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Abstract Differential equations with deviating arguments
serve as a fundamental cornerstone in mathematical modeling,
offering a robust framework for characterizing the dynamics of
various systems across multiple disciplines. Meanwhile, oscil-
latory theorems are essential in analyzing the intrinsic vibra-
tional patterns within dynamic systems, providing critical in-
sights into their stability and periodicity. This study focuses on
examining the behavior of half-linear second-order difference
equations of an unstable type when their arguments are altered
from the form

& (AG)(2 p(0))*) = n(0)p* (o).

Utilizing the summation averaging method alongside the gen-
eralized Riccati transformations, we initiate new properties of
monotonic to non-oscillatory solutions, enabling us to estab-
lish conditions that eliminate specific types of non-oscillatory
behavior.

These findings lead to novel oscillation criteria applicable
to second-order difference equations with both advanced and
delayed arguments. A key application of these results is
the analysis of the oscillatory nature of difference equations
arising in the Thomas—Fermi (T-F) model, a fundamental
equation in physics. The T-F equation represents the simplest
formulation for modeling the screened electrostatic Coulomb
potential around a highly charged nucleus and its surrounding
electron cloud. Beyond atomic physics, this equation finds
broad applicability across numerous physical domains. The
examples presented at the conclusion of this work illustrate the
enhanced results achieved, demonstrating improvements over

previously established findings.

Keywords Oscillation, Third-order, Neutral Differential
Equation, Mixed Nonlinearities

1 Introduction

This paper explores the asymptotic and oscillatory charac-
teristics of solutions to the half-linear second-order difference
equation given by

A (AG)(2 p())*) = n(0)p* (b)), b= bo.

We make the following assumptions:

(1.1)

(H1) The sequences {A(p)} and {p(b)} consist of positive real
numbers and a be expressed as the ratio of two positive
odd integers.

(Hz) The sequence [(Hz)] {o(b)} is strictly increasing, with
blim o(b) = oo.
—00

A solution to equation (1.1), is a real sequence {p(b)} de-
fined for b > by — inf o(b) and satisfying (1.1) for all b > by,
and fulfilling the condition sup {|p(s)|: s >b} > 0 for all
b > bo. Such a solution {p(b)} is termed oscillatory if,
for any by > by, there exist integers bg,b3 > by such that
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p(b2)p(bs) < 0; otherwise, it is referred to as nonoscillatory.
Throughout this study, we examine equation (1.1) in its canon-
ical form, which satisfies the condition

- Tt

s=bg

— 00 asbh — oo.

Difference equations frequently emerge in discrete data sets,
playing a crucial role in various fields such as applied math-
ematics, electrical engineering, cardiology, optics, and man-
agement sciences. In recent years, significant attention has
been devoted to both linear and nonlinear difference equa-
tions with deviating arguments due to their broad spectrum
of applications. Beyond their practical relevance, the study of
difference equations—particularly functional difference equa-
tions—holds intrinsic mathematical significance.

In recent years, numerous researchers ([1]-[11]) have inves-
tigated the bounded oscillations of various forms of 2nd order
delay difference equations. Notably, the works in [6, 10] have
examined the existence of positive solutions and the bounded
oscillatory behavior of 2nd order delay difference equations of
both weighted and unstable types. In [6], it was demonstrated
that for o(b) = b — k, the condition

lim su
b—oo P Z

b 1 b %
<A<s> ZE”(”) -1

implies (1.1) has no positive decreasing solutions.
Conversely, equation (1.1) does not have positive solutions. if
o(b) =b+ kand

b+k—1 1
hm sup Z < N0
hold.

In spite of this investigations, we see that relatively less
attention has been given to second-order linear/ nonlinear
delay difference equations of unstable type and discussed
the sufficient conditions for the bounded oscillation of this
equations.

Based on the aforementioned observations, this paper estab-
lishes new monotonic properties of nonoscillatory solutions of
(1.1). Utilizing these properties, we derive novel criteria for
ruling out specific types of nonoscillatory solutions of (1.1).
Furthermore, these findings enable us to formulate conditions
ensuring the oscillation of all solutions of second-order differ-
ence equations involving both delay and advanced arguments.
To highlight the significance of the main results, several
illustrative examples are provided. It is worth mentioning that
this research is partially influenced by recent findings in [2] on
functional differential equations.

