
Mathematics and Statistics 11(4): 676-684, 2023 http://www.hrpub.org 

DOI: 10.13189/ms.2023.110409 

Optimal Stochastic Allocation in Multivariate 

Stratified Sampling 

Mahfouz Maha I.1,*, Rashwan Mahmoud M.2, Khadr Zeinab A.2 

1National Centre for Social and Criminological Research, Egypt 
2Department of Statistics, Faculty of Economics and Political Sciences, Cairo University, Egypt 

Received April 16, 2023; Revised June 9, 2023; Accepted July 20, 2023 

Cite This Paper in the Following Citation Styles 

(a): [1] Mahfouz Maha I., Rashwan Mahmoud M. Khadr Zeinab A. , "Optimal Stochastic Allocation in Multivariate 

Stratified Sampling," Mathematics and Statistics, Vol. 11, No. 4, pp. 676 - 684, 2023. DOI: 10.13189/ms.2023.110409. 

(b): Mahfouz Maha I., Rashwan Mahmoud M. Khadr Zeinab A. (2023). Optimal Stochastic Allocation in Multivariate 

Stratified Sampling. Mathematics and Statistics, 11(4), 676 – 684. DOI: 10.13189/ms.2023.110409. 

Copyright©2023 by authors, all rights reserved. Authors agree that this article remains permanently open access under 
the terms of the Creative Commons Attribution License 4.0 International License 

Abstract  Optimal allocation of stratified sample is 

obtained either by minimizing the variance of the sample 

estimate for a fixed total cost of the survey or the total cost 

of survey for the fixed precision of the estimate. Actually, 

the survey cost and the variance of the estimate move in 

opposite directions, that is minimizing any of them results 

in increasing the other. Moreover, in practice, due to the 

uncertainty in the population data, the variances as well as 

the costs should be treated as random variables. In this 

paper, a multivariate optimal stochastic compromise 

allocation is proposed using multi-objective mathematical 

programming model that simultaneously minimizes both of 

the total cost of the survey as well as the individual 

variances of the overall stratified mean of each of the 

characteristics of interest. The proposed Stochastic 

Programming model is to be solved using the Chance-

Constrained Programming technique. The proportional 

increase in the variance of the estimator under the optimum 

variance and under the optimum cost is set as a constraint 

and is upper-bounded by a pre-determined quantity. 

Simulation-based comparative study is conducted to assess 

the performance of the proposed allocation versus other 

optimal allocation techniques. Based on the criteria used 

for comparison, the findings show that the suggested model 

produced the highest efficient estimators with the highest 

precision, and efficient allocation of the sample size to the 

strata that accounts for the differences in the strata sizes and 

the variation within strata. 

Keywords  Stratified Sampling Allocation, Optimal 

Allocation, Multivariate Optimal Allocation, Compromise 

Allocation, Weighted Goal Programming, Stochastic 

Allocation 

1. Introduction

Stratified sampling design commonly confronts the 

challenge of determining the sample size to be drawn from 

each stratum (known as the allocation problem) [1]. In the 

literature, the stratified sampling allocation techniques can 

be classified as Classical versus Optimization-Based 

techniques. The classical techniques (like the equal 

allocation and the proportional allocation) are used when 

limited information is available about the population. 

While, the optimization-based allocation techniques utilize 

more information about the population and use 

mathematical programming approach to obtaining an 

allocation. Under some constraints in the optimization 

process, it aims to satisfy one of the two competing 

objectives; minimize the variance of the estimators under a 

given cost of the survey, minimize the cost of the survey at 

a given precision level of the estimators. 

Usually in multivariate sample surveys when more than 

one characteristic is of interest, then optimum allocation of 

one characteristic may not be optimum for others, unless 

they are highly correlated. In such situations, a compromise 

criterion is needed to get an allocation that is optimum, in 

some sense, for all characteristics and such allocation is 

termed as ‘Compromise Allocation’ in stratified sampling 

literature [2-5]. 

