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Abstract  Forecast models are essential tools used to 

make predictions about future events based on past data. 

These models use a variety of methods and techniques, 

such as extrapolation, simulation modeling, and 

judgmental approaches, among others, to analyze time-

series data and make forecasts. In the context of wastewater 

treatment plants (WWTPs), predicting the influent quality 

parameters is crucial to improving their operation and 

design. This allows plant operators to adjust their processes 

to optimize treatment efficiency, reduce costs, and 

minimize environmental impact. Therefore, forecasting 

plays a vital role in ensuring that WWTPs operate 

effectively and efficiently, and it is an essential component 

of modern wastewater treatment management. In this paper, 

Zaio’s WWTP (Morocco) BOD5 variable will be used as a 

case example. This will lead to other furthered studies for 

much better plant optimization and operation. The current 

paper starts with analyzing the plants’ operation data, 

checking for stationarity and applying the ARIMA as well 

as the Holt-Winters model in order to provide more or less 

accurate predictions that will provide support to WWTPs 

management. Models will be compared using error terms 

such as RMSE, MAPE and R-squared. Other statistical 

tools will also be used as ADF t-statistic test and Box-Ljung 

test. After defining and proving the statistical significance 

of models, the RMSE and the MAPE provided a conflicting 

decision. For this, the selection of the best model was based 

on the coefficient of determination R-squared. This latter 

has a value of 0.527 for the ARIMA model and 0.517 for 

the Holt-Winters model. This concludes that within the 

ARIMA model, the total variance of the dependent variable 

is explained by the independent variable with a higher 

percentage compared to the Holt-Winters model. 

Keywords  Wastewater, WWTPs, BOD5, Forecasting, 

Error Terms, ARIMA, Holt-Winters 

1. Introduction

Wastewater Treatment Plants (WWTPs) are 

infrastructures existing in urban areas, and generating 

biodegradation processes that naturally occur near rivers to 

remove as much suspended solids as well as contaminants 

from water before discharging it to nature or reusing it [1]. 

Many contributions indicate that the high costs of these 

facilities, which account for both operational and capital 

costs [2], [3], have led to the use of different simulation 

models that enable enhancing their performance [4] in 

terms of WWTP design [5], operations [6], and control [7]. 

Accurate predictions of wastewater influent quality 

parameters are crucial in WWTPs and enable reaching 

better qualities of effluents. The BOD5 variable is 

calculated based on an experimental procedure that aims at 

findings the necessary 5-day oxygen required to consume 

the organic materials within this water [8]. This parameter 

is considered as one of the most important indicators for 

the amount of organic pollutants that can give support to 

wastewater management about the necessary oxygen that 
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should be injected within water to allow a complete 

biodegradation of these matters [9]. However, the 

experimental test period for this variable takes 5 days, 

which makes it difficult as well as inaccurate to control the 

wastewater treatment process in real-time [10]. Thus, it 

results in lower effluent quality. 

While many contributions show some alternatives to 

measure the BOD5 variable in a short period of time such 

as UV-visible spectrophotometry, biosensors, software 

sensor, and fluorescence measurement [8], they are still not 

proven to be efficient. For instance, biosensors rely mainly 

on measuring some sample cells’ respiratory activity. Still, 

the single as well as mixed cultures of these biosensors are 

easily affected by the changes in the environmental 

conditions, which lead to inaccurate BOD5 values [8]. 

In this paper, the BOD5 variable will be used as a case 

example. In order to overcome this issue, the current paper 

applies the ARIMA as well as the Holt-Winters model in 

order to provide more or less accurate predictions that will 

provide support to WWTPs management. This paper will 

check these models’ assumptions and apply them to 

generate forecasts. Furthermore, this paper will compare 

the models in order to provide the one that has the least 

error terms. 

2. Materials and Methods 

It is essential to note that in the case of this contribution, 

the only used forecasted models are time series. By 

definition, time series variables refer to variables that are 

measured over time over successive times with a unified 

frequency such as daily, monthly, quarterly, annually, and 

whatnot. 

Forecasting models, as summarized in the following: 

• Extrapolative methods with a simple moving average 

[11], exponential smoothing, such as the Holt-Winters 

method, [12] and autoregressive moving average 

(ARMA) - aka Box-Jenkins [13]. 

• Explanatory variable methods with regression 

analysis [14], predictive modelling [15], artificial 

neural networks [16] and econometric modelling [17]. 

