
Mathematics and Statistics 11(3): 606-614, 2023
DOI: 10.13189/ms.2023.110319

http://www.hrpub.org

Product Properties for Generalized Pairwise Lindelöf
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Abstract In topological spaces, although compactness
is satisfying the product invariant properties, but for the
Lindelöffness, it is not preserved by the product unless one
or more factors are assumed to satisfy additional conditions.
Similar results yield for the bitopological spaces, that is, the
property of pairwise Lindelöf bitopological spaces is not
preserved under the product unless one or more factors are
assumed to be satisfy additional conditions, for instance,
P -spaces. The Cartesian product for arbitrarily many bitopo-
logical spaces was defined by Datta in 1972. Since then, many
researchers have begun their study for the product bitopolog-
ical spaces for their reason and direction. In this paper, we
shall study finite product of pairwise nearly Lindelöf, pairwise
almost Lindelöf and pairwise weakly Lindelöf spaces. We
show that, all these generalized pairwise Lindelöf spaces
are not preserved under a product by some counterexamples
provided. Furthermore, we give some necessary conditions
for these three bitopological spaces to be preserved under
a finite product. Such condition is that one or more of the
spaces has to be P -space or the product have to be pairwise
weak P -space. Another interesting result is that the projection
of these generalized pairwise Lindelöf spaces product with
P -space is a closed map.

Keywords Bitopological Space, (i, j)-Nearly Lindelöf,
(i, j)-Almost Lindelöf, (i, j)-Weakly Lindelöf, Product
Bitopology

1 Introduction

The Cartesian product of a collection of sets is one of the
most important and widely used ideas in mathematics. The the-
ory of product spaces constitutes a very interesting and com-
plex part of set-theoretic topology. The Cartesian product of
arbitrarily many topological spaces was defined by Tychonoff
in 1930. Then after 42 years, that is, in 1972, Datta [1] de-
fined the Cartesian product of arbitrarily many bitopological
spaces. It is known as well, the Tychonoff Product Theorem
plays an important role in general product of compact topolog-
ical spaces.

Kılıçman and Fawakhreh [7, 3] studied the product proper-
ties for nearly Lindelöf, almost Lindelöf and weakly Lindelöf
spaces. The authors in our papers [13, 8, 10] introduced the no-
tions of pairwise nearly Lindelöf, pairwise almost Lindelöf and
pairwise weakly Lindelöf bitopological spaces. Recently the
authors [11] studied the product properties for pairwise Lin-
delöf spaces that was introduced by Fora and Hdeib [4].

Although compactness is satisfying the product invariant
properties, but for the Lindelöf spaces are negative that is Lin-
delöfness is not preserved by the product unless one or more
factors are assumed to satisfy additional conditions. Similar re-
sults yield for the pairwise Lindelöf bitopological spaces (see
[11]). The purpose of the present paper is to study the product
properties on pairwise nearly Lindelöf, pairwise almost Lin-
delöf and pairwise weakly Lindelöf bitopological spaces.

Many of the results on the invariance of covering properties
under product are negative, in that covering properties are sim-
ply not generally preserved unless one or more of the factors
are assumed to satisfy additional conditions. In this paper, we
show that pairwise nearly Lindelöf, pairwise almost Lindelöf
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and pairwise weakly Lindelöf properties do not satisfy product
invariant properties. Some conditions in which these proper-
ties are preserved under a finite product would be given, for
instance, pairwise P -spaces. We provide some counterexam-
ples to show that the product invariant properties are negative.
We also give some necessary conditions for these spaces to be
preserved under a finite product.

2 Preliminaries
Throughout this paper, all spaces (X, τ) and (X, τ1, τ2) (or

simply X) always mean topological spaces and bitopological
spaces, respectively, unless explicitly stated. If P is a topologi-
cal property, we always use the symbol (τ i, τ j)-P to denote τ i
has the property P with respect to topology τ j in bitopological
spaces, where i, j ∈ {1, 2}. Sometimes the prefixes (τ i, τ j)-
or τ i- will be replaced by (i, j)- or i- respectively, if there is no
chance for confusion. By i-open cover of X , we mean that the
cover of X by i-open sets in X; similar for the (i, j)-regular
open cover of X, etc.

By i-int (A) and i-cl (A), we shall mean the interior and
the closure of a subset A of X with respect to topology τ i,
respectively. We denote by int (A) and cl (A) for the interior
and the closure of a subset A of X with respect to topology
τ i for each i = 1, 2, respectively. If the bitopological space
(X, τ1, τ2) is i-Lindelöf, then the topological space (X, τ i) is
Lindelöf.

Definition 1 Let (X, τ1, τ2) be a bitopological space. A sub-
set F of X is said to be
(i) i-open if F is open with respect to τ i in X , F is called
open in X if it is both 1-open and 2-open in X , or equivalently,
F ∈ U for U ⊆ (τ1 ∩ τ2) in X;
(ii) i-closed if F is closed with respect τ i in X , F is called
closed in X if it is both 1-closed and 2-closed in X , or equiv-
alently, F ∈ V for V = X \ U and U ⊆ (τ1 ∩ τ2) in X .

Definition 2 ([6, 14]) A subset S of a bitopological space
(X, τ1, τ2) is said to be (i, j)-regular open (resp. (i, j)-
regular closed) if i-int (j- cl (S)) = S (resp. i-
cl (j- int (S)) = S), where i, j ∈ {1, 2}. S is called pairwise
regular open (resp. pairwise regular closed) if it is both (1, 2)-
regular open and (2, 1)-regular open (resp. (1, 2)-regular
closed and (2, 1)-regular closed).

Definition 3 ([5, 6]) A bitopological space (X, τ1, τ2) is said
to be (i, j)-regular if for each point x ∈ X and for each i-
open set V containing x, there exists an i-open set U such that
x ∈ U ⊆ j-cl (U) ⊆ V . X is said to be pairwise regular if it
is both (1, 2)-regular and (2, 1)-regular.

Definition 4 A bitopological space X is said to be
(i) i-P -space if countable intersection of i-open sets in X is i-
open. X is called P -space if it is i-P -space for each i = 1, 2;
(ii) (i, j)-weak P -space if for each countable family

{Un : n ∈ N} of i-open sets in X , we have j-cl
( ⋃

n∈N
Un

)
=⋃

n∈N
j-cl (Un). X is called pairwise weak P -space if it is both

(1, 2)-weak P -space and (2, 1)-weak P -space.