The current study proposes a multivariate optimal 
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compromise allocation using a multi-objective 

mathematical programming model that aims to 

simultaneously minimize both the total survey cost of and 

the variation of the estimators of the overall stratified mean 

of the characteristics of interest. However, in practice, due 

to the uncertainty in the population data, their sample 

estimators should be better treated as random variables. 

Therefore, the allocation model should be stated as a 

stochastic mathematical programming problem, instead of 

a deterministic one [6,7]. So, the proposed model is 

presented as a Stochastic Programming (SP) model that is 

to be solved using the Chance-Constrained Programming 

(CCP) technique. 

The following sections are organized as; section 2 

presents a review of the literature on the Stratified 

Sampling Allocation Techniques. Section 3 introduces the 

proposed models and the used solution methodology. 

Section 4 presents comparison between the proposed 

technique and other allocation techniques. Finally, section 

5 discusses the main concluding remarks and proposes 

some points for future work. 

2. Optimal Multivariate Sampling 
Allocation Techniques 

The optimal allocation techniques depend on 

formulating the allocation problem as a mathematical 

programming model satisfying one of three objectives; 

minimizing the total cost of the survey, maximizing the 

precision of the estimator of interest, or minimizing the 

total sample size. 

If more than one characteristic is being considered, a 

compromise criterion is needed, which suits well to all the 

characteristics in some respect. In the literature, many 

forms of compromise allocation criteria are implemented. 

Chatterjee [8] was the first to introduce the compromise 

criterion which is known as ‘Chatterjee’s Compromise 

Allocation’ (CCA), denoted by 𝑛ℎ(𝐶𝐶𝐴) . The criterion is 

defined as follows: 

𝑛ℎ(𝐶𝐶𝐴) =
𝐶0√∑ 𝑛𝑗ℎ

2𝑝
𝑗=1

∑ 𝑐ℎ√∑ 𝑛𝑗ℎ
2𝑝

𝑗=1
𝐻
ℎ=1

           (1) 

where 𝑛𝑗ℎ is the individual optimum allocation for the jth 

characteristic from the hth stratum, 𝑗 = 1, . . , 𝑝 ;  ℎ =
1,2, … , 𝐻, and it is given by 

𝑛𝑗ℎ =
𝐶0𝑊ℎ𝜎𝑗ℎ/√𝑐ℎ

∑ 𝑊ℎ𝜎𝑗ℎ
𝐻
ℎ=1 /√𝑐ℎ

             (2) 

Cochran [2] proposed ‘Cochran’s Average Compromise 

Allocation (ACA)’ which is based on the character-wise 

average of individual optimum allocations of each 

characteristic with the aim to minimize the variance of the 

estimators under fixed cost. This allocation is suitable for 

correlated and equally important characteristics. The 

criterion is defined as follows,  

𝑛ℎ(𝐴𝐶𝐴) =
1

𝑝
∑ 𝑛𝑗ℎ
𝑝
𝑗=1              (3) 

where 𝑛𝑗ℎ is given by: 

𝑛𝑗ℎ =
(𝐶−𝐶0)𝑊ℎ𝜎𝑗ℎ/√𝑐ℎ

∑ 𝑊ℎ𝜎𝑗ℎ√𝑐ℎ
𝐻
ℎ=1

            (4) 

where,  𝑗 = 1, . . , 𝑝 ;         ℎ = 1,2, … , 𝐻. 

Other compromise criteria were proposed as objectives 

when obtaining the optimal allocation, which include: 

minimizing the sum of the relative increases in the 

variances of the estimators due to not using the individual 

optimum allocations [9,10], minimizing the sum of the 

variances of the individual estimators [11], minimizing the 

weighted sum of the variances of the individual estimators 

[12-14], minimizing the maximum CV of the estimators [3], 

minimizing the sum of squared Coefficients of Variation 

(CVs) of the estimators [7], multi-objective programming 

to minimize the variances simultaneously [4, 15-17] 

minimizing the individual CVs, simultaneously [1], [18], 

minimizing the Generalized Variance (the determinant of 

the variance-covariance matrix of the means) [19,20]. 