• Simulation modeling methods with cell-based 

modelling [18], system dynamics simulation [19] and 

multi-agent simulation [20]. 

• Judgmental methods [21]. 

• Composite methods with bayesian forecasting [22] 

and others like the combination of different 

forecasting methods and models are a type of 

composite methods [23]. 

The contribution of existing literature is still large. Still, 

it is important that there are different models that could 

potentially be used in the case of this dissertation. These 

models will be presented in a later section. 

The following paper aims at making predictions of the 

BOD5 variable (5 days biochemical oxygen demand), 

which is an essential wastewater quality parameter 

measured in WWTPs. This variable is time series, and is 

measured on continuous and recurring periods of time (In 

our case it is a daily frequency). 

The current paper aims at predicting BOD5 using two 

univariate models that are ARIMA and Holt-Winters. For 

this, it is important to note that these forecasting models 

rely mainly on historical data and take into consideration 

some components, if not all of them. These components are 

mainly trend, seasonal effect, cyclical effect, and irregular 

effect. 

The following sub-sections will introduce the WWTP, 

the data and the models that will be used in order to make 

predictions. In addition to that, this paper will use some 

comparison tools that assess the error terms in order to 

select the model that generates forecasts with the least error 

terms and the highest coefficient of determination. For this, 

the first sub-section will introduce the plant, the second 

sub-section will introduce the data, the third sub-section 

will introduce the ARIMA model, the fourth sub-section 

will introduce the Holt-Winters model, and the fifth 

subsection will introduce the comparison tools that will be 

used. 

2.1. Zaio WWTP Description & Data 

The Zaio (Morocco) WWTP is designed for a capacity 

of 2,454.00 m3 per day and allows the treatment of 

suspended solids, chemical oxygen demand, biological 

oxygen demand. This is throughout a pre-treatment stage 

and a biological treatment of the trickling filter type. 

 

Figure 1.  Zaio WWTP 

The raw wastewater flow rates used are as follows (Table 

1): 

Table 1.  Raw wastewater flow rates 

Parameters Units Values 

Nature of raw water Domestic 

Average daily flow m3/j 2.454 

Daily BOD5 Kg/j 1.364 

Suspended Solids Kg/j 955 

Daily COD Kg/j 2.455 

BOD5 mg/l 556 

COD mg/l 1001 

TSS mg/l 389 
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The water queue is made up of two treatment queues, 

one of which is backup (in the case of pretreatment), to give 

the station flexibility and security in maintenance 

operations. It consists of the following stages: 

• Pretreatment: The pretreatment structures are

designed for the reception of peak flow in rainy

weather 355,5 m3/h (Screening and Flow

measurement).

• Biological treatment: Biological treatment is provided

by two anaerobic ponds and two trickling filters

(Anaerobic ponds, Trickling filters, Secondary

settling tank, Flow measurement).

The sludges queue is made up of two treatments 

(Extraction secondary sludge, Extraction primary sludge, 

Drying beds). 

The data used in this contribution are from Zaio WWTP 

and covers the period between 02/10/2017 and 01/10/2018. 

The data set accounts for the wastewater influent and 

effluent parameters that is the BOD5 influent and effluent 

quality variable (The values of this variable are stated in 

mg/L and will enable calculating the daily treated BOD5 

variable). 

2.2. Autoregressive Integrated Moving Average 

(ARIMA) 

ARIMA is a univariate model that is used to predict 

future behaviors based on the historical observations of the 

variable itself. This model is the combination of the 

autoregressive model (AR) and the moving average model 

(MA), and is often referred to by scholars as ARIMA(p,d,q), 

where p refers to the AR order, q refers to the order of the 

MA model, and d refers to the degree of differencing. In 

the contribution of Adhikari & Agrawal [24], authors 

indicate the general formula of the ARIMA model that is 

given such as: 

𝜑(𝐵)𝑧𝑡 = ∅(𝐵)∇𝑑𝑧𝑡 = 𝜃0 + 𝜃(𝐵)𝑎𝑡 (1) 

Where: 

• 𝜃0: is a constant;

• 𝑧𝑡: discrete time series value at t;

• 𝑎𝑡: white noise process;

• B: backward shift operator (𝐵𝑧𝑡 = 𝑧𝑡−1);

• φ(B): nonstationary autoregressive operator;

• θ(B): moving average operator.

