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Abstract This paper aims to explore the fundamen-
tal properties of statistical convergence sequences within
non-Archimedean fields. In pure mathematics, statistical
convergence plays a fundamental role. The idea of statistical
convergence is an extension of the concept of convergence.
Statistical convergence has been discussed in various fields
of mathematics namely ergodic theory , fuzzy set theory ,
approximation theory, measure theory, probability theory,
trigonometric series, number theory, and banach spaces,
where problems were resolved using the concept of statistical
convergence. Summability theory and functional analysis
are two disciplines that heavily rely on the idea of statistical
convergence. The study of analysis over non-Archimedean
fields is called non-Archimedean analysis. The theory of
statistical convergence plays a significant role in the functional
analysis and summability theory. The objective of this paper is
to expand upon the concepts of statistical convergence and sta-
tistically Cauchy sequences in non-Archimedean intuitionistic
fuzzy normed spaces, and obtain some relevant results related
to them. This article proves that some properties of statistically
convergent sequences, which are not true classically, are true
in a non-Archimedean field. Furthermore, in these spaces, we
defined statistically complete and statistically continuous and
established some fundamental facts.Throughout this paper, X
denotes a complete, non-trivially valued, non-Archimedean
field.

Keywords Non-Archimedean Fields, Statistically Con-
vergent, Statistically Cauchy Sequence, Intuitionistic Fuzzy
Normed Spaces

1 Introduction

Statistical convergence of a real number sequence was
originated by Fast [7] and it was further investigated by
Fridy [8]. After the work of Fridy, it becomes a significant
topic in summability theory. Quite a few researchers see for
instance [5, 9—12] have extended and generalized this concept
and applied different fields of mathematics. The fuzzy set
characterized by a membership function was first introduced
by Zadeh [16]. Later on, many researchers like [3, 10, 13]
applied this theory to the classical set theory. The concept
of an intuitionistic fuzzy set was introduced by Atanassov
[2]. Saadati and Park [14] gave the idea of intuitionistic
fuzzy normed space. The concepts of fuzzy minimality, fuzzy
basicity, fuzzy biorthogonality, and fuzzy space of coefficients
are introduced by Bilalov et al. [4]. The Non-Archimedean
analysis is the study of analysis over non-Archimedean fields.
Recently, Suja and Srinivasan [15] introduced the concept of
statistically convergent and statistically Cauchy sequences in
non-Archimedean fields. Eghbali and Ganji [6] studied the
generalized statistical convergence in the non-Archimedean
L-fuzzy normed spaces. The paper demonstrates the presence
of statistical convergence in non-Archimedean intuitionistic
fuzzy normed spaces (NA-IFN Spaces) and establishes that
certain features of statistical convergence of real sequences
remain applicable in non-Archimedean fields. The article
specifically focuses on the analysis of sequences within the
non-Archimedean field /C.

A sequence x = {ay} is said to be statistically convergent
to a limit £ if for any € > 0,
lim L{k<n:lap — ¢ >€} =0.
Jm Lk <n s joe— € > ¢)
In this case, we write
stat — lim ap = £.
k—o00
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Example 1.1 Consider the sequence « = {ay } defined by

k—1
o k-2 )
arp —
0,

Choosing the non-Archimedean valuation to be 2-adic, the
terms of the sequence are (0,0,0,1,0,0,0,0,1/8,0,0,....).
Thus, it is statistically convergent to zero .

k is a perfect square.
otherwise;

The sequence = {x;} is said to be statistically Cauchy se-
quence if for every € > 0, there exists a number n € N such
that

1
lim —|({i <n;neN:|vi1 —zi >} =0.

n—oo N

Let K be a non-Archimedean fields. A valuation on C
is said to be non-Archimedean if satisfies the following ax-
ioms:[1]

(i) |z| > 0and |z| = 0iff z = 0,
(i) |zy| = [=|[yl,

(iil) |z + y| < max[|z|, |y|] for all 2,y € K (Ultrametric In-
equality).

2 Preliminaries

In this section, we will go through the notations and
definitions that will be utilized throughout the paper in order
to ensure a common understanding of the terminology and
symbols used.

Definition 2.1 A binary operations * : [0,1] x [0,1] — [0, 1]
is said to be a continuous t-norm, if it satisfies the following
conditions:

(a) * is associative and commutative,

(b) * is continuous,

(©) ax1=aforalla € [0,1],

(d) axb < exd, whenevera < cand b < dforeacha,b,c,d €
[0, 1].

