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Abstract The point process is a model that is suitable
to describe the number of events that occur randomly in a
given interval through its intensity function. The conditional
intensity of the bivariate point process can be seen more
specifically in two separate g roups. The purpose of this study
is to construct the conditional intensity for the homogeneous
bivariate point process and to estimate the parameters using
the maximum likelihood method. The conditional intensity
construction is obtained from the ratio of the event-time prob-
ability density function to the event time survival function.
Estimation of the conditional intensity parameter is carried out
by constructing a likelihood function of the probability of one
event in a small interval multiplied by the probability of no
event in the remaining observation time. The results show that
the conditional intensity of a bivariate point process depends
on the number of events n and the observation time interval
T. The pattern application was performed on two datasets,
namely dataset the number of active cases of Covid-19 in
Indonesia and dataset the number of earthquake in Sulawesi
Island. The application to Dataset Covid-19 or Dataset
earthquake reveals that the conditional intensity of the type-1
and type-2 in both datasets exhibits a directly proportional
to the average frequency of events and inversely proportional
to the observation time. Application to Dataset A or Dataset
B shows that the conditional intensity of type A and type B
events for the two Datasets is inversely proportional to the
observation time.

Keywords Point Process, Bivariate, Conditional Intensity,
Mean Function, Homogeneous Poisson Process

1 Introduction

Stochastic processes play an important role in the analysis of
random phenomena, especially in modelling events scattered
across space and time. In many practical applications, such as
seismic data analysis [1], epidemiology [2], as well as spatial
and spatial-temporal data [3], [4], point processing has become
a key analytical tool. In the univariate point process model, the
main concern is a single event, in which the spatial or temporal
pattern of one type of phenomenon is analyzed. Although this
model has provided many insights, there are significant limita-
tions in capturing the complexity of real-world phenomena that
often involve interactions between events or interrelationships
between the dimensions of variables [5].

In many natural phenomena, the connection between events be-
comes inevitable. For example, in seismological studies, af-
tershocks are often associated with the main shocks [1], [6].
Meanwhile, in epidemiology, the spread of disease in one lo-
cation can affect the pattern of spread in another location [2].
The univariate model is inadequate to describe this relationship
because of its limited nature to one dimension of events. There-
fore, the bivariate point process approach is relevant to capture
these relationships. By incorporating two event variables, the
bivariate point process allows for a richer analysis of complex
patterns that appear in the data [7].

The bivariate point process is one of the significant develop-
ments of the univariate point process. In this approach, two
types of events or variables are analyzed simultaneously, al-
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lowing the model to capture the interaction between the two
events. This approach becomes relevant especially in the con-
text of random events that involve structural dependence be-
tween events. For example, in ecological research, the rela-
tionship between predator and prey species can be analyzed
using a bivariate point process, where the occurrence of preda-
tors and prey is considered as two interrelated dimensions [7].
One of the important aspects of point processes, both univari-
ate and bivariate, is the construction of a conditional intensity
function. This function plays a key role in describing the prob-
ability of the next event based on the previous event. In the
bivariate model, the conditional intensity becomes more com-
plex because it must consider the relationship between the two
dimensions of events. Proper conditional intensity construc-
tion is not only important for understanding event patterns, but
also serves as the basis for inferential analysis, including the
estimation of model parameters [5], [8].

In addition to conditional intensity, the likelihood function is
also an essential element in bivariate point process analysis.
The likelihood function allows estimation of model parameters
based on observed empirical data. In the context of bivariate
point processes, the likelihood construct must include both di-
mensions of the event simultaneously, making it more complex
than the univariate [3] model. However, with the right likeli-
hood construction, the conditional intensity parameters can be
estimated more accurately, providing a deeper insight into the
phenomenon being studied.

Although there have been significant developments in the lit-
erature related to point processes, research on bivariate point
processes is still limited, especially in the context of random
phenomena in the real world. Many previous studies have
tended to focus on developing methods for univariate models
or simple applications of bivariate models without in-depth ex-
ploration of fundamental aspects such as conditional intensity
and likelihood [9]. This leaves an important gap in the litera-
ture, especially in the application of bivariate point processes
to more complex phenomena.

