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Abstract In this study, we develop a mathematical model
to explore the impact of awareness and lack thereof on the
spread of meningitis within human populations, framed within
a complex network context. The model’s equilibrium solutions
are used to ascertain its asymptotic stability, revealing that
a meningitis-free equilibrium is locally and globally asymp-
totically stable when the basic reproduction number, R,,, is
below one. Conversely, a meningitis-endemic equilibrium is
stable when R,,,, exceeds one. To verify the model, we utilize
parameters derived from existing literature on meningitis
prevalence in Nigeria for simulation and prediction purposes.
A sensitivity analysis of these parameters demonstrates that
contact rates related to meningitis transmission affect 12,4,
subsequently increasing infection rates within the population.
Our simulations also indicate that the absence of awareness
contributes to elevated meningitis transmission levels, sug-
gesting that additional control measures are necessary to curb
the spread of the disease.

Keywords Basic Reproduction Number R,,,, Stability
Analysis, Sensitivity Analysis, Complex Network

1 Introduction

Meningitis, an inflammation of the meninges, is a global
health concern causing morbidity, death, and economic loss,
particularly within the meningitis belt of sub-Saharan Africa.
Bacteria such as Streptococcus pneumoniae, Haemophilus in-
fluenzae, and Neisseria meningitidis cause the disease, with
Neisseria meningitidis responsible for the largest epidemic out-
breaks. Meningitis affects adults but is most common in babies
and children. The disease, which incubates for 2-10 days, is
transmitted directly between humans through nasal discharge,
throat secretions, sneezing, and coughing. Symptoms include
high fever, stiff neck, headache, brain damage, hearing loss,
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disability, and death. Diagnostic tests such as agglutination
tests and Polymerase Chain Reaction (PCR) are used to detect
the disease, which can be treated with antibiotics and prevented
through timely vaccinations [24 - 26]. Community awareness
is crucial for rapid recognition of symptoms, improved under-
standing of risks, and prompt reporting of infections to public
health facilities [7, 9, 11].

Mathematical models are valuable tools for describing and
predicting disease transmission. Various mathematical and
stochastic models have been formulated for meningitis trans-
mission, incorporating factors such as time-dependent control
strategies, hypothetical explanations for the spread in Africa,
and differences between low and high risk susceptible popula-
tions. Research has also investigated the temporary immunity
of humans in Africa and the impact of vaccinations on disease
prevalence. Nigeria, a country heavily impacted by meningitis,
has been the focus of several models [1, 2, 10 14, 17]. More-
over, [6] formulated deterministic models with different strains
of meningitis. Their results show that the natural immunogen
against asymptomatic and symptomatic meningococcal infec-
tion was consistent with field data and the introduction of vac-
cines into the population changes the prevalence of the dis-
ease. Also, [21] studied the dynamic models of meningococcal
carriers of the disease, and the impact of serogroup C conju-
gate vaccination, while [22], formulated a mathematical model
of cerebrospinal meningitis epidemic transmission using Jirapa
District, Ghana as case study. Nigeria has been the epicenter
of meningitis disease, which has ravaged the nation and caused
many deaths [3, 16, 19].

Epidemic models can be represented as graphs or networks,
with nodes representing individuals and links connecting pairs
of nodes to indicate interactions. Compartmental models group
nodes on the network by disease state and subdivide them ac-
cording to their degrees [4, 5, 8, 12, 13, 15]. Works on the
propagation of diseases based on complex network can be seen
in the works of [18, 20, 23, 27].

Although many studies have examined deterministic and
stochastic models of meningitis and their qualitative behav-
ior, along with the effects of treatment and vaccination, little
research has been conducted on the impact of awareness and
unawareness of meningitis transmission within a Susceptible-
Infected-Susceptible (SIS) complex network model. This pa-
per addresses this gap by formulating a deterministic model
of meningitis awareness on a complex network using esti-
mated parameters of meningitis prevalence in Nigeria, a coun-
try within the meningitis belt. The paper is organized into sec-
tions, with Section 2 covering model formulation and qualita-
tive analysis, Section 3 focusing on numerical simulation, and
Section 4 providing the conclusion.

