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Abstract This article presents the concept of a NE-nil
clean ring, which is a generalization of the strongly nil clean
ring. A ring R is considered NE-nil clean if, for every a in
R, there exists aq in R such that aa; = § witha — a; = ¢
and a1q = qaj, where q is nilpotent and ¢ is idempotent. This
article’s aim is to introduce a new type of ring, the NE-nil
clean ring, and provide the fundamental properties of this
ring. We also establish the relationship between NE-nil clean
rings and 2-Boolean rings. Additionally, we demonstrate that
the Jacobson radical J(R) and the right singular ideal v(R)
over NE-nil clean ring are nil ideals. Among other results, we
prove that every strongly nil clean ring and every weak * nil
clean ring are NE-nil clean. We establish that a strongly 2-nil
clean ring and NE-nil clean ring are equivalent. Furthermore,
we introduce and investigate NT-nil clean ring, that is a ring
with every a in R, there exists a; in R such that aa; = t with
a — a1 = q and a1q = qaq, where t is a tripotent and q is
nilpotent, by showing that these rings are a generalization of
NE-nil clean rings. We provide the basic properties of these
rings and explore their relationship with NE-nil clean and
Zhou rings.

Keywords Idempotents, Tripotents, Strongly Nil Clean,
Strongly 2-nil Clean

1 Introduction

We assume that all rings are associative with an identity.
To indicate the set of units in R, we use the symbol UN (R).
Additionally, ZD(R) represents the set of idempotents, while
NL(R) denotes the set of nilpotents. We also write Z,, to re-
fer to the ring of integers modulo n, J(R) for the Jacobson
radical of R, and T'r(R) for the set of tripotent elements in R.

In 1977, W.K. Nicholson [1] stated the notion of a clean ring,
that is a ring where every element of R is a sum of an idem-
potent and a unit. Later in 1999, Nicholson [2] defined the
strongly clean ring if the idempotent and the unit commute.
For several years many authors worked in this field (c.f. for
example) [3], [4] and [5].

In 2013, Diesl [6] gave the idea of nil clean ring, which is a
ring with each element is a sum of an idempotent and a nilpo-
tent, and he proved that every nil clean is a clean ring, later in
2016. A strongly nil clean ring was proposed by T. Kosan [7]
as a ring R where each member may be written as the sum of
an idempotent and a nilpotent that commute. For several years,
nil, strongly nil clean ring and related topics have drawn the
attention of many authors (c.f. for example), [8], [9] and [10].

A strongly 2-nil clean ring was introduced by Chen and
Sheibani [11] in 2017, as a ring with every element of R is
a sum of two idempotents and nilpotent that commute. Indeed,
this ring generalizes a strongly nil clean ring. This class of
rings are studied by many authors (c.f. for example). [12] and
[13].

2 Preliminaries

We begin with some well-known definitions and results,
which we need it in the present work.

Definition 2.1. [1]. An element a in a ring R is assumed to be
clean, if it can be expressed as a sum of an idempotent element
0 and a unit u, such that a = 0 + u. A ring R is a clean ring if
all elements of R are clean. If further ué = du, R is assumed
to be strongly clean.

Definition 2.2. [6]. An element a in a ring R is called a nil
clean element if a = 6 +q, 6 € ID(R) and ¢ € NL(R).
If further 6q = qd, R is considered to be a strongly nil clean
(SNC for short).
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Definition 2.3. [11]. An element a in a ring R is assumed to
be a strongly 2-nil clean if a = 6 + 61 + ¢, 6,61 € ID(R)
and ¢ € NL(R) that commute with one another. R will say
to be a strongly 2-nil clean (strongly 2-N'C for short) if all it is
elements are strongly 2-NC.

Definition 2.4. [14]. An element a in a ring R is called a weak
nil clean element of the ring R, ifa = q— 0 ora = q + 9, for
some g € NL(R),d € ID(R), and if each element is weak nil
clean, then R is assumed to be a weak nil clean ring. Further,
ifa =q—6ora=q+9withqd = dq, Then R is called weak*
nil clean.

Lemma 2.5. [11]. The following two relations are equivalent,
for any ring R.
1. R is strongly 2-NC.