But in the contribution of Shakti et al. [25], authors 

define the different stages of the ARIMA process in 

different steps that are summarized in Figure 2. The first 

step consists of checking the stationarity of the time series 

variable that will be used. This is in order to satisfy the 

main assumption of the ARIMA model that will be 

represented in a later section. In the case where the data do 

not meet this assumption, the use of the differencing 

method or data transformation is required. The next step, 

consists of plotting the Auto-Correlation Function (ACF) 

and the Partial Auto-Correlation Function (PACF) in order 

to determine the different parameters of the AR and MA 

models. This is followed by the estimation of the 

integration level. However, and in order to find the ARIMA 

model of the best fit, it is very common to generate a 

simulation that trains different ARIMA models with 

different parameters in order to select the best one based on 

the best residual analysis. Thus, and after selecting the best 

model, predictions can be generated. 

Figure 2.  Flow diagram of ARIMA model 

2.3. Holt-Winters Method 

Concerning the Holt-Winters (HW), it is an extension of 

exponential smoothing method, where all the historical 

data contribute to the calculation of predictions [26]. The 

HW model is used mainly when there is a trend and 

seasonality in the time series observations. This is 

throughout considering three smoothing parameters that 

are: α, β, γ, with an additional parameter p that denotes the 

number of observations per seasonal cycle [26]. 

If the smoothed series is denoted by St, the smoothed 

series is given by the equation. 

S𝑡 = 𝛼 ∗ 𝑦𝑡 + (1 − 𝛼)S𝑡−1 (2) 

where S1 =  y1

S𝑡 = 𝛼𝑦𝑡 + (1 − 𝛼)𝑦𝑡−1 + 𝛼(1 − 𝛼)2𝑦𝑡−2 + ⋯ +
(1 − 𝛼)t−1 𝑦1              (3)

The smoothed series depends on all past values, with the 

most weight given to the latest values. 

Two main methods of HW exist in terms of assessing 

how the seasonality is modeled, and are classified as 

additive and multiplicative. For the first method, existing 

critics indicate that it does not generate good estimates for 

the level and seasonality of the time series. But the second 

method, which will be used in this contribution, multiplies 

the seasonality by the trend. 
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In Additive method: 

a𝑡 = 𝛼(𝑌𝑡 − 𝑠𝑡−𝑝) + (1 − 𝛼)(𝑎𝑡−1 + 𝑏𝑡−1)    (4) 

b𝑡 = 𝛽(𝑎𝑡 − 𝑎𝑡−1) + (1 − 𝛽)𝑏𝑡−1 (5) 

s𝑡 = 𝛾(𝑌𝑡 − 𝑎𝑡) + (1 − 𝛾)𝑠𝑡−𝑝 (6) 

where: 

• at is the smoothed level at time t,

• bt is the change in the trend

• st is the seasonal parameter

• p is the number of seasons per year.

For time T + τ: 

𝑦̂𝑇+ 𝜏 =  𝑎𝑇 + 𝜏𝑏𝑇 + 𝑠𝑇 (7) 

Multiplicative model is used when the data exhibit 

multiplicative seasonality. 

a𝑡 = 𝛼
𝑌𝑡

𝑠𝑡−𝑝
+ (1 − 𝛼)(𝑎𝑡−1 + 𝑏𝑡−1) (8) 

b𝑡 = 𝛽(𝑎𝑡 − 𝑎𝑡−1) + (1 − 𝛽)𝑏𝑡−1 (9) 

s𝑡 = 𝛾
𝑌𝑡

𝑎𝑡
+ (1 − 𝛾)𝑠𝑡−𝑝 (10) 

for T+ τ: 

𝑦̂𝑇+ 𝜏 =  (𝑎𝑇 + 𝜏𝑏𝑇)𝑠𝑇           (11)

And concerning the smoothing parameters, they are 

usually restricted between 0 and 1. 

2.4. Measures of Models Comparison 

There are many other error measures not used in this 

contribution. Some of them are [24], [27]–[30]: 

• The mean forecast error (MFE) is referred to as the

forecast bias and measures the average deviation

between actual and predicted values. However, since

errors can be positive or negative, this error measure

cancels out, and does not provide the real error value.

• The mean absolute error (MAE), which measure

solves the issues of positive and negative errors that

cancel out, and shows the magnitude of the overall

error. The lower this value, the better the forecast

model.

• The mean percentage error (MPE), which measures

the average error stated in terms of percentage.

