
into the residual.

10. PCA on selected effects: Apply principal component
analysis to the retained effect matrices to extract scores
(observation patterns) and loadings (variable contribu-
tions).

11. Variance partitioning: Calculate the proportion of total
variance explained by each significant effect and the en-
hanced residual.

3.10 Key Statistical Properties of VN-ASCA
3.10.1 Unbiasedness of VN-ASCA Estimator

Under standard weighted least squares assumptions (fixed
weights, zero-mean errors, full-rank design), the VN-ASCA
estimator exhibits unbiasedness. This property follows from
classical linear model theory applied to the weighted regression
framework.

Consider the data-generating model:

F
X.=> ZiB;+e
f=1

(37

where X is the centered data matrix, Zy is the design matrix
for factor f, B g are the true effect coefficients, and ¢ is the error
matrix with E[e] = 0.

The VN-ASCA estimator for factor f is:

. -1
By =(ZfWyZs) ZiWX, (38)
Taking expectations conditional on the weights W:
E[BI1W]|=(z2"Wz) 'ZTWEX.] (39
= (2'W2z) ' 2" WZg (40)
=p (4D

Consequently, for any factor f, the subvector B g of ,fi' is also
unbiased for the true coefficients 3 ;. The corresponding effect
matrix is therefore unbiased:

E[X; | W| =2E |3, | W] =28, =X @2

This establishes the conditional unbiasedness of the VN-
ASCA estimator under the Type III formulation.

through Controlled Simulations

3.10.2 Efficiency Gain Over Ordinary Least Squares

Following classical Gauss-Markov theory for weighted re-
gression, efficiency gains relative to OLS can be demonstrated
when variance heterogeneity is present. The magnitude of im-
provement depends on the degree of heteroscedasticity and the
accuracy of weight specification.

Consider heteroscedastic errors where Var(g;) = X(;, with
¢(7) denoting the group membership of observation i. Let 3 =
diag(o?,02,...,02) represent the error covariance matrix for
a given variable.

For the OLS estimator:

~ OLS T -1 7
By = (Zf Zf) Z: X, (43)
The covariance matrix of the OLS estimator is:
~ OLS T -1, 7 T —1
Var (B, = (272;) " 2737 (272y) (44)

For the weighted least squares (WLS) estimator with
weights W, = =71

~ WLS

Ts—1 -1 ,Ts-1
,Bf :(ZfE Zf) ZfE X, 45)
The covariance matrix of the WLS estimator is:
Var (B;VLS) = (zTz'z,) " (46)

By the Gauss-Markov theorem for weighted regression,
when the weights are correctly specified as the inverse of the
error variances, the WLS estimator is the Best Linear Unbiased
Estimator (BLUE). This implies:

Var (@?LS) — Var (BYLS) =0

where A > 0 denotes that matrix A is positive semi definite
in the Lowner ordering.

Therefore, VN-ASCA achieves superior efficiency com-
pared to standard ASCA under heteroscedastic conditions.

(47)

3.10.3 Robustness to Outliers

The robustness properties follow from standard M-
estimation theory. When VN-ASCA employs robust weight
estimation schemes with bounded influence functions (such as
Huber), the estimator achieves partial protection against outly-
ing observations.

Consider a robust weight scheme where weights are defined
as:

Y(rij) 1
Tij MADj

(48)

’Ll}ij =

x;; —median;
MAD;
¥(+) is a bounded function (such as Huber’s -function), and

MAD; is the median absolute deviation for variable j.
The influence function of the standard OLS estimator is:

where r;; = is the robust standardized residual,

IF(z, y; BOLS) = (ZTZ)_1 z(x) (y — z(x)TBOLS) (49)
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This influence function is unbounded as |y| — oo, making
OLS sensitive to outliers.