2. Foreacha € R, a =6 — 01 + q, where §, 61 are idempo-
tents and q is a nilpotent that commute one another.

Definition 2.6. [15]. Ift = t3, the element t € R is called
tripotent.

Definition 2.7. [16]. A ring R is considered to be strongly
trinil clean, if for any a € 'R, it can be written as the sum
of two elements t and q, where t € Tr(R),q € NL(R) and

tq = qt.

Theorem 2.8. [11]. For any a in R, the following three issues
are equivalent.

1. R is strongly 2-NC.
2. a—a®>e NL(R).
3. a% is SNC element.

The next lemma duo to Lam [17], plays a crucial role in
several of our proofs.

Lemma 2.9. []7]. For any ring R.
1. The element 1 + q is a unit for every ¢ € NL(R).
2. Ifu e UN(R) and uq = qu, then u + q € UN(R).

Definition 2.10. [/8]. The right singular ideal of R, denoted
by v(R) = {a € R : r(a) is essential right ideal}, where
r(a) is the right annihilator of a. If every right ideal of R is
essential, R will say to be a right uniform ring.

Definition 2.11. [19]. If every a € R may be expressed as
the sum of two tripotents and a nilpotent that commute then the
ring R is Zhou nil-clean.

3 NE-nil clean rings

Our main focus in this section is to introduce the notion of
NE-nil clean rings and to explore its fundamental properties.

Definition 3.1. Let a in R, then a is called NE-nil clean, if
there is a1 € R, such that aaqx = § with a — a1 = q and
qarw = a1q, where ¢ € NL(R), 6 € ID(R). R is called
NE-nil clean (NE — NC for short) if all elements in R are
NE - NC.
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Example 3.2. [. Consider the ring
a1 @
M, (Z3) = { [ 01 aﬂ o, (g, 03 € Z3}~

ThenNL(Mz(zg)):Hg 8]{8 (1)]{8 (2)”%(1

R (A R i B B P R R

By direct calculation, one easily check that My (Zs3) is a
NE — NC ring.

2. Consider the ring Zio. Then NL(Zyy) = {0} and
ID(Zy) = {0,1,5,6}. Clearly, Zyg is not NE — NC,
since the element 2 is not N — NC.

We shall begin this section with the following lemma, which
contains several easy statements, which will frequently use
throughout this work.

Lemma 3.3. Suppose R is a NE — NC ring, then
1. aq = qa.
2. aa; = a1a = 9.
3. 0q = qé.
4. a? is an SNC element.

Proof. 1. Take aa; = 6 with a — a; = ¢ and qa; = a14.
Then aq = ai1q + ¢® and qa = gqa; + g2, this implies
aq = qa.

2. Leta = a1 +q, thenaa; = a%—i—qal and a1a = a%—&—alq,
this gives aa; = aja = 0.

3. Letaa; = 6, then ¢§ = g(aay) =
by part(1) we have ¢0 = a(qay)
4q.

(ga)aq, since ga = ag,
= a(a1q) = (aa1)q =

4. Let aa; = 9, with a — a; = ¢ and qa; = a;q, then

a’ — aa; = aq, gives a®> = & + ag. since ag = qa by
part(1), then ag € N'L(R). On the other hand, a® =
ad +a?q = da+ aqa using part(1) we get aé = da. Thus,
§(aq) = (aq)é. Therefore, a® is an SN'C-element.

O

Here, we list the NE — NC rings fundamental properties.

Proposition 3.4. Suppose R is a NE — NC ring. Then for all
a € R and for some a1 € R, then.

1. a®> —a? € NL(R).
2. a? —a* e NL(R).

Proof. 1. Suppose a € R, then aa; = ¢ for some a; €
R with ¢ — a; = ¢q and gqa1 = a1q, § € ID(R) and
q € NL(R). Using Lemma 3.3, a®> = § + aq, but a3 =
§+aiq,s0a®>—a?=6+aq— (0 —aiq) =aq+aqg=
(a+a1)g, since g(a+a1) = (a+a1)g, then g(a+aq) €
NL(R). Hence, a®> — a? € NL(R).
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2. Let a € R, then by Lemma 3.3, a®> = § + ag, this gives
a®? — aq = 4. Hence, (a® — aq)? = a® — aq. This implies
a®(a® — 2aq + ¢®) = a® — aq, so a* — 2a3q + a®¢* =
a®—aq. Thus, a® —a* = —2a3q+a%¢*> —aq = (—2a> +

a’q+a)g € NL(R).
O

Proposition 3.5. Let R be NE — NC ring, then J(R) C
NL(R).

