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Abstract Cubic power graph of dihedral group D,, having
order 2n and identity element e, I's,4(D),) is a finite, simple,
undirected graph for which two different vertices dy,ds € D,,
are adjacent if and only if didy = d° or dod; = d* for some
d € D,, with d3 = e. In this research, conditions on n under
which T'c,g(Dy,) is planar, are calculated. Also conditions
on n under which T4 (D)) is Hamiltonian, are calculated.
It is also shown that I'.,(D,,) is not an Eulerian graph. A
polynomial that counts how many different ways there are
to color a graph with a specific number of colors is called
a chromatic polynomial. We have calculated the chromatic
polynomial of ', (D,,) when gcd(n, 3) = 1. Also chromatic
polynomial of almost complete graph obtained by deleting
k number of non-adjacent edges is obtained. Spectral graph
theory is a branch of mathematics that examines a graph’s
characteristics in relation to its characteristic polynomial,
eigenvalues, and eigenvectors of related matrices, such as its
adjacency matrix, Laplacian matrix or degree based matrices.
Characteristic polynomials of degree based matrices such
as Laplacian matrix, Signless Laplacian matrix, Maximum
matrix, Minimum matrix and Greatest common divisor degree
matrix of I'cp(D,,) when ged(n, 3) = 1.

Keywords Cubic Power Graph, Dihedral Group, Planar,
Hamiltonian, Eulerian, Chromatic Polynomial, Degree of A
Vertex Based Matrices

1 Introduction

Recently various graphs have been introduced and studied
in association with finite groups. Some of them are Power
graph, Square power graph, Cubic power graph, Equal-square
graph, k" —power graph, commuting graph etc. Recently var-
ious structural properties, topological indices and character-
istics polynomials of Cubic power graph [1, 2], Commuting
graph [3], Power graph [4], Square power graph [5, 6] and
Equal-square graph [7] are studied.

A connected graph is Eulerian graph if it has an Eulerian
circuit i.e a closed walk around the connected graph that visits
each edge precisely once before returning to the beginning ver-
tex. Eulerain graph is always connected in which the degree
of each vertex must be even. A connected graph is Hamil-
tonian graph if it contains a Hamiltonian circuit i.e a closed
walk around the connected graph that visits each vertex pre-
cisely once except the beginning vertex. A planar graph is one
that can be drawn on a plane such that no edge crosses any
other edge i.e it can be drawn so that its edges only overlap at
their endpoints. While the whole bipartite graph K, ,, is pla-
nar iff either m < 3 or n > 3, the complete graph K, is planar
iff n < 5. Planar graphs have various applications in circuit
designing, geographic information systems, transportation net-
works, VLSI, network designing etc.

We have provided some fundamental definitions and outcomes
from previous researchs associated with graph theory in sec-
tion 2. In section 3, we have given conditions under which
I'cpg(Dy,) is planar, Hamiltonian and Eulerian. Also chromatic
polynomial of ', (D5, ) is calculated in section 3. In section 4,
we have calculated characteristic polynomials of various matri-
ces based on the degree of vertices associated with ', (D), ).
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2 Preliminaries

Let D, = {ri,ris : 1 < i < n,r" = e,5° = e,rls =
sr™~%} be dihedral group of order 2n, X = {v : v € D, v
v '}and R = {r' : 1 <i < n}. When3 | n,let R =
{67T37T67"' ’T,TL73}'

Theorem 2.1. [2] Let ged(n,3) =

V(Tepg(Dy)). Then

. 2=VKo U (n+ 1)Ky ifnis odd,

(1) Ty (D) = Lz S DOt DR
("5=)K2 U (n+2) K1 if n is even.

2n —2whend € D, \ X,

2n — 1 whend € X.

17d1_1 7é dQ’

2,dyt =dy # dy.

1 and di,ds,d €

(ii) degr., (d) = {
(iii) distance(dy, dy) = {

Theorem 2.2. [2] Let gcd(n,3) = 3 and d € V(L'cpg(Dy)).
Then
K3,3 lfn = 37
[3K2] + [3K2] lf’n = 67

n—3
SK% + {(T) — K%L
if n is odd other than 3,
3Ky + [(252) - Kz URK) U (259 K]
when n is even other than 6.

4n—3 hend e X /
(ii)degrcpg(d):{( ) whend € XUR\K,

T U (=3 K]
(i) Tepg (D) = UK U (555K

3
(4=5) whend € R\ X.

Theorem 2.3 (Ore’s Theorem). [8] Let I" be a simple and fi-
nite graph having vertices n > 3 and the degree of vertex
d is denoted by degr(d). Then, Ore’s theorem states that if
degr(di) + degr(dz2) > n for every pair of different non-
adjacent vertices dy and ds of T, then T is Hamiltonian graph.

