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Abstract Cubic power graph of dihedral group Dn having
order 2n and identity element e, Γcpg(Dn) is a finite, simple,
undirected graph for which two different vertices d1, d2 ∈ Dn

are adjacent if and only if d1d2 = d3 or d2d1 = d3 for some
d ∈ Dn with d3 ̸= e. In this research, conditions on n under
which Γcpg(Dn) is planar, are calculated. Also conditions
on n under which Γcpg(Dn) is Hamiltonian, are calculated.
It is also shown that Γcpg(Dn) is not an Eulerian graph. A
polynomial that counts how many different ways there are
to color a graph with a specific number of colors is called
a chromatic polynomial. We have calculated the chromatic
polynomial of Γcpg(Dn) when gcd(n, 3) = 1. Also chromatic
polynomial of almost complete graph obtained by deleting
k number of non-adjacent edges is obtained. Spectral graph
theory is a branch of mathematics that examines a graph’s
characteristics in relation to its characteristic polynomial,
eigenvalues, and eigenvectors of related matrices, such as its
adjacency matrix, Laplacian matrix or degree based matrices.
Characteristic polynomials of degree based matrices such
as Laplacian matrix, Signless Laplacian matrix, Maximum
matrix, Minimum matrix and Greatest common divisor degree
matrix of Γcpg(Dn) when gcd(n, 3) = 1.

Keywords Cubic Power Graph, Dihedral Group, Planar,
Hamiltonian, Eulerian, Chromatic Polynomial, Degree of A
Vertex Based Matrices

1 Introduction

Recently various graphs have been introduced and studied
in association with finite groups. Some of them are Power
graph, Square power graph, Cubic power graph, Equal-square
graph, kth−power graph, commuting graph etc. Recently var-
ious structural properties, topological indices and character-
istics polynomials of Cubic power graph [1, 2], Commuting
graph [3], Power graph [4], Square power graph [5, 6] and
Equal-square graph [7] are studied.

A connected graph is Eulerian graph if it has an Eulerian
circuit i.e a closed walk around the connected graph that visits
each edge precisely once before returning to the beginning ver-
tex. Eulerain graph is always connected in which the degree
of each vertex must be even. A connected graph is Hamil-
tonian graph if it contains a Hamiltonian circuit i.e a closed
walk around the connected graph that visits each vertex pre-
cisely once except the beginning vertex. A planar graph is one
that can be drawn on a plane such that no edge crosses any
other edge i.e it can be drawn so that its edges only overlap at
their endpoints. While the whole bipartite graph Km,n is pla-
nar iff either m < 3 or n > 3, the complete graph Kn is planar
iff n < 5. Planar graphs have various applications in circuit
designing, geographic information systems, transportation net-
works, VLSI, network designing etc.
We have provided some fundamental definitions and outcomes
from previous researchs associated with graph theory in sec-
tion 2. In section 3, we have given conditions under which
Γcpg(Dn) is planar, Hamiltonian and Eulerian. Also chromatic
polynomial of Γcpg(Dn) is calculated in section 3. In section 4,
we have calculated characteristic polynomials of various matri-
ces based on the degree of vertices associated with Γcpg(Dn).
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2 Preliminaries
Let Dn = {ri, ris : 1 ≤ i ≤ n, rn = e, s2 = e, ris =

srn−i} be dihedral group of order 2n, X = {v : v ∈ Dn, v =
v−1} and R = {ri : 1 ≤ i ≤ n}. When 3 | n, let R

′
=

{e, r3, r6, · · · , rn−3}.

Theorem 2.1. [2] Let gcd(n, 3) = 1 and d1, d2, d ∈
V (Γcpg(Dn)). Then

(i) Γcpg(Dn) =

{
(n−1

2 )K2 ∪ (n+ 1)K1 if n is odd,
(n−2

2 )K2 ∪ (n+ 2)K1 if n is even.

(ii) degΓcpg (d) =

{
2n− 2 when d ∈ Dn \X,

2n− 1 when d ∈ X.

(iii) distance(d1, d2) =

{
1, d−1

1 ̸= d2,

2, d−1
1 = d2 ̸= d1.

Theorem 2.2. [2] Let gcd(n, 3) = 3 and d ∈ V (Γcpg(Dn)).
Then

(i) Γcpg(Dn) =



K3,3 if n = 3,

[3K2] + [3K2] if n = 6,

3Kn
3
+
[
(n−3

3 )−K 2n
3
∪ [K1 ∪ (n−3

6 )K2]
]

if n is odd other than 3,

3Kn
3
+
[
(n−3

3 )−K 2n
3
∪ [2K1 ∪ (n−6

6 )K2]
]

when n is even other than 6.

(ii) degΓcpg (d) =

{(
4n−3

3

)
when d ∈ X ∪R \R′

,(
4n−6

3

)
when d ∈ R

′ \X.

Theorem 2.3 (Ore’s Theorem). [8] Let Γ be a simple and fi-
nite graph having vertices n ≥ 3 and the degree of vertex
d is denoted by degΓ(d). Then, Ore’s theorem states that if
degΓ(d1) + degΓ(d2) ≥ n for every pair of different non-
adjacent vertices d1 and d2 of Γ, then Γ is Hamiltonian graph.

Definition 2.1.[9] The diagonal matrix of vertex degrees
of Γcpg(Dn), D(Γcpg(Dn)) = [diajk]2n×2n whose (j, k)th

entry is

diajk =

{
degΓcpg(Dn)(dj), if j = k and they are adjacent
0, otherwise.