Definition 5 A bitopological space X is said to be (i, j)-
nearly compact if for every i-open cover {Uα : α ∈ ∆} of
X , there exists a finite subset {α1, . . . , αn} of ∆ such that

X =
n⋃

k=1

i-int (j- cl (Uαk
)). X is called pairwise nearly com-

pact if it is both (1, 2)-nearly compact and (2, 1)-nearly com-
pact.

Definition 6 ([13, 8, 10]) A bitopological space X is said
to be (i, j)-nearly Lindelöf (resp. (i, j)-almost Lin-
delöf, (i, j)-weakly Lindelöf) if for every i-open cover
{Uα : α ∈ ∆} of X , there exists a countable subset
{αn : n ∈ N} of ∆ such that X =

⋃
n∈N

i-int (j- cl (Uαn))(
resp. X =

⋃
n∈N

j- cl (Uαn
) , X = j- cl

( ⋃
n∈N

(Uαn
)

))
. X is

called pairwise nearly Lindelöf (resp. pairwise almost Lin-
delöf, pairwise weakly Lindelöf) if it is both (1, 2)-nearly Lin-
delöf (resp. (1, 2)-almost Lindelöf, (1, 2)-weakly Lindelöf)
and (2, 1)-nearly Lindelöf (resp. (2, 1)-almost Lindelöf, (2, 1)-
weakly Lindelöf).

Definition 7 (see [1]) Let {(Xα, τα, σα) : α ∈ ∆} be a family
of bitopological spaces. On the product set X =

∏
α∈∆ Xα,

we define a bitopological structure (τ , σ) by taking τ as the
product topology generated by the projections which (τ , τα)-
continuous and σ as the product topology generated by the pro-
jections which (σ, σα)-continuous where α ∈ ∆. The prod-
uct set X with the product bitopology (τ , σ), i.e., (X, τ, σ)
is called product bitopological space. The product bitopology
(τ , σ) also can be denoted by

(∏
α∈∆ τα,

∏
α∈∆ σα

)
.

3 Product of Pairwise Nearly Lindelöf
Spaces

Theorem 1 Let (X, τ1, τ2) be a (τ i, τ j)-nearly compact
space and (Y, σ1, σ2) a (σi, σj)-nearly compact space. Then
(X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-nearly compact where ρi is a prod-

uct topology.

Proof. Let U = {Uα : α ∈ ∆} be a ρi-open cover of
X × Y . Then each member of U is a union of ρi-basis el-
ements of the form V × W with V is τ i-open set in X and
W is σi-open set in Y . We may restrict our attention to the
cover {Vλ ×Wλ : λ ∈ Λ} of X × Y by these ρi-basis ele-
ments where each Vλ × Wλ is contained in some member of
U , since any finite subfamily {Vλ1

×Wλ1
, . . . , Vλn

×Wλn
}

of this basic ρi-open cover such that X × Y =
n⋃

k=1

ρi-

int
(
ρj- cl (Vλk

×Wλk
)
)

will lead immediately to a finite sub-
family chosen from the original cover U such that X × Y =
n⋃

k=1

ρi-int
(
ρj- cl (Uαk

)
)
. For each x ∈ X , let Yx = {x} × Y

which is i-homeomorphic to Y and hence Yx is
(
ρi, ρj

)
-nearly

compact with respect to the inducted bitopology from (ρ1, ρ2).
So, Yx is

(
ρi, ρj

)
-nearly compact relative to X × Y and since

{Vλ ×Wλ : λ ∈ Λ} also covers Yx, there must exists a fi-
nite subfamily

{
Vx,λ1

×Wx,λ1
, . . . , Vx,λn(x)

×Wx,λn(x)

}
by
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ρi-open sets which have a nonempty intersection with Yx such
that

Yx ⊆
n(x)⋃
k=1

ρi- int
(
ρj- cl (Vx,λk

×Wx,λk
)
)

⊆
n(c)⋃
k=1

(τ i- int (τ j- cl (Vx,λk
))× σi- int (σj- cl (Wx,λk

)))

⊆

(
n(x)⋃
k=1

τ i- int (τ j- cl (Vx,λk
))

)
×(

n(x)⋃
k=1

σi- int (σj- cl (Wx,λk
))

)
.

Letting Hx =
n(x)⋂
k=1

(τ i- int (τ j- cl (Vx,λk
))), we see that Hx is

a (τ i, τ j)-regular open set of X containing x. The above finite
subfamily{

Vx,λ1
×Wx,λ1

, . . . , Vx,λn(x)
×Wx,λn(x)

}
actually satisfies the condition Hx × Y ⊆

n(x)⋃
k=1

ρi-

int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
. Now {Hx : x ∈ X} is a

(τ i, τ j)-regular open cover of X . Since X is (τ i, τ j)-nearly
compact, there exists a finite subcover {Hx1 , . . . ,Hxm}. But
then

{{Vxt,λk
×Wxt,λk

: k = 1, . . . , n (xt)} : t = 1, . . . ,m}

satisfies the condition

X × Y =
m⋃
t=1

(
n(xt)⋃
k=1

ρi- int
(
ρj- cl (Vxt,λk

×Wxt,λk
)
))

=
⋃

t=1,...,m,k=1,...,n(xt)

ρi- int
(
ρj- cl (Vxt,λk

×Wxt,λk
)
)

.

Since {{Vxt,λk
×Wxt,λk

: k = 1, . . . , n (xt)} : t = 1, . . . ,m}

leads to a finite subfamily from U such that X × Y =
n⋃

k=1

ρi-

int
(
ρj- cl (Uαk

)
)
, we have that X × Y is

(
ρi, ρj

)
-nearly

compact.

Corollary 2 Let (X, τ1, τ2) and (Y, σ1, σ2) be pairwise
nearly compact spaces. Then the product (X × Y, ρ1, ρ2) is
pairwise nearly compact where ρi is a product topology.

The product still invariants if we take a finite collection of
(i, j)-nearly compact spaces as stated in the following corol-
lary. The result will then follow by induction.

Corollary 3 Let
{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n

}
be a collec-

tion of
(
τki , τ

k
j

)
-nearly compact spaces. Then the product

(
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-nearly compact.

Corollary 4 Let
{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n

}
be a collec-

tion of pairwise nearly compact spaces. Then the product
(
∏n

k=1 Xk, ρ1, ρ2) is pairwise nearly compact.