This research aims to fill this gap by developing an integrated
framework for the construction of conditional intensity and
likelihood in bivariate point processes. This framework not
only provides a solid theoretical foundation, but is also de-
signed to be applied to a variety of random phenomena in the
real world. With this approach, it is hoped that it can provide a
more comprehensive solution for the analysis of random phe-
nomena that involve interactions between events. If the study
of the bivariate point process conducted by [10], [11], [12],
[13], and [14], the bivariate point process model is obtained
from two or more univariate point processes, then in this study
the bivariate point process is obtained from the univariate point
process which is partitioned based on the grouping of events in
the process into two different types of events.

The main contribution of this study is to the development of a
method that integrates the construction of conditional intensity
and likelihood in the analysis of bivariate point processes. This
approach is expected to provide new insights into the mod-
elling of complex random phenomena and open up opportu-
nities for wider applications in various fields of science. Thus,
this research not only contributes to the development of point
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process theory but also has significant practical implications in
various disciplines.

2 Material and Method

If the time can be expressed as a real line. On this real line,
randomly scattered event points are then placed. The realiza-
tion of the distribution pattern of the location of these points
gives us different process points. A commonly used and sim-
ple process point is the homogeneous Poisson process, which
assumes that the points are evenly distributed randomly over
time intervals [15].

2.1 Point processes

Observation of the number of events in the time space for
t > 0 is a process. The observation is expressed as a counting
process. This event appears randomly, so the number of event
points in time (0, ¢) for ¢ € [0, 00) is also random. A random
set of event points scattered within a set of time or space is
referred to as a point process.

Definition 2.1. Let N(t) be the number of events in a time t.

{N(t),t > 0} is called a counting process that must satisfy
N(0)=0and N(t+s) > N(s) forall s > 0.

If the numbers of events that occur in two separate intervals of
time are mutually independent, then the process is called mutu-
ally independent increment. Let the number of events between
time ¢t to t + s, N(t + s) — N(¢) must be independent of the
number of events that occur by time ¢, N (¢). The counting pro-
cess is a process stationary increment if the number of events
that occur in a time interval of the same length has the same
probability distribution. If a counting process has independent
increment and stationary increment, then the process is called
the homogeneous Poisson process.

Definition 2.2. [f N (t) is the number of events in any interval
of length, t is a counting process that has mutually independent
and stationary increment, then N (t) has Poisson distribution
with a rate of A\t, and \ > 0.

The random variable N (¢) is Poisson distribution and suppose
the observation is made over the time interval (a, b], then the
mean of the distribution p(a, b] is equal to the variance V' (a, b],
of the number of events or points occurring within the obser-
vation interval (a, b], and can be expressed as

w(a,b] =V(a,b] = A(b—a).

The constant A can be interpreted as the average rate or inten-
sity of the points in the process and b — a is the length of time
interval. Another result that can be derived is the probability of
no events occurring within the interval (0, ¢], which is given by

The equation above is equivalent to stating that the time be-
tween events follows an exponential distribution, P(X,, <
t) = e~ M. According to [5], suppose that in the observation



112

time interval (0,7, there are N observations. Let the obser-
vations times be t1,t9, -+ ,ty. Foreach¢,7 = 1,2,--- , N,
the probability of exactly one event occuring in the interval
(t;—1 — Aj, t;], and no other events occuring in other time in-
tervals within the observation time (0, 7', is given by the like-
lihood realization:

Liog(A Nty t, -+ tn) = ANe T )

2.2 Conditional Intensity

A counting process whose intensity is not stationery incre-
ment means that its rate of intensity is no longer constant and
depends on time. Below this is the definition for a Poisson
process whose intensity varies over time.

Definition 2.3. N(t) is called a non-homogeneous Poisson

process If it is a counting process with an intensity rate A(t),

which is a process with independent increment over different

time intervals and follows a Poisson distribution with function
t

parameter A(t) = [; A(s)ds.

The function A(t) is called the mean function of the non-
homogeneous Poisson process, E(N(t)) = A(t) while A(?)
is called intensity function. In many cases, the counting pro-
cess {N(t),t > 0} has an intensity function that depends not
only on time ¢ but also on the history of the process itself. Let
‘H. denote the history of the process up to time ¢, then its in-
tensity function is expressed in the general form A(¢|H;) and
called conditional intensity function.