Definition 2.2.[9] The adjacency matrix of Γcpg(Dn), de-
noted by A(Γcpg(Dn)) = [adjjk]2n×2n whose (j, k)th entry is

adjjk =

{
1, if dk ̸= dj and they are adjacent
0, otherwise.

Definition 2.3.[9] The Laplacian matrix of Γcpg(Dn) is
L(Γcpg(Dn)) = D(Γcpg(Dn))−A(Γcpg(Dn)).

Definition 2.4.[9] The Signless Laplacian matrix of
Γcpg(Dn) is SL(Γcpg(Dn)) = D(Γcpg(Dn))+A(Γcpg(Dn)).

Definition 2.5.[10] The Maximum matrix of Γcpg(Dn) is
Max(Γcpg(Dn)) = [maxjk]2n×2n whose (j, k)th entry is

maxjk =


max{degΓcpg(Dn)(dj), degΓcpg(Dn)(dk)},
if dj ̸= dk and they are adjacent
0, otherwise.

Definition 2.6.[11] The Minimum matrix of Γcpg(Dn) is
Min(Γcpg(Dn)) = [minjk]2n×2n whose (j, k)th entry is

minjk =


min{degΓcpg(Dn)(dj), degΓcpg(Dn)(dk)},
if dj ̸= dk and they are adjacent
0, otherwise.

Definition 2.7.[12] The Greatest common divisor degree
matrix of Γcpg(Dn) is GCDD(Γcpg(Dn)) = [gij ]2n×2n

whose (j, k)th entry is

gjk =


g.c.d{degΓcpg(Dn)(dj), degΓcpg(Dn)(dk)},
if dj ̸= dk and they are adjacent
0, otherwise.

3 Structural Properties
Theorem 3.1. Γcpg(Dn) is planar iff n ∈ {1, 2}.

Proof. Case 1. n = 1
From Theorem 2.1, Γcpg(Dn) = 2K1 = K2. Thus Γcpg(Dn)
is planar if n is one.
Case 2. n = 2
From Theorem 2.1, Γcpg(Dn) = 4K1 = K4. Thus Γcpg(Dn)
is planar if n.is two.
Case 3. gcd(3, n) = 1 and n = 2m+ 1 for m ∈ N
Using Theorem 2.1, we get Γcpg(Dn) =

(n−1
2 )K2 ∪ (n+ 1)K1. In this case, the minimum pos-

sible value of n is 5. So K5 is subgraph of Γcpg(Dn). Thus
Γcpg(Dn) is non-planar.
Case 4. gcd(3, n) = 1 and n = 2m for m ∈ N \ 1
Fro Theorem 2.1, we get Γcpg(Dn) = (n−2

2 )K2 ∪ (n+ 2)K1.
In this case, the minimum possible value of n is 4. So K5 is
subgraph of Γcpg(Dn). Thus Γcpg(Dn) is non-planar.
Case 5. n ∈ {3, 6}
Using Theorem 2.1, we get Γcpg(Dn) = K3,3 for n = 3 and
for n = 6, Γcpg(Dn) = [3K2] + [3K2] having subgraph K3,3.
Thus Γcpg(Dn) is non-planar.
Case 6. n = 3m for m ∈ N \ {1, 2}
For odd values of n, Γcpg(Dn) = 3Kn

3
+[

(n−3
3 )−K 2n

3
∪ [K1 ∪ (n−3

6 )K2]
]

whereas for even values of n, Γcpg(Dn) = 3Kn
3

+[
(n−3

3 )−K 2n
3
∪ [2K1 ∪ (n−6

6 )K2]
]
. In this case, the min-

imum possible odd value of n is 9 and even value of n is
12. Γcpg(Dn) has K5 as well as K3,3 as its subgraph. Thus
Γcpg(Dn) is non-planar.

Hence Γcpg(Dn) is planar iff n ∈ {1, 2}.

Theorem 3.2. Γcpg(Dn) is Hamiltonian graph for n ≥ 2.

Proof. Case 1. n = 1
From Theorem 2.1, Γcpg(Dn) = K2. As there is no cycle in
Γcpg(Dn), so it is not Hamiltonian graph.
Case 2. gcd(n, 3) = 1 and n ̸= 1
From Theorem 2.1, for each pair of non-adjacent dis-
tinct vertices d1, d2 in Γcpg(Dn), degree of both d1 and
d2 vertices is 2n − 2. Thus for each pair of different
non-adjacent vertices d1 and d2 of Γcpg(Dn), we have
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degΓcpg(Dn)(d1) + degΓcpg(Dn)(d2) = (2n− 2)+ (2n− 2) =
4n− 4 ≥ 2n. Thus using Theorem 2.3, Γcpg(Dn) is Hamilto-
nian graph.
Case 3. n = 3
In this case, Γcpg(Dn) = K3,3 by using Theorem 2.2. So for
each pair of non-adjacent distinct vertices d1, d2 in Γcpg(Dn),
degree of both vertices is 3. Thus for each pair of different
non-adjacent vertices d1 and d2 of Γcpg(Dn), we have
degΓcpg(Dn)(d1) + degΓcpg(Dn)(d2) = 3 + 3 = 6 =number of
vertices in Γcpg(Dn). Thus using Theorem 2.3, Γcpg(Dn) is
Hamiltonian graph.
Case 4. n = 6
In this case, Γcpg(Dn) = [3K2] + [3K2] by using Theorem
2.2. So for each pair of non-adjacent distinct vertices d1, d2
in Γcpg(Dn), degree of both vertices is 7. Thus for each pair
of different non-adjacent vertices d1 and d2 of Γcpg(Dn), we
have degΓcpg(Dn)(d1) + degΓcpg(Dn)(d2) = 7 + 7 = 14 ≥ 12.
Thus by using Theorem 2.3, Γcpg(Dn) is Hamiltonian graph.
Case 5. n = 3m and m ∈ N \ {1, 2}
From Theorem 2.2, there are three types of pairs of
non-adjacent distinct vertices. First type of pair of ver-
tices have ( 4n−3