2 Mathematical Model Formulation
and Qualitative Analysis

After the repeated outbreak of meningitis, humans become
more conscious and responsive to the disease, but after some
time, human individuals lose some degree of awareness due
to certain reasons. The densities of the human population
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are classified into four sub-populations according to different
physical and conscious states of awareness, which are; Suscep-
tible meningitis-unaware humans S, ; Infected meningitis-
unaware humans I} ; Susceptible meningitis-aware humans
Sp,,.» Infected meningitis-aware humans I, . At time ¢t > 0
the nodes on the network have a fluctuating degree k for
1 < k < n, where n is the largest degree, and the total
population N = Y7, Nj, where N, = N, + N, is di-
vided into n classes, that is, the total human population of
unaware and aware yields N, (t) = Sy, (t) + I}, (t) and
N, (t) = Sg,, (t) + 173, (t) respectively satisfy the normal-
ization condition for all k£ classes. Furthermore, the meningi-
tis transmission rate between unaware nodes is larger than the
meningitis infection rate between aware nodes. Based on these

assumptions, the model on the networks yields

S =0, — k(AL + AoI )SY +
aSy,, —diSy,, + wSy,.
I’:%Lk = k(AlslurILk + ASS;’;L]C)I”:L]Q + O(I"U;Lk
= (dy + 001, +ply,,, n
S’énk = @b - k(A?)I:th + A4I’grLk)Ssz
— (-t di)SE, — pSt,,.
I, = k(A2Sy, + AdSE )5,
—(a+dy+60)I5, — ply,, .
Subject to the initial start S, >0, I}, > 0,57, > 0,175 >

0. Table 1 presents the definitions and estimated values of pa-
rameters describing the formulation of model (1) and Figure
1 illustrates the meningitis interaction according the status of
unawareness and awareness in human host population.

¢} ¢ 0
5 RSe L, Thite
H
A
d, : A dy
4
A,
a
= e
[
(dy +381) (dy +384)

Figure 1. Diagram describing the meningitis disease transmission network in
the human host population.

2.1 Basic Model Analysis
> 0,18 >

Theorem 1. Given the initial value Sy, A
0,85, = 0,1, > 0, the solutions of model (1) are positive
for all time t > 0.
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Proof. Let t. = sup(t > 0|S,, > 0,0, > 0,85 >
0,15, > 0). From the first equation in (1), given by
Sy = ea—k(All;@k+A217‘§lk)S};k+aSﬁ%—dls;:lk+u5%).

The integrating factor for (2) is given by

t
exp(/o k((AMﬁW(S)+Azlf§%(s))ds+d1>t*, 3)

Multiplying (2) by (3), one obtains
d &
G (Staean( [ (Al )+ Batty ()ds + 1) =

00+ (et msi, (ern( [ (085,
+ Aol (s))ds + dl)t).

“4)
Solving (4), yields

S, (t)eap( /O CR(ALTE () + Aal® (s))ds + an)
=55, 00= [ @0+ (a+ w)Sh, ()%
0
ea:p(/o k(AT (s) + Aoy, (s))ds
+ (dl)v) dv.
(5

Therefore,

510 = St Oean(— [ ((8ur, o0

oI, (5)ds +di )t. )+

e
eap( - / (AT, () + Do, ()ds +di)t)
0

ta

X | Oat(a+p)Sy, (v)
0

X ea:p(/ k(Aily, (s) + Aqxly, (s))ds + dw)dv > 0.
0

(6)
Hence, (2)-(6) proves the positivity of model (1), which can
also be verified for I;;, > 0,57 > 0,and Ij}, > 0.

Theorem 2. All the solutions
Sy, (@), Iy, (1), Sy, (), I, (t)) of model (1) together
with initial conditions are bounded and positively invariant in
the feasible region ) = €, x Q.

Proof. The total human host population of the meningitis-
unaware population yields

Ny,

dt

Since Sy, + Iy,

:(_)a_leuk S@a_leuk- (7)

= N,,, solving (7) yields

O

4 ®)

lim sup Ny, <
t— o0

Propagation Dynamics of Meningitis Disease Based on Complex Network Modeling

Similarly, for the meningitis-aware population, one obtains

N,
dt

:@b_leak S@b_leak7 (9)

so that o
lim sup N,, < =0
t—o00

4 (10)

Therefore, 2, = {((S}gk,]ﬁlk) € R%|N,, < %)} and

Q, = {((Sf,‘lk,l,‘ilk) € R2|N,, < %)}. Hence, the model
solution stays in the set £ = €, x Q,,, which shows that ) is a
positively invariant region. Thus, model (1) is well-posed and
valid in the sense of the meningitis—disease transmission.