For the robust weighted estimator, the influence function be-
comes:

~ VN-ASCA -1

IF(x,y; B )= (Z"WZ)  z(x)y(r)  (50)

Since ¢ is bounded (e.g., for Huber’s ¥-function, |¢(r)| < ¢
for some constant ¢ > 0), the influence function is bounded:

~ VN-ASCA

[P0 8™ < | 2"W2) 7| el e 1y

This boundedness ensures that no single observation can
have an arbitrarily large impact on the parameter estimates,
providing robustness against outliers.

Heterogeneity across

both groups and features?

4 4

Variance heterogeneity
across groups?

Adaptive
normalization

Variance heterogeneity
across features?

Group-wise
normalization

Outliers
present?

Feature-wise
normalization

Robust
normalization

Figure 1. Decision tree for selecting the appropriate normalization strategy
based on data characteristics.

Figure[I] presents a decision tree to guide practitioners in se-
lecting the most appropriate normalization strategy based on
their data characteristics. The tree begins by assessing whether
heterogeneity exists across both groups and features simultane-
ously, in which case adaptive normalization is recommended.
If heterogeneity is primarily group-specific, group-wise nor-
malization should be used. For feature-specific variance pat-
terns, feature-wise normalization is appropriate. Finally, when
outliers are present, robust normalization provides the most
reliable estimates. This systematic approach ensures that the
chosen weighting scheme aligns with the underlying variance
structure of the experimental data.
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3.11
3.11.1 Computational Efficiency

Implementation Considerations

For computational efficiency, we use the following optimiza-
tions:

* Separate computation for each variable: Process each
variable independently to avoid large matrix operations.

By = (ZiWy,Z) ' 2T W X, (52)

where Wy ; is a diagonal matrix of weights for variable
J> and X ; is the j-th column of X..

* Sparse matrix structures: Use sparse representations for
design matrices when factors have many levels.

* Parallel computation: Implement parallel processing for
permutation tests.

3.11.2 Practical Guidelines for Parameter Selection

Based on extensive simulation experience, we provide the
following practical recommendations for practitioners imple-
menting VN-ASCA:

Normalization Strategy Selection. Figure [I] outlines the
decision process for selecting a normalization approach. Use
adaptive normalization when variance patterns are complex or
mixed. Apply group-wise normalization when variance dif-
fers mainly across groups. Choose feature-wise normalization
when heterogeneity occurs across features. Use robust normal-
ization when outliers are present.

Regularization and Stability Parameters. Set regulariza-
tion A = 1076 for numerical stability in well-conditioned
problems, increasing to 10~* if matrix inversion warnings oc-
cur. For the shrinkage threshold, use ng = 10 as the default,
adjusting proportionally if the total sample size is very small
(n < 30, use ng = 5) or very large (n > 200, use ng = 20).

Permutation Testing. Use B = 1,000 permutations for rou-
tine analysis; increase to B = 5,000 for more precise p-values
near critical thresholds or for publications requiring high pre-
cision.

4 Results and Discussion

4.1 Simulation Design

Synthetic datasets were generated to resemble longitudinal
experimental designs. The simulation followed a two-way un-
balanced factorial ANOVA design with subjects varying from
10 to 60, 2 treatment levels, 4 time points, and 100 continuous
response variables. Heterogeneity was assessed under increas-
ing levels ranging from homogeneous (factor = 1.0) to highly
heterogeneous settings (factor = 4.0).

4.2 MSE Performance

Figure [2] shows MSE performance across sample sizes for
heterogeneity factors 1.0 to 2.5. Under increasing heterogene-
ity, the VN-ASCA variants consistently outperform traditional
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ASCA, ASCA+ and PE-ASCA methods. The robust and adap-
tive VN-ASCA types demonstrate superior performance, par-
ticularly in small sample scenarios (n < 30).