The likelihood function for a Poisson process in definition 2.3
for the realization of observation over the time interval (0, T
and as a generalization of equation 1, becomes:

Lioz() = exp (- /O M)t + /O ln)\(t)N(dt)>. %)

Suppose that {N(t),t > 0} represents the number of events
or occurrences following a non-homogeneous Poisson process.
Specific events that may occur from this process will be con-
sidered. For the observation interval (¢, 4+ h) as h — 0, the
probability that exactly one event occurs within this interval is

given by
t+h
P(N(t,t+h)=1) = / A(s)ds
¢
t+h
+ exp (—/ A(s)ds)
t
= At)h+o(h),
where f(-) is said to be o(h) if
lim @ =0.
h—0 h

The probability of this specific events is denoted by p(t), which
affects the intensity function for that group of specific events.
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Theorem 2.1. Suppose that { N (t),t > 0} is a Poisson process
with a conditional intensity function A(t), and N (t) represents
the number of type-1 events that occur within the observation
time t. Then {N;(t),t > 0} is a non-homogeneous Poisson
process with a conditional intensity function A1 (t) = p(t)\(t),
where p(t) is the probability of type-1 event occurring within
time t.

Proof. Let {N(t),t > 0} be a non-homogeneous Poisson pro-
cess with a conditional intensity function A(¢) and within this
Poisson process, there are events categorized as type-1.

* The number of type-1 events at time ¢t = 0 is 0, i.e.

N1(0) < N(0) = 0, then Ny (0) = 0.

* The number of type-1 events in the interval time (0, s) and
(s, s+ t) depends on the number of events from the orig-
inal process N (t) in these intervals and since the events
N(t) are independent, so N (¢) also has independent in-
crements.

* Let Ni(t,t + h) = Ny(t + h) — Ni(t), as it holds for
N(t,t+h) = N(t+h)—N(t) and since P(N (t,t+h) >
2) = o(h), we have

P(N(t,t+h) > 2) = o(h)
o(h).

~—
|

» The probability that one event type-1 occurs within time
interval (¢t,t + h) as h — 0is P(N1(t,t +h) = 1) =
P(Ny(t,t + h) = 1|N(t,t + h) = 1)P(N(t,t + h) =
1)+ P(Ny(t,t4+h) = 1|N(t,t+h) > 2)P(N(t, t+h) >
2). Then

P(N(t,t+h)=1) = pt)(A()h+ o(h)) + o(h)
= p(t)A(t)h+ o(h)

Therefore { N1 (t),t > 0} is a non-homogeneous Poisson pro-
cess. 0

3 Result and Discussion

3.1 Construction of conditional intensity of bi-
variate point process

A bivariate point process can be described as a process
within the product space T' x {1, 2}, where T represents the
time domain, and {1, 2} denotes the set of indeces correspond-
ing two types of events within the process. What is unique
about the Poisson process is that partitioning the number of
events in the process can form sub-processes that also follow
a Poisson process. On the other hand, combining independent
Poisson processes will also result in a Poisson process.

Let N(t), N1(t), dan Na(t) denote the total number of events,
the total number of type-1 events, and the total number of type-
2 events respectively.

Corollary 3.1. Suppose that {N(t),t > 0} is non-
homogeneous Poisson process with a conditional intensity
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Sunction \(t), and N1(t) dan Ns(t) represent the number of
type-1 events and the number of type-2 events respectively, that
occur within the observation time. Then {N4(t),t > 0} and
{Np(t),t > 0} are non-homogeneous Poisson processes with
conditional intensity functions A1(t) = pA(t) and X2(t) =
gA(t), where p is the probability of type-1 event occurring and
q is the probability of type-2 event occurring within the time t.

Proof. Suppose {N(t),t > 0} is a non-homogeneous Pois-
son process with a conditional intensity function A(¢) and the
events of the process are grouped into two or more event cate-
gories.

The probability of the first group of events is p(¢) and the prob-
ability of the second group of events is ¢(¢). Then according to
theorem 2.1, we get

P(Ny(s,s+1) = 1) = p(t)A(t)

and
P(Na(s,s +1) = 1) = q(D)A(®).

