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Abstracts Although there are theoretical conclusions
about the existence, uniqueness, and properties of
solutions to ordinary and partial differential equations,
only the simplest and most straightforward particular
problems can usually be solved explicitly, especially when
nonlinear terms are involved, and we typically develop
approximation. In order to resolve the form problem of
fractional order beginning value (1) by lacunary
interpolation with a fractional degree spline function, the
main goal of this paper is to investigate and improve some
approximate solutions as well as new approximate
solution techniques that have been proposed for the first
time. From a practical standpoint, the numerical solution
of these differential equations is crucial because only a
tiny portion of equations can be resolved analytically. For
fractional differential equations that are sensitive to the
beginning conditions, we provide a fractional spline
approach. The polynomial coefficient-based spline
interpolation must be constructed using the Caputo
fractional integral and derivative. For the given spline
function, a stability analysis is completed after
investigating error boundaries. The numerical rationale for
the suggested technique is thought to use three cases. The
outcomes demonstrate how effective the spline fractional
technique is in interpolating the coefficient with fractional
polynomials. Finally, to demonstrate the effectiveness and
correctness of the suggested strategy, general procedure

programs are created in MATLAB and used to a number
of instructive cases.

Keywords Stability Analysis, Fractional Polynomial,
Fractional Derivative

1. Introduction

Spline capacities can be connected to numerical
approximations of Standard fractional differential
conditions and indispensably conditions as well as
lacunary insertion, addition, and information fitting. From
[1], starting esteem issues happen in numerous areas of
the sciences and designing, so a numerical arrangement is
required instead of an expository one. (See [2], and [3])
different spline capacities have been utilized already by
creators as an arrangement for introductory esteem issues.
This paper assists to create these thoughts in order to
solve fragmentary starting esteem issues.

A spline may be a specific work characterized
piecewise utilizing polynomials in science. Spline
introduction is for the most part favored to polynomial
addition in inserting issues since it provides comparative
results when utilizing moo polynomials of first-order
while avoiding Rung's influence of more advanced
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degrees. A fragmentary subordinate with the Caputo and
Reimann-Liouville equation could be a subordinate of any
non-integer arrange, genuine or complex, and is profitable
for modeling energetic wonders within the science and
innovation fields. However, for some difficulties the
fractional differential equations cannot provide results.
Therefore, instead of fractional order methods, analytical
or numerical methods are used to obtain the best
approximation. To get the leading approximations,
explanatory or numerical techniques are used (see [5, 6]).
The created spline polynomial in the first section, the
error boundaries in the second section, and the solidity
examination in the third section may all be considered of

2. Preliminaries

as being repeated in the current article. It has been looked
at how the third component, which presents our numerical
data compiled, results from proper arrangements. This
section looks to be the outcomes and conclusions of the
thought, (See [1], [7], [9], and [13]).

The construction and application of a novel class

9

Cz-approximation approach are used with the lacunary
spline to solve a fractional beginning value problem
numerically.

Y@@ = F0y), yx) = o
y'(x0) =y, x €[0,1] 1)

Alternative definitions for Taylor's theorem and fractional derivatives, both of which we used in our study, are
provided in this section. The most common methods for defining fractional derivatives are the Riemann-Liouville and

Caputo derivatives (see [4, 5, and 6]).

Definition 2.1: Assume that @ > 0,x > B, a,x, 8 € R. defines the Caputo fractional derivative of order a« > 0 by

[4.5]

fm

ds m—1< a<mmEeN

Dﬁaf(x) = j
dm

1 X
r(m— a)ﬁf (x — t)ati-m

dx—mf(x),azm,mEN.

