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Abstract In this work, we prove in a very particular way the theorems of Dvoretzky-Roger’s, Shur’s, Orcliz’s and Theorem
14.2 in their versions presented in the text [3|]. The demonstrations of these Theorems carried out by us consist in establishing an
appropriate link between the object of study and the relation that affirms that, for any n real numbers a1, as, ..., a,, there exists a
unique real number A such that >, ap =AY ;_, a?. Once the nexus is established, we use the definition of weak or strong
convergence together with the Hahn-Banach Theorem to obtain the desired results. The relation >, ar = A (3 _, a?) is
obtained by decomposing the Hilbert space R™ as the direct sum of a closed subspace and its orthogonal complement. Since the
dimension of the space R" is finite, this guarantees that any linear functional defined on the space R"™ is continuous, and this
guarantees that the kernel of said linear functional is closed in the space R™. Therefore we have that the space R" breaks down, as
the direct sum of the kernel of the continuous linear functional f and its orthogonal complement, that is: R = ker f @ [ker f]*,
where the dimension of ker f = n — 1 and the dimension of [ker f]* = 1.

Keywords Functional Analysis, Numerical Analysis, Dvoretzky-Rogers Theorem, Orlicz’s Theorem, Shur’s Theorem

1. Introduction

In Book [3]] the Dvoretzky - Rogers Theorem is proved using Lemma (1.3). This Lemma uses sophisticated machinery to achieve

its purposes. In this work, the Dvoretzky - Rogers Theorem is proved in a different way and we believe that it is much simpler.
Analogously we approach Theorems (14.2), Shur’z Theorem and Orlic’z Theorem of [3|] making use of the technique de-

scribed in the articles [6], [|5]. This technique consists of decomposing as a direct sum the space R™ = ker f & {ker f }l, where

f : R™ — R is a conveniently chosen continuous linear functional, obtaining the relation Z ar = A Z ai ,ar € R, k €

k=1 k=1
{1,..,n}.
Schur’s Theorem tells us that in the space /1, the weak convergence and the convergence in norm of sequences are the same.

For the proof of this result, the Baire Category Theorem is used. An alternative proof is proposed here, using the aforementioned
technique .

Finally within our study of the important results of functional analysis, we address the [3] Theorem (1.11), which is called the
Orcliz Theorem. To prove this theorem, Khinchin’s and Minkowski’s inequality is used. Here, as in the other cases, an alternative
demonstration of our previously mentioned technique is proposed.
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2. Seccion 1

Theorem 2.1. Let X be an infinite-dimensional Banach space. For any (A\,)5_, € {5 there is always a summable unconditional
sequence ()5, € X such that ||z, || = |An|, Vn € N.

Proof. Let Z Ty, then

k<n

I = sup o[ Y o 1)

k<n lell=1, peX~* k<n
From relation (T) we get
n n
Izl <@+ o) < (L+e) > [lzxl 2)
k<n k=1 k=1

> lelar) = A [Z |sa(xk>|2] 3)
k=1

From the relations (3)) and (2)) we obtain:

Dok S (140 Y lp(e)] = A1 +e) (Z |90($k)|2> SA1+e) Z [ )
k=1

k<n k=1 k=1

S

The essential fact is in (@) to bound the value of A. Note that (@) is true for all ¢ € X* with [|¢|| = 1. From the relation () we
obtain:

1\? 1\ =n
(|<P(371) - 2)\) +.+ (‘P(fﬂn” - 2)\> =02 4)
From the relation we obtain:
fo(en)l - 5 = Sy, ©
where
ai+as+..+ad=1 (M
Let
ko € {1,...,n} such that |ax,| = k:ninnn|ak| 8

Of relations ([7)) and : nlax,|* < 1, where do you have

o] < 7= ©)
From the relations @ and @D we have
(ol = g /s, +1) < 5 . Voo € X* with [fg] = 1. (10)
Then there exists by the Hahn-Banach theorem a ¢y, € X* with ||¢g, || = 1 and
|Pho (@ho )| = [k | (1)

From the relation we have

S

k<n

< (1+e)

Cho ( > a:k)‘ (12)

k<n
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<+ ko ()
k<n
From the relations (3]) and we obtain:
2
Z il < (14+e)A Z Oko (T1)
k<n k<n
From the relations (14]) and (10]) we obtain:
> 1+e ankn NVe>0
k<n |
For ||z, || = |An|, Vn € N we getin
> T S Ml?,¥Vn €N
k<n || koH k<n

Theorem 2.2. Let X be an infinite-dimensional Banach space. For each m € N, we can find vectors z1, ...,

a € R™

< llallgy

1
%Ha”% = H jgn A

Proof. We know that:

Zajzj = sup [%2) Zajzj
j<n lell=1, peX* i<n
< sup | Y p(a;z)
lell=1, peX* i<n
< Z lp(a;2;)]
loll=1. vex- 2
> lplaiz)l =X lagPle(z)
Jj<n i<n

From the relation we obtain

1

n .
|aj§0(zj)| - ﬁ = \2/7;bk7 A= )‘(ajvtpazj) yJ € 1,...,71

where b2 + ... + b2 = 1.
Let

[Bro| = min [by].

