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Abstract The study of Univalent Function Theory is
very vast and complicated, so simplifying assumptions
were necessary. In view of the Riemann Mapping theorem,
the most apt thing would be to replace an analytic function
defined on an arbitrary domain with an analytic function
defined in the unit disc and having a Taylor’s series
expansion of the form f(z)=z+);_,a,z". The
powers of the series are usually integers, so all the
prerequisite results also support the study of analytic
functions having a series expansion with integers powers.
The main deviation presented here is that we have defined
a subclass of analytic functions using a Taylor's series
whose powers are non-integers. To make this study more
comprehensive, Janowski function which maps the unit
disc onto a right half plane has been used in conjunction
with two primary tools namely Subordination and
Hadamard product. Motivated by the well-known class of
A-convex functions, here we have defined a fractional
differential operator which is a convex combination of two
analytic functions. Using the defined fractional differential
operator, we introduce and study a new class of analytic
functions involving a conic region impacted by the
Janowski function. Necessary and sufficient conditions,
coefficient estimates, growth and distortion bounds have
been obtained for the defined function class. Since studies
of various subclasses of analytic functions with fractional
powers are rare, here we have pointed out several closely
related studies by various authors. However, the
superordinate function is a familiar function which has lots
of applications.
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Subordination, Starlike Function, Convex Function

1. Introduction, Definitions and
Preliminaries

Srivastava et al. in [15] defined a differential operator
using the class A,(0 <a < 1), a class of analytic
functions with fractional powers. Typically, it consists of
analytic functions defined in U = {z:|z| < 1} and has a
series representation of the form

f(2) =2z +¥2 ,a,z2"%,(0<a<1) (L1)

We observe that the analytic function f € A, has the
usual normalization if @« =0 and A, = A. Moreover,
f(z) € A = z%f(z) € A,. Abdulnaby et al. [2] (also see
[1], [9]) defined various classes of analytic functions using
the function F,, which has a power series expansion of the

form
E@)=z+¥raz"(u=21LzeU) (12

n+m-1

where p = —,mn¢€ N. We let I, to denote the

class of analytic functions having a power series expansion
of the form (1.2). We let * and < to denote the Hadamard
product and subordination respectively, refer to the
standard text for its definition and properties. For a function,
gu(@) =z+ 3, Tz ell,, we now define an
operator #;gF,: U — U as follows:
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HygFu(2) = F,(2),

HigFu(2) = (1= D(E(2) * 9,(2)) +22(F,(2) * 9,(2))’, (1.3)
and
HIE(2) = 3ty (H F(2), (1.4)
If F, € 11, then from (1.3) and (1.4) we may easily deduce that
HYGE(2) = z + X7,[1 + A(np — D]™ Tayz™,(m € Ny =NU{0} and 1> 0). (1.5)

Ifwelet A=1 and I, =1 in(1.5), then H;" F, reduces to the operator defined by Abdulnaby et al. [2].

Let P denote the well-known class of functions with a positive real part. Kanas and Wisniowska in [10, 11] (also see
[13,14]) defined the function gy ,(z) which plays the role of extremal functions those related to the conic domain and is
given by

1+(1-20)z . _
i k=0
2

142029 (jog 107 ) if k=1

Po@ =1 ey i (L6)
7 1+ 1(_T_f)sinh2 [(; arccos k) arctanh vz ], if 0<k<1
u(z)
2(1-0) . T . 1 1 .
1 + 1-k2 sin (ZR(t) fo t \/1—X2 \/1—(tx)2 dx) + k2—1’ lf k > 1

where u(z) = 12__\/\/;2, t € (0,1) and t is chosen such that k = cosh (ZRREZ)’ with R(t) is Legendre’s complete elliptic

integral of the first kind and R'(t) is complementary integral of R(t). Clearly, p ,(z) is in P with the expansion of
the form

Pro(z) =14 8,2+ 8,2% + -+, (8, =p;(k,0),j =1,23,...), 1.7
we get
8(1-0)(arccosk)? .
(w, lf 0<k<1,
5, = 0D if k=1 (1.8)
r(-0) if k>1

4/t (k2-1)R2(t)(1+t)’
Breaz et al. [5], (also see [8]) introduced and studied the following function

e _ [0 B =X +HA-X)p-F(¥=X)]
RplX.Y; Bip ()] = [+ DY@ +a-1)] (1.9)

The function X, [X,Y; B;1(z)] was motivated by [3, 6], and is a generalization of the well-known Janowski function.
Motivated by Breaz et al. [5] and [4, 7, 8, 10,12], we now define the following:

Definition 1.1. For —1<Y <X <1,0<a,1<1,0<B,0<1 and py,(z) be defined as in (1.6), a function
F,(z) € I1, is said to be in class k — £,(X,Y; a,4;m) if it satisfies the subordination condition

}[%Fu(z)
(1-a)z+az }[Z‘gFul(z)

<R [X,Y; B 9(2)], (1.10)

where < denotes subordination.
Remark 1.1. Equivalently, h(z) < ®,[X,Y; B; Py (2)] implies
((Y—l)h(2)+[(l—X)—B(Y—X)]) >
Y+1Dh(2)-[A+X)+B(Y-X)] ’

(Y-Dh(@)+[(1-X)-BT-X)]
(Y+1D)h(2)-[(1+X)+B(Y-X)]

- 1| +o .
Remark 1.2. Now we highlight some special cases.