Definition 2.1.[9] The diagonal matrix of vertex degrees
of L'epg(Dn), D(Fcpg(Dn)) = [diajk]2n><2n whose (jak)th
entry is
. degr,,,(p,)(d;), if j = k and they are adjacent
diaj, = poLm

0, otherwise.

Definition 2.2.[9] The adjacency matrix of I'.,,(D,,), de-
noted by A(Tepg (D)) = [adjjk]anx2n whose (j, k)" entry is
1, if dy, # d; and they are adjacent
0, otherwise.

Definition 2.3.[9] The Laplacian matrix of T'¢,,(D,,) is
L(Fcpg(Dn)) = D(Fcpg(Dn)) - A(Fcpg(Dn))‘

adjjr =

Definition 2.4.[9] The Signless Laplacian matrix of
Lepg(Dn)is SL(Lepg(Dn)) = D(Lepg(Dn)) +A(Lepg(Dn))-

Definition 2.5.[10] The Maximum matrix of I¢,q(D,,) is
Maz(Tepg(Dy)) = [Mmaxjk]2nx 2, Whose (7, k)" entry is
max{degr.,,,(p,)(d;), degr.,,(p,)(dr)},
mazj = { if d; # dj and they are adjacent

0, otherwise.
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Definition 2.6.[11] The Minimum matrix of I'cp,(D,,) is
Min(Tepg(Dy)) = [minjgl2nxan whose (4, k)t entry is

min{degpcpg(pn) (d;), degr.,,(D.) (dr)},
ming, = § if d; # dj, and they are adjacent
0, otherwise.

Definition 2.7.[12] The Greatest common divisor degree
matrix of T'cpg(Dy) is GCDD T pg(Drn)) = [gijlonxon
whose (4, k)" entry is

g.c.d{degr,,,(p,)(d;), degr,, (D, (dk)},
gjk = { if d; # dj and they are adjacent
0, otherwise.

3 Structural Properties

Theorem 3.1. T'.,,(D,,) is planar iff n € {1,2}.

Proof. Casel.n =1

From Theorem 2.1, I's,q (D)) = 2K, = K5. Thus Tepg(Dn)
is planar if n is one.

Case2.n =2

From Theorem 2.1, Ty (Dy,) = 4K; = K. Thus Ty (Dy,)
is planar if n.is two.

Case 3. gcd(3,n) =landn =2m + 1 form € N

Using  Theorem 2.1, we get T'gp0(Dy) =
(21)K> U (n+1)K;. In this case, the minimum pos-
sible value of n is 5. So K3 is subgraph of I'cp4 (D). Thus
I'cpg(Dy,) is non-planar.

Case 4. gcd(3,n) = 1andn = 2m form € N\ 1

Fro Theorem 2.1, we get Iy (D) = (%52) Ko U (n + 2) K.
In this case, the minimum possible value of n is 4. So K3 is
subgraph of I'cpp4 (D,,). Thus T',g(Dy,) is non-planar.

Case 5. n € {3,6}

Using Theorem 2.1, we get I'cppg (Dy) = K33 forn = 3 and
forn =6, I'cpg(Dy) = [3K2] + [3K>] having subgraph K3 3.
Thus I'¢p,q (D)) is non-planar.

Case 6. n = 3m form € N\ {1, 2}

For odd values of n, T¢pe(Dy) = 3K% +
[(25%) = Kz UTK) U (259 K
whereas for even values of n, Tepy(Dn) = 3Kn +

[("T’?’) — Kz U[2K; U ("T’G)Kg]] In this case, the min-
imum possible odd value of n is 9 and even value of n is

12. T'¢pg(Dy) has K5 as well as K3 3 as its subgraph. Thus
I'cpg(Dy) is non-planar.

Hence I'cp4(D,,) is planar iff n € {1,2}. O
Theorem 3.2. T'.,,,(D,,) is Hamiltonian graph for n > 2.

Proof. Casel.n =1

From Theorem 2.1, I'c,,4(D,,) = K5. As there is no cycle in
T¢pg(Dy), so it is not Hamiltonian graph.

Case 2. gcd(n,3) =landn # 1

From Theorem 2.1, for each pair of non-adjacent dis-
tinct vertices di,ds in Iepg(Dy), degree of both dq and
do vertices is 2n — 2. Thus for each pair of different
non-adjacent vertices dy and dp of T'cp,(D,), we have
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degr,,,(p,)(d1) +degr.,,(p,)(d2) = (2n = 2) + (2n - 2) =
4n — 4 > 2n. Thus using Theorem 2.3, T',4(D,,) is Hamilto-
nian graph.

