Mathematics and Statistics 11(4): 640-645, 2023
DOI: 10.13189/ms.2023.110404

http://www.hrpub.org

A New Conjugate Gradient Algorithm for Minimization
Problems Based on the Modified Conjugacy Condition

Dlovan Haji Omar”, Salah Gazi Shareef, Bayda Ghanim Fathi

Department of Mathematics, Faculty of Science, University of Zakho, Iraq

Received January 18, 2023; Revised April 14, 2023; Accepted June 9, 2023

Cite This Paper in the Following Citation Styles

(a): [1] Dlovan Haji Omar, Salah Gazi Shareef, Bayda Ghanim Fathi , "A New Conjugate Gradient Algorithm for
Minimization Problems Based on the Modified Conjugacy Condition," Mathematics and Statistics, Vol. 11, No. 4, pp. 640
- 645, 2023. DOI: 10.13189/ms.2023.110404.

(b): Dlovan Haji Omar, Salah Gazi Shareef, Bayda Ghanim Fathi (2023). A New Conjugate Gradient Algorithm for
Minimization Problems Based on the Modified Conjugacy Condition. Mathematics and Statistics, 11(4), 640 - 645. DOI:
10.13189/ms.2023.110404.

Copyright©2023 by authors, all rights reserved. Authors agree that this article remains permanently open access under

the terms of the Creative Commons Attribution License 4.0 International License

Abstract Optimization refers to the process of finding
the best possible solution to a problem within a given set of
constraints. It involves maximizing or minimizing a
specific objective function while adhering to specific
constraints. Optimization is used in various fields,
including mathematics, engineering, economics, computer
science, and data science, among others. The objective
function can be a simple equation, a complex algorithm, or
a mathematical model that describes a system or process.
There are various optimization techniques available,
including linear programming, nonlinear programming,
genetic algorithms, simulated annealing, and particle
swarm optimization, among others. These techniques use
different algorithms to search for the optimal solution to a
problem. In this paper, the main goal of unconstrained
optimization is to minimize an objective function that uses
real variables and has no value restrictions. In this study,
based on the modified conjugacy condition, we offer a new
conjugate gradient (CG) approach for nonlinear
unconstrained problems in optimization. The new method
satisfied the descent condition and the sufficient descent
condition. We compare the numerical results of the new
method with the Hestenes-Stiefel (HS) method. Our novel
method is quite effective according to the number of
iterations (NOI) and the number of functions (NOF)
evaluated, as demonstrated by the numerical results on
certain well-known non-linear test functions.

Keywords Optimization Problems, Conjugate
Gradient  Algorithm, Descent Condition, Global
Convergence

1. Introduction

Suppose the optimization problem as an example
Min f(x),x € R" (1.1)

where f:R™ — R is a continuously differentiable, real-
valued function. Starting from a first guess x; € R™, a
nonlinear conjugate gradient algorithm creates the
sequence {x,}, defined as

Xie+1 = X + Qpedy (1.2)

Or Xp41 = x + vpwhere v, = apdy = X1 — Xx

Here, a line search is used to determine the step size ay,
and the search direction is denoted by d,. The steepest
descent direction, d; = —g;, is often the search direction
in the first iteration. The other search directions are follows:

dis1 = —Gk+1 + Brdi (1.3)

where g, is a gradient of f at x, and S is a
parameter known as a conjugate parameter. Different
conjugate gradient methods have been developed as a result
of the literature presenting several choices for £,. Some
classic conjugate parameters are Fletcher-Reeves (FR)
method [1], the Hestenes-Stiefel (HS) method [2], and the
Polak-Riviére (PR) method [3], Dai and Yuan (DY) [4],
which are respectively determined as follows:

T
,BFR — Jk+19k+1
gt gk

(1.4)
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HS _ Jkt+1Vk

s =t (15)
T
PR _ Jk+1Vk
L (1.6)
2
I?Y —_ ”gk+1” (17)

- d£(9k+1—gk)

Where y, = gix+1 — gi- The Euclidean norm of vectors
is represented by the letter ||.||. Global convergence
properties of conjugate gradient methods are those that
have received the most attention. Several writers, including
Gilbert and Nocedal [5] and Hestenes and Stiefel [2], have
investigated the convergence of conjugate gradient
algorithms under various line searches. Several studies
have also been conducted to enhance the conjugate gradient
method's parameters, including ([6] and [7]):

T T
B, = Ik+19k+1 _ (9k+1gk+1)2
k gk 9k Ik

d,fng)(nngHZ)), (1.9)

lyell? df gk

(1.8)

lgx+1ll®
Il G (k
The structure of this essay is as follows: We'll introduce
a novel conjugate gradient method suggestion in Section 2.
In section 3, we present proof of the descent and sufficient
descent conditions of the new method. Many numerical
tests of a new conjugate gradient technique are presented
in Section 4. Our last remarks are presented in Section 5.

