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Abstract In the paper, we propose three isomorphism criteria
for a subclass of finite-dimensional Leibniz algebras. Isomor-
phism Criterion 1 has been given earlier (see [5]). We introduce
notations for new structure constants. Using the new notation,
we state the isomorphism criterion 2. To formulate Isomorphism
Criterion 3, we introduce “semi-invariant functions” needed.
We prove that these three Isomorphism Criteria are equivalent.
The isomorphism criterion 3 is convenient to find the invariant
functions to represent isomorphism classes. The proof of the
isomorphism criteria in the general case is computational and
is based on hypothetic convolution identities given in [11].
Therefore, we give details in the ten-dimensional case.

Keywords Leibniz Algebra, Isomorphism Criterion, Adapted
Basis

1 Introduction

The classification problem of algebras is the most important
problem of algebra. In a finite-dimensional case it can be bro-
ken up into two separate tasks: the description of semisimple
and solvable algebras. A semisimple algebra is written in form
of a direct sum of simple one and the simple algebras are com-
pletely described. Therefore, the first task can be successfully
solved, whereas the second task is one of the hardest problems
of algebra. This approach was applied to classify two classes of
algebras cases: associative algebras and Lie algebras. J.L.Loday
[6] introduced a generalization of Lie algebra called Leibniz al-
gebra. D.Barnes [3] proved that a finite-dimensional complex
Leibniz algebra can be written as a simidirect sum of a semisim-
ple Lie and a solvable Leibniz algebra. Thus, the classification
problem of complex Leibniz algebras is reduced to the classifica-
tion of the solvable Leibniz algebras. For more information and
latest results on Leibniz algebras we refer the reader to [2]. In

this paper, we will be dealing with a subclass of solvable Leibniz
algebras in dimension n which is denoted by Lb,,, called filiform
Leibniz algebras. The notion of filiform Leibniz algebra was in-
troduced in [1]. This class arises from the naturally graded fili-
form Leibniz algebras. The set Lb,, is represented as a union of
three subclasses Lb,, = F'Lb,, U SLb,, UTLb, which are stable
under the action of the linear group GL (V') (“automorphisms of
V). Therefore, it suffices to classify each of them separately.
The classes of F'Lb,, and SLb,, were classified up to dimension
n < 9. While the class T'Lb,, was classified up to dimension
n <8&.

In this paper we will be treating the class F'Lb,,. The isomor-
phism criteria in low-dimensional cases, up to dimension nine,
have been constructed in many previous papers. The cases from
five to seven were given in [10]. The classification in dimension
eight can be found in PhD Thesis [13]. The isomorphism criteria
and complete lists of isomorphism classes of this class in dimen-
sion nine can be found in [8, 9, 14]. The general criterion was
given in [7]. In solving the classification problem in these papers,
it was noticed that the usage of Criterion 1 is very computational.
Therefore, it was decided to suggest a few more isomorphism cri-
teria. The present paper is devoted to create three isomorphism
criteria (called Criterion 1, Criterion 2 and Criterion 3) for F'Lb,,
and each one is an improvement on the previous one. The need of
such an improvement is motivated by the discussion made in the
section Preliminaries. We prove the equivalence of the criteria.
The details of the computations are given in dimension ten.

2 Preliminaries

Let G be a group and X be a G-set. An invariant function is a
function f : X — K such that f(g-2) = f(z) forany g € G
and z € X.

Let K be an algebraically closed field and G be an algebraic
group acting on an irreducible algebraic variety X. This action
generates an action of G on the field of rational function K (X)
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of X :

(9 f)(x) = flg~" - 2), forall f € K(X).

The set of all invariant rational functions K (X)“ forms a
subfield of K (X). Being a subfield of a finitely generated field
K (X) the field K (X )¢ possess finitely many generators.

It is said that an invariant function f separates orbits O; and
O, if it is defined on the both orbits and takes on them different
values. A set of invariant functions S separates orbits O; and
O, if S contains an element separating these two orbits. We say
that a set of invariants .S’ separates generic orbits if there exists a
non-empty open subset Xy of X such that the set S separates
orbits in X. The existence such a set of invariants S for the
case where an algebraic group G acts on an irreducible algebraic
variety X has been given by M. Rosenlicht (see [12] and [4] for a
modern version). However, the description and the number of its
elements depend on the representation considered. The following
result holds true (see [15]).

Lemma 1 If a finite set S C K (X)Y separates orbits of points
G

in general position then S generates K (X)<.
M. Rosenlicht has also shown that orbits in general position in X
can be separated by rational invariants.

It is said that f € K(X) has invariant property over an orbit O
if it is defined at any element of O. Also f|o is constant or it does
not vanish at any element of O. That is f|o does not vanish at all.
Let us denote by In(O) the set of all such functions. We say that
f € K(X) separates orbits O1, Oz if f € In(O1) NIn(O3) and
flo,, flo, are constant functions with different values or one of
them is identically zero and the second one does not vanish at all.

We say that a finite set .S of elements of K (X) separates a
given set of orbits if for any two orbits, there exists an element
of S which separates these two orbits. If we look for a finite set
of functions separating all and not only generic orbits we need
to construct a finite set of invariant functions. In this sense, one
should expect that in most, if not in all cases, there exists a finite
set of functions separating all orbits.