Settingm=8=0,a=1,X=1 and Y = —1 in Definition 1.1,then
k—&,(X,Y;a,A;m) reduces to

E,(z

”( ) 1‘ + a}.

2F/(z)

F,(2)
zE,'(2)

k—S(a)={ F#EI'IH;Re(
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Settingm=a=Bf=0=0,X=1 and Y = —1 in Definition 1.1,then
k—&4(X,Y;a,4;m) reduces to
E,(z
2
z

_ po [ fe@
k—S(a)—{FLEHu,Re< ~ )>k

Further we define k —TE;(X,Y;a,A,m) =k — E,(X,Y;a,;m)NT, where T is a class consisting of analytic
functions of the form

F(2) =z-¥r,a,2™,a, 20,Vn > 2. (1.12)

2. Main Results

In this section, we will obtain several properties of the class k — TE,(X,Y; a, 4;m). We will begin with the following:
Theorem: 2.1. Let the function F,(z) be defined by (1.2) and let

i |

2(k+1)

T2 lanu = 11+ (Y +1) = [(1+X) + B — D)lanul]
[1+ 20w = D" IGua] < (X = V)1 = B) (2.1)

hold, then F,(z) belongsto k — £,(X,Y; a, A; m).
Proof. Suppose that the inequality holds. Then we have for z € U

HF,
(Y_l)(l—(Z)Zi"z;(\i()‘%ﬁl’(z)-’-[(1_X)_B(Y_X)]
- -1
Y+1 (@) 1+X Y —X
( + )(1—(X)Z+(XZ}[ZTQFL’(Z)_[( + )+ﬁ( - )]

_ (Y - DHF(2) + [(1 - X) — B — N[ — @)z + az HLE,'(2)] ~
Y + DHE(2) — [A+X) + B — X[ — @)z + az H]LE,'(2)]

|

Y=zl + Anp — D)™ (anp — Dla,z™
Y =X)A =)z +Er,1+ A — D™ +1) = [(1 + X) + B(Y — X)]anu}T,a,zm

=1

< 2k To[1+A(nu—1)]™ |anu—1||Tpan ||z
T (X-V)(A-B)lz|-T=[1+ A (-] (Y + 1) = [(1+X)+B(Y —X)]anu||Tpan ||z

22)
From (2.1), we have
X -Y)A-p)lz| - z:[l +A(nu — DI +1) — [ +X) + B — X)]anu||Tan]|z[™ > 0.

Now if F,(z) € k — £4(X,Y; a,4;m), we have to establish

HVE
¥ -Da—a; j’i{;‘(ﬁ% e H A -0 - B0 - X)]
k HEG) —1-
C+ Dyt T~ (0B =X
HF,
/ - Doy ji;‘%}q e T LA -0 - B =X \
Re }[AmF(z)' -1|<1-o.
g H
(Y + 1) (1 — (X)Z +€XZ HATZFu’(Z) - [(1 +X) + B(Y - X)]

From (2.2), we have
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g-[/lrzlgFu(Z)
—a)z+az j{/{:lg

Higtu(2)
—a)z+az }[,{quu’(z)

(Y_l)(l Fu’(Z)+[(1_X)_ﬁ(Y_X)]

— 1| -

(Y+1)(1 —[1+X)+ B —X)]

HVF,
¥ -Da—p; j’@(;‘(ﬁﬁ e A =% - -0
HF,(2)
VD E oyt ez HTE D

HF,
(Y_ 1) (1 —(Z)Z i’ga;(;[)‘ﬁgﬁi’(z) + [(1 _X) _B(Y_X)]

HigF(2)
—a)z+az J—[{fgﬁt’(z)

< 2(k + 1) Y35,[1 4+ A(np — D™ |lanu — 1||Tyay|lz|™
T X -A-Plzl = o[l + A = DIMEY + 1D = [+ X) + B — XD]anulTyayllzI™
The above inequality would be bounded by 1 — g, if

Re -1

—[A+X)+ B —X)]

<k+1 -1

(Y+1)(1 [+ X)+ B —X)]