Case3.n =3

In this case, I'cpg(D;) = K33 by using Theorem 2.2. So for
each pair of non-adjacent distinct vertices dy, ds in I'cpg(Ds,),
degree of both vertices is 3. Thus for each pair of different
non-adjacent vertices dy and dp of T'cpe(Dy), we have
degr,,,(p,)(d1) +degr,,,(p,)(d2) = 3+ 3 = 6 =number of
vertices in I'c,g (D). Thus using Theorem 2.3, T'cpg(Dy,) is
Hamiltonian graph.

Cased.n =6

In this case, I'cpg(Dy) = [3K3] + [3K3] by using Theorem
2.2. So for each pair of non-adjacent distinct vertices dy, ds
in I'c,g(D5,), degree of both vertices is 7. Thus for each pair
of different non-adjacent vertices d; and da of I'¢p4(D,,), we
have degpupg(D”)(dl) + degpupg(pn)(dg) =T7+7=14>12.
Thus by using Theorem 2.3, "4 (D,,) is Hamiltonian graph.
Case 5. n = 3mand m € N\ {1, 2}

From Theorem 2.2, there are three types of pairs of
non-adjacent distinct vertices. First type of pair of ver-
tices have (4”3’ 3) degree of vertex on both ends and so
(4n=3) + (423) = 8n=6 > 2 Second type of pairs
of vertices have (#) degree of vertex on both ends
and so (1%0) + (4=%) = Sn=12 > 9p Third type
of pairs of vertices have (4" 3) degree of vertex on one
end and (4"7’6) degree of vertex on another end and so
(4n=3) + (42=0) = 8129 > 9. Thus by using Theorem 2.3,
I'cpg(D,,) is Hamiltonian graph.

Hence I';,4(D),) is Hamiltonian graph for n > 2. O
Theorem 3.3. T'.,,,(D,,) is not an Eulerian graph.

Proof. Case 1. gcd(n,3) =1

From Theorem 2.1, degree of vertex © € I'¢pg(Dy) is
degr.,,(p,)(d) = 2n —2whend € D, \ X and ford € X,
degr,,,(p,)(d) = 2n — 1. Also |D, \ X| # 0 # [X]|. So
irrespective of n is odd or even, I'¢,,4(D,,) have both even and
odd degrees of vertices. As I's,q(D,,) having vertices with
odd degree so I'cp4(Dy,) is not an Eulerian graph.

Case2.n =3

I'cpg(Drn) = K33 by using Theorem 2.2, having degree of
every vertex 3. As I'c,q(D),) having vertices with odd degree
$0 I'cpg(Dy,) is not an Eulerian graph.

Case3.n =6

In this case, I'cpg(Dy) = [3K3] + [3K3] by using Theorem
2.2. So every vertex of I'cpy(Dy,) have degree 7. As I'cpg (D)
having vertices with odd degree so I, (D,,) is not an Eulerian
graph.

Cased.n =3mandm € N\ {1,2}

From Theorem 2.2, FCPQ(D ) having vertices with degree
=3 — 4m — 1 and 2278 = 4m — 2. Thus Ty (D) have

3
vertices with odd degree so I'cpy(Dy,) is not an Eulerian graph.

Hence I,y (D,,) is not an Eulerian graph. O

Theorem 3.4. Let K, be a complete graph having 2n ver-
tices. Then chromatic polynomial of almost complete graph

Kon — Uj_,€j, obtained by deleting r non-adjacent edges is
P(Kap —Uj_jej,A) = Soio(3)P(K2n—i, A), where v < n.

Proof. Let Ko, be a complete graph with 2n vertices and
Koy, — Uj_;e; be almost complete graph obtained by deleting
r non-adjacent edges, Where r<n.

Forr =1, P(Ks, — ]_16J, A) = P(Ks, —e1, A). Using [13,
Theorem 8.6], P(Ks, — e1,A\) = P(Kan, A) + P(Kap—1, ).
Thus, P(Ka, — Uj_yej, A) = Y0 (7) P(K2n—i, A) is true
forr = 1.

Now let for r = 1, P(Ka, — U;:1€ja>\) =

Yo ) (K2pn—i, )1strue.

Now, for r = + 1, P(Kz, — Uj "ilej,)\) =

P(Ksy, — U;;lej — e,/,1,7). Using [13, Theorem 8.6],
P(Ksy — ug;llej — ey A) = P(Kan — Ul_je;, \) +
P(Kop—1 — U§:16ja)‘)~ Now by using above result (at
r=r), we get )

P(Ka = Udlepd) = S () P(aniA) +

Z:/o(,)P(Kzn 1-i5 A)
:Z: o (5 )P(K2n A+ 2 H (;" 1) (Kan—i, A

:/ (O)P(K27L7 A) + Zz 1[( ) (zr 1)]P(K2n z’)\) +
(:’)P(KQn—r/—p)‘)