Proof. Suppose a € J(R). Then there is a; € R, such that
aa, = 6 with @ — a; = ¢ and qa; = a1q, where § = 6% and ¢
is nilpotent. But aa; € J(R) shows that 6 € J(R), this gives
§ = 0. By Lemma 3.3, a® = § + aq, so a®> = aq € NL(R),
thus, a € NL(R). O

C

Proposition 3.6. Let R be NE — NC ring. Then v(R)
NL(R).

Proof. Given 0 # a in y(R), there is a; in R such that aa; =
d witha —a; = gand ga; = a1q,§ € ZD(R), q € NL(R),
so a? = § + aq. Let ¢ € r(a?) N 6R, then ¢ = §R, for some
r € R,and a’c = 0. So (6 + aq)dr = 0, as § = 42, then
(1 + aq)ér = 0. Since ag € NL(R), then by Lemma 2.9,
1+aq =u € UN(R). This gives u.dr = 0, thus, 7 = ¢ = 0.
But r(az) is a non-trivial and essential, then R = 0,s0d = 0.
Therefore, aq = a*> € NL(R), so a € NL(R). O

Proposition 3.7. If R is NE — NC ring with idempotents 0
and 1, then R is a local ring.

Proof. Choose a € R, then there is a; € R, such that aa; = ¢
witha — a3 = gand ga; = a19,0 € ID(R), q € NL(R). If
0 =1, then aa; = 1, this implies a2=1+ aq, by Lemma 2.9,
1+ag € UN(R), so a € UN(R). On the other hand, if
§ = 0, then aa; = 0, this gives a®> = aq € NL(R), so a is
nilpotent, and then 1 + a € UN(R). Thus, R is local. O

Proposition 3.8. If R isa NE — NC ring. Then for any idem-
potent 0§, there exists a unit u and an idempotent 61 such that
’(L51 = 9.

Proof. Let § = 62 € R, then §a; = 6; for some a; € R,
with 6 — a; = ¢ and ga; = ayq, where §; € ID(R) and
q € NL(R). Then § — §; = dq, this implies §(1 — q) = 4y,
butl — g = u € UN(R). Then we have du = d;. Hence,
0= u*151. O

Definition 3.9. A 2-Boolean ring is a ring with every a in R,
a’ € ID(R).

Proposition 3.10. Suppose the ring R is NE — NC with ev-
ery nilpotent element is a difference of two idempotents that
commute. Then R is a 2-Boolean.

Proof. Take a € R, then by Lemma 3.3, a’® = § + aq, where
d € ID(R) and ag € NL(R) and §(aq) = (aq)d. As ag
is nilpotent, then ag = §; — d2, where §1,02 € ZD(R) and
8109 = 8261. This implies ag + 6o = 1. Thus, (aq + §2)? =
aq + 0. Clearly, (aq)dy = d2(aq), then we have (aq)? +
2aqdy + 63 = aq + &2, this yield (aq)? + 2agd2 = aq, so
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(aq)? = aq—2aqds, gives (aq)? = aq(1—263), but 1 — 25, =
u € UN(R), and (1 — 262)? = 1. Thus, ag = (aq)?u. As aq
is nilpotent, then ag = 0. Therefore, a?=>4. O

Corollary 3.11. Suppose the ring R is NE — NC in which
every nilpotent element is a difference of two idempotents that
commute, and 2 € R is nilpotent. Then R is a Boolean.

Proof. Take a in R. Then a®> = § + aq where § € ZD(R),
aq € NL(R), and §(aq) = (aq)d. Applying Proposition 3.10,
we get a? = 6, and 2 = 0. Hence, R is of characteristic 2.
Now consider (a+6)? = a?+2a6+5 =a?>+5 =5+ = 0.
By Proposition 3.10. a + § = 0, this gives a + 6 = 26. Then
a = 9. Whence, R is a Boolean ring. O

4 NE — NC and related rings

The objective of the present section is to establish the re-
lationships between N'E — NC rings, strongly clean, SNC
rings, strongly 2-A/C-rings and weak* nil clean rings.

