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Abstract In this paper, graphs called overtrees are intro-
duced and studied. These are connected graphs that contain
a single simple cycle. Such graphs are connected graphs
following the trees in terms of the number of edges. An
overtree can be obtained from a tree by adding an edge to
connect two non-adjacent vertices of a tree. The same class
of graphs can also be defined as a class of graphs obtained
from trees by replacing one vertex of the tree with a simple
cycle. The main characteristics of overtrees are n, which is
the number of vertices, and k, which is the number of vertices
of a simple cycle (3 ≤ k ≤ n). A formula for the chromatic
polynomial of an overtree is obtained, which is determined by
the characteristics n and k only. As a consequence, it is ob-
tained the formula for the chromatic function of a graph which
is built from a tree by replacing some of its vertices (possibly
all) with simple cycles of arbitrary length. It follows from
these formulas that any overtree with an even-length cycle is
two-colored, and with an odd-length cycle is three-colored.
The same is true for graphs obtained from trees by replacing
some vertices with simple cycles.

Keywords Graph, Tree, Overtree, Cycle, Coloring, Chro-
matic Polynomial

1 Introduction
The problem of coloring a graph and finding its chromatic

polynomial can now be considered completely solved, since
for two extreme cases of connected graphs which are trees
and complete graphs formulas for their chromatic polynomi-
als have been obtained. Also theorems that allow calculating
the chromatic polynomials of the other connected graphs by re-
ducing to complete graphs or trees have been proved. However,
these theorems are procedural. They also show that in the gen-

eral setting, the problem of finding the chromatic polynomial
of a graph in terms of its invariants is not solvable. Examples
of non-isomorphic graphs with the same chromatic polynomi-
als are constructed.

In this paper, two classes of undirected graphs are defined
and studied. These classes are overtrees and graphs that can
be obtained from a tree by replacing some of its vertices with
simple cycles. It is clear that by the number of cycles, overtrees
are the next connected graphs type after trees.

Formulas for the chromatic polynomials of such graphs are
obtained. These polynomials are uniquely determined by two
parameters of these graphs: the number of vertices and the
lengths of the simple cycles they contain.

The result is a formula for the chromatic polynomial of any
graph that is obtained from a tree by replacing some its vertices
with simple cycles. The chromatic polynomials of such graphs
are also uniquely determined by the number of vertices and the
lengths of simple cycles.

It follows from the obtained formulas that if the lengths of
all cycles are even, these graphs are two-colored, and otherwise
they are three-colored.

2 Overtrees. Definition, examples and
the simplest properties

It is known that a tree is a connected graph with the mini-
mum number of arcs. The trees are well studied. Their proper-
ties in [1, 2] were formulated in the form of the main theorem
on trees (Theorem 4.1. in [1]. This theorem allows us to give
several equivalent definitions of a tree. According with [1], we
consider the following as the main definition of a tree:

Definition 1. A tree is a finite connected graph without cy-
cles.

Now define a class of graphs that we call overtrees. This,
in the point of the number of arcs, overtrees is the class of
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connected graphs that next to the trees class.
Definition 2. An overtree is a finite connected graph that

contains a unique simple cycle.
In the figure 1 two overtrees with four vertices are shown.
It is clear that the following theorem holds.
Theorem 1. Let G(X,U) be an overtree and |X| = n, then
|U | = n.

The proof of this theorem is trivial. Indeed, if we remove
an arbitrary edge of a simple cycle, we get a finite connected
graph with n vertices which contains no cycles, that is a tree.
By the main theorem on trees, such a graph contains n − 1
edges. This means that the original overtree contains n arcs.
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Figure 1. Two overtrees with four vertices.

It follows from this theorem and the main theorem on trees
that any overtree can be considered to be obtained from a tree
by adding one arc. As a result of such adding a unique simple
cycle is formed.

Figure 2 shows a tree and two overtrees, which are obtained
from the original tree by adding one edge. For each overtree,
the added edge is shown with a dotted line.
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Figure 2. Tree and two its overtrees.

It is clear that in addition to the ”number of vertices” char-
acteristic, the overtree has one more characteristic, that is ”the
length of a simple cycle”.