Theorem 5 Let (X, τ1, τ2) be a (τ i, τ j)-nearly Lindelöf
space and (Y, σ1, σ2) a (σi, σj)-nearly compact space. Then
the product (X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-nearly Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be a ρi-open cover of
X × Y . Then each member of U is a union of ρi-basis el-
ements of the form V × W with V is τ i-open set in X and
W is σi-open set in Y . We may restrict our attention to
the cover {Vλ ×Wλ : λ ∈ Λ} of X × Y by the ρi-basis el-
ements where each Vλ × Wλ is contained in some member
of U , since any countable subfamily {Vλn

×Wλn
: n ∈ N}

of this basic ρi-open cover such that X × Y =
⋃

n∈N
ρi-

int
(
ρj- cl (Vλn

×Wλn
)
)

will lead immediately to a countable
subfamily chosen from the original cover U such that X×Y =⋃
n∈N

ρi-int
(
ρj- cl (Uαn)

)
. For each x ∈ X , let Yx = {x} × Y

which is i-homeomorphic to Y and hence Yx is
(
ρi, ρj

)
-nearly

compact with respect to the inducted bitopology from (ρ1, ρ2).
So Yx is

(
ρi, ρj

)
-nearly compact relative to X × Y and since

{Vλ ×Wλ : λ ∈ Λ} also covers Yx, there must exists a fi-
nite subfamily

{
Vx,λ1

×Wx,λ1
, . . . , Vx,λn(x)

×Wx,λn(x)

}
by

ρi-open sets which have a non-empty intersection with Yx such

that Yx ⊆
n(x)⋃
k=1

ρi-int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
. Letting Hx =

n(x)⋂
k=1

(τ i- int (τ j- cl (Vx,λk
))), we see that Hx is a (τ i, τ j)-

regular open set of X containing x. The above finite subfamily{
Vx,λ1 ×Wx,λ1 , . . . , Vx,λn(x)

×Wx,λn(x)

}
actually satisfies

the condition Hx × Y ⊆
n(x)⋃
k=1

ρi-int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
.

Now {Hx : x ∈ X} is a (τ i, τ j)-regular open cover of
X . Since X is (τ i, τ j)-nearly Lindelöf, there ex-
ists a countable subcover {Hxm : m ∈ N}. But then
{{Vxm,λk

×Wxm,λk
: k = 1, . . . , n (xm)} : m ∈ N} satisfies

the condition

X × Y

=
⋃

m∈N

(
n(xm)⋃
k=1

ρi- int
(
ρj- cl (Vxm,λk

×Wxm,λk
)
))

=
⋃

m∈N,k=1,...,n(xm)

ρi- int
(
ρj- cl (Vxm,λk

×Wxm,λk
)
)

.

Since {{Vxm,λk
×Wxm,λk

: k = 1, . . . , n (xm)} : m ∈ N}
leads to a countable subfamily from U such that
X × Y =

⋃
n∈N

ρi-int
(
ρj- cl (Uαn

)
)
, we have that X × Y is(

ρi, ρj
)
-nearly Lindelöf.

Corollary 6 Let (X, τ1, τ2) be a pairwise nearly Lindelöf
space and (Y, σ1, σ2) a pairwise nearly compact space. Then
the product (X × Y, ρ1, ρ2) is pairwise nearly Lindelöf.

The above result still holds if we take an (i, j)-nearly Lin-
delöf space and a finite collection of (i, j)-nearly compact
spaces as stated in the following corollary.

Corollary 7 Let (Xm, τm1 , τm2 ) be a(
τmi , τmj

)
-nearly Lindelöf space and
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{(
Xk, τ

k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
a collec-

tion of
(
τki , τ

k
j

)
-nearly compact spaces. Then the product

(
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-nearly Lindelöf.

Proof. It follows immediately by the fact that the topolog-
ical product is commutative, associative, the Corollary 3 and
Theorem 5.

Corollary 8 Let (Xm, τm1 , τm2 ) be a pairwise nearly Lindelöf
space and

{(
Xk, τ

k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
a

collection of pairwise nearly compact spaces. Then the product
(
∏n

k=1 Xk, ρ1, ρ2) is pairwise nearly Lindelöf.

Lemma 9 Let (X, τ1, τ2) be a (τ i, τ j)-regular space and
(Y, σ1, σ2) a (σi, σj)-regular space. Then (X × Y, ρ1, ρ2) is(
ρi, ρj

)
-regular where ρi is a product topology.

Proof. Let z = (x, y) ∈ X × Y and let U be a ρi-open set
in X × Y containing z. Then there exist sets V ∈ τ i,W ∈ σi

with z ∈ V × W ⊆ U . Since (X, τ1, τ2) is (τ i, τ j)-regular
space, there exists a τ i-open set C in X such that x ∈ C ⊆
τ j-cl (C) ⊆ V . Again since (Y, σ1, σ2) is (σi, σj)-regular,
there exists a σi-open set D in Y such that y ∈ D ⊆ σj-
cl (D) ⊆ W . Put P = C×D, hence z ∈ P ⊆ ρj-cl (P ) = τ j-
cl (C) × σj-cl (D) ⊆ V × W ⊆ U . Therefore there exists a
ρi-open set P such that z ∈ P ⊆ ρj-cl (P ) ⊆ U and completes
the proof.

Corollary 10 Let (X, τ1, τ2) and (Y, σ1, σ2) be pairwise reg-
ular spaces. Then the product (X × Y, ρ1, ρ2) is pairwise reg-
ular.

In general the product of any two (i, j)-nearly Lindelöf
spaces need not be (i, j)-nearly Lindelöf or the product of
any two pairwise nearly Lindelöf spaces need not be pairwise
nearly Lindelöf as the following example below shows. The
following lemma is needed.

Lemma 11 ([13]) An (i, j)-regular space X is (i, j)-nearly
Lindelöf if and only if it is i-Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be an i-open cover of X . Since
X is (i, j)-regular, then for each x ∈ X and for each i-open set
Ux ∈ U containing x, there is an i-open set Vx such that x ∈
Vx ⊆ j-cl(Vx) ⊆ Ux. Hence x ∈ Vx ⊆ i-int (j- cl (Vx)) ⊆ j-
cl(Vx) ⊆ Ux. So, X =

⋃
x∈X

Vx ⊆
⋃

x∈X

i-int (j- cl (Vx)). Now

{i- int (j- cl (Vx)) : x ∈ X} forms an (i, j)-regular open cover
of X . Since X is (i, j)-nearly Lindelöf, there exists a countable
subset of points x1, x2, . . . , xn, . . . of X such that X =

⋃
n∈N

i-

int (j- cl (Vxn
)) ⊆

⋃
n∈N

Uxn
. Thus {Uα : α ∈ ∆} has a count-

able subfamily covering X . Therefore X is i-Lindelöf. The
converse is obvious because every i-Lindelöf space is an (i, j)-
nearly Lindelöf.