2.2 Stability Analysis of the Model

In order to determine the asymptotic stability of the model,
the meningitis-free and meningitis-endemic equilibrium solu-
tions are obtained. Fixing the right hand side of model (1) to
zero, the meningitis-free equilibrium solution is given by

0,

®a @b
—,0, — 11
750 00).an

M; = (Suo o Gao a0y (

M’ "ME? Mg’ "M
while the meningitis-endemic equilibrium solution yields

M; _ (Su* Ju* qu*k,fgl*k) _

my s tmy

O, + S + S

Su* — ,
TR (AT A Dodgr ) — dy
Iu* — al;ln*k + ulfn*k

Mk (Angl*k + Agsgl*k) — (dl + 51)’
Sax — @b
T (Al 4+ AT ) — (a+dy +61)

my (A2S”1¢L*k + A4Sgl*k) — (a +dy + 61+ /L) '

(12)

The effective basic reproduction number R, is interpreted as
the average number of effective contacts multiplied by the ini-
tial susceptible population and their average infectious period,
such that if R,,, < 1, the meningitis disease propagation be-
comes ineffective, but if R,,; > 1, the disease propagation
persists and becomes endemic in the system. Using the next
generation matrix method [7, 9, 11], the two effective basic

reproduction numbers obtained for model (1), are given by
_ 1 (ASy, 44350 ) _ 1 (A28, +A4S7, )
Ry = % (dito1) and Ry = ¢ , where,

(a+di1+61—p)
Ryg = R1 X Ry so that

1 (AlS,‘ilk =+ AgSf;Lk) (Ags%k + A4ngk)

By (RuxR2) = 35— =513 '(a+d1+51)—3u)'
(13)

Theorem 3. The meningitis-free equilibrium solution (11) of
model (1) is locally asymptotically stable if R,,g < 1.

Proof. Linearizing model (1) using the meningitis-free equi-
librium solution (11) yields two negative eigenvalues given by
—d; and —(aq + dy + p), while the remaining two positive
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eigenvalues are (AsSg, + A4Sy, — (4 dy + 01 + p) and
(Alsﬂ% + Agank — (d1 + 51), so that

(AgSy,, +A4S5,) B (a+dy + 61+ p) -0

14

@tdito+p)  (atdtotn) (19
and (ALSE 4 AgS% ) (dy+ )
1 'Z’Jnk+ 3 gnk 1+01

— > 0. 15

(di +61) (d1 + 01) (15)

From (14) and (15), (R;y — 1) > 0 and (Ry — 1) > 0, which
implies that —R; > —1 & R; < land —Ry; > —1 &
Ry < 1. Since R,y = Ry - Ry, then R,,; < 1 implies that
the meningitis-free equilibrium solution (11) of model (1) is
locally asymptotically stable.

Theorem 4. The meningitis-free fixed equilibrium solution
(11) of model (1) is globally asymptotically stable if R,,, < 1.

Proof. Consider the Lyapunov (L, = L1 -Ly32) function given

by Lpl(S;LnkvjﬁLk) = Iﬁzk and LpZ(S?nkaIgnk) = I;Ink such
that
dL dly, u a
Pl _ b= [(Alsmk + A3S’mk) - (dl + 61)]
dt dt
] (16)
I <———[Ry— (di+ )] <0,
m’“—(d1+61)[ 1= (di+01)|, <
and
dLyy  dIj, a a
o = = (BaSh, + AuSE) — (et di+ 1) — 4
1
It < — )[R — (a+dy + 61) — I}, <0.

T (a4 dy +01)

_ ) 17)
From (16) and (17), if R,y < 1,then Ly = Ly = 0 &
I, = I, = 0. By the La-Salle Lyapunov principle [11],
My is globally asymptotically stable.