An algebra structure L = (V, A) on an n-dimensional vector
space V is element A(L) of Alg,(K) = K", where A: V &
V' — V is a bilinear mapping as a binary algebraic operation on
L. Let {ey, eq, ..., e, } be a basis of the algebra L, then the table
of multiplication of L is given by a point (’yfj) of K" as follows:

n
e, e5) = > 'yfjek wherei,j = 1,2,...,n.
k=1

The entries 'yfj of the cubic matrix [’yf]] are called

i,7,k=1,2,....,n
structure constants of L. We consider the action (g - A\)(z,y) =
g(A(g™(z), g7 (y))) of the automorphism group GL(V') on

Algn(K).

Definition 1 Two algebra structures (V, A1) and (V, \2) are said
to be isomorphic if there exists g € GL(V') such that

Xa(z,y) = (9- M)z, y) = g~ (M(g(x), 9(v)))
forallz,y € V.

Each orbit consists of isomorphic to each other algebras from
Alg,, (K). The set of all laws isomorphic to A is denoted by O(\)
(the orbit of \).
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Throughout the work we assume that the algebras considered
are defined over the field of complex numbers C and denote the
law A(, -) by the bracket notation [-, -].

Definition 2 An algebra L is called a Leibniz algebra, if |-, ]
satisfies the following Leibniz identity:

[, [y, 2]]] = [[=,y], 2] + [y, [, 2]]
forallx,y,z € L.

Let LB,, be the set of all Leibniz algebra laws on V. Note that
LB,, is subvariety of Alg,, (K) specified by the Leibniz identity
above.

We define the lower central series as follows:

L'=1L, LM = [L* L], ke N. (1)

Definition 3 A Leibniz algebra L is called nilpotent if the series
(1) terminates, i.e., there exists an integer s € N such that

IL'>I?>...0L°=0.

If the termination occurs by the rule dim L' = n — i, where
2 <1 < n then the n-dimensional Leibniz algebra L is said to be
filiform.

There is a so-called adapted basis {eg, €1, .., e, } (see [5]) of
the underlying vector space V of F'Lb, 1 with respect to that
the table of multiplication of algebras from F'Lb,; is given as
follows:

[, 0] = ea,
[61‘,60] = 61‘4_1,7; = 1,2, ey U — 1
FLanrl = [60, 61] = (ze3z + ageq + ... + p_1€5p—_1 + Gen,

[ej, 61] = a3€jt2 + 4543+ ... + Qpy1—j€n,
j=1,2...,n—2and ag,ay,...,a,,0 € C.

Elements of FLb,.; we denote by L(as,uy,...,an,0). Let
L be a filiform Leibniz algebra with the adapted basis

{eOa €1,€2, ... en}'

Definition 4 The basis transformation o € GL(V') is said to
be adapted, if the set of vectors {o(eg),o(€1),...,0(en)} is
adapted.

A subgroup of GL(V') consisting of all adapted transformations
of F'Lb, 1 isdenoted by G 4. In G4, we consider the following
transformations of F'Lb,, ;1 called elementary.
o(eg) = eo + Aeg,
o(e1) = e1 + Bey,
where A, B € C
andk=23,...n,
U(€i+1) = [U(ei)vg(eo)]’
i=1,2,...,n—1,
o(ez) = [o(eo), o (eo)):
0'(60) = A€0 + Bel,
0'(61) = (A + B)el
+b(9 - an)enfh
where A, B,0, o, € C
and A(A+B) #0
o(eir1) = [o(ei), o(eo)],
1=1,2,...,n—1,
o(ez) = [o(eo), o(eo)]-
The proof of the following proposition is straightforward.

First type 74, g(k) =

Second type v4 B =
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Proposition 1

1. Let o be an adapted transformation of F Lb, 11, then 0 =
Tanvbn (n) © T(lnflyanfl (n - 1) ©...0 Ta27a2 (2)

Ol/ama1 .

2. The structure constants of algebras from F Lb,, 1 are stable
under the transformation

Tan b (n)o Tan—1,an-1 (n—1)o..0 Taz,az (2).

Due to the proposition above the action of G4 on algebras
from F'Lb,, 11 is reduced to that of v, .

3 Isomorphism Criteria

In this section we give the isomorphism criteria for elements
of F'Lb, ;1 in terms of the structure constants.

Theorem 1 (Creterion 1) The algebras L(a) and
L(d') from FLbni1, with o = (as,oy4,..,0,,0) and
o = (ah,aly,...,al,, 0") are isomorphic, if and only if there exist
Aand B (A, B € C), such that A(A+ B) # 0 and the following
conditions hold true

1 B
CX;—At_QSDt<A§OZ)a 3<t<n, (2)

1 B
9 = Tz Pt (A;a) , 3)

where
ei(y;u)
= Sot(y; U3, Ugy ey Un, unJrl)

t—1 t
=Q+yur— > | () yurron+ (Z0Y2 X wgs—i
k=3 i =ht2
by g iz
Uiy +1—k + (k,4)y > >

ig=k+3i1=k+3

t
WUjyt3—iy * Uiy—k + oo + (k;l)yk72 Z

Ut4-3—iy

ip—3=2k—2
ig—3 io
2 e D UtdB—ipg Ui g4B—ig_y e Yigh3—i
in_4=2k—2  i1=2k—2
o1 t Tk—2 io
Uiy +5—2k +y Z Z Z Ut+3—ij_o
ip_a=2k—1ip_s=2k—1 i;=2k—1
UWUip_g4+3—ig_z o Wig43—iy " Uiy +4—2k ) : @k(yé U),
for3 <t <n,

Ont1(y;u)
= QDTH-l(y; U3, Ugy .-vy Un, un+1)
= Upt1 — Un + On(y;0).