Then, Shad and Husain [21] introduced the issue of the 

cost-variance trade-off. They proposed a model that 

minimizes the survey cost of every characteristic (𝐶𝑗
′; 𝑗 =

1,… , 𝑝), constrained by the proportional increase in the 

variance, expressed as: 

𝑉(𝑦̅𝑠𝑡)𝑜𝑝𝑡 𝑐𝑜𝑠𝑡−𝑉(𝑦̅𝑠𝑡)𝑜𝑝𝑡 𝑣𝑎𝑟

𝑉(𝑦̅𝑠𝑡)𝑜𝑝𝑡 𝑣𝑎𝑟
=
1

𝑛
∑

(𝑛𝑗ℎ−𝑛̂𝑗ℎ)
2

𝑛𝑗ℎ

𝐻
ℎ=1    (5) 

where 𝑛𝑗ℎ and 𝑛̂𝑗ℎ are two optimal allocations for optimal 

cost and variance, respectively, 𝑉(𝑦̅𝑗𝑠𝑡)𝑜𝑝𝑡 𝑐𝑜𝑠𝑡 , is the 

variance of the stratified mean of the jth characteristic under 

minimum cost, and 𝑉(𝑦̅𝑗𝑠𝑡)𝑜𝑝𝑡 𝑣𝑎𝑟, is the variance of the 

stratified mean of the jth characteristic under minimum 

variance. This formula was defined before by [2] in the 

univariate case. This increase is upper bounded by a pre-

determined quantity ( 𝛼𝑗) , defined by 𝛼𝑗 =

1

𝑛
∑

(𝑛𝑗ℎ−𝑛̂𝑗ℎ)
2

𝑛𝑗ℎ

𝐻
ℎ=1 , 𝑗 = 1,…𝑝 , then 

𝑉(𝑦̅𝑠𝑡)𝑜𝑝𝑡 𝑐𝑜𝑠𝑡

𝑉(𝑦̅𝑠𝑡)𝑜𝑝𝑡 𝑣𝑎𝑟
=

(∑ 𝑛𝑗ℎ
𝐻
ℎ=1 )  ∑

1

𝑛𝑗ℎ
 (

𝑊ℎ
2𝑠𝑗ℎ
2

(∑ 𝑊ℎ𝑠𝑗ℎ
ℎ
ℎ=1 )

2)
𝐻
ℎ=1 =  1 + 𝛼𝑗 , then the 

Multi-objective Integer Non-Linear Programming (MINLP) 

model is then formulated as:  

     (6) 

However, in practice, due to the uncertainty of the 

population data, thus, their sample estimates should be 

better treated as random variables. Therefore, the allocation 
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model should be stated as a SP problem, instead of a 

deterministic one. Many researchers suggested SP model 

for the allocation problem, for example, Khan [22] 

considered an allocation problem in multivariate surveys as 

a convex programming problem that minimizes the 

individual variances and a single stochastic cost constraint. 

The stochastic constraint is converted into an equivalent 

deterministic one by using the CCP technique. Gupta [23] 

considered minimizing the variances of the estimates of 

each characteristic under a probabilistic non-linear cost 

constraint, and the model is solved using the CCP 

technique. Haseen [24] formulated the multivariate 

stratified sampling in the presence of non-response with 

random sampling variances and costs as a multi-objective 

SP problem. The equivalent deterministic form of the 

stochastic non-linear programming problem is obtained by 

the CCP technique and modified E-model, respectively. 

Díaz-García [25] formulated the optimum allocation in 

multivariate stratified random sampling as a stochastic 

multi-objective integer mathematical programming 

problem which minimizes the variances of the 

characteristics constrained by a cost function. The 

deterministic equivalent model is obtained using three 

approaches, namely; the E-model, V-model, and P-model. 

Alshqaq [26] proposed a multivariate optimal allocation of 

stratified sampling that minimizes the individual variances 

subject to nonlinear cost function. The variances as well as 

the cost are assumed normally distributed random variables. 

The stochastic multi-objective model is formulated as the 

goal programming model and converted into its 

deterministic equivalent model utilizing the CCP technique. 