Note:

* Eventually positive solution: A solution {p(b)} of 1.1 is
said to be eventually positive if there exists an integer b, €
N(bg) such that p(b) > 0 for all b € N(b,)

* The symbols s,j,l,w are positive integers, belongs to

N(bo)

2 Main Results

In view of the discrete generalized kiguradze’s Lemma [12],
the set of positive solutions of (1.1) has the following structure.

Lemma 2.1 Suppose that {p(b)} is an eventually positive so-
lution of (1.1). Then, it must satisfy one of the following condi-

tions:
(S0) : ( ()2 p(v))*) >0, (b)(A p(b))* <0,
(S2) = & (AP)(2 p(b))*) > 0, AB)(a p(b))* > 0 for all

b > by > bo.
If we let S, set of all positive solutions of (1.1), then we have

S = SoU S,

The class S; consists of solutions satisfy the conditions (S;),
forj =0,2.

We start with a fundamental lemma that describes the mono-
tonic properties of nonoscillatory solutions of (1.1).

Lemma 2.2 Let o(b) = b — 7, 7 is a positive integer. Presume
that {p(b)} is a positive solution of (1.1) belongs to (Sp). If
there exists a positive constant 6 € (0, 1) such that

b+7 0
b) (Z n(5)>
s=b

b)} is decreasing.

>4, forbh >bg (2.1)

then {X° (b)p(

Proof. Let {p(b)} be a positive solution of (1.1) belongs to
(Sp). In view of A(b)(Aa p(b))* < 0, we see that p(b) is de-
creasing. So, a summation of (1.1) from b — 7 to b yields

a

b
A=) 2 pb—T)Zpb 1) Y uls)

s=b—1

2.2)

That is, replacing b by 7

-

b+1

—R(G)AZ (5) & p(b) > p(> + 1R (Zn

Using (2.1), we are led to
—R(b)A= (0) & p(b) > 5p(> +1).
Now
A (R°(B)p(2)) = p(b+1) AN () + X0 (b) A p(b).  (23)

By discrete Mean-value theorem, we have

Aoy < 0
X2 (b)
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and using these in (2.3), we get

N5 1(b)

& (W ()p(b)) < " 0)

(60> + 1) + ROIAZ () & p(0)] <0

by (2.2). Hence, we conclude that the sequence {N‘S(b)p
creasing.

(b)} is de-

Theorem 2.3 Let o(b) = b— T, T is a positive integer and (2.1) hold.
If

) 1 (2.4)

b
hm supN b—7) Z

s=b—71

b
A% (Z Néa

then the class So is empty.

Proof. To arrive at a contradiction, suppose that (1.1) has an eventu-
ally positive solution. {p(b)} belongs to So. Summing up (1.1) from
j to b and using monotonic property of {X’(b)p(b) }, we have

b
SAG)(A () = N (=) (b—7) ZN(iZ

s=j T)

j € N(bo)

Summing up once more from j to b we obtain

_ L1 (& aw T
p() = N‘S(b—f)p(b—f);% <tZN‘S“(tT) :

Letting j = b — 7, we have

b n
(b*T)>N(|7*T) b—-7) Z ,\i (ZNéa — )

s=b—7

which contradicts to (2.4) and we conclude that Sy is empty.

Next, we examine the monotonic behavior of potential positive in-
creasing solutions of (1.1).

Lemma 2.4 Let o(b) = b + k, k is a positive integer. Presume that
{p(b)} is a positive solution of (1.1) belongs to (Sz). If there exists a
positive constant w € (0, 1) such that

b+k—1 a
R(b) < > 77(5)> > w, forb>bo 2.5)

s=b

then { o(b)

O] } LS increasing.

Proof. Let {p(b)} be a positive solution of (1.1) belongs to (S2). In
view of A(b)(2a p(b))® > 0, we have p(b) is increasing. Using this
property in (1.1) and then summing up from b to b + k — 1, we have

b+k—1

—)\%(b—kk)Ap(b—l—k) > pb+k) ( Z n(s))a,

s=b

and so in view of (2.5)

Q=

> pl)w.  (26)

b+k—1
R(GIAT () & p(b) 2 p(LING) ( 3 n(8)>

s=b
Now, using the division rule of difference calculus [9], we have

o) \ _ R() & p(b) — p(b) & R(5)
A(Nw(b))‘ R (5)R=(> + 1)

2.7)

By the discrete Mean-value theorem, we have [9]
ARYD)) <wRTIOATE(B),  we(0,1),

and using these in (2.7), we obtain
p() 1 s B
. (N“’(b)) = N+ ()N (b) [N(b))\ () & p(b) wp(b)} >0

by (2.6) and so the sequence { Nﬁf?a)

} is increasing.