= PN S ()P N
(:’E)P(K%n—r/—p)‘)

= Z’" B 1(’ ) P(K2,—s,\). Thus, P(Kay, —

S5 () P ).
Hence, P(K2, — Uj_ €5, \)

r+1 o
] 1 e]7>‘) -

:Z: 0( )P(K2n 'm)\) O
Theorem 3.5. For ged(n,3) = 1, chromatic polynomial of
Lepg(Dy) is
P(K27 )‘)7 n=1
P(K4,\),n =2

n—1 n_1
220 (7 )P(Kan—i, M),
n is odd number other then 1

2 () P(Kan_i, ),

n is even number other then 2

PLepg(Dn), A) =

Proof. Let ged(n,3) = 1.
Casel.n = 1:

From Theorem 2.1, T.,y(D1) = 2K; = K,. Thus,
P(Tpg(Dy), A) = P(K2,\) whenn = 2.

Case2.n =2:

From Theorem 2.1, T'cp,(D2) = 4K, = K,. Thus,

P(Tepg(Drn), A) = P(K4,\) whenn = 4.

Case 3. n is odd other then 1:

Using Theorem 2.1, Tepy(Dy,) = (%51)K2 U (n+ 1)K; in
which all the pairs of vertices which are not adjacent are of
type (z,271), as xz~! = e. So, all such pairs of ver-
tices have no common vertex and so can be obtained by
deleting non-adjacent ("= 1) edges from complete graph Ko,

having vertex set D,, and deleted edges are such that if =




100

is on one end of edge then a:_l(;é x) is at another end.
Thus, Tepg(Dr) = Kop — U2 €;. So, P(Lepg(Dy), A) =

j 1
‘n, 1
P(Ks, — 7 2, ej,A). Now from Theorem 3.4, we have
1 n—1 n_1
P(Kan — U2 e5,0) = 3,2 (7 )P(Ka,—4,\). Hence

n—=1 n-—1
P(Tepg(Da). N) = Y12y (7 ) P(Ku—i, N).
Case 4. n is even other then 2:
From Theorem 2.1, T'c,y (D)) = (an)Kg U((n+2)K; in
which all the pairs of vertices which are not adjacent are of
type (x,271), as zx~! = e. So, all such pairs of ver-
tices have no common vertex and so can be obtained by
deleting non-adjacent (”;2) edges from complete graph Ko,
having vertex set D, and deleted edges are such that if =
is on one end of edge then x_l(;é x) is at another end.

Thus, Tepg(Dr) = Kop — U2 €;. So, P(Tepg(Dy), A) =
P(Ksy, — ;;126],)\). Now from Theorem 3.4, we have
P(Kap — U2 €5, \) = Eﬁ(%)P(Kzn,i,)\). Hence
P(Fcpg(Dn)»)‘) = ZE; (%)P(K%,Z—,)\).

] 1

O

4 Characteristic Polynomials of

Degree-based Matrices

Theorem 4.1. LetT',(D,,) be Cubic power graph of dihedral
group D, of order 2n and ged(n,3) = 1. Then Laplacian
polynomial of T cpg(Dy,) is

AN = 2n42) 7 (A —2n) "

when n is odd natural number,

AN —2n+2) el

S(Lepg(Dn), A) = %2()\—271) 2

when n is even natural number.

Proof. Case (i) gcd(n,3) = 1 and n is odd.
Using Theorem 2.1, we get Laplacian matrix,

A Ay
b= {A; 44
where A; is (n+1) X (n+ 1) order matrix having all diagonal
elements 2n — 1 and non-diagonal elements —1. As is (n +
1) x (n — 1) order matrix having all elements equal to —1.

2n — 2 0 -1 -1
0 2n — 2 —1 -1
Az = : : : :
—1 —1 2n —2 0
-1 -1 - 0 2n-2]
Ay — AT A
Thus, |L — \| = 1A,2 4, _QM

On applying the following row and column operations:
1.R, = R, — Ryforall2 <i<n+1.
2R, = R;,—R;,_1foralln+ 3 <17 < 2n.
3.C; = Ci+Cippforalln+2 <7 < 2n— 1.
4. Cl :>C1+CQ+"'+Cn+1.
5. Extending along a9z, ass, aaq, - -

A(n+3)(n+3), @

y A(n4+1)(n+1)»

(n45)(n+5)s """ H A(2n)(2n)-
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6. R, = R, — Ryforallt =3,4,--- ’Lﬂ_

7.CQ:>CQ+C3+"'+CL+1.
We get, ’
IL — M| = (2n — A)"2n — 2 — A7 (2n —
)\)% n—1—2A 1—n ‘
—(n+1) n—-A+1
IL— M| =AA—2n+2)"T (A —2n)"2
Hence &(Tepy(Dn), A) = A(A — 2n +2)"7 (A — 2n) "7

Case (ii) gcd(n,3) = 1 and n is even.
Using Theorem 2.1, we get Laplacian matrix,
A Ay
b= {A; AJ
where A; is (n + 2) X (n + 2) order matrix having all diagonal
elements 2n — 1 and non-diagonal elements —1. Ao is (n +
2) x (n — 2) order matrix having all elements equal to —1.