Example 1 Let B be a collection of closed-open intervals in
the real line R :

B = {[a, b) : a, b ∈ R, a < b} .

Hence B is a base for the lower limit topology
(or Sorgenfrey topology) τs on R. Choose usual topol-
ogy as topology τu on R. Thus (R, τs, τu) is a Lindelöf
bitopological space (see [15]). Therefore it is (τs, τu)-nearly
Lindelöf. Note that, sets of the form (−∞, a) , [a, b) or [a,∞)
are both τs-open and τs-closed in R and sets of the form (a, b)
and (a,∞) are τs-open in R (see [15, p. 75]). It is easy to
check that (R, τs, τu) is (τs, τu)-regular since for each x ∈ R
and for each τs-open set of the form [a, b) in R containing
x, there exists a τs-open set [a, b− ϵ) with ϵ > 0 such that
x ∈ [a, b− ϵ) ⊆ τu-cl ([a, b− ϵ)) = [a, b− ϵ] ⊆ [a, b). We
leave to the reader to check for other forms of τs-open sets
in R. So, (R× R, τs × τs, τu × τu) is (τs × τs, τu × τu)-
regular by Lemma 9. It is known that R × R is not (τs × τs)-
Lindelöf since the τs-closed subspace L = {(x, y) : y = −x}
is not (τs × τs)-Lindelöf for it is a discrete subspace. Since
R × R is (τs × τs, τu × τu)-regular but not (τs × τs)-
Lindelöf, then it is not (τs × τs, τu × τu)-nearly Lindelöf by
Lemma 11.

Recall that a function f : (X, τ1, τ2) → (Y, σ1, σ2) is called
i-closed if f (U) is σi-closed set in Y for every τ i-closed set
U in X , f is said closed if it is i-closed for each i = 1, 2. From
elementary general topology, if X is a topological space and
suppose a neighbourhood base has been fixed at each x ∈ X ,
then F ⊆ X is closed if and only if each point x /∈ F has
a basic neighbourhood disjoint from F (see [16]). So we can
prove the following proposition.

Proposition 12 Let (X, τ1, τ2) be a (τ i, τ j)-nearly Lindelöf
space and (Y, σ1, σ2) a σi-P -space. Then the projection
πY : (X × Y, ρ1, ρ2) → (Y, σ1, σ2) is i-closed where ρi is
a product topology.

Proof. Let U be a ρi-closed set in X×Y and let y0 /∈ πY (U).
Clearly (X × {y0}) ∩ U = ∅ and so the point (x, y0) /∈ U
has a ρi-basic neighbourhood Vx × Wx,y0

disjoint from U
where Vx is τ i-open set in X containing x and Wx,y0 is σi-
open set in Y containing y0. Now {Vx ×Wx,y0 : x ∈ X}
form a cover of X × {y0} by ρi-basis elements of X × Y .
Since X × {y0} is i-homeomorphic to X , then X × {y0} is(
ρi, ρj

)
-nearly Lindelöf with respect to the inducted bitopol-

ogy from (ρ1, ρ2). So X × {y0} is
(
ρi, ρj

)
-nearly Lindelöf

relative to X ×Y and hence there exists a countable subfamily
{Vxn

×Wxn,y0
: n ∈ N} such that

X × {y0} ⊆
⋃

n∈N
ρi- int

(
ρj- cl (Vxn

×Wxn,y0
)
)

⊆
⋃

n∈N
(τ i- int (τ j- cl (Vxn

))× σi- int (σj- cl (Wxn,y0
)))

⊆
( ⋃

n∈N
τ i- int (τ j- cl (Vxn

))

)
×( ⋃

n∈N
σi- int (σj- cl (Wxn,y0))

)
.

Set W =
⋂

n∈N
σi-int (σj- cl (Wxn,y0

)) and since Y is a σi-

P -space, W is a σi-open neighbourhood of y0 such that W ∩
πY (U) = ∅. Thus πY (U) is σi-closed set in Y . This implies
that πY is i-closed.
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Corollary 13 Let (X, τ1, τ2) be a pairwise nearly Lindelöf
space and (Y, σ1, σ2) a P -space. Then the projection πY :
(X × Y, ρ1, ρ2) → (Y, σ1, σ2) is closed where ρi is a product
topology.

4 Product of Pairwise Almost Lindelöf
Spaces

Theorem 14 Let (X, τ1, τ2) be a (τ i, τ j)-almost Lindelöf
space and (Y, σ1, σ2) a (σi, σj)-nearly compact space. Then
(X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-almost Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be a ρi-open cover of X × Y .
Then as in the proof of Theorem 5, we may restrict our atten-
tion to the cover {Vλ ×Wλ : λ ∈ Λ} of X×Y by the ρi-basis
elements where each Vλ × Wλ is contained in some member
of U , since any countable subfamily {Vλn ×Wλn : n ∈ N}
of this basic ρi-open cover such that X × Y =

⋃
n∈N

ρj-

cl (Vλn
×Wλn

) will lead immediately to a countable subfam-
ily chosen from the original cover U such that X×Y =

⋃
n∈N

ρj-

cl (Uαn
). For each x ∈ X , let Yx = {x} × Y which is

i-homeomorphic to Y and hence Yx is
(
ρi, ρj

)
-nearly com-

pact with respect to the inducted bitopology from (ρ1, ρ2).
So Yx is

(
ρi, ρj

)
-nearly compact relative to X × Y and

since {Vλ ×Wλ : λ ∈ Λ} also covers Yx, there must exists
a finite subfamily

{
Vx,λ1

×Wx,λ1
, . . . , Vx,λn(x)

×Wx,λn(x)

}
by ρi-open sets which have a non-empty intersection with

Yx such that Yx ⊆
n(x)⋃
k=1

ρi-int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
.