Theorem 5. The meningitis-endemic endemic equilibrium so-
lution (12) of model (1) is locally asymptotically stable if
Ry > 1

Proof. The Jacobian matrix (.J.) of model (1) is evaluated at
the meningitis-endemic equilibrium solution (12) of model (1)

is given by
do a+p
Jc = a* 5
(Admk a )

where g, = A1Sp" +A3S) —(di+01)) and g1 = (A2S,," +

AySy — ((ao+dy + 61) + 1)) The characteristic polynomial
of (18) yields

(18)

A+ 21\ 2, 19)

where

z1 = (A + AQ)S,Z:; + (As+ A4)Sﬁfk
—(a+p) — 2(dy + 61)),
2y = ((DaSy) + AySyy — (a+di + 01+ p) Sy +
(Alsjj:; + A3Sy ) Sh — (di + 61 + 1) (Rmg — 1).
(20)
Since z; > 0, and z2 > 0 then the meningitis—endemic

equilibrium solution (12) is locally asymptotically stable when
Ry > 1.

327

Theorem 6. The meningitis-endemic equilibrium solution (12)
of model (1) is globally asymptotically stable if Ry,q > 1.

Proof. Using the Lyapunov direct method, a Lyapunov func-
tion V), is constructed given by
P — my ~ Pmg manu + L

mp

u* a*x

L o qar _ cax 1. Oma
R G A Sﬁnk)Jr

n Tu
mp

a*

(z;;k — et 19 In lg”k),
mg

21

where the Lyapunov derivative of (21) becomes
Vo= (1= o2 ) S, + (1= 722 )
SH K Iy k

(1 sk + (- ).

Let
O, = (Alljjl’; + Ag],‘ﬁl*k)S;jlk +aSy —diSy + Sy

mp)
(A1Sy, + AsST I, = (di + 00) 150 + (n+ )1,
O = (Aalis, + Auli) St — (a+d) S — pSi,
(A5 + AuS I = (o +di+61) — p) I
(23)
Substituting the expression in (23) into (22) and solving part
by part yields

. s
Vo= (1= 2o ) (AL + ol

u
mp

S, + s, — S+ S, — (AT, + Aold,)
S Sy —dySyt 4+ pShr = (AL 4 Dol ) —

S _ S T
(2= Gt~ Git) + (@ = W(SE, = S5)

(24)

U*

(1 - —Ijjk ) ((dy +00) Ly + (4 )T —
mp
Uk

(dr + 00 Iy, + (n+ @), = (dr + 1) I (2= 72

I,
I’LL u* I'LL
) ek (- -
I ) ( VG K
I I )
TR
(25
Su* Sa
Sgax (1 — mg _ TMmg
(OZ + ,U/) mg ( S;Jnk Sgn*k
S S s S
+ Sa kSa*k ) o dlSmk (2 N Suk
S'Zlk mi mi (26)
— o) — (Al + Do) S
my
(2= 5 b
Sy Sux
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and
ax a
_ ax . mE Tk
(ot dva o) =l (1= 72 - o). @D

Since the arithmetic mean exceeds the geometric mean, it fol-
lows from (24)-(27)

Ia* Ia
(1= 2= - ) <o
e, Lo
(Iﬁ; _ I;'L“f M) S 07 (28)
LT A e
Su* Su
(2- 5t - ge) <0
Sk Sh

It is observed from (28) that if Sy, = Sy, I5 =

Iws e = 8@ and I&, = I%, then V, < 0 for all
Sy (@), Iy, (t),Sq (t), I, (t)) > 0. Then the meningitis-
endemic equilibrium solution A7 (12) is the only largest
invariant set. By the La-Salle invariance principle [11],
the meningitis-endemic equilibrium of model (1) is globally

asymptotically stable when R,,,, > 1.

3 Numerical Simulations

In this section, we perform numerical simulations of the
model using the ODE45 solver, which is integrated within the
Maple computational software. We utilize estimated parame-
ters describing the spread of meningitis in Nigeria, as shown
in Table 1. Additionally, we employ the normalized forward
sensitivity index to conduct a sensitivity analysis of the model
parameters related to 12,4 (12).