3 ) degree of vertex on both ends and so
( 4n−3

3 ) + ( 4n−3
3 ) = 8n−6

3 ≥ 2n. Second type of pairs
of vertices have ( 4n−6

3 ) degree of vertex on both ends
and so ( 4n−6

3 ) + (4n−6
3 ) = 8n−12

3 ≥ 2n. Third type
of pairs of vertices have ( 4n−3

3 ) degree of vertex on one
end and ( 4n−6

3 ) degree of vertex on another end and so
( 4n−3

3 ) + (4n−6
3 ) = 8n−9

3 ≥ 2n. Thus by using Theorem 2.3,
Γcpg(Dn) is Hamiltonian graph.

Hence Γcpg(Dn) is Hamiltonian graph for n ≥ 2.

Theorem 3.3. Γcpg(Dn) is not an Eulerian graph.

Proof. Case 1. gcd(n, 3) = 1
From Theorem 2.1, degree of vertex x ∈ Γcpg(Dn) is
degΓcpg(Dn)(d) = 2n − 2 when d ∈ Dn \ X and for d ∈ X ,
degΓcpg(Dn)(d) = 2n − 1. Also |Dn \ X| ̸= 0 ̸= |X|. So
irrespective of n is odd or even, Γcpg(Dn) have both even and
odd degrees of vertices. As Γcpg(Dn) having vertices with
odd degree so Γcpg(Dn) is not an Eulerian graph.
Case 2. n = 3
Γcpg(Dn) = K3,3 by using Theorem 2.2, having degree of
every vertex 3. As Γcpg(Dn) having vertices with odd degree
so Γcpg(Dn) is not an Eulerian graph.
Case 3. n = 6
In this case, Γcpg(Dn) = [3K2] + [3K2] by using Theorem
2.2. So every vertex of Γcpg(Dn) have degree 7. As Γcpg(Dn)
having vertices with odd degree so Γcpg(Dn) is not an Eulerian
graph.
Case 4. n = 3m and m ∈ N \ {1, 2}
From Theorem 2.2, Γcpg(Dn) having vertices with degree
4n−3

3 = 4m − 1 and 4n−6
3 = 4m − 2. Thus Γcpg(Dn) have

vertices with odd degree so Γcpg(Dn) is not an Eulerian graph.

Hence Γcpg(Dn) is not an Eulerian graph.

Theorem 3.4. Let K2n be a complete graph having 2n ver-
tices. Then chromatic polynomial of almost complete graph

K2n − ∪r
j=1ej , obtained by deleting r non-adjacent edges is

P (K2n − ∪r
j=1ej , λ) =

∑r
i=0

(
r
i

)
P (K2n−i, λ), where r ≤ n.

Proof. Let K2n be a complete graph with 2n vertices and
K2n − ∪r

j=1ej be almost complete graph obtained by deleting
r non-adjacent edges, where r ≤ n.
For r = 1, P (K2n−∪1

j=1ej , λ) = P (K2n−e1, λ). Using [13,
Theorem 8.6], P (K2n − e1, λ) = P (K2n, λ) + P (K2n−1, λ).
Thus, P (K2n − ∪r

j=1ej , λ) =
∑r

i=0

(
r
i

)
P (K2n−i, λ) is true

for r = 1.
Now let for r = r

′
, P (K2n − ∪r

′

j=1ej , λ) =∑r
′

i=0

(
r
′

i

)
P (K2n−i, λ) is true.

Now, for r = r
′
+ 1, P (K2n − ∪r

′
+1

j=1 ej , λ) =

P (K2n − ∪r
′

j=1ej − er′+1, λ). Using [13, Theorem 8.6],

P (K2n − ∪r
′

j=1ej − er′+1, λ) = P (K2n − ∪r
′

j=1ej , λ) +

P (K2n−1 − ∪r
′

j=1ej , λ). Now by using above result (at
r = r

′
), we get

P (K2n − ∪r
′
+1

j=1 ej , λ) =
∑r

′

i=0

(
r
′

i

)
P (K2n−i, λ) +∑r

′

i=0

(
r
′

i

)
P (K2n−1−i, λ)

=
∑r

′

i=0

(
r
′

i

)
P (K2n−i, λ) +

∑r
′
+1

i=1

(
r
′

i−1

)
P (K2n−i, λ)

=
(
r
′

0

)
P (K2n, λ) +

∑r
′

i=1[
(
r
′

i

)
+

(
r
′

i−1

)
]P (K2n−i, λ) +(

r
′

r′
)
P (K2n−r′−1, λ)

=
(
r
′
+1
0

)
P (K2n, λ) +

∑r
′

i=1

(
r
′
+1
i

)
P (K2n−i, λ) +(r′+1

r′+1

)
P (K2n−r′−1, λ)

=
∑r

′
+1

i=0

(
r
′
+1
i

)
P (K2n−i, λ). Thus, P (K2n − ∪r

′
+1

j=1 ej , λ) =∑r
′
+1

i=0

(
r
′
+1
i

)
P (K2n−i, λ).

