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Abstract Differential equation is a very important
topic of interest for continuous system modelling as well
as theoretical purposes. For real-life situation modelling,
several variations are used by scientists and engineers. A
fractional differential equation is one of them. Due to
several reasons, such as measurement difficulty and
environmental noise, the data set for real-life modelling is
sometimes imprecise in nature. Fuzzy set theory is one of
the suitable ideologies to deal with uncertainty. When a
fuzzy set is associated with a fractional differential
equation, then fuzzy fractional differential equations
(FFDEs) come. Fuzzy fractional differential equations
have garnered significant attention due to their ability to
model processes with uncertainty and memory dependence
in various scientific and theoretical contexts. Also, the
concepts are applied to various engineering sciences and
technical applications for modelling real-life problems.
This review paper provides a comprehensive summary of
FFDEs, a key concept in theoretical advancements,
solution methodologies, and practical applications. The
study examines previously published materials and
conducts a comparative analysis of several components.
The different crisp and fuzzy fractional derivatives are also
compared with respect to different components. The
various forms of past FFDEs are described, along with
their theoretical and practical applications. Finally, tasks
and probable future research directions in this emerging
field are outlined.

Keywords Fractional Calculus, Fractional Derivative,
Fuzzy Set Theory, Fuzzy Fractional Differential Equation

1. Introduction

1.1. Fractional Derivative and Fractional Differential
Equation

Differential equations are very important topics for
modelling in realistic situations of real-world problems.
Now, a differential equation involves differential operators,
such as ordinary or partial differential equations. Fractional
order concepts are one of the new ideologies. A fractional
derivative is a generalization of the ordinary derivative to
non-integer order derivatives, which permits operations
like taking a half or @ (0< a < 1) derivative of a function.
Contrasting standard derivatives, which only depend on the
current behaviors of a function, fractional derivatives are
imprisonment of memory and hereditary effects, which
means they contemplate the entire history of the function's
values. This makes them very useful in modelling
real-world problems with long-term memory effects, such
as diffusion processes and control systems. Fractional
differential equations contain these fractional derivatives
and define dynamics where the current state depends not
only on current rates of variation but also on past states. It
offers an accurate framework for different complex natural
and concocted systems. For details about the fractional
derivative and fractional differential equation, one can
refer to the works [1-10].

1.2. Fuzzy Set Theory

Theories of uncertainty and uncertainty quantification
play a crucial role in modelling as well as theoretical
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research. Fuzzy set theory is one of them. Fuzzy set theory
is a mathematical context for dealing with uncertainty and
imprecision, where each element in the set has a graded
membership value. The elements can partially belong to a
set rather than having a strict yes-or-no concept as in
classical set theory approaches. The theory was first coined
by Lotfi Zadeh in 1965. It assigns each element a
membership value between O and 1, representing the
degree to which the element belongs to and does not belong
to the set. For example, in the fuzzy set "tall people,”
someone who is 7 feet tall might have a membership value
of 0.9, while someone who is 5'8" might have 0.3 rather
than being entirely "tall" or "not tall." This kind of
approach is especially useful in systems where reasoning,
perception, or linguistic terms are involved in problems,
for example, support systems, control systems,
decision-making, pattern recognition, clustering and
artificial intelligence. The idea allowed for more flexible
and realistic modelling of several complex and uncertain
ideas. For application purposes, anyone can follow the
papers [11-20].

1.3. Fuzzy Fractional Differential Equation

A fuzzy fractional differential equation (FFDE) is the
association of fuzzy set theory and fractional calculus to
continuous model systems that involve both uncertainty
and memory dependent effects. The variables, parameters,
initial conditions and boundary conditions are represented
as fuzzy numbers which reflect imprecision. In those cases,
the derivatives are taken in a fractional order that is a
non-integer order. The derivative captures long-term
memory or hereditary behavior. This particular approach is
particularly useful for real-world problems where data is
uncertain in nature, and also the system dynamics are
subject not only to the present but also to historical states.