Sensitivity
Index

Sensitivity
Values

Point
Values

Figure 2. Bar plot of Table 2 using the point values in Table 1

The sensitivity bar plot in Figure 2, derived from Table
2, demonstrates that the recruitment rates (0, and Oy) and
meningitis transmission contact rates Aj, Ay, Ag and Ay are
the most sensitive parameters, directly affecting I2,,,4. This
results in a steady increase in the value of R,,,, contribut-
ing to the prevalence of meningitis within human populations.
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Conversely, the least sensitive negative parameters cause a de-
crease in R, , but still remain detrimental due to the loss of
awareness and fatalities associated with meningitis infection.
From an epidemiological perspective, the findings in Table 2
and Figure 2 suggest that control measures aimed at increasing
awareness among the recruited population, reducing the dis-
ease contact rates A; (i = 1—4), and further enhancing disease
awareness could effectively limit the transmission of meningi-
tis within human communities.

L

40 ” /4/
7

30 /
4

Dok

20 1

101

0 2 4 6 8 10 12
Time (Months)

m— A =0.605 A =0.705 e— Al =0.805
A =0.905 s A =1.000

Figure 3. Effect of contact between susceptible and infected unaware humans

40 /

30

0 2 4 6 8 10 12
T

m— A, =0.305  m— A2 =0.305 m— A2 =0.305
— A2 =0.305 m— A2 =0.305

Figure 4. Effect of contact between unaware susceptible and infected aware
humans

Figure 3 illustrates that meningitis infection surges rapidly
when the level of disease contact A; increases among suscep-
tible and infected individuals without awareness. Figure 4 re-
veals that, in the absence of awareness, meningitis infection
accelerates more quickly when the level of disease contact A,
is varied compared to A;. Figure 5 depicts the behavior of
infected individuals who are aware of meningitis infection; as
the disease contact rate A3 varies, the infection peaks but then
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Table 1. Meanings of parameters associated to meningitis transmission

| Parameters | Descriptions | Range Values | Point Values | Sources |
Oq Recruitment rate of susceptible meningitis unaware humans 3-8 7.781 [2,3,19]
(S]3 Recruitment rate of susceptible meningitis aware humans 1-3 2.382 [2,3,19]
A1 Contact rate 0-1 0.805 [2, 6]
Ao Contact rate 0-1 0.505 [2,6,17]
Az Contact rate 0-1 0.712 [2,6,17]
Ay Contact rate 0-1 0.721 [2,6,17]
o Rate of spread of awareness 0-1 0.220 [2,6, 18]
dy Natural death rate 0-1 0.027 [2,6, 18]
n Rate of loss of awareness 0-1 0.361 [2,6, 18]
o1 Death due to meningitis 0-1 0.311 [2,6, 18]

Table 2. Sensitivity Results

| Parameters | Sensitivity Values |

0, 1.786928
o, 0.213011
Ay 0.786928
As 0.411908
As 0.213071
Ay 0.588091
o -1.1167512
d -0.213071641
5 -2.49879854
u -0.167512

2,
2
\ ey 1 \

14 Sy ——— =
0 \\ 0 M- ‘\§J

0 2 4 6 é 10 12 0 2 4 6 é 10 12

Time(Months) Time(Months)

— A, =0.612 —A3=0‘712—A3=0.812 m— A, =0.221 —A4=0‘521 —A4=O.721

—A3=0.912—A3=1.002 —A4=0.821 —A4=0.921

Figure 5. Effect of infectious contact between unaware susceptible and in-  Figure 6. Effect of infectious contact between susceptible and infected aware
fected aware humans humans
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0 2 4 6 8 10 12
Time( Months)

— 0, = 0.9 =7 m— =5 =03

— oy = (). ]

Figure 7. Effect of awareness about the disease spread in the human host
community

gradually declines with the presence of awareness. Figure 6
demonstrates that the number of infected individuals reaches
a peak in a short time but subsequently decreases as the con-
tact rate A4 is varied, given the presence of awareness. Figure
7 shows that when awareness decreases, infected humans who
are aware about the disease increase due to loss of conscious-
ness about the disease overtime.

4 Conclusion

Based on the results, we can conclude that the model de-
scribing meningitis infection transmission in a complex net-
work is positive, well-posed, and locally and globally asymp-
totically stable when R, is less than or greater than one. Fur-
thermore, we discovered that controlling sensitive parameters
that contribute to the prevalence of meningitis is essential since
even the least sensitive parameters can still be fatal. Addition-
ally, our simulations revealed that awareness can reduce menin-
gitis prevalence, but implementing further restriction strategies
is necessary to prevent the disease from spreading further.
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