Proof. The proof was given in [5].
In order to create the next isomorphism criteria we introduce
the following notations:

AS = Qs,
© = 0-aqa, 4
Ay = as+ (71)“”6’,;_2()4';_2
é = aév
O = 0 - (@)

S S

AL = o+ (—1)°Cy g2,
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where s = 4,5,...and C = % are Catalan numbers for
k=0,1,...
Remark. An adapted basis change from the basis

{eo,€1,...,en} to {ef,€},... e} gives rise the change of the
structure constants g, g, - . ., @y, 0 t0 Az, Ay, As, ..o AL, O.
We keep use the notation L(A) = L(Asz, Ay, As, ..., Ay, 0O)

for algebras from F'Lb,, .

We introduce the notations Az = «3, A5 = «f and the
functions ¥, (y;u),t = 3,4,...,n + 1 as follows:
Wy (y;u)
= Uy (y; U3, Ugy -« oy Uy Upg1)
= k—1 t+1—k t—k
=u— ) p_o ) Ylurre—k+(=1) Cy_ruz ")
k=3
k-1 2y t—iy t+1—iy
g )y X (wsai + (D)7 Craiug ")
i1=k+3
i~k i1—1—k k=11 3 ¢
(Wis 41—k + (1) 7 Ch 1 _pus )+ L4 )Y >
io=k+3

i2

S (Urgs—iy + (1) 72 Crpr—iul™ ) (uiy 434,

in=k+3 o ,
+(71)12711 1,2+1_1,1u132+ _11)(Ui1—k+(*l)nikilcil—k—Q

Uig1—iy ) Uiy~ + (1) 7F 710G, _pul TF TR 4L
kL—1 ko t k-3 io
+ < 1 )y - > > Y
ik_3:2k12ik_4:2k72 i1=2k—2
—3 t — g
(=) T Cgy gy gy Wiy
+(_1)1k7371k74 i—3—lk—4a gk73+ _lk74) N (u1-2+3,i1

(Utt3—if_s

+(=1)" i2+1—z‘1u§2+141)(“fil+5—2k + (=1)2""Ciyy3-4,
in48-in) | k-1 § S S ‘
“Ug ) +y E Z (U’t“r?’*lk—Q

ookl ip_ g Bk—1  iy=2h—1
+(—1)i""2_i’“*3Cik,2+1—ik73u§k72+l_ik’3) oo (Wints—i
+(_1)t_ik72Ct+17ik_2u§+1_ik72)(uik_2+3,ik_3
(=120, g w2 T (g, paop F (1)
Cil+2_2kuél+2—2k)> Wy (ya) + (—1)H(1 + y)t73ut3—3
()2,

The following theorem holds true.

Theorem 2 (Criterion 2) The algebras L(A) and L(A') from
FLby,41, with

A= (Az,Ay,...,A,,0),
and

A= (AL AL ALLON,
are isomorphic if and only if there exist A and B (A, B € C),
such that A(A + B) # 0 and the following conditions hold true

Ay === (14 5) W(5:4),
3<t<n

)

0 =40

In order to state Criterion 3 we consider functions defined as
follows:
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fe(u)
= fe(us, gy ... Up,Upy1) = Pe(—1;u)
\Ijt( 1;u37u47~"7un7un+1)

k-1 _
St 2 (( k—2 ) (upgo—k + (1) F17FCy_pul ™)
k=3

k-1 & . .
k—3 > , Zk 2(ut+3—i1 + (1) Crp g ufTT)
i1=k+

k-1
(wiy 1k + (—1)7FCy, _ypuf ~1 k) +
k—4
t 12

> > (ups—ip + (=

ig=k+3i1=k+3 ‘
'(ut2+2—i1 + (_1)1‘277:1 ig+1— 21u12+1711)
(g + (1) R0 pul TR
k2 /{i -1 t k-3
ser(FUY) 2 F

ip_5=2k—24p_s=2k—2

1) =2 Cyy_gust! ™)

2 t—ip_s t+1—ip_3
) 7%]2 2(ut+3*ik—3 + (_1) CtJrl*ik 3U3 )
o tp—3t+1l—ig_ 4)

'(uik—3+3*ik—4+(_1)ik73_ik74 ip—3t+l—ir_a U3
) - (w5 oakt

"(ui2+3—i1+(_1)i2_i1 ip+1—i Ug :
L t 1k—2
(1)1 Cippgmuz ) + (1R
in_o=2k—1ip_3—=2k—1
i

I 1—p_¢
S (Ues—ipp + (—1)*2Chp gy yug )

i1=2k—1
7 1 ig—2+1l—ix_3
(uik—2+3_ik—3 +( 1) o2t SCM o+1—ip_3U3 )

o (Uiygg—iy + (1) Ciypa gy ug ™)
(Ui, a2k + (—=1)0+1= 2k01+2 2kuzl+2 Qk)) Fo(u)

+H(=1)1C_gul ™2, for3 <t <n.