=1,n

From the relations and we obtain

» Ve with o] =1

> =

lp(ajz;)| <

Let ||z = kirllaXnHz]H, then there exists ¢;, € X* , ||¢;,|| =1 suchthat @, (a;,25,) =

is, the following relationship is obtained:

A< 1

o |aj0|||zjo||

663

13)

(14)

15)

O

zn, Such that for any

(16)

a7)

(18)

19)

(20)

=laj,|llzj |l £ < , that

> =

2L
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From (17))
Z |pjo(a;2;)] < Z |a']| lpjo (25 (22)
j<n ‘ J0|||ZJ0||
From (|16)), given ¢ > 0,
sup | Y p(az)| < (146D |@joa;z)] (23)
lell=1, pex*

Jj<n Jj<n

From ([22)) and

(1+e)
sup [ Y p(az)| < 2 Zlajl o (25)]

lell=1, pex= 52, IGJUIIIZJOI
z :
ARIEA
I%IIIZJOII Gl lE
(1
< +€||ZJ0||Z|GJ|2 Ve>0
|a30|

Then, setting e — 0 we get

zZ
a1 lgz) < | ””Zm 24)

lell=1, peX* | J0|

From the relations and we obtain

< ||Z]0H Z| J|2 (25)

|aJ0|

E :ajzj

j<n

Ifin we choose z;, € X such that for a given with a € R™ tengamos || Jo | < 1, we will have the first part of the inequality
Qjo

satisfied.
From the relation

> laiz)| < || ajz|, Ve e X* with o] =1 (26)
j<n i<n
Let p(z;) = x; + iy;, then
ajp(z;) = ajz; +iajy; (27)

where z;,y;, € R ,Vj=1,..,n
Then, from the relations and we obtain

Zajxj +iZajyj < Zaij (28)
j<n Jj<n Jj<n
From the relation (28]) we obtain
Zajxj < ZCL]'Z]' (29)

j<n j<n

In (29) we obtain applying the already known technique.

S ajzy =1 |a;?|z,]? (30)

jsn js<n
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From the relation we obtain

1 Vn )
(ajxj—ZT) :mcj , T=1(aj,x;),j=1n 31)
where ¢2 + ... +¢2 =1
1
a;Tj = E(\/ECJ' + ].) (32)
(@ IfVj e {1,...,n} ajz; =0= /nc; =—-1,Vj=1,n, ¢; = ——, since a € R" is any element, taking a = (a1, ..., a,)

n

all are non-null elements we will have x; = 0,Vj = 1, ...,n with which ¢(2;) = iy;,7 =1,...,n

From would also hold
D agy; =7y lasPlysl? (33)
ji<n i<n

and additionally we would have.

I
a;Yy; — ? = gcj T = T(aj,yj) (34)
(b) Ifin ajy; = 0, Vj = 1,...n, we would have that ¢(z;) = 0, V¢ € X*, which is false by the Hanh - Banach
theorem, since we could choose being {2;}7_; a base, even without being a base it is enough that z; # 0, then ;(z;) =
Izl # 0, llpsll = 1.

Then in (a) or (b) ajz; # 0 for atleastone j or a;y; # 0 forsome j € {l,...,n}
If we choose the following in the parameterization:

1
|ak, | = g%\ag‘h o = 7
. . 1 1 . Lo
We have in the following: ax, 2k, — o = 5 from this relation it follows that:
T T
1
Ay Thy = ; (35)
From the relation in we obtain:
|7||7ky || aky |* = |ak,Tr,| which implies that
[Tllak,| =1 (36)
From and we get: |2y, | = 1, therefore in we have
0(a) < 11Dz (37)
Js1
For fixed ky, there exists ¢ € X* such that
So(zko) = szﬂH =Tky + Wko » Yo =0, T, = ”Zko” =1
Then 2 (a) < || >_ a;jz;|| < £3(a) for each n € N. It suffices that for some ¢ : X — K, ¢(2x,) = ||2|| = 1 and
J<1

o(z1) =0, Vk=1,...,n; k# ko.
This is feasible by the Hahn-Banach theorem if 2y, ¢ L = span{z;}}?_,; then it exists ¢ € X* such that 3(2) =0, Vz €

1
L, ¢(zx,) = 1and @] = 7 where d = P(zk,; L), Py(z1,; L) is the distance from zp, to L. Therefore, in the relation
with ¢ = d we observe that ||| = 1, and under these conditions we have.