MSE Performance Across Sample Sizes

MSE Performance Across Sample Sizes 3
(Heterogeneity Factor = 1.5)

(Heterogeneity Factor = 1.0}

mse
use

(a) Heterogeneity Factor = 1.0 (b) Heterogeneity Factor = 1.5

WISE Performance Across Sample Size: MSE Performance Across Sample Sizes
(Heterogeneity Factor = 2.0} (Heterogenety Factor = 2.5)

(d) Heterogeneity Factor = 2.5

(¢) Heterogeneity Factor = 2.0

Figure 2. MSE Performance Across Sample Sizes for Increasing Heterogene-
ity Factors (1.0 to 2.5)

Figure[3]demonstrates MSE performance under extreme het-
erogeneity conditions (3.0 to 4.0). VN-ASCA robust demon-
strates exceptional resilience, maintaining the lowest MSE val-
ues across all sample sizes. All methods exhibit elevated
MSE compared to lower heterogeneity scenarios, but tradi-
tional ASCA and PE-ASCA show particular sensitivity, espe-
cially with smaller sample sizes.

MSE Perform: 55 Sample Sizes

MISE Performan 5 Sample Sizes rmance Acro
(Heterogenelty Factor = 3.5)

e Across
(Heterogeneity Factor = 3.0)

st

sample

(a) Heterogeneity Factor = 3.0 (b) Heterogeneity Factor = 3.5

MSE

Across Sample Sizes
ctor = 4.0)

e

(c) Heterogeneity Factor = 4.0

Figure 3. MSE Performance Under Extreme Heterogeneity Conditions (3.0 to
4.0)

through Controlled Simulations

4.3

R-squared Performance

Figure shows R? performance across sample sizes for het-
erogeneity factors 1.0 to 2.5. VN-ASCA robust consistently
achieves the highest R? values across all sample sizes. All
methods show improved explanatory power with larger sam-
ples, but VN-ASCA variants maintain a significant advantage.

R Performance Across Sample Sizes
(Heterogeneity Factor = 1.5)

R performance Across Sample Si
(Heterogeneity Factor = 1.0}

R Perfort

(c) Heterogeneity Factor = 2.0 (d) Heterogeneity Factor = 2.5

Figure 4. R-squared Performance Across Sample Sizes for Increasing Hetero-
geneity Factors (1.0 to 2.5)

Figureshows R? performance under severe to extreme het-
erogeneity (3.0 to 4.0). VN-ASCA robust maintains high ex-
planatory power (R? 0.75-0.85 at n = 50), while traditional
methods fail to exceed R? = 0.40 even at maximum sample
sizes.

R performance Across Sample Size: R Performance Across Sample Sizes
(Heterogeneity Factor = 3.0) (Heterogeneity Factor = 3.5

(¢) Heterogeneity Factor = 4.0

Figure 5. R-squared Performance Under Extreme Heterogeneity Conditions
(3.0t0 4.0
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5 Applying VN-ASCA to Real Life Ex-
perimental Data

The Variance Normalized ANOVA-Simultaneous Compo-
nent Analysis (VN-ASCA) method was applied to a real-world
maize research data set to demonstrate its practical utility and
effectiveness in handling unbalanced and heterogeneous exper-
imental designs. The data set comprised measurements col-
lected from 50 maize field plots and each of the plots was char-
acterized by 100 quantitative traits of plant growth, yield, and
stress response.

The experimental design was a two-factor layout involving
Location and Variety (Entry) but was unbalanced, that is, the
number of observations was different in each location and not
all maize varieties were found at each location. This made the
data set suitable for VN-ASCA which is specifically designed
to handle such unbalanced and heteroscedastic structures.

The study was carried out at four agricultural research sta-
tions in Ghana: EJURA (18 observations), FUMESUA (15 ob-
servations), KPEVE (10 observations) and WENCHI (7 obser-
vations). In total, 20 varieties of maize (named V001-V020)
were tested under these different conditions of the environ-
ment. The main objective was to assess the effects of variety
and location effects, and their interaction on the trait variation.