The concepts of fractional differential equations (FDES)
are very influential mathematical tools and techniques used
to model several complex systems with memory and
hereditary properties, whereas classical differential
equations cannot be effectively modelled in this way. They
have initiated wide applications in real-life based problems
where the procedures are predisposed by past states. FDEs
have applications in several important real-life fields. In
solid and fluid mechanics, where stress depends not only
on the current strain but also on the history of deformation,
FDE plays a crucial role. In the fields of bioengineering
and medicine, they help define anomalous diffusion in
tissues and drug delivery kinetics in blood flow dynamics.
In control system theory applications and signal processing
problems, FDEs deliver more correct models of damping
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and filtering behaviours. In environmental science
applications, FDEs model groundwater flow and pollutant
transport with improved pragmatism. In economics and
financial markets analysis, it is categorised by long-term
dependencies and irregular fluctuations, and also benefits
from FDE-inspired models. In electrical sciences, the
fractal geometries and memory elements are more
accurately designated using FDEs. They are also applied in
biomathematical modelling to capture non-instantaneous
infection dynamics or in other ways. Robotics, artificial
intelligence, and image processing are other emerging
areas where FDEs play an important role in developing
new theories for better improvement of existing results.
Moreover, FDEs offer a multipurpose framework for
modelling and analysing various systems with memory
effects and complex progressive behaviours.

Suppose we consider the fractional differential equation
with initial value:

Diy(t) +ay(t) = f(t)

with initial condition y(0) =y,, where Dfy(t) is a
fractional derivative of order «a.

The above fractional differential equation is converted to
a fuzzy fractional differential equation if one or all of the
following criteria hold:
(i) The initial condition y, is fuzzy valued
(if) The coefficient a is fuzzy valued
(iii) The forcing function f(t) is fuzzy valued.

It should be noted that in all cases, the solution comes in
a fuzzy nature.

Similarly, if we consider the boundary value problem in
the following form

Dfy(t) =f(ty(t), a<t<b,0<a<1

with subject to boundary conditions like y(a) = A and
y(b) = B.

Like the former cases, if any one of A, B or any present
coefficient or forcing function is fuzzy valued, it is
converted to a fuzzy fractional boundary value problem
whose solutions come fuzzy in nature.

On the other hand, the system of fractional differential
equations is in the form

DZU(t) = G(t, (D)

where U(t) = [uy(t), uy(t),..... ,up (H)]7 is the vector of
unknown functions. G(t,U(t)) may be a vector fuzzy
valued function. Initial or boundary conditions may also be
fuzzy in nature.

The relationship between crisp and fuzzy with fractional
and integer order differential equations is classified as
follows:
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order fuzzy
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Figure 1. Comparison between an arbitrary order crisp and fuzzy model

Integer order fuzzy
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Integer order
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Figure 2. Comparison between integer order fuzzy and integer order
crisp models

Arbitrary order fuzzy
model

Arbitrary order
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Figure 3.  Comparison between an arbitrary order crisp and fuzzy model
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Arbitrary order crisp
model

Arbitrary order fuzzy
model

Integer order
fuzzy model

Figure 4. Comparison between an arbitrary order fuzzy and an integer
order fuzzy model

The above Figures 1, 2, 3 and 4 present the conceptual
set theoretical comparison between different models.

2. Fractional Order Derivative and
Fractional Differential Equation

The necessity for numerous different fractional
derivatives arises from the various and complex nature of
real-world spectacles that cannot be satisfactorily modelled
using classical integer-order derivatives. Several
ideologies of fractional order derivatives offer unique
mathematical properties and advantages that are
particularly suitable for precise applications. These various
definition ideologies enable further flexible and accurate
real-world modelling. Here are some fractional derivatives.
With respect to this derivative, the fractional differential
type may be classified.