We denote by STn,k an overtree with n vertices and a cycle
of length k. It’s obvious that STn,n. Here Cn is a simple cycle
of length n.

In the case, when 3 ≤ k < n, an overtree can be obtained
as a simple cycle, in one or several vertices of which trees are
”planted” (see figure 3, which illustrates that has been said).
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Figure 3. Three overtrees ST5,3.

It is clear that in the case when k = n− 1, there is a unique
overtree that has the form of a simple cycle Cn−1, one of the
vertices of which is connected by an edge to unique vertex not
from the cycle. Therefore, in this case (as in the case of k = n)
there is only one overtree, the construction of which we just

have described. In other cases, the characteristics n and k do
not define a overtree up to isomorphism (see figure 3).

It is clear that following theorems hold
Theorem 2. For any overtree STn,k, if 3 ≤ k < n, then

there exists at least one vertex x for which deg x = 1 (such a
vertex is called a pendant vertex).

Theorem 3. The blocks graph of the overtree STn,k is a
tree with n− k + 1 vertices. This graph can be obtained from
the overtree STn,k by removing the edges of the cycle Ck and
combining of all the vertices of this cycle into one vertex.

Remind (see [2]) that a block is a maximal in embedding
connected subgraph which does not contain articulation points.
A block graph is obtained from the original graph by combin-
ing all vertices of each of the blocks into one vertex and re-
moving the inner arcs of each of the blocks.

It is clear that all the overtrees, which are shown in figure 3,
have the same blocks graph (see figure 4).

x x x
Figure 4. Blocks graph for any overtree ST5,3.

3 Overtrees chromatic polynomials
We now turn to finding the chromatic polynomials of

overtrees. It will be shown that they are uniquely determined
by the characteristics of n and k.

Remind (see [1]) that a coloring of the vertices set X of a
graph G by m colors is a mapping p : X → [1;m]N , which
satisfies the condition: if the vertices x and y are connected by
an edge, then p(x) ̸= p(y). The chromatic number of a graph
is the smallest m for which a coloring of the vertices of the
graph exists. The chromatic number of the graph is denoted by
χ(G).

We now recall the definition of the chromatic function of a
graph:

Definition 3. The chromatic function of a graph G is a func-
tion fG which is defined on the set N as follows:

fG(x) = ”the number of ways to color
the vertices of the graph G by x colors”. (1)

Thus, by equality (1) a graph chromatic function is defined
combinatorially. Its behavior is clearly defined by following:

1. fG(x) = 0 if 0 ≤ x ≤ χ(G)− 1;
2. 0 < fG(χ(G)) < fG(χ(G)+1) < fG(χ(G)+2) < . . . .
If for a specific graph we can go from the combinatorial

specification of the chromatic function (equality (1)) to its
specification using a formula, then this allow us to calculate
the chromatic number of the graph.

The chromatic function has been studied well enough (see,
for example, [1, 2]). It turned out that for any graph with
n vertices it is a polynomial of degree n with integer coef-
ficients, therefore it is called the chromatic polynomial of the
graph. The history of chromatic polynomials goes back to G.D.
Birkhoff, H. Whitney and W.T. Tutt. Over the past 50 years,
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chromatic polynomials and their generalizations have been ac-
tively studied by many authors (see [4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 20]), including in connection with the
four-color conjecture (before it has been proved).

The chromatic number of a graph is an important character-
istic of a graph, in particular, it is used by chemists involved in
the design of chemical compounds (see, for example, [18, 19]).
In graph theory itself, the coloring of vertices can be used to
find internally stable sets of a graph, and the chromatic polyno-
mial can be used to recognize that graphs are non-isomorphic.

There are two classes of graphs, for which such a polynomial
is known and depends only on the number of vertices of the
graph. They are complete graphs Kn with n vertices and trees
Tn with n vertices:

fKn
(x) = x(x− 1)(x− 2) · . . . · (x− (n− 1));

fTn
(x) = x(x− 1)n−1.

Finding the chromatic polynomials of arbitrary graphs is
based on these two facts. The following theorem allows one
to find the chromatic polynomial of an incomplete graph using
the chromatic polynomials of complete graphs.