5.1 Assessment of Variance Heterogeneity Prior to VN-
ASCA Application

Before applying the VN-ASCA model, the degree of vari-
ance heterogeneity across locations and treatments was eval-
uated to justify the need for variance normalization. This as-
sessment was conducted both at the univariate (trait-wise) and
multivariate (matrix-wise) levels.

5.1.1 Univariate (Trait-Wise) Assessment

For each trait X;, a variance ratio was computed to quan-
tify the degree of variability across groups (e.g., locations or
treatments). The variance ratio (VR) is defined as:

maxg{sig}

ming {s? }’

VR; =

where sf o 1s the sample variance of trait j within group g. This

measure indicates how much the largest group variance differs

from the smallest. A value of V' R; = 1 denotes perfect homo-

geneity, whereas larger ratios reflect stronger heterogeneity.
Traits were classified as follows:

* VR; < 2: Homogeneous

* 2 < VR; < 4: Mild heterogeneity

* 4 < VR; < 6: Strong heterogeneity
* VR; > 6: Very strong heterogeneity

The variance ratios across the 100 traits (Table 2) showed
that approximately 60% of the traits exhibited homogeneous
variances (V R; < 2), while the remaining 40% showed mild
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to strong heterogeneity (VR; > 2). Yield-related traits, in-
cluding grain yield, dry grain yield, biomass yield, kernel
width, and kernel density, displayed the highest ratios, suggest-
ing that heterogeneity was most pronounced among productiv-
ity and kernel composition variables.

5.1.2 Multivariate (Matrix-Wise) Assessment

To complement the univariate approach, overall heterogene-
ity in the multivariate dataset was assessed using the trace-
based variance ratio, defined as:

max, {tr(S,))
V Rirace = T e
min, {tr(E,)}
where tr(3,) denotes the trace (sum of variances) of the co-
variance matrix within group g. This index provides a global
measure of total multivariate variability, even when the number
of variables (p) exceeds the number of observations (n).

A multivariate evaluation (Table 3) of variance heterogene-
ity based on the trace of the covariance matrix of each study
location showed that Ejura recorded the highest total variance,
followed by Fumesua and Kpeve, while Wenchi showed the
lowest. This trend indicates that the environmental or manage-
ment conditions at Ejura and Fumesua may have contributed
to greater trait variability. The trace-based variance ratio of
5.42 in total confirms substantial heterogeneity between the
four study sites, supporting the use of the application of a vari-
ance normalized method.

5.2 Summary Interpretation

The univariate and multivariate diagnostics consistently in-
dicate that the experimental data exhibit substantial hetero-
geneity in variances, and yield and kernel-related traits in par-
ticular. These observations justify the implementation of vari-
ance normalization stages prior to ANOVA decomposition and
then extraction under the VN-ASCA framework.

Table ] summarizes key agronomic traits across four study
locations. There are differences in mean values of grain
yield and height of plants between various locations. Ejura
recorded the highest yield (4416.96 kg/ha) and Wenchi the low-
est (1504.25 kg/ha), indicating that there was a difference in the
environment among locations.

Results from Table [5] indicate that VN-ASCA models sig-
nificantly outperformed traditional ASCA, ASCA+ and PE-
ASCA. All the VN-ASCA variants had the smallest RMSE
values (about 25.98), demonstrating superior performance in
terms of predictive accuracy and stability in modelling un-
balanced and heterogeneous data. This indicates that vari-
ance normalization effectively improves model precision and
reduces reconstruction error under heteroscedastic conditions,
and these are consistent with heterogeneity patterns observed
earlier.