The Criterion 3 is now stated as follows.

Theorem 3 (Criterion 3) The algebras L(A) and L(
FLb,1, with
A= (A3, Ay,...,

A') from

An, ©),
and

= (A5, A}, ..., Al O, are isomorphic if and
only if there exist A,B € C, such that A(A + B) # 0 and the
following conditions hold true:

fi(A) = 7= (1+5§) fi(A), 3<t<n
and
0 = 7=06.

Theorem 4 For Leibniz algebras from FLb, the ctiteria
Criterion 1, Criterion 2 and Criterion 3 are equivalent.

Proof. The proof is based on the convolution identities below
from [11].

n
Let F(n) =t—2— Y s;, where n and ¢ (¢ > 3) are natural
i=1
numbers.

Theorem 5 For any positive integers t (t > 3) and k
(1 <k <t—3), the following convolution identities hold true

t—3

A= 3 () (2 G Cra

1 =3 s1+1) (s1—1 FQ-
-2 (5171>(I€172)051 > CSZCF(Q)

s1=1 s9=1

601
t—3 141N rs1—1 F(1)-1 F(2)—
+ 22 (2 72) (255)Cs 21 Cs, 2 CSJOF(?))
S1= So= S3—
t—3 41 1 F(1)-1 F(2)-1 F(4)-1
> (273) (513:4)051 Cs, Csy > Cs,Cr)
81=3 so=1 s3=1 sq=1
r 3 s1+1 s1—1 FQO-1
to.+ (71) slz:r (sl—r) (k—(r+1))051 52221 CSQ .
o k2 s1+1
Z 1 CSrJrlCF(TJFl) +ot (_1) - Zk:: 5 (Slfl(k72))
Spqp1= s1=k—
. F(1)-1 F(k—2)—1
(Sl )Csl > Oy X Csi1 Crk-1)
s2=1 Sp—1=1
t—3 F(1)—1 F(k—2)—1
+(_1)k‘—1 Z ( i1+1 )Csl Z Csz Z
s1=k—1 so=1 Sp—1=1
F(k—1)—1

CoiCriy = (7)Crca.

Cr—1

Skp=

Indeed, to get Criterion 2 from Criterion 1 we write for-
mulas for A/ and ©’, from (4) and express them via A; and O,
where ¢ = 3, ...n — 1. To simplify we make use the identities of
Theorem 5.

To get Criterion 3 from Criterion 2 we plug in A} and ©/,
where ¢ = 3,...n — 1in the functions f;, where j = 3,4,...n

To get Criterion 1 from Criterion 3 we solve the equa-
tlonsft (A") —A,Q( ) 3<t<nand@’—A2®
for o, where i = 3,4,...,n expressmg AL, © and A; where
1= 3 .m via ;.

The details for 10-dimensional case are given in the next sec-
tion.

4 DETAILS FOR F'Lbyg

In this section, we prove the equivalence of the criteria for
FLbyg by using explicit formulas.

Proposition 2 (Criterion 1) Algebras L(asz, ay, ..., ag,0) and
L(ak, o, ..., a4,0") are isomorphic if and only if there exist
A,B € C such that A(A + B) # 0 and the following condi-
tlons hold true:

O[3 = % (]. + B asg, B

oy = 1 (1+%) [oa—250a3],

o= 4 (1+28) a5 =57 Bagas+5(5)a }

og = 77 (1+7) |6 — 6Fazas +21 (5)° adou
~34a2 -1 <%>3a%]

or= 75 (1+ %) _a7 — 75 asas + 28 (§)" azad
+28 (£)* a3as — T asas — 84 (£)” ajou
+42(8)" 3]

ag= 5 (1+5) [ s —8Zazar +36 (£) adas
+72(5)° asauns — 8Gasag +12 (5)” of
~180 (%)3 a3ai — 120 (A)3 adas
+330 ()" aday — 4802 — 132(Z)° ag} )

oh = (1+5) a0 —95asas +45 (§)’ agar

—165 (2)” adag + 495 ()" adas
—9%044047 + 45 (%)2 a?as + 90 (%)2 3040
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—495 (8)” a2asas + 990 (8)" ada? Proposition 4 (Criterion 3) For algebras
—9%0&5066 —é— 45 (%)2 0430z§ —6165 (%)3 053042
1287 (§)” afas + 429 (§) o]

L(A37 A4; A57 AG) A7; Agv A97 @)

According to the notations (4) we have: and
Az = as, Aj = ag,
— 2 ro_ 2
N L(AG, &, A5, A AL A, A ©)
Aj = a5 — bag, Ag = a5 —5ay’, from FLbyg to be isomorphic, the validity of the following
Ag = ag + 14a3, Ay = ag + 140k, equalities are necessary and sufficient
A7 = a7 — 42&2, AL =af, — 420/35,
Ag = ag + 13208, L =ag + 13204,
_ . 7 I 17
Ag = ag — 42903, 9 = ag — 4293, A = %(14_%) As
0 =0—a, 0" =0 — aj.
Note that the equivalence of the criteria for F'Lb,, up ton = 8
has been done earlier, we will be dealing with n = 9. AV % (1 + %) Ay