Definition 2.2: Assume that @ > 0,x > B, a,x, 8 € R. defines the Riemann-Liouville fractional derivative of order

a>0 by[6,7]

g(®)

ds,m—1< a<mmeN

m

1 dm [
'm—«a dxmf x — t)atl-m
d

—gx),a=m,mEeN.

dxm

Definition 2.3: Assume that Dg “ G(x) € C[a,b] for z=10,1,..,m+1,and 0 < a < 1. Then we have the Taylor

series expansion about x = 1

(0f™D%) (@)
F((m+1)a+1)

900 = IR T2 pleg(o) +

=0 (i g+1)

where Dg“ = Dg*.Dg" ... Dg® (z times) [5].

(x —7)m+be with B < ¢ < x, forall x € [a,b]

3. Theories relating to the Spline Technique

Create an approximation of the fractional differential equation solution in this part, taking stability and error
boundaries into account in relation to the subsequent theorems. This is accomplished by combining a spline function

with the fractional polynomial of the coefficient.

3 1
Theorem 3.1: Given the actual figures D(E)Sj,j =1,,.M— 1,SO,D(E)SO and D'S,, then there exists a unique

spline S(x) € S(m%), like that:

S(xo) = f(xo),
D@)si(x) = D@)fi(x), i=012,..,n and )

D(%)S(x) = D(%)f(x), where x = xg, x,.
Proof:

We created the construction spline function from [1,10,11] utilizing the spline function with the [0,1] range and the
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fractional polynomial S(x) €S, o.:
(m3)

P() = P(0) Ay (x) + PD(0) A, (x) + PP (0)A,(x) + PP (0)A;(0) + PR(1)A4(x) + PP (0)As(x).
Where
Ao(x) =1,

1

2 =
4,00 = 212,

Ay (x) = #xg N 3156;?/12 xg’
A3(x) = %x% - 3156;3«/5363’
64 9
Ay(x) = mxz
Z 32 9
A (x) = 105\/— T 31sAvm xz (3)

9
Consider the step size = x; + tAh 0 <t < 1, use the same wording for S(x) in [x;_;,x;]. Since S(x) € Cz and

7 7.
S(x) = S(x7) to DDS(x7) = DDS(x;}"), respectively, for j =1,,...,N — 1, leads to the following linear system of
equations:

2 1) 10s 5.(5), 3se 2.(5) @) s
S - Sl 1 + \/ﬁhzsl—zl 315\/—h 1—21 31 thL—Zl + hz 315\/—51. 21+/1 315\/— 1—21 (4)
1 (5 1 (5 5 r222-1\ (3 3 ariony (G : 81-6, (3
thi(Z) = thi(_zz +h:(222)s ()+h ( s (_22 +hz(L)s L( 3H+ hz (m)s(_z) )
3 (3 2.4 5 (2 3 1.7 (£
hESL.(Z) = %hzsi(fz +17 sl(_zz ~h2 sl( ZM %hzsﬁf) (6)
5 (3 5 3 7
hESl.(Z) he 51(_22 : h‘sl.(_% +2 h'sl(_zzﬂ 22ps 5( 2 )
5 3 3
pst® = %hgsi(_zz o nis®) S pisE) v izpisld) ®)
The proof of the theorem completed.
Corollary: Let A =1 in Theorem 3.1, then the following system is stable.
Proof: Directly from the equation (4), (5), (6), (7) and (8) we obtain the following system:
_ 2 1), 104 -() 420 -() )
Sl' = Si—l +\/_Eh25i_21 315\/_}7. 315\/_]1 315\/5 hz, Sl—zl (9)
1 1 5 3 7
s = kst + 1ais®) 1 nis®) 1 Lp3sE) (10)
5 5 7
wis®) = 2 pisE) h%Sl.(_Zz (11)
7 5 7
wis® = _enis®) 2 nis®), (12)

Fori=1,,..,N—1

And in the section of stability analysis, we will show that the above system will be stable.