(1) Riemann-Liouville Fractional Derivative (RLFD)
[21,22]

1 d" [ 6@
I'(n— a)m,!. (x —r)en+1

DyG(x) = dt

(2) Caputo Fractional Derivative (CFD) [23,24]

X
1 G™ (1)
Cna —
DyG(x) = Tm—a)) (x— et dr
b

(3) Griinwald-Letnikov Fractional Derivative (GLFD)
[25,26]

[
DEGC) = fim > (<1 (§) 6x — k)
k=0
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(4) Hadamard Fractional Derivative (HFD) [27,28]

() [0 7 P

(—wDZG(x) + DEG (X))

1
a —_— —_
DG () = 'nh—a)
(5) Riesz Fractional Derivative (RFD) [29,30]
DFG(x) !
rRGWX) =~
2 Cos (712_61)

(6) Erdélyi—Kober Fractional Derivative (EKFD) [31,32]

a —a— 1
(DEI‘(YIG)(x) =X nm(a

d

)

X
grin-1 f(x - T)n‘“_l‘r‘"G(‘r)dTl
0

n

(7) Marchaud Fractional Derivative (MFD) [33,34]
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—G(x—1)

Ta+1

1 (G
DEG(x) =m_a)f )
0

(8) Chen Fractional Derivative (ChFD) [35,36]

G'(0)

DEG(x) = rMl-a)) (x—1)*

dr

(9) Jumarie Fractional Derivative (JFD) [37,38]

X

(11—a)%f

0
(10) Hilfer Fractional Derivative [39,40]

o (4 _B)(1-
D6 = 1870 (1P 6 )

G(r) — G(0)
(x — 1)

Each of these derivatives has its own definitions,
properties, and applications in fractional calculus. The
comparison table is shown in Table 1.

Table 1. Comparison table between different crisp fractional derivatives
Derivative name Definition based on Initial conditions | . Slqgularlty_ . Local or Main application areaand
situation at origin | Nonlocal features
1. Riemann-Liouville | Integral, then derivatives Fractlon.a! initial Yes Nonlocal Classical formulation,
conditions general-purpose
Common in
- . In -order . .
2. Caputo Derivatives, then integral | . . _teger O.d.e Yes Nonlocal engineering and
initial conditions
physical sciences problem
3. Grinwald- - s Comp_atlbl_e .W'th Suitable for numerical
. Limit of finite difference physical initial Yes Nonlocal
Letnikov - methods
conditions
4. Hadamard Logarlthmlc kernel Based Complex Mild Nonlocal Problems with scaling and
integral symmetry
5. Riesz Symme?rlc comblngtlop of Not standard No Nonlocal fract.lonal partial dn‘ferentlgl
left & right RL derivatives equations, quantum mechanics
6. Erddyi-Kober Generfillzed integral with | Some sp_ec_:lallzed Yes Nonlocal Problems Wlt_h self-similarity
Scaling of parameters conditions or scaling based
. Functions not . .
7. Marchaud Integral form like Rl." differentiable at No Nonlocal Defined even when functlons
defined on real domain L have no derivative
origin
Extension of Uses conformable .
. Chen S N Local neral ph I system
8. Che Newton-Leibniz ideology approach 0 oca General physical systems
9. Jumarie Modified | Modified RL by avoiding | Zero-order initial No Local By handlings
RL singularity conditions non-differentiable functions
10. Hilfer Interpolates between RL Mixed-type ICs Yes Nonlocal For generalization of model
and Caputo
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The following Figure 5 shows the word density count for
different fractional derivatives.

8
6
2
’ 111,

Q
P L L LLLLLL

Number of word density

Different types of fractional derivative

Figure 5. Approximated keyword frequency of different fractional
derivatives during 2020 to 2024 in terms of billions of words in web
search

Note: Diverse types of fractional derivative ideology are
essential because numerous definitions capture several
geometrical, physical, and mathematical properties that are
appropriate to specific applications and important theories.
For instance, the Riemann—Liouville and Caputo type
fractional derivatives are well-suited for modelling
memory and hereditary effects, but they differ in their
handling of initial conditions. The Caputo-type derivative
is frequently ideal in engineering applications due to its
compatibility with classical initial conditions. Further
definitions like the Hadamard, Grinwald—Letnikov or
Conformable derivatives propose different formulations
that may be more appropriate for numerical based
computation or scale-invariant processes. Thus, the
multiplicity of fractional derivative concepts permits
greater flexibility and accuracy in modelling the dynamics
of complex systems across important disciplines, such as
physics, biology, economics and social sciences.
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3. Fuzzy Fractional Order Derivative