Proposition 3 (Criterion 2) The algebras
L(A3z, Ay, A5, Ag, A7, Ag, A, O) L B
and Ss(A5, AL AY) = o5 (1+ 8) f5(As, AyAs5)
L(Ag, A}, A5, Ag, A7, Ag, Ay, ©)
from F Lbyg are isomorphic if and only if
Ag - % (1 + %) A3 / ! I l 1 B
AZLZ ﬁ(l—F%) A4 fﬁ(A35A47A57A6):F(1+Z) f6(A3aA47A5;A6)
= L+ By (ai-sman)
Ap= & (1+5) (Ae—65A505+21(8)" 234,
—3BAT +128A,A3) fr(Ag, Ay, Af, A, A7)
A= 45 (14 5) (A7 = T8 (A3A6 + AsA5 + 5A3A,
—2A2A5) + 2803 (2)% (A2 4 AgAs — 4A2

—38A3A,))) 1 B
A= g (L4 8) (A - 45 (20007 — 1030, + A = s (143) Ji(Bs, B0, 85, B0, 80)

—28A4AL +10A3A;) + 12 (2)* (3A24,

—12A3A5 — 6AFAT + 42A5A, + AF)

—60 (2)” (24345 + 3A3A3 — 12A3A,) Fa(Ag, Ay, AG, A, A7, A)
+330 (4)" Ada)

Introduce the following functions: =15 (1+ 8) fs(As, A, A, Ag, A7, Ag)
Us(—1su) = fs(us,ug,us)

= us -+ 5U3’LL4;
\Pg(—l;u) = fﬁ(Ug,’LL4,U5,’U,6) f9(AgaA47A/5’A/6a 177A‘/87A€))

= ug + bugus + 9u§ + ug + Sui;
Uo(=1Liu) = fr(us,us, us, ug, ur) ,

= uy + Tusueg + Tugus + Tug, ug

+14udus + 28uzul; ’ = a7 (1+ ) fo(As, A4, A5, A, Az, Ag, Ag).

Us(—1;u) = fs(us,us,us, ug, ur, ug)

=  ug + 8usuy + 8uqug + 20u§u6 + 4u§ + 2u§

+16uius + T2uzugus + 108u3u? + 12ud;

Jo(us, ug, us, ug, ur, ug, tg)

= ug + Yugug + Yugur + Yusug + 45uluz
+90uzugug + 45uzu? + 45uius + 165u§u6
+495u§u4us + 165u3u2 + 495u§u5
+990uiuj + 1287uluy,

Wo(—1;u)

where u = (us, u4,...,u;), 4 =5, ..., 9. Criterion 1 = Criterion 2:
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A (14 %) [as - 95asas + 45 (§)” ajar

—165 (%23 asag + 495 (5)4 asas — 9§a4a7

+45 (%) a4a5 + 90 (i) Q304006

—495 (2)’ o 3a4a5 +990 B)4a§a4 95 asas
5

+45 (%) aza? — 165( ) azal —

"] ~429 (14 8) 7]
Qg — 9Za3ag + 45 (%)2 a%cw
~165 ()% adag + 495 (8)* adas
—9%044017 + 45 (%)2 alas + 90 (%)2 3040
—495 (8)% a3agas +990 ( )" ada?
—9%0&5046 + 45 (%) a3a5 165( ) 0530(2
—1287 (8)” afay + 429 (8)° af — 429 (1 +
A% (1 + %) [ag — 9%@30@ + 45 (%)2 a%ow
—165 (%23 ajag + 495 (5)4 asas —

B [3

+45 (%)
+990 (%)4 ajai — 93a5046 +45 ( )2 aza?
~165 (2)® asad — 1287 (2 )5a3a4 +429( ) o
—4290] — 25743 0] — 6435 (& )2

1287 ( )’ ajau

6
8"l

B
9Z044047

Oﬂ

—6435(§) of — 2574 (8)° 429( )" o]
+ (1+5) [(a0 — 42907) — 9Ba3 (A8 —132a)
—165( )
+495 (£)*

o3 (As +5a3) — 9% (A4 —2a3)
(A7 +4203) + 45 (8)? (Ay — 203)° (A5 + 5ad)
+90 (8)% oz (Ag — 203) (Ag — 14ad) — 495 (8)°
03 (Ay —203) (A5 +5a3) +990 (B)" a2

(A4 —203)* =98 (A5 +5a3) (Ag — 14a3)

45 (8)” a3 (A5 +50f) — 165 (§) ag (A4 - 203)°

—1287 (2)° 0 (A4 — 203) +429 (8)° o]
—25748 0] — 6435 (8)% of — 8580 ()’ ]
6435 (§)" o] - 2574 (§)° o] — 420 (§)" o]
a2A7 +1890 (8)% af — 165 (2)° adAg
+2310 (8)° a] + 495 (8)* a4 A5 + 2475 (8)* o]
—98A4A7 — 378503, + 188 a3A7 + 7568 a ]
2
as

,J;

+45 (8)? A5 + 225 (8)? a§A2 — 180 (§ )/3

AyAs5 — 900 (£)? 0fAs + 180 (8)% adAs

+900 (2 )2043-1-90( )% asAgAg — 1260 (£)?
afAy — 180 (% ) a 3 +2520 (§ ) o
—495() 2040, — 2475 (8) a3 A,