Letting Hx =
n(x)⋂
k=1

Vx,λk
, we see that Hx is a τ i-

open set of X containing x. The above finite subfamily{
Vx,λ1

×Wx,λ1
, . . . , Vx,λn(x)

×Wx,λn(x)

}
actually satisfies

the condition Hx × Y ⊆
n(x)⋃
k=1

ρi-int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
.

Now {Hx : x ∈ X} is a τ i-open cover of X . Since X is
(τ i, τ j)-almost Lindelöf, there exists a countable subfam-
ily {Hxm

: m ∈ N} such that X =
⋃

m∈N
τ j-cl (Hxm

). But

then {{Vxm,λk
×Wxm,λk

: k = 1, . . . , n (xm)} : m ∈ N} sat-

isfying the condition

X × Y

=
⋃

m∈N
ρj- cl

(
n(xm)⋃
k=1

ρi- int
(
ρj- cl (Vxm,λk

×Wxm,λk
)
))

⊆
⋃

m∈N
ρj- cl

(
n(xm)⋃
k=1

ρj- cl (Vxm,λk
×Wxm,λk

)

)

=
⋃

m∈N
ρj- cl

(
ρj- cl

(
n(xm)⋃
k=1

(Vxm,λk
×Wxm,λk

)

))

=
⋃

m∈N
ρj- cl

(
n(xm)⋃
k=1

(Vxm,λk
×Wxm,λk

)

)

=
⋃

m∈N

(
n(xm)⋃
k=1

ρj- cl (Vxm,λk
×Wxm,λk

)

)
=

⋃
m∈N,k=1,...,n(xm)

ρj- cl (Vxm,λk
×Wxm,λk

) .

Since {{Vxm,λk
×Wxm,λk

: k = 1, . . . , n (xm)} : m ∈ N}
leads to a countable subfamily from U such that
X × Y =

⋃
n∈N

ρj-cl (Uαn
), we have that X × Y is(

ρi, ρj
)
-almost Lindelöf.

Corollary 15 Let (X, τ1, τ2) be a pairwise almost Lindelöf
space and (Y, σ1, σ2) a pairwise nearly compact space. Then
(X × Y, ρ1, ρ2) is pairwise almost Lindelöf.

The above result is still holds if we take an (i, j)-almost
Lindelöf space and a finite collection of (i, j)-nearly compact
spaces as stated in the following corollary.

Corollary 16 Let (Xm, τm1 , τm2 ) be a(
τmi , τmj

)
-almost Lindelöf space and{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
a collec-

tion of
(
τki , τ

k
j

)
-nearly compact spaces. Then the product

(
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-almost Lindelöf.

Proof. It follows immediately by the fact that the topolog-
ical product is commutative, associative, the Corollary 3 and
Theorem 14.

Corollary 17 Let (Xm, τm1 , τm2 ) be a
pairwise almost Lindelöf space and{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
a collec-

tion of pairwise nearly compact spaces. Then the product
(
∏n

k=1 Xk, ρ1, ρ2) is pairwise almost Lindelöf.

Lemma 18 [8] An (i, j)-regular space is (i, j)-almost Lin-
delöf if and only if it is i-Lindelöf.

The space in Example 1 shows that the product of any
two (i, j)-almost Lindelöf spaces need not be (i, j)-almost
Lindelöf or the product of any two pairwise almost Lindelöf
spaces need not be pairwise almost Lindelöf by applying the
Lemma 18. But if we add one extra condition such as τ i-P -
space to the (i, j)-almost Lindelöf space and another space is
(i, j)-nearly Lindelöf, and we assume that the product space is
(τ i × σi, τ j × σj)-weak P -space, we will obtain that the prod-
uct space is (τ i × σi, τ j × σj)-almost Lindelöf.
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Proposition 19 Let (X, τ1, τ2) be a (τ i, τ j)-almost Lindelöf
τ i-P -space and (Y, σ1, σ2) a (σi, σj)-nearly Lindelöf space.
If the product (X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-weak P -space, then

(X × Y, ρ1, ρ2) is
(
ρi, ρj

)
-almost Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be a ρi-open cover of X × Y .
Then as in the proof of Theorem 5, we may restrict our atten-
tion to the cover {Vα ×Wα : α ∈ ∆} of X×Y by the ρi-basis
elements where each Vα × Wα is contained in some member
of U , since any countable subfamily {Vαn

×Wαn
: n ∈ N}

of this basic ρi-open cover will lead immediately to a count-
able subfamily chosen from the original cover U such that
X × Y =

⋃
n∈N

ρj-cl (Vαn
×Wαn

). For each x ∈ X , let

Yx = {x}×Y which is i-homeomorphic to Y and hence Yx is(
ρi, ρj

)
-nearly Lindelöf with respect to the inducted bitopol-

ogy from (ρ1, ρ2). So Yx is
(
ρi, ρj

)
-nearly Lindelöf relative

to X × Y and since {Vα ×Wα : α ∈ ∆} also covers Yx, there
must exists a countable subfamily {Vx,αk

×Wx,αk
: k ∈ N}

by ρi-open sets which have a non-empty intersection with
Yx such that Yx ⊆

⋃
k∈N

ρi-int
(
ρj- cl (Vx,αk

×Wx,αk
)
)
. Let-

ting Hx =
⋂
k∈N

Vx,αk
, we see that Hx is a τ i-open set of

X containing x since X is τ i-P -space. The above count-
able subfamily {Vx,αk

×Wx,αk
: k ∈ N} actually satisfying

the condition Hx × Y ⊆
⋃
k∈N

ρi-int
(
ρj- cl (Vx,αk

×Wx,αk
)
)
.

Now {Hx : x ∈ X} is a τ i-open cover of X . Since X
is (τ i, τ j)-almost Lindelöf, there exists a countable sub-
family {Hxn

: n ∈ N} such that X =
⋃

n∈N
τ j-cl (Hxn

).

But since (X × Y, ρ1, ρ2) is
(
ρi, ρj

)
-weak P -space, then

{{Vxn,αk
×Wxn,αk

: k ∈ N} : n ∈ N} satisfying the condi-
tion

X × Y

=
⋃

n∈N
ρj- cl

( ⋃
k∈N

ρi- int
(
ρj- cl (Vxn,αk

×Wxn,αk
)
))

=
⋃

n∈N

( ⋃
k∈N

ρj- cl
(
ρi- int

(
ρj- cl (Vxn,αk

×Wxn,αk
)
)))

⊆
⋃

n∈N

( ⋃
k∈N

ρj- cl
(
ρj- cl (Vxn,αk

×Wxn,αk
)
))

=
⋃

n∈N,k∈N
ρj- cl (Vxn,αk

×Wxn,αk
) .