Fuzzy fractional derivative perceptions are desirable for
successfully modelling and analysing different types of
dynamical systems that exhibit both memory-dependent
behaviour with uncertainty or imprecision, which are
common phenomena in real-world problems involving
modelling. Traditional fractional derivatives handle
memory effects only, but they assume precise initial
conditions and parameters, which may not be realistic in
complex systems modelling, which involves vague or
incomplete information. By incorporating fuzzy set
concepts or uncertainty into fractional calculus, fuzzy
fractional derivatives offer a powerful framework for
representing and solving problems where uncertainty and
fractional dynamics coexist.

Like the different concepts of crisp fractional derivatives,
fuzzy fractional derivatives are in a different form.
Property-wise, all the fuzzy fractional derivatives are
different and applicable for specific applications. Here are
several well-known fuzzy fractional-order derivatives:

(1) Fuzzy Riemann-Liouville Fractional Derivative
[41,42]

(2) Fuzzy Caputo Fractional Derivative [43,44]

(3) Fuzzy Griinwald-Letnikov Fractional Derivative
[45,46]

(4) Fuzzy Hadamard Fractional Derivative [47,48]

(5) Fuzzy Erdélyi-—Kober Fractional Derivative [49]

(6) Fuzzy Hilfer Fractional Derivative [50,51]

(7) Fuzzy Jumarie Fractional Derivative [52,53]

(8) Fuzzy Atangana—Baleanu Fractional Derivative
[54,55]

(9) Fuzzy Conformable Fractional Derivative [56,57]

These derivatives extend classical fractional derivatives
to the fuzzy setting, enabling the modelling of systems with
uncertainty and memory effects. The comparison table is
shown in Table 2.
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Table 2.

Comparison table between different fuzzy fractional derivatives

Fractional Fuzzy
Derivative

Used ideology

Approach for handling
fuzzy functions

Initial Conditions

Applications area

1. Fuzzy Riemann—
Liouville

RL Integral and
derivative

Hukuhara or generalized
Hukuhara derivative

Non-standard (fuzzy
fractional initial conditions)

Useful for modeling fuzzy
memory based problems

2. Fuzzy Caputo

Caputo derivative and
integral

Strongly generalized
derivative

Fuzzy initial values

Ideal in physical fuzzy applied
systems

3. Fuzzy
Grinwald-Letnikov

Limit of difference
operator

Discrete fuzzy arithmetic

Flexible for numerical
fuzzy problem simulations

Fuzzy numerical schemes and
Simulations based problems

Erddyi-Kober

integral

transform methods

conditions

4. Fuzzy Logarithmic kernel Alpha-cut and Involves specific domain | Modeling fuzzy systems with
Hadamard based integration gH-differentiability scaling logarithmic based scaling
5. Fuzzy Generalized scaling gH-differentiability or fuzzy Involves fuzzy scaled

Fuzzy self-similar problems

6. Fuzzy Hilfer

Interpolation of RL and

Caputo idea

Generalized fuzzy Hilfer
kernel

Mixed fuzzy initial
conditions

Flexibility between fuzzy RL
and fuzzy Caputo

7. Fuzzy Jumarie

Modified RL for Non

differentiable functions

gH- or strongly
gH-derivative for fuzzy
continuity

More physical and simple
fuzzy initial conditions

Good for fuzzy
nondifferentiable function

8. Fuzzy Atangana—
Baleanu

AB with Mittag-Leffler

kernel

Fuzzy convolution integral
using ML function

Non-local fuzzy memory
conditions

Fuzzy non-singular kernel
based modeling

9. Fuzzy
Conformable

Linearized conformable

derivative

Local fuzzy derivative via
limiting definition

Compatible with fuzzy
dynamics

Modeling under fuzzy
uncertainty

4. Developments of Fuzzy Fractional Differential Equations
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Here are the developments of fuzzy fractional differential equations and their applications. In Table 3, the comparative

analysis is done.