2n —2 0 -1 -1
0 2n —2 -1 -1
Az = : : : :
-1 -1 2n —2 0
-1 ;1 M AO 2n — 2 (n—2)
Thus, |L — M| = 1A,2 4, _2M

On applying the following row and column operations:
1.R,= R, — Ry forall2 <i<n+ 2.

2.R,=R;,— R, _qforalli=n+4,n+6,---,2n.
3. C; :CH—CZ»H foralln+3 <7 <2n—1.

4. C4 :>C'1+C'2+---+C”+2.
5. Extending along a2, ass, @44, "+, G(ny1)(nt1),
A(n+2)(n+2)) A(n+4)(n+4), a(7z+6)(n+6)7 Tt Q2n)(2n)-
6. R, = R, — Ry forall: = 3,4, - 5

7.Co=Cy+C3+-- +Cg.
We get,
IL — M| = (2n — A)"2n — 2 — )\) (2n —
)\)"%4 n—2—X 2—n
—(n+2) n—A+2

IL—M|=XA-2n+2)"2 (A—2n)%.

Hence &(Tepg(Dy),A) = AMA — 2n + 2)" 7 (A — 2n) %
when n is even natural number. O

Theorem 4.2. Let ged(3,n) =
polynomial of T ¢y (Dy,) is
(A —2n+2)"2

1. Then Signless Laplacian

(A —2n+4)"F

QEeaaDnl N =3 (0 g4 2)% (0= 20+ 45 P

6A(1 —n) + 8n? — 18n + 4} when n is even.

Proof. Case (i) ged(n,3) = 1 and n is odd.
From Theorem 2.1, Signless Laplacian matrix,
Ay A
= {A; AJ
where A; is (n+1) % (n+1) order matrix having all diagonal
elements 2n — 1 and non-diagonal elements 1. Ay is (n+1) x
(n — 1) order matrix having all elements equal to 1.

6A(1 —n) + 8n? — 18n + 6} when n is odd,
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2n —2 0 1 1
0 2n—-2 - 1 1
Az = : : : :
1 1 2n —2 0
1 1 0 2n — 2 (n—1)
Thus, |SL — M| = Al/@” AS{Q N

On applying the following row and column operations:

1.R;, = R, — Ry forall2 <i<n+ 1.

2. R, =R, — R;,_1foralln+ 3 <17 < 2n.
3.C;=Ci+Ciygforalln+2<i<2n—1.

4. Cl :>Cl+02+"'+cn+1.

5. Extending along asg, ass, 44, - - - , G(n+1)(n+1)1 A(n+3)(n+3)>
A(n+5)(n+5) " 5 A(2n)(2n)-

6. R; = R; — Ry foralli = 3,4, --- ,”7*1.

7. 02:>02+03++0n7;r1

3n—1 3n—1

ISL — M| = (=)™ (A —2n + 2)" (2n — 4 —
)\)"T_3 3n—1-—X\ n—1
n+1 3n—5-—AX
ISL — M| = (=)™ (A —2n + 2)" (2n — 4 —
N T {A2 4+ 6A(1 — n) + 8n% — 18n + 6}
Hence Q(Tepg(Dn),A) = (A — 2n + 2)™7 (A — 2n +

4" {A2 4+ 6A\(1 — n) + 8n?% — 18n + 6}.
Case (ii) gcd(n,3) = 1 and n is even.
From Theorem 2.1, Signless Laplacian matrix,
A1 A

= {A/z AJ
where A7 is (n+2) x (n+ 2) order matrix having all diagonal
elements 2n — 1 and non-diagonal elements 1. As is (n 4 2) X
(n — 2) order matrix having all elements equal to 1.

2n —2 0 1 1
0 2n—-2 - 1 1
A3 = : : : :
1 1 2n —2 0
1 L0 m-2f
Thus, |SL — M| = A1A_/2>\I AgfiQ)J

On applying the following row and column operations:
1. Ri=R;,— Ryforall2 <i<n+ 2.

2.Ri=R;,— R;_1foralli=n+4,n+6,---,2n.
3.C;=C;+Ciygforalln+3 <i<2n—1.

4.C1 = C1+Cy+ -+ Cryo.
5. Extending along a2z, azs, @44, * , G(ny1)(nt+1)
A(n+2)(n+2)s A(n+4)(n+4) A(n+6)(n+6)> " » 4(2n)(2n)-
6. R; = R; — Ry forall: = 3,4,
7. CQZ>CQ+CS+"'+C%.