So {Ni(t),t > 0} is a non-homogeneous Poisson process
with a conditional intensity function A;(t) = p(¢t)A(¢t) and
{Nz(t),t > 0} is a non-homogeneous Poisson process with
a conditional intensity function A\ (t) = q(¢t)A\(t). O

Suppose that within the observation interval time (0,¢), the
joint probability function of two random variables Ny (¢) and
N5 (t), which follow Poisson processes as a result corollary 3.1,
takes the form of a bivariate Poisson distribution. For p(t) = p
and ¢(t) = ¢ constant, the bivariate Poisson process follows
a bivariate Poisson distribution, with its probability function
f(N1(t) = n1, Na(t) = na) given by:

(J& A(s)ds)mtm2prignz exp (— [T A*(s)ds)

’I’L1!TL2!

N €))

where \*(t) = (p + ¢)A(t) untuk ¢ € [0, c0).

For the bivariate Poisson process in equation 3, the conditional
intensity function will be constructed in several cases. The con-
struction of intensity function includes the constant rate form
(A), the intensity function A(¢), and the conditional intensity
function A(¢|H;).

If the intensity function is constant, then the Poisson process
is stationary. A constant rate is obtained when the inter-arrival
times of the events follow an exponential distribution.

The form of the probability equation for this case is

t)n1tn2pni one O\t
F(N1(t) = ny, No(t) = ng) = (At) P12 exp (—\ )7
n1!ns!

where A* = XN*(t|H:) = (p+ @)\
Note that for the type-1 event, the intensity function process is

)\1 = p)\
While A(t|H;) is obtained from

ft)

A(t|He) = T—F@

:A7
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where f(t) = Ae™*. It be shown that \;(t|H;) also arises
from the exponential probability function with parameter pA
where the inter-arrival times of type-1 events follow an expo-
nential distribution with parameter p.

f(@)
PT7rg)
)\e—)\t
pl - fot e~ Audy
p)\e—/\t
1-— fot e~ udy

A (t[H:)

Lett =p x sfor s € R, then

p/\efp)\s
Al(t‘Hf) = 1_ p.S )\e—A"du
0
. )\167)\18
Sl %e—’\lu/l’du
_ )\16)\13
11— fos Ae~ MW dy
I F1C)
1-— Fl(S)'

This form confirms that A, (¢|/#;) = pA is obtained from the ra-
tio of the probability function f1(s) = pAe P?* to its survival
function 1 — [J f1(u)du. In the same way Az (t|H;) = g can
be expressed as:
fa(s)
No(t{He) = 225 — g,
(e = 2 = g

where fo(s) = ghe~ 2 for s € R. Such that, conditional
intensity for bivariate Poisson process is

N (t[He) = (p+ @A

3.2 Construction of the likelihood function for a
bivariate point process

The likelihood function for a bivariate Poisson process de-
scribes the probability of a set of events occurring in two dis-
tinct event types within a certain time interval. In this case,
two Poisson processes with rate A; and Ay are independent.
Two Poisson processes are obtained from two distinct and in-
dependent event groups from a Poisson process with rate \.
For a bivariate Poisson process obtained from a Poisson pro-
cess that can be partitioned into two event types, which also
follow a Poisson process. Suppose that within the observation
interval time (0, T, there are observation points t1,ta, - ,t,
with nq being the number of type-1 events and ny being the
number of type-2 events, such that n; + ny = n. The likeli-
hood function is:

A'p™ g™ exp (—(p + ¢)AT)
ni1 'ng'

N C))

L()\vpvq;nlanQ) =

where T' € [0, 00).
If this bivariate Poisson process is viewed as two independent
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point processes, assume that for each sub interval (¢;_1,¢;),
i = 1,2,---,n, only one event of type-1 or type-2 occurs,
such that there are n; observation for type-1 and ns observa-
tions for type-2 events. For n; observations for type-1 event,
probability of exactly one type-1 event occurring in the interval
(tiy—1 — Ay, ti,) and no type-1 events occurring in the other
time intervals during the total observation time (0, 7' is

P(ny1;(0,T]) = (pA)™re . (5)

Similarly, for no observations for type-2 event, probability of
exactly one type-2 event occurring in the interval (¢;,_1 —
A;,,ti,) and no type-2 events occurring in the other time in-
tervals during the total observation time (0, T'] is

P(ng; (0,T]) = (g\)"2e” T, (6)

Thus, the likelihood function for these two independent Pois-
son processes is obtained by multiplying the probabilities in
equation 5 and 6, which is

L() _ >\n1+n2pn1qnzef(p+q)/\T. (7

The exponential form of equation 7 similar to the form of the
likelihood from equation 2 for the bivariate case can be ex-
pressed as

L(:)=exp((n1 +n2)InA+nilnp+nalng — (p+ @)AT).