Hence, P (K2n − ∪r
j=1ej , λ) =

∑r
i=0

(
r
i

)
P (K2n−i, λ).

Theorem 3.5. For gcd(n, 3) = 1, chromatic polynomial of
Γcpg(Dn) is

P (Γcpg(Dn), λ) =



P (K2, λ), n = 1

P (K4, λ), n = 2∑n−1
2

i=0

(n−1
2
i

)
P (K2n−i, λ),

n is odd number other then 1∑n−2
2

i=0

(n−2
2
i

)
P (K2n−i, λ),

n is even number other then 2

Proof. Let gcd(n, 3) = 1.
Case 1. n = 1:
From Theorem 2.1, Γcpg(D1) = 2K1 = K2. Thus,
P (Γcpg(Dn), λ) = P (K2, λ) when n = 2.
Case 2. n = 2:
From Theorem 2.1, Γcpg(D2) = 4K1 = K4. Thus,
P (Γcpg(Dn), λ) = P (K4, λ) when n = 4.
Case 3. n is odd other then 1:
Using Theorem 2.1, Γcpg(Dn) = (n−1

2 )K2 ∪ (n+ 1)K1 in
which all the pairs of vertices which are not adjacent are of
type (x, x−1), as xx−1 = e. So, all such pairs of ver-
tices have no common vertex and so can be obtained by
deleting non-adjacent (n−1

2 ) edges from complete graph K2n

having vertex set Dn and deleted edges are such that if x
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is on one end of edge then x−1(̸= x) is at another end.

Thus, Γcpg(Dn) ∼= K2n − ∪
n−1
2

j=1 ej . So, P (Γcpg(Dn), λ) =

P (K2n − ∪
n−1
2

j=1 ej , λ). Now from Theorem 3.4, we have

P (K2n − ∪
n−1
2

j=1 ej , λ) =
∑n−1

2
i=0

(n−1
2
i

)
P (K2n−i, λ). Hence

P (Γcpg(Dn), λ) =
∑n−1

2
i=0

(n−1
2
i

)
P (K2n−i, λ).

Case 4. n is even other then 2:
From Theorem 2.1, Γcpg(Dn) = (n−2

2 )K2 ∪ (n+ 2)K1 in
which all the pairs of vertices which are not adjacent are of
type (x, x−1), as xx−1 = e. So, all such pairs of ver-
tices have no common vertex and so can be obtained by
deleting non-adjacent (n−2

2 ) edges from complete graph K2n

having vertex set Dn and deleted edges are such that if x
is on one end of edge then x−1(̸= x) is at another end.

Thus, Γcpg(Dn) ∼= K2n − ∪
n−2
2

j=1 ej . So, P (Γcpg(Dn), λ) =

P (K2n − ∪
n−2
2

j=1 ej , λ). Now from Theorem 3.4, we have

P (K2n − ∪
n−2
2

j=1 ej , λ) =
∑n−2

2
i=0

(n−2
2
i

)
P (K2n−i, λ). Hence

P (Γcpg(Dn), λ) =
∑n−2

2
i=0

(n−2
2
i

)
P (K2n−i, λ).

4 Characteristic Polynomials of
Degree-based Matrices

Theorem 4.1. Let Γcpg(Dn) be Cubic power graph of dihedral
group Dn of order 2n and gcd(n, 3) = 1. Then Laplacian
polynomial of Γcpg(Dn) is

⊖(Γcpg(Dn), λ) =


λ(λ− 2n+ 2)

n−1
2 (λ− 2n)

3n−1
2

when n is odd natural number,
λ(λ− 2n+ 2)

n−2
2 (λ− 2n)

3n
2

when n is even natural number.

Proof. Case (i) gcd(n, 3) = 1 and n is odd.
Using Theorem 2.1, we get Laplacian matrix,

L =

[
A1 A2

A
′

2 A3

]
where A1 is (n+1)× (n+1) order matrix having all diagonal
elements 2n − 1 and non-diagonal elements −1. A2 is (n +
1)× (n− 1) order matrix having all elements equal to −1.

A3 =


2n− 2 0 · · · −1 −1

0 2n− 2 · · · −1 −1
...

...
. . .

...
...

−1 −1 · · · 2n− 2 0
−1 −1 · · · 0 2n− 2


(n−1)

Thus, |L− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:

1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 1.
2. Ri ⇒ Ri −Ri−1 for all n+ 3 ≤ i ≤ 2n.
3. Ci ⇒ Ci + Ci+1 for all n+ 2 ≤ i ≤ 2n− 1.
4. C1 ⇒ C1 + C2 + · · ·+ Cn+1.
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1),
a(n+3)(n+3), a(n+5)(n+5), · · · , a(2n)(2n).

6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n+1
2 .

7. C2 ⇒ C2 + C3 + · · ·+ Cn+1
2

.
We get,
|L − λI| = (2n − λ)n(2n − 2 − λ)

n−1
2 (2n −

λ)
n−3
2

∣∣∣∣n− 1− λ 1− n
−(n+ 1) n− λ+ 1

∣∣∣∣
|L− λI| = λ(λ− 2n+ 2)

n−1
2 (λ− 2n)

3n−1
2 .