3. Proposed Models 

3.1. The Objective Function 

The present study proposes a multi-objective 

mathematical programming model that aims at 

simultaneously minimizing both the total survey cost as 

well as the individual variances (of the estimated overall 

stratified means of the studied characteristics. The 

individual variances (of the estimated overall stratified 

means of the studied characteristics ( V(𝑦̅𝑗𝑠𝑡);  𝑗 =

1,2, … , 𝑝) is defined as; 

𝑉(𝑦̅𝑗𝑠𝑡) =  ∑
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ

𝐻
ℎ=1 − ∑

𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ

𝐻
ℎ=1       (7) 

where, 𝑌̅𝑗𝑠𝑡 , is the estimated stratified mean of the jth 

characteristic, 𝑊ℎ = 
𝑁ℎ

𝑁
, is the weight of the hth stratum; 

𝑆𝑗ℎ
2 , is the estimated variance of the mean of the jth 

characteristic in the hth stratum; njh, is the sample size of the 

                                                             
1 Depending on the fact that distance between k randomly scattered points 

jth characteristic from the hth stratum, and Nh, is the 

population size of the hth stratum. And the cost function is 

given by; 

𝐶 = 𝐶0 + ∑ 𝑐ℎ𝑛ℎ + ∑ 𝜏ℎ√𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1

1       (8) 

where, C is the total survey cost, 𝐶0 is the fixed cost of the 

survey, ch is selection cost for one unit from the hth stratum, 

nh is the sample size from the hth stratum, and 𝜏ℎ is the 

travel cost to the hth stratum. 

3.2. The Suggested System Constraints 

Regarding the system constraints, the proposed model is 

constrained by the following four system constrains; 

The proportional deviation from minimum variance of 

each characteristic is upper-bounded pre-determined 

quantity (𝛼𝑗) [2], [19], the constraint is defined as; 

(∑𝑛𝑗ℎ

𝐻

ℎ=1

) ∑
1

𝑛𝑗ℎ
 (

𝑊ℎ
2𝑠𝑗ℎ
2

(∑ 𝑊ℎ𝑠𝑗ℎ
ℎ
ℎ=1 )

2)

𝐻

ℎ=1

 

≤ 1 + 𝛼𝑗  ; 𝑗 = 1, . . , 𝑝            (9) 

𝑛𝑗ℎ is bounded by 2, to assure that the variance can be 

calculated, and 𝑁ℎ, to avoid oversampling. 

The 𝑛ℎ are calculated as the average of the 𝑛𝑗ℎ over all 

the p characteristics within the hth stratum. 

𝑛ℎ, 𝑛𝑗ℎ are positive integers.  

3.3. Models Formulation and Solution Methodology 

The proposed model is then formulated as follows; 

 (10) 

The Multi-objective Weighted Goal Programming  

This model is to be solved using the Weighted Goal 

Programming (WGP) technique, whose formulation is 

given as; 

is proportional to √𝑘 [2], [14]. 
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                  (11) 

where, 𝐶∗is the target value of the survey cost, and 𝑉𝑗
∗ is the target value of the variances. 𝑑1

−, 𝑑1
+, 𝑑2

−, 𝑑2
+ are positive 

and negative deviations of the first and second goals, respectively. 𝑘0 𝑎𝑛𝑑 𝑘𝑗  ; 𝑗 = 1,2, . . , 𝑝 are the weighs of the positive 

deviations of each goal in the achievement function F. Constraints (vi) and (vii) ensure that the positive and negative deviations 

can never be achieved simultaneously. 

The Stochastic Programming Approach 

In model (11), the cost, as well as the stratum variances is assumed random variables with known probability 

distributions. Then, the model is defined as a Stochastic Non-Linear Programming (SNLP) model, assuming that is solved 

using the CCP technique as follows. 

 The chance constraint of the goal constraint of the cost is then defined as; 

𝑃(𝐶0 +∑ 𝑐ℎ𝑛ℎ + ∑ 𝜏ℎ√𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1 ≤ 𝐶∗) ≥ 𝛽0                            (12) 

where, 𝛽0 is the desired tolerance level; 0 ≤  𝛽0  ≤ 1. 