Theorem 4. (see, for example, [3, Theorem 5.6]). Let G be a
graph and its vertices y and z are non-adjacent (not connected
by an edge), then the following equality holds:

fG(x) = fGy−z
(x) + fGy=z

(x). (2)

Here Gy−z is the graph obtained by adding an edge that con-
nect the vertices y and z, and Gy=z is the graph obtained by
combining the vertices y and z into one vertex.

It is clear that in a finite number of steps of applying this
theorem, one can obtain on the right-hand side of (2) a linear
combination of complete graphs chromatic polynomials.

Theorem 4 gives us the quickly method to obtain the chro-
matic polynomial of a graph that close to a complete graph in
the number of arcs.

Let us give this theorem a slightly different form:
Theorem 5. (see, for example, [4, Theorem 5.1.1]). Let

G be a graph and its vertices y and z are adjacent, that is
connected by an edge u, then the following equality holds:

fG(x) = fG−u
(x) + fGy=z

(x). (3)

Here G−u is the graph obtained from the graph G by deleting
the edge u.

There is one more theorem that speeds up the finding of the
chromatic function in some cases.

Theorem 6. (see, for example, [3, Theorem 5.8]). Let G be
a graph for which G = G1 ∪G2 and G1 ∩G2 = Ks, then the
following equality holds

fG(x) =
fG1
· fG2

fKs

. (4)

It is known that any tree that contains at least two vertices is
two-colored. Any simple cycle with an even number of vertices
is two-colored, and with an odd number of vertices is three-
colored. Since an overtree STn,k is represented in the form of

a simple cycle Ck, at one or several vertices of which trees are
”planted”, therefore, the following equality holds

χ(STn,k) =

{
2, k ≡ 0 (mod 2);
3, otherwise.

.

Consider an overtree STn,3. Let the edge u is an edge of the
cycle C3. Denote by y and z its end vertices. We now apply
the Theorem 5 (equality (3)).

fSTn,3
(x) = fTn

(x)− f(STn,3)y=z
(x) =

= fTn
(x)− fTn−1

(x) = x · (x− 1)n−1 − x · (x− 1)n−2 =

= x · (x− 1)n−2 · (x− 2).

Thus, all overtrees STn,3 (some of them are non-
isomorphic) have the same chromatic polynomial

fSTn,3(x) = x · (x− 1)n−2 · (x− 2). (5)

Consider an overtree STn,k for which k > 3. We take an
arbitrary arc of the cycle Ck on it and apply Theorem 5, then

fSTn,k
(x) = fTn(x)− fSTn−1,k−1

(x). (6)

The recurrence relation (6) is obtained, which one can now
apply together with the formula (5). Consider its application

fSTn,4
(x) = fTn

(x)− fSTn−1,3
(x) =

= x · (x− 1)n−1 − x · (x− 1)n−3 · (x− 2) =
= x · (x− 1)n−3 · (x2 − 2x+ 1− x+ 2) =

= x · (x− 1)n−3 · (x2 − 3x+ 3).

Thus, the following formula is obtained:

fSTn,4(x) = x · (x− 1)n−3 · (x2 − 3x+ 3). (7)

It is clear that the recurrence relation (6) and formula (5)
allow to get the formula for fSTn,k

(x). In this case, such a
formula will depend only on n and k.

However, to obtain it, we do not use the recurrence relation
(6), but a different technique and the fact that the formula for
the chromatic polynomial of a simple cycle is known.

We start with the overtree STn,n. It is known that in this
case STn,n = Cn and we can use the formula for the chromatic
polynomial of a simple cycle:

fSTn,n(x) = fCn(x) = (x− 1)n − (−1)n−1 · (x− 1). (8)

Consider now the overtree STn,k for 3 ≤ k < n. By Theo-
rem 2, it has at least one pendant vertex y. Consider as graph
G1 the graph which is generated by incident to vertex y edge
u, and as graph G2 the graph obtained from STn,k by delet-
ing pendant vertex y. It is clear that intersection of two these
graphs consists of only one vertex, that is, it is a complete graph
K1. Therefore, we can use Theorem 6 (the equality (4):

fSTn,k
=

fT2
(x) · fSTn−1,k

(x)

fK1(x)
=

=
x · (x− 1) · fSTn−1,k

(x)

x
= (x− 1) · fSTn−1,k

(x).
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Thus, we have obtained one more recurrence relation for the
chromatic functions of overtrees. Let’s apply it sequentially
until we cut off all the vertices of the trees which are ”planted”
in vertices of the simple cycle Ck. As a result, we get the
following formula:

fSTn,k
(x) = (x− 1)n−k · fCk

(x).