®)
The likelihood function in equation 8 can also be obtained by
multiplying the likelihood form in equation 4 by n1!ns!. The
log-likelihoodnya form is:

In LA, p,g;n1,n2) =nlnA+nilnp+nalng — (p+ ¢)AT.

)
The resulting likelihood function or log-likelihood function is
used to accurately estimate the model parameters based on the
observed data.

3.3 Parameters estimation

For observation in the time interval (0, 7] and p+¢q = 1, the
maximum likelihood estimation for A, p dan ¢ are as follows:

2 n
A= T
ni
AT
N2
3T (12)

(10)

P = (1)

Suppose that the observation data in [0,7") only provides
the number of type-1 and type-2 events without knowing
the exact event times for type-1 and type-2, with m sam-
ples.  Therefore, the samples obtained are pairs of val-
ues {(n11,Mn21), (N12,M22),*+ , (N1m, N2, ) }. The likelihood
function is obtained from equation 8 as:

exp Z ((n1; +n2;) InA)

=1
+exp (n1;Inp + ng;Ing — (p+ q)AT).

L*(\p.q) =
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The log-likelihood form is:

m m

Z(nli +ng9;) In A+ ani Inp

i=1 =1

+ ani Ing —m(p+ q)A\T.

i=1

InL* =

The first derivatives with respect to the parameters A, p and ¢
are:

Oln L* 1
8A m(p + q) + )\;:1(’”‘17, + an)
dlnL* 1 —
= —mM\T+ - .
= T 1S
dlnL* 1 —
94 = —mM\l+ *Z n2;.

i=1

If p + ¢ = 1, then the maximum likelihood estimation for A, p
and q are as follows:

N Zi ni;
P S a4
A ;1 n2;
i = —Zm;Tz : (15)

These results obtained are consistent with equations 10, 11, and
12.

4 Simulation two type Poisson experi-
ment

In this section, simulation is involved for parameter esti-
mation using equations 13, 14 and 15. The simulation is for
an experiment involving 2 types of Poisson processes derived
from a homogeneous Poisson process that can be splitted. The
simulation is taken from 2 type experiment Poisson through
Applet on the website www.randomservice.org.

In this simulation, data is generated for a homogeneous Pois-
son process with A = 3, 7" = 5 and the probability of type-1
event p = 0.17. Observations are made for m = 10, 100, 500
and 1000. The simulation results, shown in Figure 1, display
two realizations of event points for two types of events, marked
in red and green. The realization shows the number of events
marked with green and red in the observation time 7" = 5. The
green points are the event points of Poisson process with rate
(I — p)A = 2.49, and the red points are the event points of
Poisson process with rate pA = 0.51.

The graph in Figure 2 shows two homogeneous Poisson
processes in one plot. The blue and red dots represent the
number of events N (t) for each time interval (0, 5], with 10
observations taken. The blue and red dashed lines represent
the mean for the observation time interval (0,5]. For 10
observations, the data for the first process, represented by the
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Figure 1. The simulation result for 2 type of Poisson processes from Poisson
process with A = 3,7 = 5and p = 0.17.

Comparison of simulation data with Poisson rate (time interval 5)

—®— N1 (Data Aktual)
—— N2 (Data Aktual)
=== Mean N1 (4=13.40)
=== Mean N2 (4=2.40)

The number of events
w ~ 5 IS
o o o n

Time interval

Figure 2. Graph of 10 random observations of 2 types of Poisson Process with
time interval (0.5]

blue points, is (15,17,13,12,11,19,14,5,14,14) and the
data for the second process, represented by the red points, is
(2,3,4,3,4,0,1,4,0,3).

The data obtained from the simulation is then used to calculate
the estimated parameter values using equations 13, 14 and 15.
As an example, for 10 observations, the calculated values are

A=3.16,p = 0.848,and § = 1 — p = 0.152. The calculation
results can be seen in Table 1.