It is assumed that 𝑐ℎ , and 𝜏ℎ  are independently normally distributed random variables; 𝑐ℎ ~ 𝑁(𝜇𝑐ℎ , 𝜎𝑐ℎ)  and 

𝜏ℎ ~ 𝑁(𝜇𝜏ℎ , 𝜎𝜏ℎ). Then, the linear combination ∑ 𝑐ℎ𝑛ℎ +∑ 𝜏ℎ√𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1  follows again the normal distribution also 

with mean ∑ 𝜇𝑐ℎ𝑛ℎ +∑ 𝜇𝜏ℎ√𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1  and standard deviation √∑ 𝜎𝑐ℎ

2 𝑛ℎ
2 +∑ 𝜎𝜏ℎ

2 𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1 . 

Standardizing both sides of (12) to get;  

𝑃(𝑍 ≤
(𝐶∗ − 𝐶0) − ∑ 𝜇𝑐ℎ𝑛ℎ +∑ 𝜇𝜏ℎ√𝑛ℎ

𝐻
ℎ=1

𝐻
ℎ=1

√∑ 𝜎𝑐ℎ
2 𝑛ℎ

2 + ∑ 𝜎𝜏ℎ
2 𝑛ℎ

𝐻
ℎ=1

𝐻
ℎ=1

) ≥ 𝛽0 

Now, the L.H.S. is the standardized normally distributed random variable, Z. Then, 

(𝐶∗ − 𝐶0) − (∑ 𝜇𝑐ℎ𝑛ℎ + ∑ 𝜇𝜏ℎ√𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1 )

√∑ 𝜎𝑐ℎ
2 𝑛ℎ

2 + ∑ 𝜎𝜏ℎ
2 𝑛ℎ

𝐻
ℎ=1

𝐻
ℎ=1

≥ Φ−1(𝛽0) 

where, Φ−1(𝛽0) is the inverse CDF of the standard normal distribution at probability 𝛽0. 

Finally, the equivalent deterministic constraint of (12) is given by; 

𝐶0 + ∑ 𝜇𝑐ℎ𝑛ℎ +∑ 𝜇𝜏ℎ√𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1 +Φ−1(𝛽0) √∑ 𝜎𝑐ℎ

2 𝑛ℎ
2 + ∑ 𝜎𝜏ℎ

2 𝑛ℎ
𝐻
ℎ=1

𝐻
ℎ=1 ≤ 𝐶∗               (13) 
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 The chance constraint of the constraint (iii) in model (11) is given by; 

𝑃 (∑ (
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)𝐻

ℎ=1 ≤ 𝑉𝑗
∗) ≥ 𝛽𝑗                                   (14) 

It is assumed that 𝑆𝑗ℎ
2  are normally distributed random variables with the following parameters; 

𝑆𝑗ℎ
2 ~ 𝑁 (𝐸(𝑆𝑗ℎ

2 ), 𝑉𝑎𝑟(𝑆𝑗ℎ
2 )) ,   ℎ = 1,2, … , 𝐻, 𝑗 = 1,2, … , 𝑝 

Then its expectation function and variance function are given by [24];  

𝐸 (∑(
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)

𝐻

ℎ=1

) ≅  ∑(
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ − 1
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)

𝐻

ℎ=1

 

𝑉𝑎𝑟 (∑(
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)

𝐻

ℎ=1

) 

≅ ∑(
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑛𝑗ℎ(𝑛𝑗ℎ − 1)
−
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑁ℎ
2 )

𝐻

ℎ=1

 

where, 𝐶𝑗ℎ
4  is the fourth central moment of 𝑌𝑗ℎ. 