Taking into account that the chromatic polynomial of a sim-
ple cycle is known, we obtain a formula for the chromatic poly-
nomial of any overtree STn,k with 3 ≤ k < n:

fSTn,k
(x) = (x− 1)n−k ·

(
(x− 1)k − (−1)k−1 · (x− 1)

)
.

(9)
Note that in case k = n it coincides with the formula (8) we

obtained earlier. Hence the formula (9) is valid for all overtrees
STn,k with 3 ≤ k ≤ n.

Let’s check that it gives the same result for STn,3 and for
STn,4, which we obtained earlier.

STn,3(x) = (x− 1)n−3 ·
(
(x− 1)3 − (x− 1)

)
=

= (x− 1)n−2 · (x2 − 2x) = x · (x− 1)n−2 · (x− 2).

This result coincides with the formula (5).

STn,4(x) = (x− 1)n−4 ·
(
(x− 1)4 + (x− 1)

)
=

= (x−1)n−3·(x3−3x2+3x) = x·(x−1)n−3·(x2−3x+3).

The last coincides with the formula (7).
Let’s find now the chromatic of graph Gc in the figure 5. It
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Figure 5. Graph, which contains three cycles.

is clear graph Gc is obtained from tree, which is shown in the
figure 6, replacing three its vertices by cycles C5, C5 and C5.
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Figure 6. Tree for the graph Gc.

Select the overtree ST6,5 part and the other part on the graph
Gc (see figure 7).
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Figure 7. Overtree ST6,5 and the other part of the graph Gc.

The other part of Gc can be represented as a union of two
overtrees ST7,3 and ST5,4, which have a common vertex. Thus
we can apply theorem 6 (equality (4)) twice. As a result it is
obtained the following equality:

fGc(x) =
g(x)

x2
, (10)

where g(x) = (x− 1)10 ·
(
(x− 1)2 − 1

)
·
(
(x− 1)3 + 1

)
×

×
(
(x− 1)4 − 1

)
.

Remark 1. The numerator of the fraction is divisible by the
denominator, that is, after cancellation, the right-hand side of
equality (10) is a polynomial with integer coefficients, as befits
a chromatic polynomial.

Remark 2. It is clear that the representation of the last
graph in the form of a union of overtrees is not unique, but
the right-hand side of equality (10) does not depend on this.

Now we describe the general construction of graphs that are
similar to the one we have just considered. Take a tree Tn and
a sequence of natural numbers {ki}si=1 where 1 ≤ s ≤ n and
ki ≥ 3 ∀ i ∈ [1; s]Z . Select s different vertices {x1, . . . , xs}
on the tree Tn and replace each of the selected vertices xi with
a simple cycle Cki .

Obviously, the resulting graph, that we denote as Tn ←
{Cki

}si=1, is such that the procedure for calculating the chro-
matic function which described in the last example is applica-
ble to it. Then the following formula for the chromatic polyno-
mial is obtained:

fTn←{Cki}
s

i=1

(x) =
(x− 1)n−1 · h(x)

xs−1 , (11)

where

h(x) =

s∏
i=1

(
(x− 1)ki − (−1)ki · (x− 1)

)
.

4 Conclusions
Probably, the last described class of graphs Tn ← {Cki}

s
i=1

could be differently defined as a class of connected graphs that
contain a finite set of cycles without common vertices. But in
last case it would be necessary to prove the theorem that the
graph obtained from such a graph by replacing each cycle with
a vertex is a tree.
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It is also interesting that the polynomial in the numerator
of the fraction in the formula (11) is divisible by xs−1 where
1 ≤ s ≤ n. This follows from the fact that the chromatic
function of any graph is a polynomial.
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