+990 (8)% a4 A5 + 4950 () a3+990(§)4a§A§
—3960 (%)4 a3A4 +3960 (2)" af — 9B A5 A
+1262 Asad — 452 a3 A6 + 6308a] + 45 (5)”
a3+ 450 (§ ) 105+ 1125 (§ )2 o
~165 (2)? asA3 + 990 (Z) a§A2—1980(§)3
3A, +1320 (B )3a3—1287( )” ajAy

+2574 (B )5a3+429(2) —257424]
—6435 (£ ) 580 (%) — 6435 (2)" o]
—2574 (8)° af — 429 (£)° 3}

Al7 ( A) [Ag 9% (a3A8 + AgA7 + 42034,

—20[§A7 + AsAg — 140/31A5 + 5OZ§A6) + 45 (%)2
. (OLgA% + 14&§A5 + Oé%A7 + 2030406 — 480&2A4

:| @/ — %@
a4a5 + 90 ( ) azagog — 495 (%)3 a§a4a5

~ 5580 (4" o]
7

—403Ag + A2A5 + 503A2 — 4a3A,A5) — 165 ()’
. (OL%Aﬁ + OlgA GOégAQ
+1505A4 — 603As) +495 (2)" (adAs + 20342
—8a3A4) — 1287 (8)° ajA,
= £ (1+5)[A— 958 (M35 + A,
FA2A5A, — 20377 + AsAg — 14ASA;
+5A3A6) +45 (8)? (A3A2 + 14A3A;
FAZA7 + 2A3A506 — 48A3A, — 4A3A,
FA2A; + 5AZAZ — AAZALA;) — 165 (B)°
(A3AG + AsAF — 6ATAT + 12A3A,
+3AZA,A; + 15A5A, — 6AIA;) + 495 (%)4
(A305 + 24347 - 8ATA,) — 1287 () AjA

and

Criterion 2 =— Criterion 3

Yo(—1;A)
= fo(Asz, Ay, A5, Ag, A7, Ag, Ag)
& (1+5) [A0 — 95 (A3As + AyA7 + 42434,
—2A3A7 + AsAg — 14A3A;5 + 5A3Ag)
+45 (2)? (8528 + 148345 + AFA7 + 2850445
—A8A3A: — 4AJAG + AJA; + 5AJAT — 4ATALA:)
—165 (2)” (A3Aq + AgA3 — 6A3AZ + 12034,

o (Mg — 1ad) +45 (§)” a3 (A7 +4208) | 3020 A, 4 15430, — 6A1) + 495 (§ )* (AdAs

20843 - 8AJA,) — 1287 (5)° AJA,

Ay = - (1+§) [Ag —9 (14 8 —1) (A3As + AyA;

+42A5A, — 2A3A7 + AsAg — 14A3A5 + 5A3A¢)

+45 (1+ B — 1)2 (A3A2 + 14ALA; + AFA7 + 2837, A
—A8AGA, — 4A3AG + A2A5 + 5ATAZ — 4AZALA;)

—165 (14 2 — 1) (A3Ag + A3A3 — 6AIA? + 12834,

+3A2A4A5 + 15A5A4 — 6A4A5) + 495 (1 + 5 — 1)
(A3A; + 2A3A2 — SATAL) — 1287 (1+ B — 1) NI

=4 (1+2)[2g—9(1+ 5) (A3As + AsA;
+42A5A4 — 2A3A7 + AsAg — 14A5A5 + 5A3Ag)

+9 (A3Ag + AyAr + 42A3A, — 2A2A7 + AsAg
—14ALA; + 5A3AG) + 45 (1+ B)? (A3A2 + 14A4A,
+AZA7 + 283040 — 48ATA, — AAIAG + AJA;

+5A3AT — 4AZA4A5) — 90 (1 + B) (A3A2 + 14A3A5
FAZA; + 2037406 — 48AJA, — AAFAG + A2A;
FOAFAT — AABALAG) + 45 (AgAF + LALA; + AZA;
2030406 — 48034, — 4A3AG + AJA; + 5AIAT
—4AZALA;) — 165 (1 4 B)° (A3A6 + AzA} — 6A3A3
F12A5A, + 3AZA4A; + 15A5A, — 6ALA;)

+495 (1+ 2)® (A3Ag + A3A3 — 6AFA2

+12A3A4 + 3A3A4A5 + 15A5A, + 3A3A, A5 + 15A3A,
—6A3A;5) — 495 (1+ §) (A3AG + AsAT — 6A3A?
+12A5A4 — 6A3A5) 4165 (A3Ag + AzAd — 6AZA?

F12A5A, + 3AZA4A; + 15A5A, — 6ALA;)

+495 (1+ B)" (A2A5 + 2A3A2 — 8BAZA,)

—1980 (1+ B)° (A3A; + 24342 — 8AJA,)

+2970 (1+ B) (ALA; + 2A3A2 — 8BATA,)

—1980 (1+ &) (A%As +2A3A% — 8AJA)

+495 (ASA5 + 2A3A2 —8ATA,) — 1287 (1 + B)” AZA,
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+6435 (14 )" A3A, — 12870 (1+ B)° AjA,
+12870 (1+ 8)? AJA, — 6435 (1 + £) AjA,
+1287A3A]