Table 1 shows the estimated parameter values for each size
m = 10,100,500 and 1000, which consistently approach
the true values. In general, as the sample size increases, the
estimated parameters become closer to the true value. For
example, the estimate for A at m = 10, A =316 approaches
the true value of 3 as the sample size increases, reaching
A = 3.0086 at m = 1000.

Table 2 shows the Mean Squared Error (MSE) for each param-
eter estimate based on different sample sizes. MSE measures
the squared deviation between the estimate and the true value,
with smaller values indicating more accurate estimates. For
the sample size m = 10, the MSE is relatively larger, indicat-
ing that the parameter estimates at smaller sample size are less
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accurate. For instance, the MSE for Ay at m = 10 is 0.0361,
while for larger sample sizes, such as m = 1000, the MSE
significantly decreases to 0.000004 for ;. The same trend is
observed for other parameters like p and Ay, where MSE de-
creases substantially as the sample size increases, signalling
that the estimates become more accurate with more data.
Figure 2 shows the graph of 10 observations within the time in-
terval (0, 5] for two Poisson processes representing two types
of events. Figure 2 provides a comparison between the ac-
tual data generated from two processes with the expected val-
ues based on the bivariate Poisson process, measured using the
MLE. The mean value 1; = 13.40 is obtained from the estima-
tor \; = 2.68 multiplied by the time interval 7" = 5. Similarly,
the mean value py = 2.40 is obtained from the product of the
estimator 5\2 = 0.48 with T = 5.

One realization of the two Poisson for 5\1 = 2.68 and 5\2 =
0.48 within the observation time interval (0.5] can be seen in
Figure 3.

Event points of two Poisson Processes

| Proses Poisson N1 (A=13.40) 1
| Proses Poisson N2 (A=2.40)

Poisson Process N2

Poisson process N1 [ | | | | Hid I

0 1 2 3 4
Interval Time (0, 5]

Figure 3. Realization of two Poisson processes in the time interval (0, 5]

5 Case study

This section demonstrates the application of the bivariate
Poisson process model to two types of data. The first dataset
is from the field of epidemiology, while the second dataset is
sourced from seismology.

5.1 Bivariate Poisson process for active Covid-
19

In this section, a bivariate Poisson process model will
be used, as described in equation 8. The data used is
https://covid19.go.id/id. ~ The exploration of the reported
daily active Covid-19 cases represents the cumulative total
of new patients, recovered patients, and deceased patients.
For example, in one day, the data on active case count for
recovered and deceased patients can be expressed as events
that follow a bivariate Poisson process.

Suppose the data observed is from the last month before the
official end of the pandemic in Indonesia on June 26, 2023.
The data in Table 3 shows the number of patients who died
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Table 1. Simulation results of the parameter estimation of the Homogeneous Bivariate Poisson Process for m = 10, 100, 500 and 1000

m A P A1 g=1-—p A2

10 3.16 0.8481 2.68 0.15189873 0.48
100 3.108 0.8301 2.58 0.1699 0.528
500 29744 | 0.8232 | 2.4484 0.1768 0.5260
1000 3.0086 | 0.8269 | 2.4880 0.1730 0.5206

True value 3 0.83 2.49 0.17 0.51

Table 2. MSE for each estimated parameter with its sample size

m MSEy MSE, MSE), MSE, MSEy,
10 0.0256 0.00032766 0.0361 0.00032766 0.0009
100 | 0.011664 | 0.00000001 0.0081 0.00000001 | 0.000324
500 | 0.000655 | 0.0000468 | 0.0017306 | 0.0000468 0.000256
1000 | 0.000074 | 0.00000923 | 0.000004 | 0.00000923 | 0.000112
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and recovered from Covid-19 over a 30-day period.