Hence ⊖(Γcpg(Dn), λ) = λ(λ− 2n+ 2)
n−1
2 (λ− 2n)

3n−1
2 .

Case (ii) gcd(n, 3) = 1 and n is even.
Using Theorem 2.1, we get Laplacian matrix,

L =

[
A1 A2

A
′

2 A3

]
where A1 is (n+2)× (n+2) order matrix having all diagonal
elements 2n − 1 and non-diagonal elements −1. A2 is (n +
2)× (n− 2) order matrix having all elements equal to −1.

A3 =


2n− 2 0 · · · −1 −1

0 2n− 2 · · · −1 −1
...

...
. . .

...
...

−1 −1 · · · 2n− 2 0
−1 −1 · · · 0 2n− 2


(n−2)

Thus, |L− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:
1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 2.
2. Ri ⇒ Ri −Ri−1 for all i = n+ 4, n+ 6, · · · , 2n.
3. Ci ⇒ Ci + Ci+1 for all n+ 3 ≤ i ≤ 2n− 1.
4. C1 ⇒ C1 + C2 + · · ·+ Cn+2.
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1),
a(n+2)(n+2), a(n+4)(n+4), a(n+6)(n+6), · · · , a(2n)(2n).
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n

2 .
7. C2 ⇒ C2 + C3 + · · ·+ Cn

2
.

We get,
|L − λI| = (2n − λ)n+1(2n − 2 − λ)

n−2
2 (2n −

λ)
n−4
2

∣∣∣∣n− 2− λ 2− n
−(n+ 2) n− λ+ 2

∣∣∣∣
|L− λI| = λ(λ− 2n+ 2)

n−2
2 (λ− 2n)

3n
2 .

Hence ⊖(Γcpg(Dn), λ) = λ(λ − 2n + 2)
n−2
2 (λ − 2n)

3n
2

when n is even natural number.

Theorem 4.2. Let gcd(3, n) = 1. Then Signless Laplacian
polynomial of Γcpg(Dn) is

Q(Γcpg(Dn), λ) =


(λ− 2n+ 2)

3n−1
2 (λ− 2n+ 4)

n−3
2 {λ2+

6λ(1− n) + 8n2 − 18n+ 6} when n is odd,
(λ− 2n+ 2)

3n
2 (λ− 2n+ 4)

n−4
2 {λ2+

6λ(1− n) + 8n2 − 18n+ 4} when n is even.

Proof. Case (i) gcd(n, 3) = 1 and n is odd.
From Theorem 2.1, Signless Laplacian matrix,

SL =

[
A1 A2

A
′

2 A3

]
where A1 is (n+1)×(n+1) order matrix having all diagonal

elements 2n− 1 and non-diagonal elements 1. A2 is (n+1)×
(n− 1) order matrix having all elements equal to 1.
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A3 =


2n− 2 0 · · · 1 1

0 2n− 2 · · · 1 1
...

...
. . .

...
...

1 1 · · · 2n− 2 0
1 1 · · · 0 2n− 2


(n−1)

Thus, |SL− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:
1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 1.
2. Ri ⇒ Ri −Ri−1 for all n+ 3 ≤ i ≤ 2n.
3. Ci ⇒ Ci + Ci+1 for all n+ 2 ≤ i ≤ 2n− 1.
4. C1 ⇒ C1 + C2 + · · ·+ Cn+1.
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1), a(n+3)(n+3),
a(n+5)(n+5), · · · , a(2n)(2n).
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n+1

2 .
7. C2 ⇒ C2 + C3 + · · ·+ Cn+1

2
.

|SL − λI| = (−1)
3n−1

2 (λ − 2n + 2)
3n−1

2 (2n − 4 −

λ)
n−3
2

∣∣∣∣3n− 1− λ n− 1
n+ 1 3n− 5− λ

∣∣∣∣
|SL − λI| = (−1)

3n−1
2 (λ − 2n + 2)

3n−1
2 (2n − 4 −

λ)
n−3
2 {λ2 + 6λ(1− n) + 8n2 − 18n+ 6}

Hence Q(Γcpg(Dn), λ) = (λ − 2n + 2)
3n−1

2 (λ − 2n +

4)
n−3
2 {λ2 + 6λ(1− n) + 8n2 − 18n+ 6}.

Case (ii) gcd(n, 3) = 1 and n is even.
From Theorem 2.1, Signless Laplacian matrix,

SL =

[
A1 A2

A
′

2 A3

]
where A1 is (n+2)× (n+2) order matrix having all diagonal
elements 2n− 1 and non-diagonal elements 1. A2 is (n+2)×
(n− 2) order matrix having all elements equal to 1.

A3 =


2n− 2 0 · · · 1 1

0 2n− 2 · · · 1 1
...

...
. . .

...
...

1 1 · · · 2n− 2 0
1 1 · · · 0 2n− 2


(n−2)

Thus, |SL− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:
1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 2.
2. Ri ⇒ Ri −Ri−1 for all i = n+ 4, n+ 6, · · · , 2n.
3. Ci ⇒ Ci + Ci+1 for all n+ 3 ≤ i ≤ 2n− 1.
4. C1 ⇒ C1 + C2 + · · ·+ Cn+2.
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1),
a(n+2)(n+2), a(n+4)(n+4), a(n+6)(n+6), · · · , a(2n)(2n).
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n

2 .
7. C2 ⇒ C2 + C3 + · · ·+ Cn

2
.

|SL − λI| = (−1)
3n
2 (λ − 2n + 2)

3n
2 (2n − 4 −

λ)
n−4
2

∣∣∣∣3n− λ n− 2
n+ 2 3n− 6− λ

∣∣∣∣
|SL−λI| = (−1)

3n
2 (λ− 2n+2)

3n
2 (2n− 4−λ)

n−4
2 {λ2+

6λ(1− n) + 8n2 − 18n+ 4}.