= L (14 2) [Ag + 94352 + 9A, A7 + 378ATA, — 18A2A,

+9A5A¢ —126A3A5 + 45A3 A6 + 45A3A% + 630A3A5
+45A§A7 + 90A3A4Ag — 2160AgA4 - ].SOAgAG + 45A?1A5
+225A3A% — 180A3A4A5 + 165A3A¢ + 165A5A3
—990A3A% + 1980A3A + 495A3A A5 + 24T5A3A,

Isomorphism Criteria for A Subclass of Filiform Leibniz Algebras

Criterion 3 — Criterion 1

Ay = apy — 4290
= (1+ ) [ Ag +9A3A5 + 9AL A7 + 9A5Ag
+45A3A7 + 90A3A,Ag + 45A3A2 + 45A3A;
+165A3A¢ + 495A2A, A5 + 165A3AF + 495A3A;
+990A3A% + 1287TAA, | — 9IALAL — IALAL — IALA
—45ARAL — 90ALAL A — A5ALAZ — ASAZAL — 165A8 A

—990AIA; + 495A1A; + 990AIA2 — 3960AFA, +128TAZA,[T495AT AL AL — 165A5AF — 49505 A

—9-L (B)? [AsAs + AsAr + 42A5A, — 2A3A7 + AsAg
—14A3A; + 5A3AG + 10A3A2 + 140A4A; + 10A2A;
+20A3A4Ag — 480A3A, — 330A3A2 + 660A3A,
—40A3A¢ + 10A2A; + 50A3A2 — 40A2A,A5 + 55A3A,
+55A5A% + 165A2A,A5 + 825A5A, — 330A4A5
+220A3A5 + 440A3A% — 1760A5A, + T15A5A,]

45 (14 8)° [A3A2 + 14ALA; + AZA7 + 2834, A
—48ATA, — 4A3AG + A20; + 5A3AZ — AAJA,
+11A3A + 11A3AT — 66A3AT + 132A5A4 + 33A3A4A5
+165A5A4 +132A3A% — 528A3A, + 286A5A ]

—16547 (1+ 2)" [A3As + AzAY — 6A3A2 + 12457,
+3A3A4A5 + 15A3A, — 6ATA; + 12A3A5 + 24A3 A2
—96A3A4 + TSAZAL] +495-L (1+ £)° [AlA; + 2A3A2
—8AJA, + 13A3A,] — 12873 (1+ B)° A3A,

= % (1 + %) [Ag + 9A3A8 + 9ALA7 + 9A5A6 + 45A§A7
+90A3A4A¢ + 45A3A2 + 45A% A5 + 165A3 A
FA95A2A A5 + 165A5A3 + 495A3A; + 990AZA2
F1287A5AL] — 9 (14 2) Ay [Ag + 8A3A7 + 16A3A;
+20A206] — 9 (14 B)? Ay [A7 + 243 4 550343
F160A3A,] — 94 (14 B)? Ag [ Ag + 10A2 + 125A3A,]

1 B\*®

A2 [ A7+ TAsAG + 140345 ] — 454 (1+ B)° A,
[AsAs + 11A3A% + 290A3A5 + TIAA,]

~904 (1+2)% AsA406 — 1652 (1+ 2)" A

[ AZAg+6A3A; | — 4951 (1+ 2) A2 [A4A; + 3A3A,]
~16547 (L+ 5)" Ag[AsAF + 18034, ]

—495-1- (1 + %)5 Az [ A3A6 +5A3A, ]

1 B\° 4.5 1 B\° ..
—990—% (1 + A) AZAT - 1287 (1 + A> AN,
=7 (14 8) [Ag + 92305 + 9A, A7 + 9A5Ag + 45A3A7
+90A3A4A¢ + 45A3A2 + 45AF A5 + 165A3 A
+495A2A, A5 + 165A3AF + 495A3A 5 + 990A3 A?
+1287A5A,] — IALAL — 9IALAL — IALAL — 45AZAY
—90ALALAL — ABALAR — A5AZAL — 165ABA)
—495 AR A AL — 165A5 AP — 495A1 AL — 990AE AL
—1287TAP A

This means

A= A7 (14 5) fo(A) = 9ALAL — 9ALAL — 9ALA
—ABAZAL — 90ALALAL — A5ALAR — A5ARAL — 165 A8 A
—495 AR A AL — 165A5 A — 495A% AL — 990AE AL
—1287AP A,

i.e.,

1 B\’ 2 ond
457 |1+ ) A [AZ + TAZA]

fo(A) = (14 5) fo(A).

—990AP AR — 1287TAPA)

=t (14 £) [ a9 — 4290% + 903 (as + 13205)

+9 (a4 + 203) (o7 — 14203) + 9 (a5 — 5a3) (o6 + 14a3)
+4503 (a7 — 42a3) 4+ 90as (a4 + 203) (ag + 14as)
+45a (a5 - 504%)2 + 45 (044 + 204%)2 (O¢5 — 5a§)

+165a3 (046 + 14043) + 49504 (a5 — 504%)

+990a3 (o4 + 2a3) + 128703 (o + 203) |

—afy — 90 (af + 132047) — 9 (o + 208) (o — 14205)
-9 (o — 5a) (af + 14aft) — 450 (af — 42a%)

—900 (0 + 20%2) (af + 14a}) — 450 (o — 5af)?