Table 3. Comparison table between fuzzy fractional differential equations published works
Acrticle details Fuzzy Fractional differential equation form/types Fractional derivative use Theoretical or
Application
[58] Agarwal et | D*x(t) = f(t,x(t)), t € (0,T], @ € (0,1] Crisp Riemann-Liouville fractional Theoretical
al. derivative
[59] Arshad and | D9u(t) = f(t,u(t)), tllr& t17%u(t) = vy, 0 < q < 1. |Hukuhara derivative for a class of fractional | Theoretical
Lupulescu differential equations with fuzzy initial
values
[60] Allahviran- (FED9x)(t) = f(t,x) Riemann-Liouville generalised Theoretical
loo et al. x(ty) =x° €E H-differentiability
[61] Arshad Diy(t) = f(t,y(t), tlirg}r t1"y(t) = y,, Fuzzy derivative is considered in the Theoretical
Goetschel Voxman sense and fractional
derivative is considered in the Riemann
Liouville sense
[62] Ahmadetal. | DPx(t) = F(t,x(£)), 0< B <1, t > a, x(t;) = x, Crisp Caputo fractional derivative Theoretical
[63] Takaci et al. szx(t, ) +A(A)Dflx(t, N =ftA), 1<p,<2, The fuzzy fractional derivatives of function | Theoretical
0<B,<10<1<1,t>0 x by t are considered in the Caputo sense
and Hukuhara difference
[64] Takaci et al. Dfx(t, D) = AW)x(t, D) + £(t, 1),x(0,2) = x,(1),0 < | Caputo Hukuhara-differentiability Theoretical
f<1,0<2<1,t>0
[65] Ngo D& () = f(t,x),t 200 <a <1 Caputo’s generalized Hukuhara derivative | Theoretical
xt)=¢(t—-—a)a=t=a-o
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Table 3 continued
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[66] Ahmadian et (DEy)) +y(x) =f(x),0<v<1 fuzzy Caputo fractional-order derivatives (0 | Theoretical
al. y(0) =y, EE <V < 1) in terms of shifted Chebyshev
polynomials
ansouri et DEw(t) = f(w(t),t) + g(w(t), t)C(t aputo fractional derivative eoretica
67] M i ‘p« g €01 C fi Id Th |
al. w(t) = w; Y '
ahman, an D §(x) = flx, ¥ (x aputo fuzzy fractional derivative eoretical
[68] Rah d {C By() flx, 701 Caputo fuzzy fractional derivati Th ical
Ahmad F(x0) = [¥2(0),7,(0)]
where f € CF(a,b)NLF(a,b) and x, € (a, b)
[69] Abdollahi et {Cqu(t) = Ax(t) + b(t) A€R and b(t) €R Caputo generalized Hukuhara derivative Theoretical
al. x(0)=xy €Rp ' F
[70] FEDSy u(t) = F(ty(1)), t €[0,T] fuzzy Caputo fractional derivative for Theoretical
Allahviranloo et y(0) = y, € Ry ! fuzzy-valued functions
al. where f:[0,T] X Ry = Rp
[71] Chen et al. (ngfx)(t) = f(x,x(t)), t € [a,b] Hilfer—Katugampola fractional derivative | Theoretical
m
(PL0)@ =50 = Y Cox(t),y =a+F1 - )
i=1
where, xER,0<a<10<pB<ly=a+p(1—-0a)
and p >0
[42] Rahaman et RLp23(x) = A¥(x) + B Riemann Liouville Hukuhara Both
al. Rlpa-15(x) = y& differentiability
[72] Alderremy et | System of nonlinear equations Caputo definition of fuzzy fractional Applications
al. differentiation
[73] Khakrangin g,gD"‘y(t) =f(t,y()) Caputo derivative Theoretical
etal yD(ty) = 6; € Ry
where y € CF[a, b]NLF[a,b], t, € [a,b]
[74] Harir et al. {qu(f) =F(t,x(t)).q € (0.1] where F: (0,a) x Ry — Fuzzy Conformable Fraction derivative Theoretical
x(0) = x, B F
Rp
[75] Hag et al. System of fractional differential equation Caputo fractional derivative of a fuzzy Theoretical
function
[76] Akram et al. | Two-dimensional system of homogeneous fuzzy Caputo fractional derivative Both
fractional differential equation,
[77] Akram et al. {CDg}rv(m) — 2 ¢D2v(m) — pv(m) = g(m) Caputo-type fractional derivative Both
v;(0) = v;(0, ), 0<i<qg-1
where, g —1<71,<q-1,9g—-1<71,<¢q,q=2,
X221
[78] Dwivedi et EDEx(t) = f(t,x(t)),t € [t,,T] Fuzzy Caputo fractional derivative Theoretical
al. x(to) = X0 € Fg
[79] Dwivedi et EDET(E) = f(t, T(1), t € [to, T] Fuzzy fractional Caputo derivative Theoretical
al. 7(ty) = 7o € Fy
[80] Shahryari et gnDE @) = F(t,5(t), A (F(tx))), t € [ti tiss] | Fuzzy conformable fractional derivative Theoretical
al. B(ty) = 90
where F:R* X R, x R, > R, and A,:R, - R,
[81] Rahamanet | SDg(t) = —D with g(0) = Q and g(T) =0 Caputo gH derivative Applications
al.
[82] Shiri et al. Caputo Fractional Derivative and Applications