Standardizing both sides of (14) to get;  

𝑃

(

 
 
 

𝑍𝑗 ≤

𝑉𝑗
∗ − (∑ (

𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ − 1
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)𝐻

ℎ=1 )

√∑ (
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑛𝑗ℎ(𝑛𝑗ℎ − 1)
−
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑁ℎ
2 )𝐻

ℎ=1
)

 
 
 

≥ 𝛽𝑗 

where, 𝑍𝑗 is the standardized normally distributed random variable. Then, 

𝑉𝑗
∗ − (∑ (

𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ − 1
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)𝐻

ℎ=1 )

√∑ (
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑛𝑗ℎ(𝑛𝑗ℎ − 1)
−
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑁ℎ
2 )𝐻

ℎ=1

≥ Φ−1(𝛽𝑗) 

where, Φ−1(𝛽𝑗) is the inverse CDF of the standard normal distribution at probability 𝛽𝑗. 

Finally, the equivalent deterministic constraint is given by; 

∑ (
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ−1
−
𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ
)𝐻

ℎ=1 +Φ−1(𝛽𝑗) √∑ (
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑛𝑗ℎ(𝑛𝑗ℎ−1)
−
𝑊ℎ
4(𝐶𝑗ℎ

4  − (𝑆𝑗ℎ
2 )2)

𝑁ℎ
2 )𝐻

ℎ=1 ≤ 𝑉𝑗
∗        (15) 

 Therefore, the equivalent deterministic WGP of model (11) is defined as; 
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   (16) 

3.4. Model Basic Assumptions 

The basic assumptions in the proposed models in the 

current study are; 1) simple random sampling is the 

sampling technique used to draw samples from the 

different strata, 2) sampling is done without replacement, 3) 

the total sample size n is assumed unknown and calculated 

as 𝑛 = ∑ 𝑛ℎ
𝐻
ℎ=1  after the model is solved and the optimal 

𝑛ℎ are obtained, and 4) the characteristics are uncorrelated.  

4. Comparative Study 

The comparative study was carried out to assess the 

performance of the proposed models versus some other 

allocation models. The comparison is based on simulated 

data, under different scenarios with the number of strata “H 

“assumed to be 2 and the number of characteristics “p” 

assumed to be 2 and 3 yielding two different scenarios 

(Scenario 1; H = 2 and p = 2, and Scenario 2; H = 2, p = 3). 

4.1. Simulation Design and Data Generation 

For each scenario, 1000 datasets are generated where 

each dataset represents a population of size 100,000 units. 

For each dataset, the mean 𝑌̅𝑗ℎ, the standard deviation 𝑆𝑗ℎ 

and the fourth central moment 𝐶𝑗ℎ
4  of the characteristic 𝑌̅𝑗ℎ 

are calculated. 

The following table 1 shows the distribution of the 

population into the strata and the assumed values of the 

travel and selection costs, under the different scenarios. 

Table 1.  Data Summary of the population. 

h 𝑵𝒉 𝑾𝒉 𝒄𝒉 𝝉𝒉 

1 40,000 0.4 50 40 

2 60,000 0.6 50 60 

The data are generated assuming different probability 

distributions for the characteristics including; Normal 

distribution representing symmetric distribution and Chi-

square and Exponential distributions representing non-

symmetric distributions. Table 2 represents the assumed 

parameters of the distributions used in the simulation. 

Table 2.  The assumed parameters of the characteristics’ distributions 

 h 𝒀𝟏𝒉 𝒀𝟐𝒉 

Scenario 1 
1 𝑌11 ~ 𝑁(100, 20) 𝑌21~ 𝜒

2(5) 

2 𝑌12 ~ 𝑁(50, 5) 𝑌22~ 𝜒
2(12) 

Scenario 2 

1 𝑌11 ~ 𝑁(100, 20) 𝑌21~ 𝜒
2(5) 

2 𝑌12 ~ 𝑁(50, 5) 𝑌22~ 𝜒
2(12) 

3 𝑌13 ~ 𝑁(75, 15) 𝑌23~ 𝜒
2(20) 

Table 3 presents the assumed parameters for the 

stochastic model. 
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Table 3.  The parameters of the distribution of the measurement and 
travel cost 

h 𝑵𝒉 𝝁𝒄𝒉  𝝈𝒄𝒉  𝝁𝝉𝒉 𝝈𝝉𝒉 

1 40,000 50 4 40 5 

2 60,000 50 8 60 12 

4.2. Compared Models and Assessment Criteria 

The following allocation techniques are chosen from the 

literature to be used for comparison against the proposed 

models. 