Theorem 2.5 Let o(b) = b+k, k is a positive integer and (2.5) hold.
If

b+k s—1 a
lim sup X“(b + k) Z % (Z n(E)R (¢ + k:)> >1
e = A () \iZ
(2.8)

then the class So is empty.

Proof. Presume on the contrary that (1.1) has a positive solution
{p(b)} belongs to (S2). Summing up from b to j — 1,5 € N(bo)

and using monotonic property of { N’ff?g) } give

AR (B p())* =D n(s)p" (s + k)

> s 1 1y 2 M)

Summing up once more from b to j — 1, we obtain
j—1
plo+ k) 3

. . s—1 B .
)2 G T Z:‘; 0 (;W)N (t+/€)>

Now letting j = b + k, we obtain

b+k—1

>

s=b

p(b+ k)

PR 2 b

1
s—1 a
1 wa
- (Z n(t)R“(t + k))
s) \'=
which contradicts to (2.8) and we conclude that the class S2 is empty.

Remark 2.1 In Theorems 2.3 and 2.5, we have derived new criteria
to eliminate solutions in the class So and S>. Further the conditions
in Theorem 2.3 show that every bounded solution of (1.1) is oscilla-
tory where as conditions in Theorem 2.5 proved that every unbounded
solution of equation (1.1) is oscillatory.

In the following, we proceed new monotony properties. The initial
A — derivatives of nonoscillatory solutions will be employed to get
another criteria to those given in Theorem 2.3 and Theorem 2.5.

Lemma 2.6 Let o(b) = b — 7, T is a positive integer. Presume that
{p(b)} is a positive solution of (1.1) belongs to (So). If there exists a
positive constant vy € (0, 1) such that

n(b) (R + 1) — RO — ) ROAE(B) > 7, ford > b
then {—XY(D)A(b)(a p(b))*} is decreasing.

(2.9)

Proof. Let {p(b)} be a positive solution of (1.1) belongs to (So).
Since —)\%(b) A p(b) is positive and decreasing, it is possible to
view

>—Ap

b
s:bfv'

E(bJr DR +1) —

b
b—TEZ

l
s=b—7 @

A

=—Apb+1A



Mathematics and Statistics 13(2): 82-88, 2025 85

Using (2.10) in (1.1), we get

(& (p()))")

& ()
Zn(b)(= 2 (pb+ D) A+ RO+ 1) =R — 7))

which in the view of (2.9) yields

-

A (AB) (2 p()IRB)A (B) > v(= A (p(b+ 1)) Ab + 1).
2.11)
Now

A (=RTG)AG) (A (p(0))") = —
R7(b) & (AG)(2 p(0))* = AG+1)(a p(>+1))* & (R7(b)).

(2.12)
From the discrete Mean-value theorem, we have
NT!
ANy <40 @13)
Aa (b)

and using the (2.13) in (2.12), we have

A (=RTG)AG) (2 (p(0)))")

o) [ o
< ) (=P +1))*Ab + 1)y

— & AG)(A p() AT GIRG +1)| <0

=

which shows that the sequence {—R”(b)A(b)(a p(b))*} is decreas-
ing, and the proof is complete.

Theorem 2.7 Let o(b) = b— T, T is a positive integer and (2.9) hold.
If

b
> nis)

lim supR” (b — 1)
b— oo 52,

'7—7 a
( 3 N—Z(u)xl(u)) >1

- (2.14)

then the class So is empty.
Proof. Let {p(b)} be a positive solution of (1.1) belongs to (Sp). Us-

ing the fact that {—R"(b)p(b)(A p(b))®} is positive and decreasing,
we have

S R (A (u)
s—7) > - U) ———5—>
PR L G )
v 1 g 1
>—Apb—7)Rae(b—7)Aa(b—1) N%(u))\%(u)

Therefore

pi(s=7) = (=2 pb—7)"R'b—1)Ab —T7)

- ) 1
(_Z N ( )Aé<u>> '

Summing up (1.1) from b — 7 to I,1 € N(bo) and then using the last

estimate, we have

Al —7)(a pb—7))*

2

s

n(s)p®(s —7)