ﬁﬁwo=w®uewwmxemﬂm%o<

u(0) =y,
p=<1..

generalized Hukuhara derivative
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Table 3 continued
[83] Harir et al. {y(q)(t) =F(t,y(t)),q € (0,1] Fuzzy generalized conformable fractional | Theoretical
y(0) =y, derivative
where F:(0,a) X Rp = Rp
[84] Mukherjee et aYw(¢, t) 0w Caputo fuzzy fractional derivative Theoretical
&) 7 T4
al. atY ¢
where § €R, 0<é<1,t>0,y€E(01]
[85] Ghrissi et al. gf,D” w(é&) =w(&w(€)),p €[01],¢ €[a,b] Caputo generalized Hukuhara Theoretical
w;’,j) =¢,0<k<n differentiability
where ¢, (k =0,...,n) isconstantand w isa
continuous fuzzy function
[86] EI Mfadel et DUx(t) = f(t, x(t)), t €] = [to, to + J] Fuzzy Caputo fractional differentiability | Theoretical
al. x(ty) = xo
where g € [0,1],6 > 0
[87] Subraman- | System of fractional nonlinear equations Fuzzy fractional Caputo’s derivative Applications
ianetal.
[88] Padmapriya DYH() + aF (t) + axF(t) = f(t),1 < a <2 |Caputo fractional derivative Theoretical
etal. $(0) = ,AE
yT) =B
[89] Arshad et al. | Non-linear fuzzy fractional partial differential equation | Fractional fuzzy derivative in Caputo sense | Theoretical
[90] lbrahim et al. {‘P(“) () = A¥Y(0)® P (7, ¥ (1)), >0 Fuzzy conformable derivative Theoretical
w(0) =
where W@ (1) denotes the fuzzy conformable derivative
[91] Dhanala- Integro differential equation g-fractional Caputo generalized Hukuhara | Theoretical
kshmi et al. derivative
[92] Singh et al. dPij i Caputo fractional derivative and Hukuhara | Theoretical
ﬁﬁ = A®7e8s difference
(o) = flo
[93] Hariharan {QD“’x(t) = AX(t) + F(t,%(t)) Hilfer-Katugampola fractional derivative | Theoretical
and Udhayakumar ITCF(0) = %,
where °Dj%(t) is a Hilfer-Katugampola fractional
derivative of order T € (0,1] and w € [0,1]
d*l(t i - ivati icati
534] Momena et d;g(t ) _ —apt 0<t<t, Caputo fractional-order derivative Applications
deL(t
d;‘g ) =—cpb t<t<T
where I;(t;) = I,(t;) =0, 0 < a < 1.0.
[95] Rahaman et fo(t) = kx(t) with initial condition Df"lx(to) = x, | Riemann-Liouville fuzzy fractional Theoretical
al. derivative with Laplace transformation
. . . 2
5. Numerical Examples and Discussion Now, we assume g(r)=t1*-1 L then the
) o o Riemann-Liouville derivative of order A = -
Example 1: Riemann-Liouville derivative of a fuzzy 2
function: Consider §(r) = (z2—1,7%47%>+1) be a DA, (9(0)) = D (-1 = 1 1
triangular fuzzy-valued function. Then evaluate the RI\G\D) = Pp it = 1) = 3\/— T n
Riemann-Liouville fractional derivative of §(t) of order Similarl h @ i th
1 L ~ Imiiarly, wnen 1) =172 ) en e
A ==, which is denoted by D§, (g(z)) for = > 0. . o 9 1.
2 . o o . Riemann-Liouville derivative of order A = - is
Solution: The Riemann-Liouville derivative for a crisp 2
function g(z) of order 1 (€ (0,1)) is 3
Di(9(®) = D L) = TTZ