Theorem 4.1. Every SNC ring is NE — NC.

Proof. Forany a € R, a = § + g and dg = ¢d, whenever,
d € ID(R) and ¢ € NL(R). Since q is a nilpotent element,
then there is a positive integer r such that ¢" = 0.

Seta; = (6 —6q +0q® —5¢> + -+ + (=1)""1¢g"~1), then
aa; = (6+q)(6 —0q+3q® — 63 +--- (—1)""1qg" 1), clearly,
aai; = d. Observe that,

a—a; = (0+q) — (6 —8q+ 06> — - (-1) g1 =
(14+6—30q+---(=1)""1¢q"=2)q. Since ¢0 = &g, then a —
a; € NL(R), and ga; = a;q. Therefore, R is a NE — NC
ring. O

Below we shall provide a counter example to Theorem 4.1.

Example 4.2. The ring M2(Z3) is NE — NC, but it is not con-

sidered nil clean, since the matrix 8 (2)] is not SNC element.

Proposition 4.3. Let R be NE — NC ring, and let 2 € R is
nilpotent. Then R is an SNC ring.

Proof. Take a € R, there is a; € R, such that aa; = ¢ with
a—a; = qand ga; = a1q where § € ZD(R),q € NL(R).
Using Lemma 3.3, the element a? will be SN'C. Applying [11,
Theorem 2.11], we get a is SNC element. Therefore, R is a
SNC ring. O

Our next, theorem illustrates the relationship between
NE — NC with strongly 2-NC rings.

Theorem 4.4. A ring R is strongly 2-NC if and only if R is
NE - NC.

Proof. Assume R is strongly 2-A/C, and suppose a € R. Ac-
cording to Lemma 2.5, a = 0 — d; + ¢, whenever, §,0; €
ID(R) and ¢ € NL(R). Here 8,0, and ¢ commute with one
another. As ¢ nilpotent, then ¢" = 0 for some positive integer
7. Clearly, (6 — 1) is idempotent and (§ — &7 ) is a tripotent.
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Seta; = (5—51)—(5—51)2q—|—(5—51)q2—- . '+(—1)T+1(5—
61)"q" 1

Then

aa; = (0 =01 +q)((0—01) = (6 =61)*q+ (0 —d1)g* — - +
(_1)r+1(5_ 61)7“(]7"—1)

=(0—=01) = (0—=01)g+ (6 —01)°¢* =+ (= )”“(5—
01) g " (6= 01)g— (6 —61)%¢* + (5 01)¢* —---+0=
(6 — 61)2.

Furthermore,
a—ar=(0—01+q)—((6—01)—(6—01)¢+ (0 —d1)g* —
4 (_1)r+1(5 _ 51)rqr—1)

=q(1+ (0 —061)— -+ (=16 —61)"¢"2) e NL(R).

Clearly, qa; = a1q. Therefore, R is N€ — NC.

O

Conversely, let a € R. Then aa; = J, for some a; € R

with a — a; = q, qa; = a1q where § € ZD(R), g € NL(R).

Using Lemma 3.3, a? will be a SN'C element. Applying [11,

Theorem 2.3], we have, a is a strongly 2-N'C element. Thus R
is a strongly 2-A/C ring.

Next, we shall establish the relationship between N — NC
and strongly clean rings.

Theorem 4.5. Every NE — NC ring is strongly clean.

Proof. Take a € R. Then a? = § +aq where § € ID(R),q €
NL(R),6(aq) = (aq)d. Seta? = (1 —6) + (20 — 1 + aq).
Since (26 — 1)2 = 1, then (26 — 1) € UN(R). Observe that
aq € NL(R), and (26—1)aq = aq(26—1), by Lemma 2.9, we
have 20—14+aq =u € UN( ). This implies a?—(1—4) = u,
and hence, (a — (1 —=96))(a+ (1 =9)) =u,s0a— (1 —90) =
v €UN(R), then a = (1 — §) + v but (1 — §) is idempotent,
v is unit and v(1 — §) = (1 — §)v. Therefore, R is a strongly
clean ring. O

Observe that the reverse of Theorem 4.5 is false, as it will be
shown in the next example.

Example 4.6. In the ring Zig. Clearly, Z1q is strongly
clean, while Z1o is not N§& — NC since the element 2 is not

NE - NC.