-

Il
< M-

> n(s)(= 4 plb = 7)) R b —7)Ab —7)
b

s

T

b—7 @
( SR (AT (u)>

U=8—T

b
2 (= apb—1)"Nb—=mAb—7) Y 1(s)

s=b—T1
b—r a
< > NT A (u))
which contradicts (2.14) and so we conclude that the class Sy is empty.
Lemma 2.8 Let o(b) = b + k, k is a positive integer. Presume that

{p(b)} is a positive solution of (1.1) belongs to (S2). If there exists a
positive constant d € (0, 1) such that

n(0) R(b + k) — RB)* RG)A= (b) > d, ford >bo,  (2.15)

then {W} is increasing.
Proof. Let {p(b)} be a positive solution of (1.1) belongs to (S2).
Since A& (b) & p(b) is positive and decreasing, it is easy to see that

bt+k—1 btk—1
1 1

po+k) > 3 apls) 28 p0)AT () S o)

s=b
=4 p()A= () (R(b + k) — R(b)). (2.16)

s=b

Substituting (2.16) into (1.1), we get

& (A (A p())*) Zn0)(a p(0))*AG)(RG + k) — (b))

In view of (2.15), we have

8 (A0)(8 p()) ROIA (0) > d(a p(2))*A().

Thus,
A()(a p(b))*
A( Ni(5) )
A

RI() & (AG)(A p(b))* = AB) (A p(b))* & (R (b))
RI(H)RA(b + 1)

2.17)

Now by discrete Mean-value theorem
A (RY(b)) < AR (b) —

and using this, we have

AG) (8 p(0)))
. ( N (5)

)= o
= RAFL (D)% (b)

[N(b)ﬁ(b) & (AG)(A p(b))* —dAB) (A p(b))*

B

by (2.17). Hence we conclude that {W} is increasing.
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Theorem 2.9 Let o(b) = b + k, k is a positive integer and (2.15)
hold. If

btk—1 s+k—1 N%(u)
lim sup ——~ n(s >1 (2.18)
b—oo N (b + k) ; (s) uz;rk )\%(u)

then the class So is empty.

Proof. Let {p(b)} be a positive solution of (1.1) belongs to (S2). In

view of { ALY (8p(2)"

RI(5) } is increasing, we have

s+k—1 ., d
a

Ap(bJrk) Ao (b + k) N
N& (b + k) 2

u=b+k

Summing up (1.1) from b to b + k& — 1 and using the above inequality,
we get

b+k—1

S n(s)p (s + k)

s=b
b + k)(A p(> + k))°

2 e+ k)
b+k—1 s+k—1

S| D

s=b u=b+k

A +E) (2 pl> + k)* >

N (u)

@ (u)

>

which contradicts (2.18) and so we conclude that the class S5 is empty.

Remark 2.2 The methods employed in Theorems 2.7 and 2.9 rely on
the properties of the A — derivative of solutions of (1.1). Conse-
quently, the results in these theorems differ from those in Theorems
2.3 and 2.5.

All solutions to specific functional difference equations involving
delayed and advanced arguments will inevitably be oscillatory, as was
previously discussed. We demonstrate this for the equation that fol-
lows.

& (AC) (A p(0))*) = n()p" (b —7) + <)

where {A\(b)}, {¢(p)} and a are subject to the conditions (H1) and
(H2) and moreover:

(Hs) {¢(b)} is a sequence of positive reals;

(H4) 7 and k are positive integers.

“b+k) (219

Theorem 2.10 Let conditions (2.1) and (2.4) hold. Presume that
there exists a positive constant wo € (0, 1) such that

a

b—1
> <s)

N(b) > wo, b > bo. (2.20)
s=b—k
If
b+k 1 s—1 %
lim supR~“°(b+ k) > —— (ZC(t)N“‘“O(t + k)) > 1
b0 s=b Aa (8) t=1
.21

then equation (2.19) is oscillatory.

Proof. let {p(b)} be an eventually positive solution of (2.19). Then
{p(b)} belongs to either So or Sz. Presume first that {p(h)} is from
the class So. From (2.19), it is easy to find that

& (AG)(2 p(0))*) 2 n(d)p* (b —7)

and then proceeding exactly as in the proof of Theorem 2.3, we see
that (2.4) guarantees that the class Sy is empty.
Next, assume that {p(b)} belongs to Sa, then it follows from (2.19)

that
A (AG) (A p(0)*) = ¢(G)p" (0 + k).
Proceeding as in the proof of Theorem 2.9, we see that the class S> is

empty. This completes the proof.