• The mean squared error (MSE), which measures the

squared deviation of predicted values.

• The sum of squared error (SSE), which measures the

total squared deviation instead of the average.

When comparing the performance of two or more 

forecasting models, the lower the value of these error terms, 

the better the model. In this paper and in order to compare 

the accuracy of the predictions of the ARIMA and HW 

models, three error measures will be used that are the root 

mean square error (RMSE), the mean absolute percentage 

error (MAPE), and the coefficient of determination (R-

squared). For RMSE and MAPE, lower values indicate a 

better prediction, but for the R-squares, the higher the 

percentage, the better the predictions. These error measures 

are given such as [31]: 

𝑅𝑀𝑆𝐸 = √
∑ (𝑦̂𝑡−𝑦𝑡)2𝑛

𝑡=1

𝑛
(12) 

𝑀𝐴𝑃𝐸 =  
1

𝑛
∑ |

𝑦𝑡−𝑦̂𝑡

𝑦𝑡
| 𝑛

𝑡=1 (13) 

Where: 

• 𝑦̂𝑡: predicted values;

• 𝑦𝑡: regression’s dependent variables;

• n: all periods.

𝑅2 = 1 −
𝑆𝑆𝐸

𝑆𝑆𝑇
= 1 −

𝐸𝑥𝑝𝑙𝑎𝑖𝑛𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛

𝑇𝑜𝑡𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛
   (14) 

3. Results

3.1. BOD5 Descriptive Statistics 

The following section provides a brief descriptive 

statistic about the time series variable that will be used. 

This is in order to check the different characteristics of the 

BOD variable, and assess the assumptions of the ARIMA 

and Holt-Winters models. 

The BOD5 is a time series variable. In the case of this 

study, this variable covers a period of 144 days between 

09/05/2017 and 20/09/2017 (Table 3). The BOD5 variable 

is stated in terms of mg/L and has a value that ranges 

between 10 and 340. In addition to that, the quartiles 

identified are 100 (for the first one) and 175 (for the third 

one) (Table 3). This might indicate that the data are well 

spread, and are not concentrated around one data point. But 

concerning the mean and the median, they have values of 

142.3 and 155, respectively (Table 2). As these two latter 

values are nearly equal, the normality distribution of the 

data can be assumed. Yet, further analysis to check the 

normality is needed. 

Table 2.  +Descriptive statistics of BOD5 

Date BOD5 

Min.: 09/05/2017 10,00 

1st Qu.: 14/06/2017 100,00 

Median: 20/07/2017 155,00 

Mean: 20/07/2017 142,30 

3rd Qu.: 25/08/2017 175,00 

Max.: 30/09/2017 340,00 

Table 3.  ADF test results 

Dickey-Fuller = -3.9252 

Lag order = 5 

p-value = 0.01489 

alternative hypothesis: stationary 
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3.1.1. Stationarity Assumption 

While both ARIMA and Holt-Winters models require 

the data to be stationary, the following section will assess 

this assumption by using the Augmented Dickey-Fuller 

(ADF) t-statistic. This latter test whether there is a unit-root 

within the time series variable or not. In the case, where a 

unit root is found, the data are assumed to be stationary 

(meaning it has a trend). Thus, the time series variable will 

require a transformation using different statistical methods 

such as regular differencing or logarithmic transformation 

[32]. This step is essential before using ARIMA or Holt-

Winters models. 

The ADF t-statistic test is represented such as: 

𝐻0: 𝜃 = 0 (𝑇ℎ𝑒 𝑑𝑎𝑡𝑎 ℎ𝑎𝑣𝑒 𝑎 𝑢𝑛𝑖𝑡 𝑟𝑜𝑜𝑡)  (15)

𝐻𝐴: 𝜃 < 0 (𝑇ℎ𝑒 𝑑𝑎𝑡𝑎 𝑎𝑟𝑒 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦)   (16)

In order to test the null as well as the alternative 

hypotheses, the ADF’s test equation is given such as [32]: 

∆𝑧𝑡 = 𝜃𝑧𝑡−1 + 𝛼1∆𝑧𝑡−1 + 𝛼2∆𝑧𝑡−2 + ⋯

+𝛼𝑝∆𝑧𝑡−𝑝 + 𝑎𝑡 (17) 

Where p represents the number of augmenting lags based 

on the BIC. Since this equation does not have an intercept 

or a time trend, the t-test statistic is associated to 𝜃, which 

represents the ordinary least squares estimates. 