20+ [1+ 2w = DIManu— 1Tyl
<(-0) ((x —V =Pl
- Al DI+ D= [+ 1)+ B —x>1omu||rnan|).
On simplifying, we get

Z [2(1k—+al) lanp =11 + |V +1) = [(1 + X) + B(Y — X)anu|

[1+A0pu = D] Ga,| < X =Y)(A = B)

which shows that F,(z) belongsto k — E,(X,Y; a,A;m).
Corollary 2.1. Let the function F,(z) defined by (1.11) belongto k — TE,(X,Y; a,A; m). Then

x-Y)1-8)
o < (n>2), 2.3
n [2(k+1)|anu—1|+|(Y+1)—[(1+X)+B(Y—X)“nﬂ|]®n ( ) &9

1-0

with 0,, = [1 + A(nu — 1D)™]|L,].
We will denote

Yo(a, B, u; k,0) = [

Theorem 2.2. Let F, € k —TE;(X,Y;a,4,m) and let au >% I {Ya(a, B, k,0)}5-, is a non-decreasing
sequence, then, for |z| =r < 1

2D ey — 11+ 1Y + 1) = [(1+X) + B — X)anul] @, 24)

1-o

_ XN |12 E-NA-B) | 12
1zl Yz (a.B.u:k,0) 2% < |F;‘(Z)| <zl +Yz(a.[>’.lt;k,o) 2] (2.5)

and if {Y,(a, B, u; k, o) /n}-, is anon-decreasing sequence, then for |z| =r < 1,

_2&-NA-B) | 12u-1 / 2X-Y)A-B) | 1241
1 Ya(a.B.u:k,0) 12| = |F;‘ (Z)l =1+ Ya(a.B.u:k,0) 12| (2.6)
The results (2.5) and (2.6) are sharp for the function f(z) given by
_ ., _x1a-p) oy
f@ =2 (27)

Proof. Since f € k — TE,(X,Y; @, 4;m), by Theorem (2.1),

2, [—Z(ff lan = 11107+ 1) = [(L+ )+ B = D

n=2
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[1+ A0 — D] Gan| < (X —Y)(1 = p).
Now

L@ k) ) = ) Y@ fiusk e,
n=2 n=2

< Z Y, (a, B, u; k,0)a,
n=2

<&X-a-p
and therefore
0 x-v)(1-p)
Lnm2n Sy (2.8)
Since F,(z) = z — Yp=, anz™,
2p yroo XNA=F) |, 2
|F@)| < Izl + |21 By ap < 2l + 12 |
which is the right hand side of (2.5). The left hand side of (2.5) can be proved using similar arguments.
Also from Theorem (2.1), we have
Y ( Bk, ) (o) oo
D 2 My, < 52 Yo (@, By 5 K, )ty < (X = V)1 = ).
Thus,
’ o - -1y 2(X-Y)(1-p) -
|F;,L (Z)l <1+ anznu anlzln" 1 <1+ |Z|2# 1Zn=2n,uan <1 +W|Z|2‘u 1
On the other hand,
’ © - —1y'0 2(X-Y)(1-p) -
|E/@| = 1= onpu aplzI™ 1 > 1— |z 1 X5, nua, >1 —WMZ” !
This completes the proof.
Theorem 2.3.
If £, €k —TE(X,Y;a,A;m),and au >% , then F, is convex of order p in |z| <R, where
1
. (1-p)Yn(a.B.4:k,0) Tnp—1
k= inf [nu(nu—p)(X—Y)(l—B) ' (2:9)
Proof. By a computation, we have
zF'(2)| |- Il — Danz™ 7 Er,nulnp — 1a,|lz|™ !
Fi(2) 1 - XYoo nuayz™ =t T 1= X0, nay |zt
Thus F, is convex of order p if
Tiieo ML a2t < 1. (2.10)
Since f € k —TE,(X,Y; @, A;m), we have
o Yn(a,Buko)
Y, WS L (2.11)
Now, (2.11) holds if
nulnu—pl| |Z|nu—1 < Yn(arﬁr#:k'a),l
1-p x-v)1-p)
that is, if
1
(1-p)Yn(af.wko) Tnp-1
<
Izl < [nulnu—pI(X—Y)(l—B) (2.12)

which yields the desired result.
Remark 2.1. Though the class k — £,(X,Y; a, A; m) is closely related to various subclasses of analytic functions,
unfortunately we could not provide any special cases of our results.
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3. Conclusions

In this paper, we have studied a new family of analytic
functions of fractional powers with negative coefficients. It
was challenging as it involved a function whose expansion
had fractional powers. Further, we have discussed some
geometrical and analytic properties of the function class in
detail. Necessary and sufficient conditions, coefficient
estimates, growth and distortion bounds have been
obtained for the defined function class.
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