(I

ISL — M| = (-1D)%(\ - 2n + 2)%@2n — 4 —
)\)% 3n— A n—2
n+2 3n—6—X\

n—4

ISL—M|=(-1)%F(A—2n+2)% (2n—4—\)"=
6A(1 —n) + 8n? — 18n + 4}.

{2+
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Q(Tepg(Dn), A) = (A — 20+ 2)F (A — 20+ 4)"7 (A2 +
6A(1—n)+8n%—18n+4} when n is even natural number. [

Theorem 4.3. Let ged(n,3) = 1. Then characteristic polyno-
mial of the Maximum matrix of T cpq(D,,) is

AT (A 420 — D)\ + 4n — 4)"F
{A%2 = \(4n? — 9n + 6) — 14n3+
23n2 — 10n + 1} when n is odd,
AT (A + 20 — 1" + dn—
4" (A2 = \4n? — 9n + 7)—
14n3 + 1902 4 2n — 4} when n

is even.

PMaz(Fcpg(Dn)) (A) =

Proof. Case (i) gcd(n,3) = 1 and n is odd.
From Theorem 2.1, Maximum matrix,
Ar A
Mas(To(D) = | 1]
where A; is (n + 1) x (n 4+ 1) order matrix having all
diagonal elements 0 and non-diagonal elements 2n — 1. A is
(n 4+ 1) x (n — 1) order matrix having all elements equal to
2n — 1.
Az = [ajk)(n—1)(n—1) Whose (7, k)t entry is
Oifj=k; orjisoddandk =35+ 1; orj
ajp =4 isevenand k =5 — 1,
2n — 2 otherwise.
Ay — AT As
A, A — NI
On applying the following row and column operations:
1.R,= R, — Ryforalli =2,3,--- ,n+1
2.Ri=R,— R,_qforalln+3<i<2n
3C0=>C1+Ca+ -+ Chta
4, CZ :>Cz+01+1 foralln+2<:<2n-1
5. Extending along a2z, a33, aa4, " ** , A(ny1)(nt1)>
A(n+3)(n+3)s A(n+5)(n+5)s """ » A(2n)(2n)
6. R = R; — Ry foralli =3,4,--- ,
7. CQ:OQ"’Cg"’"’CnTH

Maz(Tapy (D)) — M| = \

We get,
|Maz(Tapg(Dn)) — M| = AT (A + 4n — 4)"2° (A + 2n —
1) -A+n(2n-1) (4n —2)(%51)
(2n—1)(n+1) =X+ (4n—4)(%52)

|Maz(Tepg (D)) — M| = A7 (A+4n—4)"" (A +2n —

1)"{\2 — \(4n? — 9n + 6) — 14n> + 23n? — 10n + 1}

Prraz(rey, (D)) (A) = AN+ 4n — )" (A + 20 —
1)™{A\2 — \(4n? — 9n + 6) — 14n® + 23n? — 10n + 1}.

Case (ii) gcd(n,3) = 1 and n is even.

From Theorem 2.1, Maximum matrix,
A A

Mas(To(D) = 1]
where A; is (n+2) X (n+ 2) order matrix having all diagonal
elements 0 and non-diagonal elements 2n — 1. Ay is (n+2) x
(n — 2) order matrix having all elements equal to 2n — 1.
Az = [a;k)(n—2)(n—2) whose (j, k)" entry is
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Oif j=Fk; orjisoddandk =5+ 1; ory

ajr = { isevenand k = j — 1,
2n — 2 otherwise.
Ay — I Ay
Thus, |M I ’
s (T (0,)) = a1 = [ M 42

On applying the following row and column operations:
1.R,= R, — Ry forall2<i<n+2
2.R,= R, — R;_1 foralli:n+4,n+6,-~- ,QTL
3.C;=Ci+Ciygforalln+3<i<2n-—1
4.C1=C1+Co+ -+ Chyo
5. Extending along as2, ass, a44,- - , G

A(n+4)(n+4)s A(n+6)(n+6)s """ > A(2n)(2n)
6. Ri:>Ri—R2f0ralli:3,4,~~- ,%

7.02:>CQ+03+"'+C%
We get,
[Max(Tepg(Dy)) — M| = P (>\+2n D" N+ 4n —
4" x
A+ (2n—1)(n+1) (4n — 2)(%532)
(2n —1)(n +2) —)\+(4n—4)(”7_4)
|Max(T Cpg( W) = M| = A"T" (A42n— 1)"F (A +4n —

4)"z A(4n? — 9n +7) — 14n3 4 19n? + 2n — 4}.
Patas(tey, ()N = AT (A 20 = 1A+ dn
4" {A2 = A(4n% — In +T) — 14n® 4 19n2 + 2n — 4}.