1> dalagz)| < (1D aszll (38)

jsn js<n
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dlar,| <[> a;zll

j<n

d L3, (@) < | Y- azz|

j<n

Theorem 2.3. (Orlicz Theorem). If (f,,) is an unconditionally summable sequence in L1[0,1], then Y. || ful|> < infty

Proof. As usual, by considering real and imaginary parts separately, it is enough to work with real-valued functions.

Let > fn, we know that
s0< > fn)‘

n<m
n<m
, V¢ € Li[0,1]

anH sup

ol leli=1, peL3[0,1]

from the relation we have:

<

Z o(fn)

n<m

> fn

n<m

(39)

(40)

(41)

(42)

Let F : R™ — R, defined by F(z1, ..., %) = ©(f1)T1 + ... + @( fim)Tm., then F is continuous. Then R™ = ker F @ [ker F]*,

where

[kerF]L = {@(fl)a ,Qﬁ(fm)}

Since (1, ...,1) € R™ we have that
(1,1,..,1) = x4+ Ay, wherey € {kerF}™"
After the relation we have
F(1,1,..,1) = AF(¢(f1), .., o(fn))

Do) =AD" le(fa)l?

n<m n<m

From the relation and we obtain

MDD o) < 1D fall, Ym € Noand Vo € Li[0,1]

n<m n<m

From the relation we have thatas || Y f,|| < oo then there exists L > 0 such that

n<m

S le(f)l? < L,¥m € N and Yy € L3[0,1]

n<m

Since
2

I1£:ll* = sup e(fi)

llell=1, peLi[0,1]

From given % >0, ¢ € Li[0,1] witht ||| = 1 such that

()2 + o > £

From the relations and we obtain
SlflP<z+ > Qin,Vm e N

n<m n<m

From the relation (50)), we obtain

(43)

(44)

(45)

(40)

(47)

(43)

(49)

(50)
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Z ||fn”2 <L, Vm e N.

n<m

We must justify that A = A(m) is bounded Vm € N. From the relation we have

MNP < 1Y fal

n<m
By the Hahn - Banach theorem, there exists ¢ € L1*[0, 1] such that

()l = 11£ll
From the relations and it follows that A = A(m) is bounded Vm € N.

Theorem 2.4. (Shur’s Theorem) In {1, weak convergence and norm convergence of a sequence are the same.

Proof. Let p(z(™)) = Z b where o € 0 = lo, H(b(”)) _1llee. =1l¢ll. Suppose

lim gp(x(”)) =0,YVypel

n—ro0

Let us define F' : R™ — R as
F (e ) = (527 s+t (6225

It is clear that F' is continuous and linear, so since R with the usual metric is a Hilbert space we have that
R™ = kerF @ [kerF|*
It is easy to get [k:erF]L = (b(ln)x(ln) yo ,bgf):cgff)), then
(1,...,1) =z + Ay, where x € kerF and y € [kerF]l

From the relation we obtain:

m m 2
B g™ = (bgmx;m)
2 2

i=1

From we get that A = \(by, ..., by, T1, ..., Tyn, M, 1)

m m 2 2
Z bgn)xl(n) _ ‘)\| Z (bgn)xgn)) > |)\| (bgn)xgn))
=1

i—1
From the relation we obtain that there is M > 0 such that:

I\ < M,VmeN

Since ¢(z(™) = Z b(" " , given % >0, thereexists Ny € N such that

<5 + lp(z™)|, Vm > Ny and n fixed and for all ¢ € £}

b(n) ()

Also

p@™)| < 5. n = NiandVe € 6

From the relations and we have:

Zb(n) (n)

k=1

<e€,VYn>Ny,m>Ngyand Vo € ]

667

(S

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)
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Applying the same process performed in (ii) we have:

m m 2
S lea =7y (b(” () ) (63)
k=1 k=1
From the relations (63)), and we have
7] 2. b(”) (W < e V>N, m>Nyand Ve e £ (64)

Let b;gz)) = min |b )\ since 7 > 0, we see that from the relation 1) 7 is bounded, then in we have

1<k<m

17|\ &

eI

k=1

(n)
k

<e,VYn>Ni,m>Nyand Vo€ (] (65)

Since \bg;) |,|A| and |7| are bounded Vn,m , we have from the relation that the series

m

2P <e,Vn>N,m>Nyy et

k=1

Shur’s Theorem is also proved in [[1] differently from ours and from what is presented by [3].

3. Conclusions

Using the aforementioned technique, demonstrations different from the traditional ones were obtained. We are convinced that

this technique can be used to deal with economics, measure theory, Convex analysis, optimization and others.
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