2. Derivation the New Method

In this part, we will derive our new method. Consider the
vector below

Je1 = G + A= (L) —ugers  (2)

where, 8 € (0,1), s =01 and ¥ = lzlj—jg + el

and w is the machine error. Now, suppose that the
modified conjugacy condition is

dir1Yk = —Gk+1Vk (22)
and the search direction is given by
dis1 = =G + BV dy (2.3)
multiply both sides by y,, to get
di+1Yk = —Gr+1 Vi + B Ay (2.4)
then,
~Jks1Vk = GV + B diyi (2.5)
here, we get
ppew = Leralic sV (2.6)

dEYk
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3. Algorithm of A New C. G. Method

1. select x; and € = 1075,

set dj = —g1, g = Vf(xp),set k=1

3. compute the step length a; > 0 satisfying the Wolf
line search f(x; + aidy) — f(x) < ciaigrdy

N

lgr, . di] < cylgfdyl, where, 0 <c¢; <c, <1.

4. Calculate xpq = X, + i dy
Jirr = Vs | fllgesall < &
then stop.
5. Calculate B¢ by
Fs1Vk = i1 Vi
di Vi
6. Compute dyiy = —gr+1 + B dy

new _
k =

7. If |gr,19k] > 0.2]|gk+1]|? then return to step 2.

Else
Set k = k + 1 and return to step 3.

4. The Descent and Sufficient Descent
Property of the New Method

Theorem 1: The direction in (1.3) with the new CG (2.6)
satisfies the descent requirement, i.e. di  gxs1 < O,
with both an exact and an inexact line searches, if the
sequence {x,} is created by (1.2).

Proof: The equation drs1 = —Grs1 +
(9Z+1yk_g£+1vk)
dfyk
Implies that
— 917;+1yk g£+1"k
dicrr = =Giewr + Cory =~ 7, Db B1)

Multiplying the above equations from the right sides by
Jr+1, We obtain

T 2 glt+1yk T §I€+1vk T
Akr19k+1 = — Gkl R Ak Gr1 — d

kYk d%)’k k

k+1
(3.2)

If an exact line search is used to determine the step size
which is df g,+1 = 0, then we get df,,gx+1 < O.

If we have an inexact line search which is df g,,, # 0.

Using mathematical induction, from the first search
direction, we get dT g, = —[lg,11> < 0. We assume that
it is true for case k, that is mean dfg, < 0. To prove
case k + 1.

Because the HS parameter satisfies the descent
requirement, the first two terms of the above equation are
less than or equal to zero. To complete the proof, we only
need proof that the third term is
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v (Gesr + (1= O(TE2L) — ugirn)

_gIYC"Flvk dTg _ _( d g
d]];yk kJk+1 d};yk T st
Since, § € (01), =01 and y = 151+ il
0 < [1vill = lxicer = xll < lvall = 0 < 1o

2Vol+llxgeqll)

k+1Vk 7 ( ((1 - 5)) e (di Gres1)?
_ d ——(1+ — (1= &) | EetkIkr)
d}CYk k9k+1 ” d,fyk

Finally, we have df, gxs1 < O.

So, we get

Theorem 2: suppose that {x,} is generated by (1.2), then the direction in (1.3) with the new CG (2.2) satisfies the
sufficient descent requirement, i.e. df, 1 gx+1 < —Cllgr+1ll*

Proof: Consider the equation

i1 = ~Gierr + (w)dk (3.3)
Implies that
T
s = —giers + (Lo — Tepttyg, (34)
By multiplying both sides of above equation by g,., from right, we obtain
dir19kr1 = =Gk ll® + gk+1yk dkgk+1 g“;vk di G (3.5)

Since the parameter of HS is to satisfy the descent property, then we get the following inequality

=T
Ik+1Vk
dk+1gk+1 <- d%;k k41
T Ik+1
Tk 0-0(%552) e
= dlyy s dk i1 (3.6)
1-6 a. (dT 2 2
<- (1 + (( )> —(1- 5)u> k(i Gie+1) . Ilgkﬂll2
4 dkyk | gre+1l

(-9 ag(dfgir)’ 1
LetC=(1+( ) 1 —S)u) *

iy I gk+1l?
Then, we have dk+1gk+1 < —Cllgr+ll?
Now, to show the global convergence of our new conjugate gradient method, the following presumptions are necessary

[8].
Assumption 1. The level set S = {x:x € R", f(x) < f(x,)} is bounded. i.e. 3 B > 0 such that

x| <B, V x€S (3.7)

Assumption 2. In a neighborhood Q € S, E is differentiable and its gradient g is Lipschitz continuous, i.e. 3 L >
0 such that

lgw) — gw)ll < Llw —wi |,V w,w, € Q (3:8)
From Assumptions 1 and 2, 3 M > 0 such that
lgmll<M, v wes. (3.9)

Lemma 1 [9]. Suppose that the above Assumptions true and the {x,} is a sequence constructed by equations (1.2) and
(1.3), where d,, satisfies the descent property and the step size is computed by strong Wolfe conditions. If
1

Ekzl—”dknz =0 (3.10)

Then
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lim infllgill = 0. (311)