Hint: We may demonstrate the existence and originality of the spline method model using the aforementioned
theorem. Additional evidence that the spline technique construction's convergence analysis is accurate comes from the
following theorems:

1 3 7
Theorem 3.2: Assume that the spline fractional described in Theorem 3.1, S(x), is correct. D@ f,D@f € €2[0,1]
and that DY £(0) =0, j = 1,2 then forany x € [0,1] we have

7 7 7 5
sl.(z) ~ yi(Z) <|52-1] y(_zz + %h‘1| yi(_zz (13)
5 5 5
sO 50 <1yl o ) e 2 Z iy ) (14)
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60 <[ 1|h S @, 200, 2,0
i i | = yz 2| VYo T Wi T i
Proof: Since
3 5 3 3 7
pis) = ol L 2y5g6) | 150l i)
5 5 3 3
h;SL(Z) = Aj_;3 h’ SL(_ZE h SL(—ZE + 33 hgsl(—zz_'.l it h Sl.( :)Ll

7 7 5 3
hgsi(z) =22 hgs(zz -= hgs(zz th( ) th( )

i-1+A4"

Then, using the Taylor series for the analytic function y(x), and after some S|mpI|f|cat|ons, we obtain:

7 7 B 7 s
Si(Z) _ yi(Z) < |’1A3 _ 1 yl(_zz + %h—l yi(_zz’
5 5
Si(Z) _yi(Z) < |,1 1| |2,1 3 1| + hzy(3)

| |h2 )+ hzy(2)+ hzyl(?

4. Stability Analysis

(15)

(16)
(17)

(18)

(19)

(20)

(21)

Study is being done on the provided techniques (9), (10), (11) and (12) in order to assess its stability study and a

means of putting the equation to the test.

3 3
If 5(2) = ﬁESiv ﬁ € R'Y(xo) = yO'y,(xO) = y’()'

it \/E Si- sv‘ 315v7

33 16 7 (3
h2(28;_; + 31—h25.

5
hZS( ) hZSl( 2 +- hZSl(_zz + hZﬁZSL 1+, hZS( )
5 7
- i s
7
h%SL.( ) —6 thl( Z 2 thL( 2,
S;=KS_,, I=1,..,N—1
6] [ o]
1 1
|Si(2) | |Si(—22 |
where S; = |S®| and S;_; = |S®
. 2
150 0|
5% 5.2
a1+ hgﬁ%) 2 h% 104 5 16 7
/ 315v7 T 315vm  315vm
3 3 1 15 1 7
K= hz2p32 h2 —h2 ﬁhz
5 1 7
0 0 -2 h2 —Ehf

5 7
0 0 —6 h2 —2 h2

(22)

(23)
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Theorem 4.1: If K has n independent columns, K1
exists, and Kx =y has a unique solution u, then K is
non-singular.

Proof: Since we have a matrix K from the linear
system of equation (22), if |K| # 0, then K~ is exists,
and the system is a unique solution [12].

Theorem 4.2: The system of equations (23), using the
fractional spline method, is stable.

Proof:

Assume that |A;] < 1 is true and that T is a complex
conjugate matrix. If all complex -eigenvalues have
negative real components, as the characteristic polynomial,
continued stability of the characteristic equation is
expected [12].
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5. Numerical Results

Using the methodology demonstrated in the two
numerical examples in this section, all calculations are
completed. To specify the spline for fractional

interpolation class C% and confirm the mathematical

viability of the suggested approach, three fractional initial
value problems are taken into consideration. The usage of
the results in these two contexts highlights the value of the

suggested method. The terms e’e(é) and e™ indicate the
biggest mistakes in magnitude.

@)l = 15G) — f@) [pPe)| = [pE)seo - DGy o),
and
[D'e(x)| = |D'S(x) — D'y(x)|, respectively.
Example 1: Think about the differential equation for fractions as [14-15]
D%y(x) — x2D®/Py(x) — VxD/Dy(x) — x3y(x) = 63/mx — §x3 — x93

y(0)=y'(0)=0,0<x<1

The exact solution is given by (x) = v/ x3.