Classical Techniques 

Proportional Allocation, defined by; 

𝑛ℎ = 𝑛𝑊ℎ,   ℎ = 1,… ,𝐻       (16) 

where, 𝑛 =
𝐶−𝐶0

∑ 𝑊ℎ𝑐ℎ
𝐻
ℎ=1

, C is the total survey cost, 𝐶0 is the 

fixed cost, 𝑐ℎ is the selection cost per unit in the hth stratum, 

and 𝑊ℎ =
𝑁ℎ

𝑁
, is the hth stratum weight [27]. 

Optimization-Based Techniques 

1) Cochran’s Averaging of Compromise 

Allocations (ACA), defined by (1) and (2). 

2) Trade-off between cost and variance [21], 

defined by (6). 

The following assessment criteria are used for 

comparison: 

The value of the weighted CV’s. The lower value 

indicates the better performance of the allocation model.  

Relative Mean Index (RMI)  

𝑅𝑀𝐼 =  
1

𝐻
 ∑

𝑀𝐶𝑉ℎ−𝑀𝐶𝑉ℎ
∗

𝑀𝐶𝑉ℎ
∗

𝐻
ℎ=1         (17) 

where MCV 2
h is the mean of CV’s over all the 

characteristics in the hth stratum and 𝑀𝐶𝑉ℎ
∗  is the 

minimum mean of the CV’s in the hth stratum among all the 

allocation techniques. The lower the value of this measure, 

the higher the precision of the estimators within the strata. 

Throughout the comparison, the following values are 

assumed; 

- α1 = 10%, and α2 = α3 = 5%. 

- The assumed weights of the goals are 𝑘1 = 0.3  and 

𝑘2 = 0.7. 

- 𝐶0 is assumed 25,000. 

                                                             

2  Where 𝑀𝐶𝑉ℎ =
1

𝑝
 ∑

√𝑉𝑐𝑜𝑚𝑝(𝑌̅𝑗ℎ)

𝑌̅𝑗ℎ

𝑝
𝑗=1  ;  ℎ = 1,2, … ,𝐻 , 𝑉𝑐𝑜𝑚𝑝(𝑌̅𝑗𝑠𝑡)  is 

- 𝐶∗ is the target value of the total cost in the proposed 

models and that is used in the calculation of ACA and 

the proportional allocations is assumed 35,000.  

- 𝑉𝑗
∗  the target value of the variances of the stratified 

means of the characteristics, simultaneously is 

calculated by a separate optimization problem that 

minimizes the variances of the stratified means of the 

characteristics, simultaneously subject to sample size 

constraints (defined in appendix 1). 

The proposed models and Shad and Husain 2017 model 

are solved using GAMS software. All the models and the 

above-mentioned measures of performance are calculated 

for every single simulation run and the output is averaged 

over the 1000 runs and reported in tables 4 and 5. 

4.3. Comparison Results 

Table 4 shows a comparison of the total sample size and 

the allocation to the strata for the proposed allocation 

model, Shad model, ACA model, and Proportional 

allocation under the two different scenarios. The total 

sample size (n) suggested by the proposed model is smaller 

in size than ACA and Proportional allocations. The ACA 

and Proportional allocations suggest the same total sample 

size in the two scenarios regardless of the number of 

characteristics. The lowest sample size is suggested by 

Shad model. The proposed model suggests an allocation 

among the strata (𝑛ℎ) that considers the difference of the 

variations among and within strata. The lowest cost is 

suggested by Shad model, followed by the proposed model. 

Shad model shows the worst behavior in all scenarios, in 

terms of the lowest precision of the stratified means of the 

studied characteristics (as indicated by high values of the 

sum of weighted CV’s and RMI). The proposed model 

shows the best performance over other allocation 

techniques in terms of the highest precision of the estimated 

overall stratified means of the studied characteristics (as 

indicated by the low values of the sum of the weighted 

CV’s and RMI index). 