Q(Γcpg(Dn), λ) = (λ− 2n+ 2)
3n
2 (λ− 2n+ 4)

n−4
2 {λ2 +

6λ(1−n)+8n2−18n+4} when n is even natural number.

Theorem 4.3. Let gcd(n, 3) = 1. Then characteristic polyno-
mial of the Maximum matrix of Γcpg(Dn) is

PMax(Γcpg(Dn))(λ) =



λ
n−1
2 (λ+ 2n− 1)n(λ+ 4n− 4)

n−3
2

{λ2 − λ(4n2 − 9n+ 6)− 14n3+

23n2 − 10n+ 1} when n is odd,
λ

n−2
2 (λ+ 2n− 1)n+1(λ+ 4n−

4)
n−4
2 {λ2 − λ(4n2 − 9n+ 7)−

14n3 + 19n2 + 2n− 4} when n

is even.

Proof. Case (i) gcd(n, 3) = 1 and n is odd.
From Theorem 2.1, Maximum matrix,

Max(Γcpg(Dn)) =

[
A1 A2

A
′

2 A3

]
where A1 is (n + 1) × (n + 1) order matrix having all
diagonal elements 0 and non-diagonal elements 2n − 1. A2 is
(n + 1) × (n − 1) order matrix having all elements equal to
2n− 1.
A3 = [ajk](n−1)(n−1) whose (j, k)th entry is

ajk =


0 if j = k; or j is odd and k = j + 1; or j
is even and k = j − 1,

2n− 2 otherwise.

|Max(Γcpg(Dn))− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:
1. Ri ⇒ Ri −R1 for all i = 2, 3, · · · , n+ 1
2. Ri ⇒ Ri −Ri−1 for all n+ 3 ≤ i ≤ 2n
3. C1 ⇒ C1 + C2 + · · ·+ Cn+1

4. Ci ⇒ Ci + Ci+1 for all n+ 2 ≤ i ≤ 2n− 1
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1),
a(n+3)(n+3), a(n+5)(n+5), · · · , a(2n)(2n)
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n+1

2
7. C2 ⇒ C2 + C3 + · · ·+ Cn+1

2

We get,
|Max(Γcpg(Dn)) − λI| = λ

n−1
2 (λ + 4n − 4)

n−3
2 (λ + 2n −

1)n
∣∣∣∣−λ+ n(2n− 1) (4n− 2)(n−1

2 )
(2n− 1)(n+ 1) −λ+ (4n− 4)(n−3

2 )

∣∣∣∣
|Max(Γcpg(Dn))−λI| = λ

n−1
2 (λ+4n−4)

n−3
2 (λ+2n−

1)n{λ2 − λ(4n2 − 9n+ 6)− 14n3 + 23n2 − 10n+ 1}

PMax(Γcpg(Dn))(λ) = λ
n−1
2 (λ + 4n − 4)

n−3
2 (λ + 2n −

1)n{λ2 − λ(4n2 − 9n+ 6)− 14n3 + 23n2 − 10n+ 1}.

Case (ii) gcd(n, 3) = 1 and n is even.
From Theorem 2.1, Maximum matrix,

Max(Γcpg(Dn)) =

[
A1 A2

A
′

2 A3

]
where A1 is (n+2)× (n+2) order matrix having all diagonal
elements 0 and non-diagonal elements 2n− 1. A2 is (n+2)×
(n− 2) order matrix having all elements equal to 2n− 1.
A3 = [ajk](n−2)(n−2) whose (j, k)th entry is
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ajk =


0 if j = k; or j is odd and k = j + 1; or j
is even and k = j − 1,

2n− 2 otherwise.

Thus, |Max(Γcpg(Dn))− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:

1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 2
2. Ri ⇒ Ri −Ri−1 for all i = n+ 4, n+ 6, · · · , 2n
3. Ci ⇒ Ci + Ci+1 for all n+ 3 ≤ i ≤ 2n− 1
4. C1 ⇒ C1 + C2 + · · ·+ Cn+2

5. Extending along a22, a33, a44, · · · , a(n+1)(n+1), a(n+2)(n+2),
a(n+4)(n+4), a(n+6)(n+6), · · · , a(2n)(2n)
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n

2
7. C2 ⇒ C2 + C3 + · · ·+ Cn

2

We get,
|Max(Γcpg(Dn)) − λI| = λ

n−2
2 (λ + 2n − 1)n+1(λ + 4n −

4)
n−4
2 ×∣∣∣∣−λ+ (2n− 1)(n+ 1) (4n− 2)(n−2

2 )
(2n− 1)(n+ 2) −λ+ (4n− 4)(n−4

2 )

∣∣∣∣
|Max(Γcpg(Dn))−λI| = λ

n−2
2 (λ+2n−1)n+1(λ+4n−

4)
n−4
2 {λ2 − λ(4n2 − 9n+ 7)− 14n3 + 19n2 + 2n− 4}.