Comparison of solutions obtained by the method with exact solution of h=0.01

0.10 . Jn =
0.08 1 T e
0.06 - ™
o
/
0.04 1 iy
Iy
Iy
Iy
iy
o
’
002{
.
ﬁ ~®- Approximation(h=0.01)
0001 ™ ~®- Exact(h=0.01)
0.0000 0.0005 0.0010 0.0015 0.0020

Figure 1.

Numerical Result for Example 1
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Table 1. Absolute error of S(x), and its derivative of example 1.

1 1
X 1S(x) = f(x0)] |S(7)(x) - f(i)(x)| [S"(x) — f'(x0)| Exact Solution Approximate Solution
0.001 458515966 1071° | 8.030086432 10~8 | 7.509641214 10¢ | 1.77245385 10~° | 2.230969817 10~°
0.00625 1.11942071 1077 | 7.841896410 107° | 2.933458773 10~* | 4.32727991 1077 | 5.446700614 1077
0.0125 8.95525121 1077 | 4.436086768 10~° | 1173393246 1073 | 3.46182393 1076 | 4.357349048 107°
0.02 3.66794346 1076 | 1.436516788 10~* | 3.003954483 1073 | 1.41796308 1075 | 1.784757426 107°
0.05 572860289 1075 | 1.420032967 10~ | 1.878015871 1072 | 2.21556732 10~* | 2.788427602 10~*
0.1 457227644 10~* | 8.046113568 1073 | 7.523344280 1072 | 1.77245385 1073 | 2.229681494 1073
Example2: Consider the following nonlinear FIVP
I'e6) 3r(s) s TrM4 3
DEDy(t) + DPy(t) = = t"/? - 2 t2 + [t5 — 3t* + 2t3]?
r'(4.5) r(3.5) r(2.5)

The precise answer is (t) = t> — 3t* + 2t3, with the initial condition being y(0) = 0 = y'(0)

Comparison of solutions obtained by the method with exact solution of h=0.01

0.05 1 . ..
P ” e -~
’I ”;
” -
” - -
# -
-~ -~
0.04 1 L Lo
” >
rd -
”, -
Cd = -
” -
” - -
” -
’ ’ o’ <
0.03 - - .
” -
” -’
P -
- -
” -
S .
/’ -
0.02 - Iﬁ
i
[
‘v
0.01{ !
1
. - -
: ~m- Approximation(h=0.01)
0.00] @ -®- Exact(h=0.01)
) T ] \ 1
0.00000 0.00005 0.00010 0.00015 0.00020
Figure 2. Numerical Result for Example 2
Table 2. Absolute error of S(x), and its derivative of example 2.
1 1
X |S(x) — f(20)] |S(7)(x) — f(i)(x)| |S'(x) — f'(x)| Exact Solution Approximate Solution
0.001 1.864171816 10710 6.301350199 1077 1.957907717 1075 1.99700100 107° 2.183418181 107°
0.00625 3.653050043 107° 6.011771117 1075 7.420715087 107* 4.83713150 1077 4.873662000 1077
0.0125 2.503828939 1077 3.310442872 107* 2.864594028 1073 3.83331298 10°° 3.582930094 10°°
0.02 2.194090785 10°° 1.037813935 1073 7.022271067 1073 155232000 107° 1332910921 1075
0.05 9.406902677 10°° 8.964207383 1073 3.645376718 1072 2.31562500 107* 1.374934732 107*
0.1 1.383344970 1073 3.942630170 1072 1.002948476 107! 1.71000000 1073 3.266550298 107*
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6. Conclusions

Rarely has the spline function been investigated. As a
result, it is advised to use the fractional spline
interpolation function as a method for identifying
fractional beginning value issues. The last two examples
and figures and tables demonstrated that the proposed
algorithm can deliver positive results and also produces a
decent approximation to the given answer, demonstrating
that a small step size h must be chosen.

This recently developed algorithm targets the
approximation of the higher order derivatives as well as
the approximation of the fractional initial value problems.
Additionally, a spline technique based on the parameter
A € [0,1], is constructed, and A = 1 is taken and stability
work is done on it.
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