—45 (o + 2022)” (0 — 5aff) — 165042 (o + 14a)
—495a4 (af — 5af’) — 990af (o + 207)

—12870f (o) + 207)
=4 (1+ Z) [ag — 4290] + 9asas + 1320

49 (s + 203) (o7 — 14203) +9 (o5 — 50) (v + 1403)
+45a§ (a7 — 42a§) + 90asg (a4 + 2a§) ( ag + 14a3)
+45a9 (a5 — 5a§)2 + 45 (a4 + 204%)2 (045 — 5a§)
+165a3 (o + 14a) 4 49505 (o5 — 5a3)

+990a3 (o + 203) + 128703 (o + 203) |

—95 (L+ %) as (qo (L+ 3) [as —8Fasar

+36 (%)2 a%ag + 72 (%)2 Q3005 — 8%054046 + 12 (%)2 ozfi
~180 ()% 0202 — 120 (8)% adas + 330 (2)* adas
—48a2 —132 (2)" af +132L (1 4 Zaf)
=9 (a7 (14 %) [aa = 25 03] +203)
: (% (1 + %) {ow — 7%053046 + 28 (%)2 azaj

+28 (%)2 adas — 7%044@5 — 84 (%)3 oy + 42 (%)4 ozg]
~84(4)” adas +42(5)" af] - 1420)
9 (45 (1+8) [as — 55 agas +5(5)° o]

—504%) (% (1 + %) {ag - 6%0[3@5 +21 (%)2 aday
3807 - 14(4)" ad] + 144
—4503 (% (1+2) [on — 78 aza6 + 28 (%)2 aza?
+28 (%)2 a§a5 — 7%044045 — 84 (%)3 a§a4

+2a§) + 42 (%)4 a:‘;’] - 42a§) —
90as (4z (1+ §) [as — 2503 ]

(ﬁ (1 + %) [Oé(,‘ - 6%0(3045 +21 (%)2 aday — 3%0&
—14 (%)3 a%} + 14043)

2
(1+ %) [~ 55 +5 (5)° af] - 53)

—45 (d (1 8) [ — 2403] + 203)"
(s (14 ) [0 = 55 asau 15 (§)" o] - 5ad)
_]_650l§ % (1 + %) |:CE6 - 6%&30&5 + 21 (%)2 a§a4
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—3803 - 14(4)" af] + 14ad)

—49504 (% (1+ %) |:O[5 —58aza,+5 (%)2 a;;} - 5a3)
B
A

—99003 (45 (1 + &) [as — 28 03] + 203)
—1287a3 (42 (1+ §) [as — 25 03] + 203).
We ﬁnd oy as follows:
ah = 27 (1+ 8) [ag — 42907 + 9az05 + 13208
+9 (o + 2a3) (a7 —14203) 4 9 (a5 — 5a3) (g + 1403)
+4503 (a7 — 4203) + 9003 (s + 203) (a6 + 14a3)
4505 (a5 — 503)” + 45 (g + 202)° (a5 — 5ad)
+1650¢§ (a6 + 14043) + 49501% (045 — 504%)
+990a3 (044 + 20¢§) + 12873 (oz4 + 204%)]

~9% (1+5) oz (45 (1+5) [as

+72 (%) 0¢30¢4a5 -8B a4a6 + 12 ( )2042

6
im0 b >9@40+%[4—wwa+m§
(08 [or~This +25 (5" s 25 ()"
—7%a4a5 — 84 (%)3 ooy + 42 (%) ag] - 142a3)
~9 (2 (14 2) [[a5 - 5Zaz0 +5 (£)" 03] - 50)

(08| o3

—_

g — 6%a3a5 + 21 (%) o3
)" ad] +1404) — 4503 (s (1+ §) [
)2 agai + 28 (%)2 a§0<5 — 7%@4045
)3 oy + 42 (%)4 ag} — 42a§)

a7 (1+ %) [ea —2%a3] +203) (55 (1+
s - 68agas +21 (§)” adas — 3503 - 14 (5)

oy —S%ai

|
—
=~
—~

|+
o N
= o0
w 7 M
— el alw W

—~

\
©
S
Q

+14ag) — 45a3 (i (1 + E) [a5 — 5§a3a4 +5 (%)2 ai ]
2

—5a33)" =45 (& (1+ 8) [au — 2503] + 203)

(F 1+ 5) [ as - 5Bazas+5 (% )2 3}—5%)

16508 (4 (14 %) - |

—3803 - 14(%)" f] + 14ad)

49504 (45 (14 ) [ s — 55 agas +5 (5)
—99003 (77 (1+3) [

£) [os - 24
1(1+38

g — 62053045 + 21 (Z) a§a4

oy — 2%@%] + 204%)

—128703 (42 (1 +
Then the substitution o
fication gives

oy = Ai (1 + ) [ag - 9%@3&8 + 45 (%)Zoc%ow

3] +2a3) + 42904

~165 (2)” adag +495 (2)" adas — 98 asar
+45 (%) aZas + 90 (5)2 sy — 495 (%)3 alagas
+990 9Ba5a6 + 45 ( )2 agag

(%) ) ajaf —
(3" st — 1257 (8) o +20 (5)" o
This completes the proof.

— 8§a3a7 + 36 (%) a%aG

a7 — 7%@30&6

2 ag} — 50¢§>

7 )as along with a 51mpli—

(1]

(2]

(3]

(5]

(6]

(7]

(8]

(9]

[10]

(1]

[12]

[13]

[14]

[15]
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