1 d [ g0
) drf(r—t)ﬂdt

DRL (9 (T))

and g(r)=t%2+1 , then
derivative of order A1 = % is

the Riemann-Liouville
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1 1

D& (9(@))=D2,(*+1) =—— v‘ v‘

Therefore, then the Riemann-Liouville derivative of a
triangular ~ fuzzy-valued function g(r) = (z?—

1,7%2,72+ 1) oforder 1 = l is

18§8§1_1)

L(g(T)) (\/_ \/_ 3\/512'ﬁ12+\/_?[ 2

forall > 0.

Example 2: Caputo Derivative of a fuzzy function:
Assume h(t) be a fuzzy-valued function at time 7 and
define as h(r) = (t2 —t,7%,7% + t). Then compute the
Caputo fractional derivative of order A (e (OD),
defined by D2 (h(‘[))

Solution: The Caputo derivative for a crisp function
h(z) of order 1 (€ (0,1)) is

T
ale 1 40
2 (h(m)) = D ) o e

Then the Caputo derivative for a crisp function h(t) =

" of order « is

D™ =

r(n+1)
r(n—-1+1)

n-1

Now, we assume h(r) =t%—t,
derivative of order 4 = % is

then the Caputo

D}(h(1)) = D2(z? — t) = DZ(r?) — DZ(t)
2 _ 1 -
_ G —A)TZ A_I‘(Z —A)Tl vl

Similarly, for h(z) = 2, then the Caputo derivative of
order 4 =% is
2
rG-1)"
and h(t) = 12 +t, then the Caputo derivative of order

1 .
A ==1s
2

DA(h(D)) = D(r?) =

DA(h(D) = DZ(x + ) = DZ(x*) + DE(t)
2 _ 1 -
_ G —A)TZ A+I‘(2 —A)Tl yl

Therefore, then the Caputo derivative of a triangular
fuzzy-valued function h(7) (t2—t, 13,72 +t) of
order 1 =% is

C%(h(‘[)) (F(gz_ S -
2

2-1

1
Tl—/'{’
re2-2a

2-1

TG=—A' 'TB=1"

't TH)
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forall 7> 0.

Example 3: Solution of fuzzy Riemann-Liouville
fractional differential equation: Solve D, (§(z)) =
4g(t) with 1€ (0,1] and satisfy the initial condition
DA, (§(re)) = go with gy = (8,10,12).

Solution: The solution of the fuzzy Riemann Liouville
differential equation is

G =[(8 + 2a)t*1Ey 1 (47%),
(12 - Za)r’l‘lEA,l(4r’1)]

Example 4: Solution of fuzzy Caputo differential
equation: Solve fuzzy fractional differential equation
DA(g(x)) = g(zr) + 1 with the initial condition (1) =
(0.5,1,1.5).