PMax(Γcpg(Dn))(λ) = λ
n−2
2 (λ + 2n − 1)n+1(λ + 4n −

4)
n−4
2 {λ2 − λ(4n2 − 9n+ 7)− 14n3 + 19n2 + 2n− 4}.

Theorem 4.4. Let gcd(n, 3) = 1. Then characteristic polyno-
mial of the Minimum matrix of Γcpg(Dn) is

PMin(Γcpg(Dn))(λ) =



λ
n−1
2 (λ+ 2n− 1)n(λ+ 4n− 4)

n−3
2

{λ2 − λ(4n2 − 9n+ 6)− 10n3+

20n2 − 14n+ 4} when n is odd,
λ

n−2
2 (λ+ 2n− 1)n+1(λ+ 4n

−4)
n−4
2 {λ2 − λ(4n2 − 9n+ 7)−

10n3 + 16n2 − 14n+ 8} when n

is even.

Proof. Case (i) gcd(n, 3) = 1 and n is odd.
From Theorem 2.1, Minimum matrix,

Min(Γcpg(Dn)) =

[
A1 A2

A
′

2 A3

]
where A1 is (n + 1) × (n + 1) order matrix having all
diagonal elements 0 and non-diagonal elements 2n − 1. A2 is
(n + 1) × (n − 1) order matrix having all elements equal to
2n− 2.
A3 = [ajk](n−1)(n−1) whose (j, k)th entry is

ajk =


0 if j = k; or j is odd and k = j + 1; or j
is even and k = j − 1,

2n− 2 otherwise.

|Min(Γcpg(Dn))− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:

1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 1
2. Ri ⇒ Ri −Ri−1 for all i = n+ 3, n+ 5, · · · , 2n

3. C1 ⇒ C1 + C2 + · · ·+ Cn+1

4. Ci ⇒ Ci + Ci+1 for all n+ 2 ≤ i ≤ 2n− 1
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1),
a(n+3)(n+3), a(n+5)(n+5), · · · , a(2n)(2n)
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n+1

2
7. C2 ⇒ C2 + C3 + · · ·+ Cn+1

2

We get,
|Min(Γcpg(Dn)) − λI| = λ

n−1
2 (λ + 4n − 4)

n−3
2 (λ + 2n −

1)n
∣∣∣∣−λ+ n(2n− 1) (4n− 4)(n−1

2 )
(2n− 2)(n+ 1) −λ+ (4n− 4)(n−3

2 )

∣∣∣∣
|Min(Γcpg(Dn))−λI| = λ

n−1
2 (λ+4n− 4)

n−3
2 (λ+2n−

1)n{λ2 − λ(4n2 − 9n+ 6)− 10n3 + 20n2 − 14n+ 4}.
Hence, PMin(Γcpg(Dn))(λ) = λ

n−1
2 (λ+4n−4)

n−3
2 (λ+2n−

1)n{λ2 − λ(4n2 − 9n+ 6)− 10n3 + 20n2 − 14n+ 4}.

Case (ii) gcd(3, n) = 1 and n is even.
From Theorem 2.1, Minimum matrix,

Min(Γcpg(Dn)) =

[
A1 A2

A
′

2 A3

]
where A1 is (n + 2) × (n + 2) order matrix having all
diagonal elements 0 and non-diagonal elements 2n − 1. A2 is
(n + 2) × (n − 2) order matrix having all elements equal to
2n− 2.
A3 = [ajk](n−2)(n−2) whose (j, k)th entry is

ajk =


0 if j = k; or j is odd and k = j + 1; or j
is even and k = j − 1,

2n− 2 otherwise.

Thus, |Min(Γcpg(Dn))− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:

1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 2
2. Ri ⇒ Ri −Ri−1 for all i = n+ 4, n+ 6, · · · , 2n
3. Ci ⇒ Ci + Ci+1 for all n+ 3 ≤ i ≤ 2n− 1
4. C1 ⇒ C1 + C2 + · · ·+ Cn+2

5. Extending along a22, a33, a44, · · · , a(n+1)(n+1), a(n+2)(n+2),
a(n+4)(n+4), a(n+6)(n+6), · · · , a(2n)(2n)
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n

2
7. C2 ⇒ C2 + C3 + · · ·+ Cn

2

We get,

|Min(Γcpg(Dn))−λI| = λ
n−2
2 (λ+2n− 1)n+1(λ+4n−

4)
n−4
2 ×∣∣∣∣−λ+ (2n− 1)(n+ 1) (4n− 4)(n−2

2 )
(2n− 2)(n+ 2) −λ+ (4n− 4)(n−4

2 )

∣∣∣∣
|Min(Γcpg(Dn))−λI| = λ

n−2
2 (λ+2n− 1)n+1(λ+4n−

4)
n−4
2 {λ2 − λ(4n2 − 9n+ 7)− 10n3 + 16n2 − 14n+ 8}

Hence, PMin(Γcpg(Dn))(λ) = λ
n−2
2 (λ + 2n − 1)n+1(λ +

4n−4)
n−4
2 {λ2−λ(4n2−9n+7)−10n3+16n2−14n+8}.