Let N; be the number of patients who died in a day and N,
be the number of patients who recovered from Covid-19 in a
day. The joint probability function for The bivariate Poisson
process is

(p/\t)m (q)\t)n2 e~ (p+a) At ]

JWN1(t) = n, No(t) = ng) = == =

Table 3 shows that for a sample of 30 days of observation (7' =
1 day), the average number of recovered patients is 351 people
and the average number of deceased patients is 5 people. Thus,
the log-likelihood function for this sample is

30

—30(p + (]))\ + Z(nh + nzi) In A
i=1

30 30
—|—1annli + lanTLQi.
i=1 i=1

The estimator for A, p, and q are

Z?il (n1; + no)
30

L Z?il N1

30\

A Z?gl 124

30

InL(A\,p,q) =

5\ =

Thus, the intensity rate of Covid-19 (recovered and deceased)
patients, N using the bivariate point process for the 30-day
observations is the average number of patients who recovered
and died. The probability of death, (p) is the ratio of deceased
patients to the intensity rate over 30 days. The probability of
recovery, ¢ is the ratio of recovered patients to the intensity rate
over 30 days.

Based on Table 3, for the observation from May 28 to June
26, 2023, the number of deceased patients is Z?il ny; = 134
and the number of recovered patients is 25’21 ng; = 10,522.

Actual Data of Events

29
20
21 25 21 J18
23
51
4 27
386 76
%as

—®— NO (Actual data)

== N1 (Actual data)

=== Expected NO (A=5 * 1)
--- Expected N1 (A=351* 1)

a
3
3

The number of events
&
8
S

N
5]
8

Figure 4. The distribution data Poisson processes with A1 = 5 and A2 = 351

Therefore, the conditional intensity function for the bivariate
Poisson process is A(t|H;) = 355. The probability of death
is p = 0.0125 and the probability of recovery is ¢ = 0.9874.
Figure 4 shows two types of events in a Poisson process. For
type-1 events, the actual data exhibits greater variation com-
pared to the mean value pi (T = 1) = Ay 351. For
type-2 events, the actual data closely follows the mean value
(T = 1) = Ay = b, although some variation is still ob-
served.

"Realizations of the event points from two Poisson processes."
(DU R R LR U SRRy DR L DR DR R EIE L L

Poisson process N2

| Poisson process N1 (A=5) - Number of events: 6
| Poisson process N2 (\=351) - Number of events: 324

Poisson process N1 I | | | | |

0.0 02 0.4 06 08 1.0
Event time

Figure 5. Realization two Poisson processes

Graph in Figure 5 shows a comparison between two Poisson
processes for Data Covid-19 with very different event condi-
tional intensity functions or rates. The process Poisson for
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Table 3. Data on the number of patients who died and recovered from Covid-19 in Indonesia from May 28 - June 26, 2023

Death | Recovery | Death
6 621 7
15 829 4
8 720 5
9 625 0
2 325 1
5 444 5
2 621 4
9 386 2
8 618 4
7 427 3

Recovery | Death | Recovery
523 1 136
392 4 273
376 0 186
243 4 251
168 5 214
451 4 210
278 4 224
196 2 159
228 2 79
188 2 131

events of deceased patients Covid-19 generates fewer events,
as seen from the lower number of blue dots along the z-axis.
The Poisson process for events of recovery patients Covid-19
generates more events, as seen from the higher number of red
dots along the z-axis. The process for recovery patients has
a much higher event intensity, resulting in more events within
the same time period compared to the process for deceased pa-
tients.

5.2 Bivariate Poisson process for earthquake

In this study, the bivariate Poisson process will be applied

to estimate the probability of an earthquake of magnitude 5
and above from any possible earthquake event that occurs
on the island of Sulawesi. The dataset spans from January
2018 to December 2020 and is sourced from the Meteorology,
Climatology, and Geophysics agency (BMKG), region IV
Makassar. The application of the model involves categorising
earthquake events into two groups based on earthquake
magnitude: one group for earthquake events associated with
earthquakes of magnitude less than 5, and another for those
linked to earthquakes of magnitude 5 or greater.
The data in Table 4 shows the number of earthquakes in two
groups per month for the years 2018 to 2020. It can be seen
that there are fluctuations in the number of earthquake in both
categories each month.

Let N7 be the number of earthquakes of magnitude less 5 in a
month and N> be the number of earthquakes of magnitude 5
or greater in a month. The number of earthquakes of magni-
tude less 5, N1 (t) is Poisson process with rate A\ = p), and
the number of earthquakes of magnitude 5 or greater, No(t) is
Poisson process with rate Ay = g\. Such that, the distribution
function for the bivariate Poisson process is

pnl qnz (/\t)nl +nao

F(N1(t) = n1, No(t) = ng) = o~ (Pra)xt

n1!n2!