The ADF’s empirical findings resulted in a value of -

3.93, which corresponds to a p-value of 0.01. This latter is 

less than the significance level 𝛼 = 0.05, which provides 

enough evidence to reject the null hypothesis and accept 

the alternative one. This means that the data are stationary, 

and do not need further transformation before proceeding 

to the ARIMA process. 

3.1.2. Data Decomposition 

Figure 3 shows that the BOD5 data fluctuates a lot, and 

at the same time, it has a decreasing trend towards the end 

of the period of the study. While the ADF test shows that 

the data are stationary, which means that the data have a 

constant mean, the graph of the data indicate that it has a 

decreasing trend. For this, further analysis that relates to the 

decomposition of these data should be made in order to 

have more accurate inferences about the trend and 

seasonality. 

Figure 3.  BOD5 in mg per liter 

Concerning Figure 4, represents the decomposition of 

the data that were made throughout the decomposition 

function in R. Findings indicate that while the data are 

variant, the data tend to have a decreasing trend as periods 

increase (Figure 2 –trend). But concerning the seasonal 

component, it does not have a clear pattern. The seasonal 

component is not clearly shown, which might be caused by 

the short period of time included in this study. In the case 

where the period of study covers many years with daily 

observations, the seasonal component can be found. Thus, 

the seasonal component (usually used in ARIMA models 

throughout the Seasonal ARIMA (SARIMA) model) will 

not be used in the ARIMA model and will be used in the 

Holt-Winters model. 

Figure 4.  Decomposition analysis of BOD5 
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3.2. ARIMA Model Results 

3.2.1. ACF and PACF 

According to the stationarity section above, there is 

enough evidence to conclude that the data are stationary, 

which enable proceeding to the ARIMA model. In order to 

identify the AR level, the MA level, and the integration 

level, the next step is to plot the auto-correlation function 

(ACF) and the partial auto-correlation function (PACF). 
Findings indicate that according to Figure 5, the data are 

stationary, which do not require in using any data 

transformation or regular differencing. In addition to that, 

and as the PACF in Figure 6 has a sharp cut-off while the 

ACF shows a slow decline, it suggests that the pattern of 

the autocorrelation will be easily explained by adding more 

AR terms than by adding MA terms. 

Figure 5.  ACF of BOD5 

Figure 6.  PACF of BOD5 

In the context of this study, none of the basic ARIMA 

models using the ACF and the PACF interpretations align 

with the empirical findings. For this, the next step is to run 

a simulation of different ARIMA models by changing the 

parameters (p,d,q) at each iteration using the R program. In 

this simulation, the R script will identify different ARIMA 

models and use them in order to train them and make 

estimates. After this latter step that will be performed at 

each iteration, the one with the lowest resulted in Akaike 

Information Criterion (AICc) value will be selected. This 

simulation process is summarized in the diagram below 

(Figure 7). 

Figure 7.  Process of ARIMA model selection 

Figure 7 shows the four iterative stages of modeling 

according to the Box-Jenkins methodology [33]: 

• Model Identification: In this stage, you use data

exploration techniques such as autocorrelation and

partial autocorrelation plots to identify the orders of

the AR and MA terms that are likely to be useful in

the model.

• Model Estimation: In this stage, you estimate the

model parameters using maximum likelihood or

another estimation method.

• Diagnostic Checking: In this stage, you check

whether the model adequately captures the patterns in

the data, by examining residual plots, checking for

normality and constant variance of the residuals, and

performing other diagnostic tests.

The iterative nature of the Box-Jenkins methodology 

means that you may need to revise the model specification, 

identification, or estimation stages based on the results of 

the diagnostic checking stage, until you find an appropriate 

model that adequately fits the data. 

Empirical results indicate that the ARIMA model with 

the best fit is ARIMA (1,1,2) with an AIC of 1484.236. 

3.2.2. ARIMA (1,1,2) 

This model has resulted in an AR1 with a coefficient of 

0.76 that corresponds to a t-statistics of 5.78, a MA1 with 

a coefficient of -1.37 that corresponds to a t-statistics of -

8.73, and a MA2 with a coefficient of 0.41 that corresponds 

to a t-statistics of 3.02. All of t-statistics are statistically 

significant, as they are higher to their corresponding t-

critical value that equals 2.576, which falls a 5% 

significance level. These results indicate that the ARIMA 

model is statistically significant (Table 4). 
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Table 4.  ARIMA (1,1,2) model summary 

ar1 ma1 ma2 

0.7644 -1.3745 0.4122 

s.e. 0.1322 0.1574 0.1364 

sigma^2 estimated as 1680 

log likelihood = -737.97 

AIC = 1483.95 

AICc = 1484.24 

BIC = 1495.83 

Concerning Table 5, it shows the error measures that 

resulted from the ARIMA (1,1,2) that will be used in the 

model’s comparison section. 