Permutation test results in Table [f] were statistically signifi-
cant (p < 0.05) in all the models with the strongest evidence
observed under VN-ASCA (adaptive: 0.000). In contrast, en-
try and interaction effects remained non-significant indicating
that location was the leading source of variance in the maize
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through Controlled Simulations

Table 2. Top 10 traits showing the strongest variance heterogeneity across four study locations

Trait Description Variance Ratio (VR) Levene’s Test p-value
Grain Yield (GY) Field-measured yield per plot 8.27 < 0.001
Dry Grain Yield (DGY) Adjusted yield after drying 7.81 < 0.001
Biomass Yield (BY) Total dry matter weight 6.94 < 0.001
Kernel Density (KD) Mass per kernel volume 6.48 < 0.001
Kernel Depth (KDp) Average kernel thickness 5.77 0.002
Ear Height (EH) Distance from soil to ear node 5.25 0.004
100-Kernel Weight (HKW)  Mean weight of 100 grains 4.89 0.006
Plant Height (PH) Height from soil to tassel tip 4.63 0.009
Harvest Index (HI) Ratio of grain to total biomass 4.28 0.012
Leaf Area Index (LAI) Estimated total leaf area 3.97 0.018
Table 3. Multivariate (matrix-wise) variance heterogeneity across four study locations
Location Trace of Covariance Ma- Relative Variance (Ratioto p-value (Box’s
trix, tr(3,) Min) M)

Ejura 142.68 5.42 < 0.001

Fumesua 105.37 4.00 0.002

Kpeve 87.94 3.34 0.006

Wenchi 26.31 1.00 -

Trace-based 5.42

Variance Ra-
tiO (V Rtrace)

data. These results are consistent with the trace-based variance
assessment which identified significant heterogeneity between
experimental sites.

Results from Table [7] show how different ASCA variants
partition trait contributions between the principal components
of the location effect. For PCI1, grain yield emerges as the
most dominant among all models with contributions ranging
from 58% in standard ASCA to 85% in VN-ASCA adaptive.
This progressive increase from grain yield dominance from
ASCA (58%) to ASCA+ (60%), PE-ASCA (67%), and the
VN-ASCA forms (71%-85%) demonstrates that normalizing
variance techniques increasingly isolate location-specific vari-
ation in grain yield in a gradual manner, while reducing the in-
fluence of other traits. The VN-ASCA adaptive normalization
has the highest contribution to grain yield (85%), followed by
VN-Robust (79%) and VN-FW (74%), indicating these meth-
ods is the most effective at capturing the primary location effect
on yield.

Plant height contributions to PCI decline systematically
across models from 24% in ASCA to 10% in VN-Adaptive,
indicating that variance normalization successfully separates
yield-related location effects from morphological trait varia-
tions. Cob weight and field weight showed minimal contribu-
tions to PC1 indicating that these traits play secondary roles in
the dominant dimension of location-based differences.

In PC2, a distinct pattern emerges, where grain yield con-
tributes negligibly confirming that PC1 and PC2 capture or-
thogonal dimensions of location effects. Plant height becomes
the dominant contributor in PC2, with contributions increas-
ing from 18% in ASCA to 45% in VN-Adaptive. This im-

plies that VN-ASCA methods more effectively separate yield-
related location effects (captured in PC1) and morphological
reactions to location (captured in PC2). Field weight contribu-
tions to PC2 range from 15% (VN-Robust) to 33% (ASCA),
and cob weight is 15% (VN-GW) to 29% (ASCA). The rel-
atively balanced contributions of plant height, field weight as
well as cob weight in PC2 in most models indicate that the sec-
ondary dimension of location variation reflects morphological
and biomass-related characteristics rather than a single domi-
nant characteristic.