Theorem 2.11 Let (2.9) and (2.14) hold. Presume that there exists a
positive constant do € (0, 1) such that

ROICE) RO + k) = R(G)*A% (0) > do, b > bo. (222)
If
b+k—1 s+k—1 N%( )
lim supR 00+ k) S Cs) [ S S | > 1 (223)
b s=b wepik Aa(u

then equation (2.19) is oscillatory.

Since the proof follows a similar approach as in Theorem 2.10, we
omit the details.

3 Examples

In this segment , three examples are presented to illustrate the main
results.

Example 3.1 Consider the second order functional difference equa-
tion

A (B (ap(b)3) =2

é

w\»—l

pS(b—3)+28p5(b+2), (.1
where b > 3. Here A(b) = b3, n(b) = 23, ((b) = 28, 7 = 3,
k=2anda = % Since R(b) = b2, by choosing § = %, the condition
(2.1) is clearly satisfied. Further the condition (2.4) becomes

> )

lim sup(b — 3) -
s=b—3 t=s (t73)§

b—o0

OO

b
hmsupb Z Sh—s)?>8>1

s=b—3

v

and so condition (2.4) holds. Next choosing wo = =,

condition (2.20) holds. The condition (2.21) becomes ’
A B R )
b11%1T01c>sup b= Z (Zth t+ 2 6)
102 [t
hm sup — » Z <Z 2t>

b+2

hmsupbz s—b

> lim supl(2b—|—1)3 =o0>1
b—o0 b2

we see that

and so condition (2.21) holds. Therefore by Theorem 2.10, the equa-
tion (3.1) is oscillatory.
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Example 3.2 Consider the second-order functional difference equa-
tion

A? p(b) =bp(b —2) +b%p(b + 1), b > 3. (3.2)
Here \(b) = b, n(b) = b¢(b) =b% 7 =2k =1landa = 1.
Simple calculation shows that X(b) = b, and by choosing § = %, the
condition (2.1) holds. The condition (2.4) becomes

b b
1 t
lim sup(b — 2)2 Z <Z 1>
v sorl2 \i=s (t—2)2
1 b 4 1
~ i 2 2| =
bggosupb? Z <Zt2> oo >1
s=b—2 t=s
and so condition (2.4) holds.
Again choosing wo = %, the condition (2.20) clearly holds. The con-
dition (2.21) becomes

1 b+1 s—1 L
lim sup —— 2 (t4+1)2
M G 2 (z_:b
1
~ lim sup —b*(b + 1)% =o00>1
b— oo h2a

and so condition (2.21) holds. Therefore by Theorem 2.10, the equa-
tion (3.2) is oscillatory.

Example 3.3 Consider the second-order functional difference equa-
tion

B8 pO)Y) = 2500~ 2) 4 SO+ 1), b2 2 (G3)

Here \(b) = 1, n(b) = b%’ Ch) =2, r=2k=1anda = 3.

RS
So R(b) = b, the condition (2.9) becomes

2b

1
S ®0+1) =16 > o

that is, we can choose v = %, the condition (2.9) to hold. The condi-
tion (2.14) becomes

L 95 =1 3
w0} 3 20 (5 )

. 2(b—1) b _
>§H§o( b +2(b+1)>_4>1
so condition (2.14) holds, The condition (2.22) becomes

b2

1
30 5 = h>2
s TR

that is, by taking do = % we see that (2.22) holds. The condition
(2.23) becomes

1 b+1 % s+1 .
lim sup 3 us
b—oo (b+2)% ; s+1 u;ﬂ
> lim sup%m(b+2)% =3>1
b— o0 (b+2)2 b+2

that is, condition (2.23) holds. Therefore by the Theorem 2.11, the
equation (26) is oscillatory.

4 Conclusion

In this work, by using new monotonic properties we are able to
present criteria for the elimination of certain class of nonoscillatory
solutions of the studied equation (1.1). Using this we establish new
criteria for the ocillation of all solutions of the second-order differ-
ence equations with delay and advanced arguments. Therefore the
results produced in this paper are new and compliment to the existing
literature. Further, note that none of the results reported in the litera-
ture ([1],[13]-[18]) can be applied to the equations [(3.1)-(3.3)] since
these equations contain both delay and advanced terms. It is interest-
ing to extend the results of this paper to higher equations of the form
A™THAG)(Ap(b))} = n(b)p*(a(b)) where m > 3 is a positive
integer.
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