Table 5.  ARIMA (1,1,2) training set error measures 

Training set 

ME -4.343268 

RMSE 40.42253 

MAE 28.995 

MPE -25.10836 

MAPE 38.82622 

MASE 0.6107938 

ACF1 -0.02484566 

The following model represents the best model amongst 

the others, and will be used in order to make point forecasts. 

Figure 8 shows the trained ARIMA (1,1,2) model, and plots 

the actual versus the predicted BOD5 values, with the blue 

line representing the observed daily BOD5 values and the 

red line representing the trained ARIMA model. It can be 

noticed that these two lines share similar characteristics, 

which indicates that the trained model is a good fit for 

predicting future values of BOD5. In addition to that, the 

variance between actual and observed values is minimal, 

which will lead to less bias while forecasting. 

Figure 8.  Trained ARIMA (1,1,2) model – Actual versus predicted 

values 

3.2.3. Residuals Normality 

In order to assess the significance of the resulting 

ARIMA (1,1,2) model, one final step is required and 

consists of checking the residual’s normality. Figure 9 

shows the graphical representation of the ACF and the 

PACF of the model’s residuals. This figure does not show 

any important or significant spikes outside the significance 

zone for each of the calculated parameters (ACF and 

PACF). This concludes that the model is significant, that 

residuals are random, and can be assumed to be normally 

distributed. 

Figure 9.  ACF and PACF of the ARIMA model residual 
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In addition to the residual’s ACF and PACF, the Ljung-

Box test will be used to further confirm the normality of the 

residuals. The Ljung-Box test assesses the normality by 

assessing the randomness of the sample. This can be 

formalized by the null and alternative hypotheses of this 

test that are given such as [34]: 

• H0: The data are random

• HA: The data are not random

The test statistic is given such as: 

𝑄𝐿𝐵 = 𝑛(𝑛 + 2) ∑
𝜌2(𝑗)

𝑛 − 𝑗

ℎ

𝑗=1

(18)

Where n is the sample size, 𝜌𝑗 is the autocorrelation at

lag = j, and h is the number of lags tested. 

The following Table 6 shows the Box-Ljung test results. 

Findings indicate that the result in X-squared has a value of 

19.39 which corresponds to a p-value of 0.4969. Since the 

p-value is higher than the significance level (𝛼 = 0.05), it 

is concluded that there is no evidence to reject the null 

hypothesis, and thus the data are proved to be random. 

Therefore, it implies that the data are normally distributed 

as the histogram shows (figure 10). 

Table 6.  Normality test for ARIMA (1,1,2) residuals 

Box-Ljung test 

X-squared = 19.385 

df = 20 

p-value = 0.4969 

3.2.4. ARIMA (1,1,2) Forecasts 

The following graph shows the ARIMA (1,1,2) forecasts 

for the next 10 days of the period of the study under two 

confidence intervals of 80% and 95%, with dark blue that 

represents the 80% confidence interval, and the light blue 

that represents the 95% confidence interval (Figure 11). 

Figure 10.  Histogram of the distribution of forecast errors for the ARIMA (1,1,2) model 

Figure 11.  Forecasted BOD5 for 10 days using ARIMA (1,1,2) 
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3.3. Holt-Winters Model Results 

This section will represent the findings of the second 

forecasting model used in this paper, Holt-Winters model. 

This latter model also requires the data to be stationary, 

which was proved in the sections above. It is important to 

note that within this model, the seasonal effect is 

considered. 

3.3.1. Holt-Winters Model Parameters 

Using R, the model was estimated using the Holtwinters 

function, and has resulted in the following model (Tables 7 

& 8). 

Table 7.  Holt-Winters smoothing parameters 

Smoothing parameters: 

alpha: 0.3767202 

beta: 0.01010215 

gamma: 0.272012 

This shows that the three parameters discussed in the 

methods section are given Alpha and gamma are 0.38 and 

0.27, respectively (Table 7). As the alpha value is relatively 

low, it indicates that forecasts are based on the most recent 

observations while including only a few observations from 

the more distant past. But concerning beta, it has resulted 

in a value of 0.01 (Table 7), which indicates that the 

estimate of the slope b of the trend component is not 

updated over the time series. For this, this trend component 

is assumed to be equal to its initial value. 