Theorem 3. Assume that the above Assumptions hold. If the iteration is computed from equations (1.2) and (1.3) where
+e% is defined in (2.6), and «;, satisfies the strong Wolfe line search conditions, then

lim infllg,ll = 0
Proof: From equations (1.3) and (2.6), we have

T _T
Ik+1Yk—Ik+1Vk

ldicsall < N graall + I dill, 3.12)

dlYk
ldeorll < Ngeaall+ (202 | 10+ @29 | geemd) g
k+1ll = 1 k+1 d,fyk v % d,fyk k
T T
i1V (1-9) Jie+1Vk
d < + + (1 + - d
Idisall < s ( el ROl o e LI

Since gl vy < axdly, and by using (3.9), also from Lipschitz Condition ||y, |l < L|lvkll and g7, vi < Lgl,,dx
where L > 0, we have

)
leisall < M+ (L+ (@ +S2 = wa )1 dl (313)

since, |lvgll = llx — x¢ll, and D = max{|lx — x|,V x,x, € R}.

It follows that

(1-9)
Idieall < M+ (L + (1 +—= = e ) Day = f

. . . 1 1

this implies that Zk?lm > Zkalp =

and s0, Yysqg—— =
lldge+11I?
By using lemma (1), we get £im infllg,ll = 0, which completes the proof.

5. Numerical Results

This section is designed to evaluate how effectively the new CG method has been used. We conduct a number of
computational experiments on a concatenation of test problems for unconstrained nonlinear optimization derived from
[10]. To demonstrate the application and efficacy of the suggested approach with various dimensions of 4 < n <

5000, all programs are written in the FORTRAN95 language. The performance of the new CG method and the original
CG method using NOI and NOF for 7 different non-linear functions is compared in Table 1. Table 2 shows that the rate
of improvement for the modified CG technique illustrates how it outperforms the standard method in terms of NOI and
NOF.
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Table 1. Comparison Between Two Algorithms (HS. and New CG)

HS New.
Test function. DIM.
NOI NOF NOI NOF
4 22 159 18 113
10 22 159 18 113
100 22 159 19 129
G-Cantrel
500 23 171 21 144
1000 23 171 21 144
5000 28 248 32 255
4 11 24 11 25
10 32 65 31 63
100 49 99 48 101
G-Wolfe
500 52 105 57 127
1000 70 141 57 119
5000 165 348 62 139
4 37 102 34 95
10 37 102 34 95
100 40 117 34 95
Powell
500 44 136 34 95
1000 44 136 34 95
5000 44 136 37 112
4 30 83 30 83
10 30 83 30 83
100 30 83 30 83
Rosen
500 30 83 30 83
1000 30 83 30 83
5000 30 83 30 83
4 28 85 28 84
10 31 102 28 84
. 100 33 114 34 118
Miele
500 40 146 35 120
1000 46 176 41 152
5000 54 211 48 188
4 30 68 26 61
10 30 68 26 61
100 30 68 26 61
G-Wood
500 30 68 26 61
1000 30 68 27 63
5000 30 68 27 63
4 8 45 8 49
10 13 58 12 46
100 49 185 51 194
OSP.
500 112 353 107 327
1000 156 475 156 473
5000 256 774 256 774
Total 1951 6208 1744 5536
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Table 2. The Percentage of Improving of New Algorithm

Tools HS New CG
NOI 100% 89.3906 %
NOF 100% 89.1753 %
The suggested strategy raises NOI and NOF by méthodes de directions conjuguées., 3(16), 35-43, 1969.
0 0 : e

10.6094% and 10.8247%, respectively. The modified New [4] Dai, Y. H. and Yuan, Y., A nonlinear conjugate gradient

CG method has generally outperformed the standard HS method with a strong global convergence property, SIAM

approach by a factor of 10.71705%. Journal on Optimization, 10, 177-182, 1999.

[5] J. C. Gilbert, J. Nocedal, Global convergence properties of
. conjugate gradient methods for optimization, SIAM J.
6. Conclusions Optim. 2, 21-42, 1992.
For unconstrained optimization issues, we proposed a [6] A. L. Ibrahim and S. G. Shareef, Modified Conjugate
new conjugate gradient algorithm in this paper. The decent Gradient Method For Training Neural Networks Based On
diti d suffici d diti hich Logistic Mapping, Journal of Duhok University, vol. 22, no.
condition and sufficient decent condition, which are 1, 45-51, 2019. https://doi.org/10.26682/sjuod.2019.22.1.7
essential steps of the proofs with an exact line search and ] _
an inexact line search. Based on the numerical results, it~ [7] /':i D{ﬁvan"thAL “_e"t\{ ,\S/IUQG?StedJ Conlju%aLtJe _ Gra,?'en]f
; ; gorithm with Logistic Mapping, Journal of University o
can be clearly observed that the new algorithm Is more Zakho, 4(2), 2016, 244-247, https://doi.org/10.25271/2016

efficient in terms of the number of iteration and the number 42113

of function evaluation.

[8] D. E. Rumelhart, G. E. Hinton, and R. J. Williams,
“Learning internal representations by error propagation,” in
Parallel Distributed Processing: Explorations in the
Microstructure  of Cognition, D. Rumelhart and
J.McClelland, Eds., 318-362, Cambridge, Mass, USA,
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