O

Theorem 4.4. Let ged(n, 3) = 1. Then characteristic polyno-
mial of the Minimum matrix offcpq(D ) is
()\+2n—1) ()\+4n—4) E
{2 = \(4n? —9n +6) — 10n3+
20n? — 14n + 4} when n is odd,
Prtin(Tuyy(Dn))(N) = S A7 (A4 20 — 1)L (A + 4n
—4)" A2 — A(4n2 — 9n + T)—
10n® + 16n? — 14n + 8} when n

is even.

-3

Proof. Case (i) gcd(n,3) = 1 and n is odd.
From Theorem 2.1, Minimum matrix,
, A Ay
Min(To (D) = 4 )
where A; is (n + 1) x (n 4+ 1) order matrix having all
diagonal elements 0 and non-diagonal elements 2n — 1. A is

(n + 1) x (n — 1) order matrix having all elements equal to
2n — 2.
Az = [a;k)(n—1)(n—1) Whose (j, k)" entry is
Oifj=k; orjisoddandk =j+1; orj
ajp = isevenand k = j — 1,

2n — 2 otherwise.

Min(Topg(Da)) — A1 = |1 M

M| ="

Ay
A,

As — A

On applying the following row and column operations:
1. Ri=R;,— Ryforall2<i<n+1
2.R,=R;,— R, qforalli=n+3,n+5,---,2n

(n+1)(n+1)s A(n+2)(n+2),

Structural Properties and Characteristic Polynomials of Cubic Power Graph of Dihedral Group

3.C1 = Cr+Ca+ -+ Chpa
4.C; = Ci+Ciyq foralln +2<i<2n—1
5. Extending along a2, 433, @44, - - - , A(nt1)(nt1)>

» A(2n)(2n)
n+1
2

A(n+3)(n+3)s G(n+5)(n+5)> " "
6. R = R;— Ryforalli=3,4,---,

7. CQ:CQ‘FO?)""FC%
We get,
|Min(Tepg(Dy)) — M| = X7 (A + 4n — 4) "2 (A + 2n —
1y A +n(2n—1) (4n — 4)(251)
(2n—2)(n+1) X+ (4n —4)(252)
IMin(Tepg(Dy)) — M| = ()\+4n 4)"7" (A 420 —
1)™{\2 — \(4n? — 9n +6) — 10n +20n2 — 14n +4}.

Hence, Ppfin(r.,,(D,) () = P ()\+4n 4" (A +2n—
1)"{A2 — A(4n? — 9n + 6) — 10n° + 20n2 — 14n + 4}.

Case (ii) gcd(3,n) = 1 and n is even.
From Theorem 2.1, Minimum matrix,
, A Ay
Min(Cepg(Dp)) = | 7
(o) = 4 )
where A; is (n + 2) X (n 4+ 2) order matrix having all
diagonal elements 0 and non-diagonal elements 2n — 1. Ay is

(n 4+ 2) x (n — 2) order matrix having all elements equal to
2n — 2.
Az = [a;)(n—2)(n—2) Whose (j, k)" entry is
Oifj=Fk; orjisoddandk =5+ 1; orj
ajp =4 isevenand k = j — 1,

2n — 2 otherwise.
A — AN
M| = AIQ

Az

Thus, |MZTL( cpg( )) A3 —

On applying the following row and column operations:
1. Ri=R;— Ryforall2<i<n+2
2.R,=R;,— R, qforalli=n+4,n4+6,---,2n
3. C; :>Ci+0i+1 foralln+3<7:1<2n -1
4.C1 = C1+Cy+ -4+ Chao
5. Extending along a2z, a33, @i, * , G(nt1)(nt1)s A(n+2)(n+2)>
A(n+4)(n+4)s A(n46)(n+6)s """ » A(2n)(2n)
6. R, = R, — Ryforalli =3,4,---,

[N

7.C=Co+C3+-+Cn
We get,

\Min( epg(Dn)) = M| = A"2° (A+2n— 1)L (A +4n —
4)71 4

A+ ( 2n—1)(n—|—1) (4n — 4)(252)

(2n — 2)(n +2) —A+(4n—4)(”7*4)
Min(Tepy(Dy)) — M| = N7 ()\+2n— D" (A +4n —
)" {A2 = A(4n? — 9n +7) — 10n® + 16n2 — 14n + 8}

Hence, PMin(Fcpg(Dn))()‘) = o ()\ + 2n — 1)7L+1()\ +

4n—4)"2 A(4n? —9n+7) — 100> +16n% — 14n +8}.
O

Theorem 4.5. Let gcd(n,3) = 1. Then characteristic

polynomial of the Greatest common divisor degree matrix of
Tepg(Dy) is
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n—1

A2

n

(A+4n —4)

19n? — 6n + 1} when n is odd,

n—2

PGeDD(Tapy (D0))(A) =

3n? + 18n — 4} when n is even.