Based on Table 4, for 36 months of observation (17" = 1 month),
the total number of earthquakes of magnitude less 5 is 8733 and
the total number of earthquakes of magnitude 5 or greater only

is 126. Thus, the log likelihood function is

36
—36(p+ @A+ Z(nu + ng;) In A

i=1
36 36

—|—1ann1i + lanngi.
i=1 i=1

The estimator for parameters A and probability that an earth-
quake occurirng at given time is of magnitude 5 or higher ¢
are

InL(\p,q) =

Z?&(nu + ng;)
36

A Zfil n2;

36

Since the total number of earthquakes of magnitude less 5 is
2?21 n1; = 8733 and the total number of earthquakes of mag-
nitude 5 or greater only is 2?21 ng; = 126, the estimated val-
ues are obtained as

3 (nai+no;) | 8733+ 126
36 B 36
) S ngi 126

T = Tk 36 x 246.08

N = 246.083

= 0.014223.

The number of earthquake of magnitude less 5 is Poisson pro-
cess with intensity rate

X1 = (1 —§)A = 242.5833,

and the number of earthquake of magnitude 5 or greater is Pois-
son process with intensity rate

X2 = G\ = 3.5.

6 Conclusions

The probability model for a homogeneous bivariate Poisson
process is
A +n2pn1 an

f(nla’nQ : A7p7 q) = e—k(p+q)t

)

n1!n2!

where ) is the overall intensity function, 0 < o < 1,0 < 8 <
1, ny is the number of type-1 events, and no is the number of
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Table 4. Data on the number of earthquakes that occurred on Sulawesi Island fro January 2018 to December 2020

Month | Mag1-5 | MagS5-up | Month | Mag1-5 | Mag5-up | Month | Mag1-5 | Mag5 -up
Jan-18 193 3 Jan-19 195 0 Jan-20 136 3
Feb-18 161 3 Feb-19 146 4 Feb-20 159 4
Mar-18 261 8 Mar-19 132 1 Mar-20 266 2
Apr-18 168 1 Apr-19 72 2 Apr-20 247 1
May-18 138 2 May-19 94 4 May-20 226 0
Jun-18 148 0 Jun-19 160 2 Jun-20 239 7
Jul-18 183 2 Jul-19 108 0 Jul-20 204 0
Aug-18 163 0 Aug-19 72 1 Aug-20 191 6
Sep-18 518 32 Sep-19 99 0 Sep-20 194 1
Oct-18 940 8 Oct-19 74 2 Oct-20 318 7
Nov-18 1393 8 Nov-19 109 2 Nov-20 253 1
Dec-18 431 3 Dec-19 128 0 Dec-20 214 6

type-2 events.

This bivariate Poisson process can be viewed as two indepen-
dent point processes within the observation time period (0, 77,
which is divided into n sub-intervals. In each sub-interval
(ti—1,t;), for i = 1,2,--+ n, only one event of type-1 or
type-2 occurs, with n; events of type-1 and ns events of type-
2, where n1 + ny = n. The likelihood for bivariate Poisson
process is given by the following expression:

L(-)=exp((n1 +n2)InA+nilnp+nolng — (p+ ¢)AT).

For observations over the time interval [0,7) and p + ¢ = 1
conducted m samples, the maximum likelihood estimators for
the parameters A, p and g are

< 1 &
A = W ;(nli + Tlgi)
) 1
p = < niq
mAT ; '
X 1
= = n9;.
1 mAT ; 2
The intensity rate for the events of type-1 and type-2 are
] RN MSE Y
A = pA==E=
! P mT
] 2 Dy M
Ay = A=== .
2 q mT

The results show that the conditional intensity of a bivariate
point process depends on the number of events n and the
time interval of observation T. The application on the number
of active cases Covid in Indonesia show that the conditional
intensity of the incidence of recovery and death patients is
inversely proportional to the time of observation. Analog to
the earthquake data on Sulawesi, events with magnitude less
than 5 and events with magnitude of 5 or greater show that
the intensity of the earthquakes is inversely proportional to the
observation time interval.
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