Table 8.  Holt-Winters model coefficients 

Coefficients: 

a: 76.463621 

b: -1.597421 

s1: 4.027675 

s2: 9.266575 

s3: 17.154206 

s4: 30.679772 

s5: 30.794880 

s6: 11.507465 

s7: 2.692775 

3.3.2. Holt-Winters Trained Model 

In the next figure, the line graph shows two main 

variables which are the observed values (initial dataset) 

represented by a black line, and the fitted values 

represented by a red line. Intuitively speaking, the model 

seems to capture the trend and seasonality components of 

the original time series (Figure 12). However, the next step 

consists of generating predictions using this model, and 

then checking the normality assumption of the residual. 

 

Figure 12.  Holt-Winters fitted values versus original values 
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Figure 13.  Holt-Winters model forecasts 

3.3.3. Holt-Winters Forecasts 

Using the resulting Holt-Winters model, the time series 

variable BOD5 was forecasted for the next 10 days after 

the end of the study, with two confidence intervals using 

dark blue and light blue for the 80% and 95% confidence 

levels, respectively (Figure 13). Yet, the next step consists 

of checking the normality of the residuals in order to 

confirm the significance of the model. 

3.3.4. Holt-Winters Residuals Normality 

Using R, the Ljung-Box test was performed in order to 

test the normality of the residuals of the model. The 

following shows the results of the test (Table 9): 

Table 9.  Ljung-Box test results of Holt-Winters model residuals 

Box-Ljung test 

X-squared = 19.883 

df = 20 

p-value = 0.4652 

The test resulted in an X-squared with a value of 19.88, 

which corresponds to a p-value of 0.465. Since the p-value 

is higher than the significance level, there is not enough 

evidence to reject the null hypothesis, and thus, the 

residuals are proved to be normally distributed. This is 

further confirmed after plotting the ACF of the residuals, 

which also indicates that there are no significant spikes 

outside of the critical values (Figure 14). In addition to that, 

the distribution of forecast errors is shown as normally 

distributed in the histogram (Figure 15). 

 

Figure 14.  ACF of Holt-Winters residuals 

 

Figure 15.  Histogram of the distribution of Holt-Winters forecast errors 
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3.4. Comparison between ARIMA and Holt-Winters 

Models 

After the two models were defined and proved to be 

statistically significant, they were compared in order to 

check which one of them has the least error terms. 

Concerning the RMSE, it has resulted in the values of 40.42 

and 41.16, for ARIMA and Holt-Winters, respectively. 

This indicates that while only relying on the RMSE, the 

ARIMA model tends to provide better predictions. But 

based on the MAPE, results indicate that its corresponding 

values are lower for Holt-Winters model compared to 

ARIMA (35.97 versus 38.83). This means that the two first 

comparison tools provide a conflicting decision. For this, 

the selection of the best model will be based on the 

coefficient of determination. This latter has a value of 0.527 

for the ARIMA model and 0.517 for the Holt-Winters 

model. This concludes that within the ARIMA model, the 

total variance of the dependent variable is explained by the 

independent variable with a higher percentage compared to 

the Holt-Winters model. 

Table 10.  Comparison of error terms between ARIMA and Holt-Winters 
model 

 ARIMA Holt-Winters 

RMSE 40.42 41.16 

MAPE 38.83 35.97 

R-squared 0.527 0.517 

4. Conclusions 

Since the measurement of the BOD5 variable takes 5 

days to measure, the following paper contributes to the 

existing literature by applying two forecasting models on 

this variable. This is to provide support to WWTPs 

management in having accurate estimates of this variable 

with low error terms in order to take the necessary 

measures in the treatment process, and be able to enhance 

the quality of effluents in WWTPs. The results section has 

applied the ARIMA and Holt-Winters model, and 

compared them using RMSE, MAPE, and the coefficient 

of determination. 

Analyses indicate that both models are significant and 

have resulted in good predictions as they have low error 

values. Yet, empirical findings indicate that the ARIMA 

model was more accurate than the Holt-Winters model. 

This is mainly because the R-squared was higher for the 

first model compared to the second one. 
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