Since {{Vxn,αk
×Wxn,αk

: k ∈ N} : n ∈ N} is a countable
subfamily, we have that X × Y is

(
ρi, ρj

)
-almost Lindelöf.

Corollary 20 Let (X, τ1, τ2) be a pairwise almost Lindelöf
P -space and (Y, σ1, σ2) a pairwise nearly Lindelöf space. If
the product (X × Y, ρ1, ρ2) is pairwise weak P -space, then
(X × Y, ρ1, ρ2) is pairwise almost Lindelöf.

Corollary 21 Let (X, τ1, τ2) be a (τ i, τ j)-nearly Lindelöf τ i-
P -space and (Y, σ1, σ2) a (σi, σj)-nearly Lindelöf space. If
the product (X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-weak P -space, then

(X × Y, ρ1, ρ2) is
(
ρi, ρj

)
-almost Lindelöf.

Proof. It follows immediately from the fact that every (i, j)-
nearly Lindelöf space is (i, j)-almost Lindelöf and Proposition
19.

Corollary 22 Let (X, τ1, τ2) be a pairwise nearly Lindelöf
P -space and (Y, σ1, σ2) a pairwise nearly Lindelöf space. If
the product (X × Y, ρ1, ρ2) is pairwise weak P -space, then
(X × Y, ρ1, ρ2) is pairwise almost Lindelöf.

Lemma 23 (see [11]). Let
{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n

}
be

a collection of τki -P -spaces. Then (
∏n

k=1 Xk, ρ1, ρ2) is ρi-P -
space where ρi is a product topology.

The result of Proposition 19 can be extended to an (i, j)-
almost Lindelöf i-P -space, a collection of finite (i, j)-nearly
Lindelöf i-P -spaces and an (i, j)-nearly Lindelöf space as
stated in the following corollary.

Corollary 24 Let (Xm, τm1 , τm2 ) be a
(
τmi , τmj

)
-almost Lin-

delöf τmi -P -space,

{
(
Xk, τ

k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m ≤ n, k ̸= p ≤ n,

and m ̸= p}

a collection of
(
τki , τ

k
j

)
-nearly Lindelöf τki -P -spaces and

(Xp, τ
p
1, τ

p
2) a

(
τpi , τ

p
j

)
-nearly Lindelöf. If the prod-

uct (
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-weak-P -space, then

(
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-almost Lindelöf.

Proof. It follows by induction of k, the fact that topological
product is associative, the Lemma 23 and Proposition 19.

Corollary 25 Let (Xm, τm1 , τm2 ) be a pairwise almost Lin-
delöf P -space,

{
(
Xk, τ

k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m ≤ n, k ̸= p ≤ n,

and m ̸= p}

a collection of pairwise nearly Lindelöf P -spaces and
(Xp, τ

p
1, τ

p
2) a pairwise nearly Lindelöf. If the prod-

uct (
∏n

k=1 Xk, ρ1, ρ2) is pairwise weak-P -space, then
(
∏n

k=1 Xk, ρ1, ρ2) is pairwise almost Lindelöf.

Proposition 26 Let (X, τ1, τ2) be a (τ i, τ j)-almost Lindelöf
space and (Y, σ1, σ2) a σi-P -space. Then the projection
πY : (X × Y, ρ1, ρ2) → (Y, σ1, σ2) is i-closed where ρi is
a product topology.

Proof. Let U be a ρi-closed set in X×Y and let y0 /∈ πY (U).
Clearly (X × {y0}) ∩ U = ∅ and so the point (x, y0) /∈ U has
a ρi-basic neighbourhood Vx × Wx,y0

disjoint from U where
Vx is τ i-open set in X containing x and Wx,y0

is σi-open set
in Y containing y0. Now {Vx ×Wx,y0

: x ∈ X} form a ρi-
basic open cover of X × {y0} by ρi-basis elements of X × Y .
Since X × {y0} is i-homeomorphic to X , then X × {y0} is(
ρi, ρj

)
-almost Lindelöf with respect to the inducted bitopol-

ogy from (ρ1, ρ2). So X × {y0} is
(
ρi, ρj

)
-almost Lindelöf
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relative to X ×Y and hence there exists a countable subfamily
{Vxn

×Wxn,y0
: n ∈ N} such that

X × {y0} ⊆
⋃

n∈N
ρj- cl (Vxn ×Wxn,y0)

=
⋃

n∈N
(τ j- cl (Vxn

)× σj- cl (Wxn,y0
))

⊆
( ⋃

n∈N
τ j- cl (Vxn

)

)
×
( ⋃

n∈N
σj- cl (Wxn,y0

)

)
.

Set W =
⋂

n∈N
Wxn,y0

and since Y is a σi-P -space, W is a σi-

open neighbourhood of y0 such that W ∩ πY (U) = ∅. Thus
πY (U) is σi-closed set in Y . This implies that πY is i-closed
and completes the proof.

Corollary 27 Let (X, τ1, τ2) be a pairwise almost Lindelöf
space and (Y, σ1, σ2) a P -space. Then the projection πY :
(X × Y, ρ1, ρ2) → (Y, σ1, σ2) is closed where ρi is a product
topology.

5 Product of Pairwise Weakly Lindelöf
Spaces

Theorem 28 Let (X, τ1, τ2) be a (τ i, τ j)-weakly Lindelöf
space and (Y, σ1, σ2) a (σi, σj)-nearly compact space. Then
the product (X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-weakly Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be a ρi-open cover of X × Y .
Then as in the proof of Theorem 5, we may restrict our atten-
tion to the cover {Vλ ×Wλ : λ ∈ Λ} of X×Y by the ρi-basis
elements where each Vλ × Wλ is contained in some member
of U , since any countable subfamily {Vλn ×Wλn : n ∈ N}
of this basic ρi-open cover such that X × Y = ρj-

cl

( ⋃
n∈N

(Vλn
×Wλn

)

)
will lead immediately to a countable

subfamily chosen from the original cover U such that X×Y =

ρj-cl
( ⋃

n∈N
Uαn

)
. For each x ∈ X , let Yx = {x} × Y

which is i-homeomorphic to Y and hence Yx is
(
ρi, ρj

)
-

nearly compact with respect to the inducted bitopology from
(ρ1, ρ2). So Yx is

(
ρi, ρj

)
-nearly compact relative to X × Y

and since {Vλ ×Wλ : λ ∈ Λ} also covers Yx, there must exists
a finite subfamily

{
Vx,λ1

×Wx,λ1
, . . . , Vx,λn(x)

×Wx,λn(x)

}
by ρi-open sets which have a non-empty intersection with

Yx such that Yx ⊆
n(x)⋃
k=1

ρi-int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
.