Comparing across models, the VN-ASCA variants consis-
tently demonstrate clearer trait separation between components
than ASCA, ASCA+ and PE-ASCA. Standard ASCA shows
the most diffuse pattern as much as possible, with grain yield
providing only 58% of PC1 and substantial contributions from
plant height (24%). The VN-ASCA adaptive normalization
provides the most precise separation, with grain yield prevail-
ing PC1 (85%), and plant height dominating PC2 (45%), in-
dicating superior ability to partition location effects into bio-
logical dimensions. This improved separation is particularly
important for identifying location-specific yield determinants
versus general morphological responses to the environment.
The consistent patterns across the VN-ASCA variants, where
the group-wise, feature-wise, adaptive and robust normaliza-
tions showed enhanced grain yield isolation than the older ap-
proaches, validate the effectiveness of variance normalization
in extraction of biologically meaningful trends in heteroge-
neous agricultural data. These results confirm that VN-ASCA
better isolates biologically significant variation in traits related
to location, with adaptive normalization providing the most re-
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Table 4. Descriptive Statistics by Location

Trait Statistic EJURA FUMESUA KPEVE WENCHI
(n=18) (n=15) (n=10) (n=7)
Days to Flower Mean 49.00 48.67 48.80 4771
StdDev 1.88 2.02 1.48 2.29

Plant Height (cm)  Mean 185.00 194.33 178.60 174.57
StdDev  19.52 13.32 13.22 20.24

Grain Yield (kg/ha) Mean 441696 181621  3229.52  1504.25
StdDev  833.08 289.66 440.12  306.07
Field Weight (kg)  Mean 5.76 5.33 5.02 6.57
StdDev 1.78 1.96 1.90 1.51

Table 5. Comprehensive Model Performance Comparison (Based on RMSE)

Model MSE RMSE
Standard ASCA 789.4160  28.10
ASCA+ 811.1213 2848
PE-ASCA 7134695  26.72
VN-ASCA (group-wise)  675.2109  25.98
VN-ASCA (feature-wise) 675.2110  25.98
VN-ASCA (adaptive) 6752107  25.98
VN-ASCA (robust) 685.3674  26.18

Table 6. Permutation Test Results Across ASCA Methods

Model Location (p) Entry (p) Interaction (p)
Standard ASCA 0.042 0.683 0.591
ASCA+ 0.018 0.624 0.497
PE-ASCA 0.006 0.712 0.441
VN-ASCA (group-wise) 0.004 0.439 0.337
VN-ASCA (feature-wise) 0.002 0.415 0.385
VN-ASCA (adaptive) 0.000 0.361 0.288
VN-ASCA (robust) 0.001 0.398 0.372

fined decomposition of location effects into yield-oriented and
morphology-oriented effects.

6 Conclusions

Variance-based weighting schemes were integrated into the
ASCA framework, and four new normalization strategies, in-
cluding Group-wise, Feature-wise, Adaptive and Robust nor-
malization, were designed and implemented. Each strategy
provided a different mechanism for estimating weights that as-
sess the underlying structure of variance in experimental data.
Group-wise normalization addressed unequal treatment/time
groups. Feature-wise normalization controlled high variance
due to noisy features. Adaptive normalization adjusted weights
dynamically depending on the global and local variance. Ro-
bust normalization mitigated the effects of extreme values and
outliers.

These normalization strategies formed the backbone of VN-
ASCA framework enhancing ASCA’s ability to model real-
world data. The VN-ASCA model was also developed suc-
cessfully as a result of incorporating the normalization-based
weights in a Weighted Least Squares (WLS) estimation pro-
cess within the ASCA model. This filled a significant hole
in classical ASCA, which assumes homoscedasticity and bal-
anced data, an assumption that rarely holds in real-life biolog-
ical and agricultural experiments. By incorporating WLS: Ob-
servations from high variability contributed less to the model
fit. The model became more robust to noise heterogeneity and
group imbalance, common in longitudinal or multi-factorial
studies.