Proposition 4.7. Assume R is a strongly clean ring and 2 €
NL(R), with every unit u,u? = 1. Then R is a NE — NC

ring.

Proof. Letting a € R, then a = § + u, with du = ud where
§ € ID(R), u € UN(R), let a; = u — 4, then aa; = (u +
(u —6) = u? + éu — ué — 6> = 1 — 6. Furthermore,
a—a; =6+u—u+d =20 € NL(R), but g(u — &) =
(u—6)q,qa; = a1q. Therefore, R is NE — NC ring. O

Theorem 4.8. Every weak* nil clean ring is NE — NC.

Proof. Given a € R be a weak* nil clean, then a = ¢ + § or
a=q—dandgd = dq, where 6 € ZD(R),q € NL(R). Then
there is a positive integer r, such that ¢" = 0. If a = ¢ + 6,
then according to Theorem 4.1, R is NE — NC ring. If

a = q— 0, write

a1 = (=0 —06q—0q> =6¢> — - —q"*
aa; = (q — 6)(=6 — dq — 0¢® — 0¢>

), then
q"1). Clearly,
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aa; = ¢ and

a—a;=(q—08)— (=6 —0q—08¢*>—6¢>—---—q" 1)

= (14+6+6g+- - -+q"~2)q. So ¢d = dq, thena—a; € NL(R),
and ga; = a1q. Therefore, R is N€ — NC ring. O

Observe that the converse of the above theorem is untrue.
Below we shall provide counter example. In Example 3.2(1),
itis clear My(Z3) is a N€ — NC ring, which is not weak* nil
clean. Because the elements [(1) g , g ﬂ are in My (Zs3),
which are not weak* nil clean element. Hence M3(Z53) is not
weak* nil clean ring.

5 NT-nil clean rings

The purpose of this section is to show the concept of the so-
called NT-nil clean rings that generalize the idea of N€ — N C
rings. Our aim is to explore its fundamental properties and its
relationship with other related rings.

Definition 5.1. An element a in a ring R is assumed to be NT-
nil clean if for each a € R there exists a1 € R, such that
aa; = t witha — a1 = q and a1q = qaq, where t € Tr(R)
and ¢ € NL(R). A ring R is NT-nil clean (N'T — NC for
short) if each element of R is N'T — NC.

Note that: Every NE€ — NC ring is N'T — NC since ev-
ery idempotent element is tripotent. The reverse implication is
false, as presented in the below example.

Example 5.2. In ring Z1o, we have

ID(Zlo) = {(_], I, 5, 6}, T?"(Zlo) = {(_), I, Zl, 5, 67 g} and
NL(Zy9) = {0}, we can easily verify that Zg is NT — NC
which is not NE — NC, since the elements 2,3,7,8 are not
NE — NC elements.

As a starting point, we use the following lemma in several
of our proofs.

Lemma 5.3. Assume R isan N'T —
in R, we have:

NC ring, then for each a

1. a? is strongly Trinil clean.
2. a? is strongly 2-NC.

3. a*is SNC.

4. ais clean.

Proof. 1. Letain R, thereis a; € R such that aa; = t with
a—a; = qand ga; = a1q, where t € Tr(R) and q €
NL(R), So a? — aa; = ag, gives a?> —t = aq. Clearly,
aq = qa, then ag € NL(R), say q1. Thus, a®> =t + ¢,
and tq; = qit. Therefore, a® is a strongly Trinil clean
element.

2. Follows from [11, Theorem 2.8].

3. From part (1), a? = t + q;. Thus, a* = 2 + 2tq, + ¢ =
t2 + (2t + q1)q1. Since (2t + q1)q1 = q1(2t + q1), this
gives (2t +q1)q1 € NL(R), say g2. So a* = t* + g and
t2gs = ¢ot?. Therefore, a* is an SA/C element.
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4. From (3), a* = t? + ¢o. We may write

a* = 1—t24 (2t — 1) + go. Clearly, 1 —#? is idempotent
and
(2t2 —1)2 = 42 — 4>+ 1 = 1 and @2 (2t> — 1) =
(2t? — 1)go. This mean that (2t> — 1) + q2 € UN(R),
say uy. So a* = 1 —t2 + uy, implies a* — (1 —t?) = uy.
Thus,
((a—(1—12))(a®—3a2(1—12))+3a(1—12)2—(1—2)?) =
uy. Hence a — (1 —t2) e UN(R).