Letting Hx =
n(x)⋂
k=1

Vx,λk
, we see that Hx is a τ i-

open set in X containing x. The above finite subfamily{
Vx,λ1 ×Wx,λ1 , . . . , Vx,λn(x)

×Wx,λn(x)

}
actually satisfies

the condition Hx × Y ⊆
n(x)⋃
k=1

ρi-int
(
ρj- cl (Vx,λk

×Wx,λk
)
)
.

Now {Hx : x ∈ X} is a τ i-open cover of X . Since X is
(τ i, τ j)-weakly Lindelöf, there exists a countable subfamily

{Hxm
: m ∈ N} such that X = τ j-cl

( ⋃
m∈N

Hxm

)
. But then

{{Vxm,λk
×Wxm,λk

: k = 1, . . . , n (xm)} : m ∈ N} satisfies
the condition

X × Y =

ρj- cl

( ⋃
m∈N

(
n(xm)⋃
k=1

ρi- int
(
ρj- cl (Vxm,λk

×Wxm,λk
)
)))

⊆ ρj- cl

( ⋃
m∈N

(
n(xm)⋃
k=1

ρj- cl (Vxm,λk
×Wxm,λk

)

))

= ρj- cl

( ⋃
m∈N

ρj- cl

(
n(xm)⋃
k=1

(Vxm,λk
×Wxm,λk

)

))

⊆ ρj- cl

(
ρj- cl

( ⋃
m∈N

(
n(xm)⋃
k=1

(Vxm,λk
×Wxm,λk

)

)))

= ρj- cl

( ⋃
m∈N,k=1,...,n(xm)

(Vxm,λk
×Wxm,λk

)

)
.

Since {{Vxm,λk
×Wxm,λk

: k = 1, . . . , n (xm)} : m ∈ N}
leads to a countable subfamily from U such that X × Y = ρj-

cl

( ⋃
n∈N

Uαn

)
, we have that X × Y is

(
ρi, ρj

)
-weakly

Lindelöf.

Corollary 29 Let (X, τ1, τ2) be a pairwise weakly Lindelöf
space and (Y, σ1, σ2) a pairwise nearly compact space. Then
the product (X × Y, ρ1, ρ2) is pairwise weakly Lindelöf.

The above result is still hold if we take an (i, j)-weakly
Lindelöf space and a collection of finite (i, j)-nearly compact
spaces as stated in the following corollary.

Corollary 30 Let (Xm, τm1 , τm2 ) be a(
τmi , τmj

)
-weakly Lindelöf space and{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
a collec-

tion of
(
τki , τ

k
j

)
-nearly compact spaces. Then the product

(
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-weakly Lindelöf.

Proof. It follows immediately by the fact that the topological
product is associative, the Corollary 3 and Theorem 28.

Corollary 31 Let (Xm, τm1 , τm2 ) be a
pairwise weakly Lindelöf space and{(

Xk, τ
k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
a collec-

tion of pairwise nearly compact spaces. Then the product
(
∏n

k=1 Xk, ρ1, ρ2) is pairwise weakly Lindelöf.

Lemma 32 (see [10]) An (i, j)-weakly Lindelöf, (i, j)-regular
and (i, j)-weak P -space is i-Lindelöf.

In general the product of any two (i, j)-weakly Lindelöf
spaces need not be (i, j)-weakly Lindelöf or the product of
any two pairwise weakly Lindelöf spaces need not be pairwise
weakly Lindelöf as the following example below shows.

Example 2 Let (R, τs, τu) be a Lindelöf bitopological space
from Example 1 above. Therefore it is (τs, τu)-weakly Lin-
delöf. It is easy to check that (R, τs, τu) is (τs, τu)-regular
and (τs, τu)-weak P -space. So (R× R, τs × τs, τu × τu)
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is (τs × τs, τu × τu)-regular (see Example 1). It is clear
that R × R is (τs × τs, τu × τu)-weak P -space. It is
known that R × R is not (τs × τs)-Lindelöf. Since
R× R is (τs × τs, τu × τu)-regular and (τs × τs, τu × τu)-
weak P -space but not (τs × τs)-Lindelöf, then it is not
(τs × τs, τu × τu)-weakly Lindelöf by Lemma 32.

Although the product of (τ i, τ j)-weakly Lindelöf
and (σi, σj)-weakly Lindelöf spaces need not be
(τ i × σi, τ j × σj)-weakly Lindelöf, but if we add one
extra condition such as τ i-P -space to one of the space, we will
obtain that the product is (τ i × σi, τ j × σj)-weakly Lindelöf.

Proposition 33 Let (X, τ1, τ2) be a (τ i, τ j)-weakly Lindelöf
τ i-P -space and (Y, σ1, σ2) a (σi, σj)-weakly Lindelöf space.
Then the product (X × Y, ρ1, ρ2) is

(
ρi, ρj

)
-weakly Lindelöf.

Proof. Let U = {Uα : α ∈ ∆} be a ρi-open cover of
X × Y . Then as in the proof of Theorem 5, we may re-
strict our attention to the cover {Vλ ×Wλ : λ ∈ Λ} of X ×
Y by the ρi-basis elements where each Vλ × Wλ is con-
tained in some member of U , since any countable subfamily
{Vλn

×Wλn
: n ∈ N} of this basic ρi-open cover such that

X × Y = ρj-cl
( ⋃

n∈N
(Vλn

×Wλn
)

)
will lead immediately

to a countable subfamily chosen from the original cover U

such that X × Y = ρj-cl
( ⋃

n∈N
Uαn

)
. For each x ∈ X , let

Yx = {x}×Y which is i-homeomorphic to Y and hence Yx is(
ρi, ρj

)
-weakly Lindelöf with respect to the inducted bitopol-

ogy from (ρ1, ρ2). So Yx is
(
ρi, ρj

)
-weakly Lindelöf relative

to X × Y and since {Vλ ×Wλ : λ ∈ Λ} also covers Yx, there
must exists a countable subfamily {Vx,λk

×Wx,λk
: k ∈ N}

by ρi-open sets which have a non-empty intersection with

Yx such that Yx ⊆ ρj-cl
( ⋃

k∈N
(Vx,λk

×Wx,λk
)

)
. Let-

ting Hx =
⋂
k∈N

Vx,λk
, we see that Hx is a τ i-open set

of X containing x since X is τ i-P -space. The above
countable subfamily {Vx,λk

×Wx,λk
: k ∈ N} actually satis-

fies the condition Hx × Y ⊆ ρj-cl
( ⋃

k∈N
(Vx,λk

×Wx,λk
)

)
.