Theorem 4.5. Let gcd(n, 3) = 1. Then characteristic
polynomial of the Greatest common divisor degree matrix of
Γcpg(Dn) is
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PGCDD(Γcpg(Dn))(λ) =



λ
n−1
2 (λ+ 4n− 4)

n−3
2 (λ+ 2n− 1)n×

{λ2 − λ(4n2 − 9n+ 6) + 4n4 − 18n3+

19n2 − 6n+ 1} when n is odd,
λ

n−2
2 (λ+ 2n− 1)n+1(λ+ 4n− 4)

n−4
2 ×

{λ2 − λ(4n2 − 9n+ 7) + 4n4 − 18n3+

3n2 + 18n− 4} when n is even.

Proof. Case (i) gcd(n, 3) = 1 and n is odd.
From Theorem 2.1, Greatest common divisor degree matrix,

GCDD(Γcpg(Dn)) =

[
A1 A2

A
′

2 A3

]
where A1 is (n + 1) × (n + 1) order matrix having all
diagonal elements 0 and non-diagonal elements 2n − 1. A2 is
(n+ 1)× (n− 1) order matrix having all elements equal to 1.
A3 = [ajk](n−1)(n−1) whose (j, k)th entry is

ajk =


0 if j = k; or j is odd and k = j + 1; or j
is even and k = j − 1,

2n− 2 otherwise.

|GCDD(Γcpg(Dn))− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:

1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 1
2. Ri ⇒ Ri −Ri−1 for all n+ 3 ≤ i ≤ 2n
3. C1 ⇒ C1 + C2 + · · ·+ Cn+1

4. Ci ⇒ Ci + Ci+1 for all n+ 2 ≤ i ≤ 2n− 1
5. Extending along a22, a33, a44, · · · , a(n+1)(n+1), a(n+3)(n+3),
a(n+5)(n+5), · · · , a(2n)(2n)
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n+1

2
7. C2 ⇒ C2 + C3 + · · ·+ Cn+1

2

We get,

|GCDD(Γcpg(Dn)) − λI| = λ
n−1
2 (λ + 4n − 4)

n−3
2 (λ +

2n− 1)n
∣∣∣∣−λ+ n(2n− 1) 2(n−1

2 )
n+ 1 −λ+ (4n− 4)(n−3

2 )

∣∣∣∣
|GCDD(Γcpg(Dn)) − λI| = λ

n−1
2 (λ + 4n − 4)

n−3
2 (λ +

2n−1)n{λ2−λ(4n2−9n+6)+4n4−18n3+19n2−6n+1}.
PGCDD(Γcpg(Dn))(λ) = λ

n−1
2 (λ + 4n − 4)

n−3
2 (λ + 2n −

1)n{λ2 − λ(4n2 − 9n+ 6) + 4n4 − 18n3 + 19n2 − 6n+ 1}.

Case (ii) gcd(3, n) = 1 and n is even.
Using Theorem 2.1, we get Greatest common divisor degree
matrix,

GCDD(Γcpg(Dn)) =

[
A1 A2

A
′

2 A3

]
where A1 is (n + 2) × (n + 2) order matrix having all
diagonal elements 0 and non-diagonal elements 2n − 1. A2 is
(n+ 2)× (n− 2) order matrix having all elements equal to 1.
A3 = [ajk](n−2)(n−2) whose (j, k)th entry is

ajk =


0 if j = k; or j is odd and k = j + 1; or j
is even and k = j − 1,

2n− 2 otherwise.

Thus, |GCDD(Γcpg(Dn))− λI| =
∣∣∣∣A1 − λI A2

A
′

2 A3 − λI

∣∣∣∣
On applying the following row and column operations:

1. Ri ⇒ Ri −R1 for all 2 ≤ i ≤ n+ 2
2. Ri ⇒ Ri −Ri−1 for all i = n+ 4, n+ 6, · · · , 2n
3. Ci ⇒ Ci + Ci+1 for all n+ 3 ≤ i ≤ 2n− 1
4. C1 ⇒ C1 + C2 + · · ·+ Cn+2

5. Extending along a22, a33, a44, · · · , a(n+1)(n+1),
a(n+2)(n+2), a(n+4)(n+4), a(n+6)(n+6), · · · , a(2n)(2n)
6. Ri ⇒ Ri −R2 for all i = 3, 4, · · · , n

2
7. C2 ⇒ C2 + C3 + · · ·+ Cn

2

We get,
|GCDD(Γcpg(Dn))−λI| = λ

n−2
2 (λ+2n−1)n+1(λ+4n−

4)
n−4
2

∣∣∣∣−λ+ (2n− 1)(n+ 1) 2(n−2
2 )

n+ 2 −λ+ (4n− 4)(n−4
2 )

∣∣∣∣
|GCDD(Γcpg(Dn)) − λI| = λ

n−2
2 (λ + 2n − 1)n+1(λ +

4n−4)
n−4
2 {λ2−λ(4n2−9n+7)+4n4−18n3+3n2+18n−4}

PGCDD(Γcpg(Dn))(λ) = λ
n−2
2 (λ + 2n − 1)n+1(λ + 4n −

4)
n−4
2 {λ2−λ(4n2− 9n+7)+4n4− 18n3+3n2+18n− 4}

when n is even natural number.

5 Conclusions
Cubic power graph of Dn, Γcpg(Dn) is planar if and only if

n ∈ {1, 2} and Hamiltonian for n ∈ N \ {1}. Γcpg(Dn) is not
an Eulerian graph. Chromatic polynomial of almost complete
graphs and Γcpg(Dn) is calculated. Characteristic polynomials
of Laplacian, signless Laplacian, Minimum, Maximum, Great-
est common divisor degree matrices of Γcpg(Dn) are also cal-
culated.
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