O

Proposition 5.4. If R is an N'T — NC ring, then J(R) C
NL(R).

Proof. Letting j € J(R), then there is a; € R such that
ja; =t with j — a; = ¢, and ga; = a1q, where ¢ € N'L(R)
andt € Tr(R). But j € J(R) shows that, ja; =t € J(R).
Thus, t = 0. Hence, ja; = 0,50 j2 — 0 = jq € NL(R), this
yield j € N'L(R). O

Proposition 5.5. Let R be an N'T — NC ring, for which 2 is
nilpotent. Then R is NE — NC ring.

Proof. Given a € R, then by Lemma 5.3 part (1), a? = ¢ +
q1, where t € Tr(R), ¢ is nilpotent, and ¢1¢t = tq;, from
Lemma 5.3 part (3), at =12+ q2. Hence, at—a?2 =12+ qo —
t—q.Soa* —a®* =12 —t+ (g2 — q1). Consider (t* — t)? =
tt— 213 + 12 =12 — 2t + 1% = 2(t* — t). Since 2 € NL(R),
then t2 — t € NL(R). So, a* — a? € NL(R), this means
a(a® —a) € NL(R), so (a* — 1)a(a® — a) € NL(R). Then
(a® — a)? € NL(R), yielding a® — a € NL(R). Applying
Theorem 2.8, R is a strongly 2-N/C ring. Using Theorem 4.4,
Ris NE — NC. O

Theorem 5.6. Assume R is a right uniform N'T — NC ring.
Then R — {1} = NL(R).

Proof. Letting 1 # a € R, then by Lemma 5.3 part(1), a2 =
t+q, where t = t3, ¢ is a nilpotent and gt = tq. Let r(a?) be a
non-trivial right ideal of R. We shall show that t RN7(a?) = 0.
Letc € tRNr(a?). Then ¢ = tR and a*c = 0 for some r € R,
this implies (t + ¢)tr = 0,(1 + qt)t>r = 0, but 1 + ¢t €
UN(R). Hence, t>r = 0, gives tr = ¢ = 0. Since R is
uniform by an assumption, then tR = 0, so ¢ = 0. Whence, it
follows that a> = 0 + q. Hence, a € NL(R). O

The following result explores the relationship between
NT — NC ring and Zhou ring.

Theorem 5.7. Suppose R is NT — NC ring. Then R is a
Zhou ring.

Proof. Given @ in R, then by Lemma 5.3 part(2), a® is a
strongly 2-A/C element. According to Theorem 2.8, (a?)3 —
a? € NL(R). So a(a® — a) € NL(R), and (a* — 1)a(a® —
a) = (a® — a)?> € NL(R). Therefore, a® — a € NL(R).
Hence, R is Zhou according to [20, Theorem 2.11]. O

Corollary 5.8. If R is N'T — NC for which 2 is nilpotent, then
each element of R is a sum of two idempotents and two units.
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Proof. Suppose a in R, then by Theorem 5.7, a = t1 +t2 +q,
where ¢1,t, € Tr(R),q € NL(R) that commute with one
another. Now we may write

a=1-1)+EH+t -1+ A -8)+ B +t2—1)+q.
Note that

2+t —1)2=t1+12 +1+263 - 212 — 214
=24+t 4+ 142t —2t3 -2t = 1. Thus, 3+t — 1 =y €
UN(R). Similarly

t3+ty —1 = uy € UN(R). Whence, it follows that a =
(1—3) +ur + (1 —t3) + us +q, as usq = qua, then us +q =
uz € UN(R),(1 —t2),(1 — t3) € ID(R). This implies
a=(1—-1)+ (1 —13) +u1 + us. 0O

6 Conclusions

In this work, the notion of N'€ — NC rings is presented.
We give the fundamental properties of these rings and show
that these rings generalize SA/C rings and equivalent to a
strongly 2-SN ring. Furthermore, we introduce the concept
of NT — NC rings. Indeed, these class of rings generalize
NE — NC rings, and show that every N7 — NC ring is a
Zhou rings.
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