Now {Hx : x ∈ X} is a τ i-open cover of X . Since X is
(τ i, τ j)-weakly Lindelöf, there exists a countable subfamily

{Hxn : n ∈ N} such that X = τ j-cl
( ⋃

n∈N
(Hxn)

)
. But then

{{Vxn,λk
×Wxn,λk

: k ∈ N} : n ∈ N} satisfies the condition

X × Y

= ρj- cl
( ⋃

n∈N
ρj- cl

( ⋃
k∈N

(Vxn,λk
×Wxn,λk

)

))
⊆ ρj- cl

(
ρj- cl

( ⋃
n∈N

( ⋃
k∈N

(Vxn,λk
×Wxn,λk

)

)))
= ρj- cl

( ⋃
n∈N,k∈N

(Vxn,λk
×Wxn,λk

)

)
.

Since {{Vxn,λk
×Wxn,λk

: k ∈ N} : n ∈ N} leads to a count-

able subfamily from U such that X × Y = ρj-cl
( ⋃

n∈N
Uαn

)
,

we have that X × Y is
(
ρi, ρj

)
-weakly Lindelöf.

Corollary 34 Let (X, τ1, τ2) be a pairwise weakly Lindelöf
P -space and (Y, σ1, σ2) a pairwise weakly Lindelöf space.
Then the product (X × Y, ρ1, ρ2) is pairwise weakly Lindelöf.

The result of Proposition 33 can be extended to a finite col-
lection (i, j)-weakly Lindelöf i-P -spaces and an (i, j)-weakly
Lindelöf space as stated in the following corollary.

Corollary 35 Let{(
Xk, τ

k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
be a collection of

(
τki , τ

k
j

)
-weakly Lindelöf τki -P -spaces and

(Xm, τm1 , τm2 ) a
(
τmi , τmj

)
-weakly Lindelöf space. Then the

product (
∏n

k=1 Xk, ρ1, ρ2) is
(
ρi, ρj

)
-weakly Lindelöf.

Proof. It follows by induction of k, the Lemma 23 and the
Proposition 33.

Corollary 36 Let{(
Xk, τ

k
1 , τ

k
2

)
: k = 1, . . . , n, k ̸= m,m ≤ n

}
be a collection of pairwise weakly Lindelöf P -spaces and
(Xm, τm1 , τm2 ) a pairwise weakly Lindelöf space. Then
(
∏n

k=1 Xk, ρ1, ρ2) is pairwise weakly Lindelöf.

Proposition 37 Let (X, τ1, τ2) be a (τ i, τ j)-weakly Lindelöf
space and (Y, σ1, σ2) a σi-P -space. Then the projection πY :
(X × Y, ρ1, ρ2) → (Y, σ1, σ2) is i-closed where ρi is a prod-
uct topology.

Proof. Let U be a ρi-closed set in X×Y and let y0 /∈ πY (U).
Clearly (X × {y0}) ∩ U = ∅ and so the point (x, y0) /∈ U has
a ρi-basic neighbourhood Vx × Wx,y0

disjoint from U where
Vx is τ i-open set in X containing x and Wx,y0

is σi-open set
in Y containing y0. Now {Vx ×Wx,y0 : x ∈ X} form a ρi-
basic open cover of X × {y0} by ρi-basis elements of X × Y .
Since X × {y0} is i-homeomorphic to X , then X × {y0} is(
ρi, ρj

)
-weakly Lindelöf with respect to the inducted bitopol-

ogy from (ρ1, ρ2). So X × {y0} is
(
ρi, ρj

)
-weakly Lindelöf

relative to X ×Y and hence there exists a countable subfamily
{Vxn

×Wxn,y0
: n ∈ N} such that

X × {y0}

⊆ ρj- cl
( ⋃

n∈N
(Vxn ×Wxn,y0)

)
⊆ ρj- cl

(( ⋃
n∈N

Vxn

)
×
( ⋃

n∈N
Wxn,y0

))
=

(
τ j- cl

( ⋃
n∈N

Vxn

))
×
(
σj- cl

( ⋃
n∈N

Wxn,y0

))
.

Set W =
⋂

n∈N
Wxn,y0

and since Y is a σi-P -space, W is a σi-

open neighbourhood of y0 such that W ∩ πY (U) = ∅. Thus
πY (U) is σi-closed set in Y . This implies that πY is i-closed
and completes the proof.
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Corollary 38 Let (X, τ1, τ2) be a pairwise weakly Lindelöf
space and (Y, σ1, σ2) a P -space. Then the projection πY :
(X × Y, ρ1, ρ2) → (Y, σ1, σ2) is closed where ρi is a product
topology.

Theorem 39 Suppose that {(Xα, τ
α
1 , τ

α
2 ) : α ∈ ∆}

be a collection of nonempty bitopological spaces. If(∏
α∈∆ Xα, ρ1, ρ2

)
is
(
ρi, ρj

)
-nearly Lindelöf (resp. pair-

wise nearly Lindelöf,
(
ρi, ρj

)
-almost Lindelöf, pairwise

almost Lindelöf,
(
ρi, ρj

)
-weakly Lindelöf, pairwise weakly

Lindelöf,
(
ρi, ρj

)
-nearly compact, pairwise nearly compact),

then each Xα is
(
ταi , τ

α
j

)
-nearly Lindelöf (resp. pairwise

nearly Lindelöf,
(
ταi , τ

α
j

)
-almost Lindelöf, pairwise almost

Lindelöf,
(
ταi , τ

α
j

)
-weakly Lindelöf, pairwise weakly Lindelöf,(

ταi , τ
α
j

)
-nearly compact, pairwise nearly compact) where ρi

is a product topology.

Proof. Since each projection map πα :
∏

α∈∆ Xα → Xα is
continuous open surjection, the theorem is clearly proved.
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