A systematic simulation framework was employed to assess
VN-ASCA under different heterogeneity levels (heterogeneity
factors between 1.0 and 4.0) and the group sample size. The
findings revealed that although all techniques performed better
as sample sizes increased, traditional variants ASCA (ASCA,
ASCA+, PE-ASCA) suffered under moderate to severe het-
erogeneity. On the contrary, VN-ASCA'’s robust and adap-
tive techniques performed better than the others, maintaining
high accuracy (low MSE) and explanatory power (high R?)
even under the most extreme levels of heterogeneity. Notably,
only VN-ASCA robust was functional and reliable when het-
erogeneity exceeded 3.0 compared to the rest of the ASCA
variants. The results confirmed that integrating normaliza-
tion strategies into the ASCA framework using Weighted Least
Squares (WLS) significantly improves model performance un-
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through Controlled Simulations

Table 7. Top PCA Trait Contributions to PC1 and PC2 by Model (Location Effect)

Trait ASCA ASCA+4+ PE-ASCA VN-GW VN-FW VN-Adaptive VN-Robust
PC1 Contributions (%)

Grain yield 58 60 67 71 74 85 79

Plant height 24 22 19 18 15 10 12

Cob weight 11 - 8 6 - 3 -

Field weight - 10 - - 6 - 5
PC2 Contributions (%)

Plant height 18 31 35 38 40 45 39

Field weight 33 26 25 26 20 30 15

Cob weight 29 21 17 15 22 20 28

Grain yield - - - - - - -

der heteroscedastic conditions. Robust and adaptive normal-
ization, in particular, provides practical benefits for real-world
experimental designs that have heterogeneous variances and
unequal sample sizes.

Collectively, these findings validate VN-ASCA as a superior
alternative to traditional ASCA algorithms, offering enhanced
statistical power, modeling accuracy, and resilience under chal-
lenging experimental conditions. Its strong performance under
controlled simulations suggests high potential for effective ap-
plication of VN-ASCA in biological and agricultural research
where variance heterogeneity and unbalanced designs are com-
monly encountered. The real data application of the VN-
ASCA framework to a data set from a maize field trial proved
the method’s capacity to extract structured variation from an
unbalanced and heteroscedastic experimental design. As re-
flected in the model fit summary, VN-ASCA variants consis-
tently achieved lower Mean Squared Error (MSE = 675) than
ASCA (MSE = 789) and ASCA+ (MSE = 811). This implies
better model performance.

Additional permutation testing confirmed that the location
effects were highly significant across all models with VN-
ASCA adaptive yielding the smallest (p ; 0.001). How-
ever, entry and interaction effects did not differ significantly
among methods, reinforcing that environmental factors (loca-
tion) were the primary drivers of trait variation.

Principal Component Analysis of location effect matrix re-
vealed that grain yield was the largest contributor to PCl,
especially under VN-ASCA adaptive (85%), while PC2 cap-
tured the variation in plant height, field weight and cob weight.
This confirms that variance normalized models not only en-
hance statistical estimations, but also improves biological in-
terpretability of trait patterns among locations.

7 Practical Considerations and Limita-
tions

While VN-ASCA demonstrates clear advantages under vari-
ance heterogeneity, the method requires adequate sample sizes
of reliable variance for estimation. In cases of minimal hetero-
geneity, Standard ASCA may be sufficient. The computational
cost of the VN-ASCA is comparable to standard ASCA.

Overall, these results demonstrate that VN-ASCA is a ro-
bust, flexible, and interpretable framework for analyzing com-
plex experimental data. Its ability to handle unequal variances
and unbalanced designs makes it especially suited for agricul-
tural and biological research where such conditions are preva-
lent, as it has the capability of dealing with and accommodating
unequal variances and unbalanced designs. This successful ap-
plication validates VN-ASCA as a significant advancement in
the analytical toolkit for high-dimensional, multivariate exper-
imental studies.

Data and Code Availability

The maize field trial data set used in this study was ob-
tained from the Council for Scientific and Industrial Research—
Crops Research Institute (CSIR-CRI), Kumasi, Ghana. These
data are available from the corresponding author upon reason-
able request subject to institutional data sharing agreements.
Simulation codes and implementation details of information
about the VN-ASCA methodology are available from the cor-
responding author upon request.
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