Regarding the individual allocation (𝑛𝑗ℎ) presented in 

table 5, the proposed models differ among the 

characteristics reflecting their weights and their 

variabilities as illustrated in the formulation of the model. 

While, the Shad and ACA allocations suggested individual 

allocations that differ with the strata sizes in the population, 

without taking into consideration the difference in the 

variability of different characteristics among different 

strata. 

the variance of the sample mean of the jth characteristic under optimum 

compromise allocation 
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Table 4.  The comparison results 

  𝒏𝟏 𝒏𝟐 𝒏𝟑 𝒏𝟒 𝒏 C Sum_weighted CV’s RMI 

Scenario 1 

Proposed Model 64 47   111 31258.39 0.026561 0.99390 

Shad 2.5 2.5   5 25408.13 0.172934 11.40925 

ACA 102.8 97.2   200 35997.09 0.026632 0.804602 

Proportional 80 120   200 36015.04 0.028832 0.750725 

Scenario 2 

Proposed Model 54 37 55  132 33331.08 0.020417 0.9090 

Shad 2 3.06 2.94  8 25647.78 0.127291 4.806098 

ACA 49.05 58.29 47.48  155 33824.07 0.031769 0.854529 

Proportional 40 100 60  200 36240.28 0.026482 0.220584 

Table 5.  The individual allocations 

  𝒏𝟏𝟏 𝒏𝟏𝟐 𝒏𝟏𝟑 𝒏𝟐𝟏 𝒏𝟐𝟐 𝒏𝟐𝟑 

Scenario 1 

Proposed Model 102 32  26 61  

Shad  3 2  2 3  

ACA  145.45 54.55  60.18 139.82  

Scenario 2 

Proposed Model 98 42 87 10 31.96 23.27 

Shad  2 2 2 2 4 4 

ACA  72.71 18.19 18.76 25.40 98.40 76.20 

 

5. Conclusions 

The present study suggests a multivariate optimal 

allocation technique for the stratified random sampling, 

through adopting a multi-objective MINLP model that 

aims at simultaneously minimizing the total survey cost 

and the individual variances of the overall stratified means 

of the studied characteristics. Moreover, the model is 

defined as a SP assuming the variances and the costs as 

random variables with known probability distribution. The 

SP model is converted to its deterministic equivalent model 

using the CCP approach. The proposed allocation was 

applied in two different scenarios (based on the 

combinations between the number of characteristics 2 and 

3 and the number of strata is 2). The performance of the 

proposed allocation is assessed versus other allocations 

namely; Proportional, Cochran [2] and Shad and Husain 

[21] using simulated data. The results of the comparison 

showed that in terms of the sum of weighted CV’s, and 

RMI, the proposed allocation has the best performance in 

terms of the highest precision of the estimated stratified 

means as well as lower cost than ACA and Proportional 

allocations. On the basis of the current results of our study, 

we suggest the following ideas for future work: 

1. Implementing other goal programming solution 

techniques,  

2. Using different cost functions, and 

3. Considering equal weights of the cost and variation 

when using weighted goal programming technique. 

Appendix 

The optimization model to obtain the target goal value 

of the individual variances; 

minimize 𝐹𝑗 = ∑
𝑊ℎ
2𝑆𝑗ℎ
2

𝑛𝑗ℎ

𝐻
ℎ=1 −∑

𝑊ℎ
2𝑆𝑗ℎ
2

𝑁ℎ

𝐻
ℎ=1 ;  𝑗 = 1,2, … , 𝑝 

Subject to 

𝑛ℎ = 
1

𝑝
∑𝑛𝑗ℎ

𝑝

𝑗=1

 

2 ≤ 𝑛𝑗ℎ ≤ 𝑁𝑗ℎ 

𝑛𝑗ℎ 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 

𝑓𝑜𝑟 𝑎𝑙𝑙 ℎ = 1,2, … , 𝐻 𝑎𝑛𝑑 𝑗 = 1,2, …, 
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