Proof. Case (i) ged(n,3) = 1 and n is odd.
From Theorem 2.1, Greatest common divisor degree matrix,
A Ao

GODD(Cay(D.) = 4 4]
where A; is (n + 1) X (n + 1) order matrix having all
diagonal elements 0 and non-diagonal elements 2n — 1. A, is
(n+1) x (n — 1) order matrix having all elements equal to 1.
Az = [a;k](n—1)(n—1) Whose (j, k)" entry is

Oifj=k; orjisoddandk =5+ 1; orj
ajp =4 isevenand k = j — 1,
2n — 2 otherwise.
A — M

A

Ay

|GCDD(Tpy(D,)) — M| = Ay — M

On applying the following row and column operations:
l.R; = R; — Ry forall2<i<n+1
2.Ri= R, —R,_i foralln+3<i<2n
330001+ 0o+ +Chpa
4.C; = C; +Ciyq foralln +2<i<2n—1
5. Extending along a3, ass, G4, - -
Q(n+5)(n+5)s """ > 4(2n)(2n)
6. Ri = R; — Ry foralli =3,4,--- ’nTH
We get,

y A(n4-1)(n+1)s (n+3)(n+3)»

|GCDD(T epy(Dy)) — M| = A2 (A + 4n — 4)"= (A +
_ _ n—1
on _ 1yn [ AR =1) 2(n=1)

nt 1 At (dn 2 d)(ns2)

2

|GODD(T g (D)) — M| = X7 (A + 4n — 4)™ (A +

2n—1)"{A\? = \(4n? —9n+6)+4n* —18n3+19n? —6n+1}.
n—1 n—3

PGCDD(FCPQ(Dn))(A) = /\T()\ + 4n — 4)7()\ + 2n —

D™{A% — A(4n? — 9n + 6) + 4n* — 18n3 + 19n2 — 6n + 1}.

Case (ii) gcd(3,n) = 1 and n is even.
Using Theorem 2.1, we get Greatest common divisor degree
matrix,
A As
DD(Tepg(Dy)) =1
GODD(Ty(D.)) = 4 ]
where A; is (n + 2) x (n + 2) order matrix having all
diagonal elements 0 and non-diagonal elements 2n — 1. A is
(n+2) x (n — 2) order matrix having all elements equal to 1.
Az = [a;)(n—2)(n—2) whose (j, k)" entry is
Oifj=k; orjisoddandk=j+1; orj
ajr, = isevenand k = j — 1,
2n — 2 otherwise.

s GODDE o)1~ [P B

On applying the following row and column operations:

{A2 = \(4n? —9n +7) +4n* — 18n%’¢l+2)(n+2),a

103

= (A+2n—1)"%. R; = R; — Ry forall2 <i < n +2
{22 = \(4n% — 9n + 6) 4 4n* — 18n24 i = Ri — Riy foralli =n+4,n+6,---,2n

3.C;=C;+Ciypforaln+3<i<2n-—1

b Ci= O 4 CotoeetChy
N (A4 2 — 1)L (A + 4n — 4) S gt = O T Ot Gy

5. Extending along agy, ass, aus, - - At 1)(nt1)s
(n+4)(n+4)s A(n+6)(n+6)s " " * 1 &(2n)(2n)
6. R = R; — Ryforalli=3,4,---,
7. CQZ>CQ+03+...+C%

We get,

|GCDD(T py(Dr)) — M| = AT
Nea A+ (2n—-1)(n+1)

VI3

A +2n—1)" (A +4n —
2("3%)

n+2 —A+ (4n — 4)(252)
‘GCDD(FCPQ(Dn)) _ )\I‘ _ A?L;Q ()\ +on— 1)n+1()\ +
An—4)"7" (X = A(4n? —9n-+7)+4n" ~18n° +3n + 18n -4}

Paepp(re,, (D) (N) = A7 (A +2n — )" (A + 4n —
4" {A2 = \4n2 — 9n+7) 4 4n* — 18n3 + 3n2 + 18n — 4}
when n is even natural number.

O

5 Conclusions

Cubic power graph of D,,, ¢, (D), ) is planar if and only if
n € {1, 2} and Hamiltonian for n € N\ {1}. 'c,4(D,,) is not
an Eulerian graph. Chromatic polynomial of almost complete
graphs and I'.,,4 (D), ) is calculated. Characteristic polynomials
of Laplacian, signless Laplacian, Minimum, Maximum, Great-
est common divisor degree matrices of I'.,,4(D,,) are also cal-
culated.
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