Solution: The solution is written as

gm)* = [(0 5+0. Sa)E,l(T’l) + TAE“H(T )
(1.5 = 0.5a)E3(t1) + 12 Ej 141 (tH)]

6. Future Research Scope

Here are some conceivable future extensions for fuzzy
fractional differential equations:

1. Cutting-edge solution techniques: FFDEs can be
extended with several cutting-edge solution techniques by
integrating unconventional analytical and computational
approaches that enhance accuracy, effectiveness, and
applicability in complex situations. For example, it
combines fuzzy logic with machine learning/ artificial
intelligence algorithms to approximate solutions. The
development of new numerical schemes, such as adaptive
mesh refinement, spectral methods, and high-order finite
difference methods, has addressed several complex issues
in FFDEs.

2. Higher-dimensional and complex systems
modelling: Fuzzy fractional differential equations (FFDES)
can be extended to higher-dimensional and complex
systems by participating multidimensional fuzzy sets and
matrix-valued fractional operators to model uncertainties
and relations among multiple state variables. This
extension may enable the illustration of complex, dynamic
behavior in systems characterized by both memory effects
and uncertain information across several interconnected
dimensions.

3. Modified Optimizations techniques applications:
Fuzzy fractional differential equations (FFDES) can be
solved through modified optimization methods to address
complex and real-world problems that include uncertainty,
memory effects, as well as several dynamic constraints. By
employing modified optimization algorithms, such as
fuzzy-enhanced particle swarm optimization (PSO),
genetic algorithms (GA), differential evolution (DE), and
swarm intelligence approaches, it is possible to
successfully identify optimal parameters and control
strategies within FFDE-related models.
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4. Considering hybrid models: Fuzzy fractional
differential equations (FFDES) can be prolonged by taking
hybrid models which integrate multiple mathematics-based
frameworks to better capture the complexity of real-world
issues characterized by fuzziness, memory effects, and
nonlinear dynamics. For example, these hybrid models
may combine FFDEs with stochastic processes, neural
networks, cellular automata and other approaches,
allowing for the representation of both deterministic and
probabilistic behaviors.

5. Increase computational efficiency: Fuzzy fractional
differential equations (FFDES) can be stretched to increase
computational efficiency by employing advanced
numerical algorithms and parallel computing techniques.
Methods of this kind can meaningfully accelerate
computations without sacrificing accuracy.

6. Interdisciplinary applications: Fuzzy fractional
differential equations (FFDESs) can be applied to several
interdisciplinary applications by acclimating their unique
ability to real-life model systems with both memory effects
and vagueness across diverse scientific and engineering
fields. In biomedical applications, FFDEs can designate
complex physiological processes involving uncertain
measurements and transmissible properties, such as the
drug diffusion problem or neural dynamics applications. In
the field of financial theory, it offers robust tools for
modelling market behaviors with uncertain data.
Environmental science models from FFDEs aid in
simulating climate modelling dynamics or pollutant
diffusion under uncertain conditions. Furthermore, in
engineering problems, they augment the design and control
of systems subjected to uncertain inputs and
time-dependent behaviors, such as robotics, smart grids,
and structural engineering. By integrating the
domain-specific information with FFDE modelling-based
frameworks, interdisciplinary submissions adopt adaptive
and innovative solutions to complex as well as real-world
problems involving uncertainty, nonlinearity, and memory
effects.

These guidelines can offer several profound insights and
open new avenues for research in this emerging field.

7. Conclusions

Fuzzy fractional differential equations (FFDES) provide
a powerful structural framework for modelling various
complex systems, including those with uncertainty and
memory-based effects. This review paper concisely
summarizes the theoretical progress, solution practices,
and miscellaneous applications of FFDEs in various
real-life fields, including economics, sciences, and
engineering domains. While noteworthy progress has been
made, tasks remain in developing more well-organized
scientific computational methods that encompass FFDEs
in higher-dimensional systems and exploring their
real-world applicability. The future research should
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emphasize hybrid models, optimization procedures, and
interdisciplinary applications to further improve the
usefulness of FFDEs.
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