Definition 2.2 A binary operation ¢ : [0, 1] x [0, 1] is said to be
a continuous t-conorm if it satisfies the following conditions:

(a’) ¢ is associative and commutative,
(b’) ¢ is continuous,
(c) ac0=aforala € [0,1],

(d’) aob < cod whenevera < cand b < dforeacha,b,c,d €
[0,1].
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Definition 2.3 The five tuple (V, p, ¢, *,©) is said to be a NA-
IFN space if V' is a vector space over a field /C, ¢ is a continuous
t-conorm, * is a continuous t-norm, and u, ¢ are functions from
V x R to [0, 1] satisfying the following coditions. For every
a,beVandu,v € K.

(@) pla,u) + d(a,u) <1,
(i) pu(a,u) >0,

(iii) p(a,u) =1 <= a =0,

(iv) p(aa,u) = p(a, r5;) for each o # 0,

) pla,u) * u(b,v) < pla + b, maz{u,v}),

vi) p(a,-):(0,00) — [0, 1] is continuous,

(vil) lim p(a,u)=1and lim p(a,u) =0,
u—00 u—0

(viii) ¢(a,u) < 1,
(ix) ¢(a,u) =0<=a =0,

x) ¢(aa,u) = ¢(a, Wll) for each o # 0,

xi) ¢(a,u) o ¢(b,v) = ¢(a+ b, maz{u,v}),
(xii) ¢(a,-) : (0,00) — [0,1] is continuous and
(xiii) uli_)n;o ¢(a,u) = 0and lig%) ¢(a,u) = 1.

Here, (u, ¢) is called a non-Archimedean intuitionistic fuzzy
norm.
A sequence {aj} is said to be convergent in NA-IFN space
(V, , ¢, x, ) or simply (1, ¢p)-convergent to x € V if for every
u > 0 and € > 0, there exist kg € N such that & > kg,

wlag —x,u) > 1 —eand ¢plar, —x,u) < €

In this case, we write (i, ¢) — lilgn ax = x.

Example 2.1 Let (V,u,¢,%,¢) be a non-Archimedean
normed space, a * b = ab and a © b = min{a + b,1} for all
a,b € [0,1]. Forall z € X, everyt > Oand k = 1,2,....
Consider the following,

—t _ift>0

2, t) = § TR
k(1) {07 F< 0
Flzll ey 5

2, t) = { FFklzl
o (,t) {1, £ <0

Then (V, u, ¢, *,©) is a non-Archimedean intuitionistic fuzzy
normed space.

Definition 2.4 A sequence {a;} in a NA-IFN space
(V, 1, @, %,0) is said to be statistically convergent to a limit
x € V with respect to the non-Archimedean fuzzy norm (i, ¢)
if for every € > 0 and u > 0,
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lirrlnﬂkgn:u(ak—x,u) <l—coro(ax —z,u) >e =

0. In this case, we write

stat,, ¢ — liin ap =<
Where z is the stat,, 4 — limit.

Example 2.2 Let (Q,,|.]) denote the space of p-adic
numbers with the usual norm, and let ¢ * b = ab and
aob=min{a+0b,1}forall a,b € [0,1]. Forallz € Q, and
every t > 0, consider

po(x,t) = ﬁ\xl and ¢g(z,t) = tfllvl' In this case observe
that (Q,, i, ¢, *,©) is an IFNS.

Now define a sequence 2 = {ay } whose terms are given by

{1, if k =m?(m e N)
ap =

0, otherwise;

Then for every 0 < ¢ < 1 and for any ¢ > 0, let K,,(¢,t) =
k<n:polag,t) <1—eordolag,t) >e.
Since

kn (e t) = {kgn : m <l—cor tf";‘k‘ > e}
={k<n:lax| > >0} ={k<n:la| =1}
:{kgn:k:mzandeJ\/}

‘We have,

%\kn(e,tﬂ = %{k <n:k=m?andm E/\/} <
Which yields that

liTan%|kn(e,t)| =0

Hence by the above definition, stat, s — limay,

=[S

Il
e

3 Statistical Convergence on Intuition-
istic Fuzzy Normed Spaces

The aim of this section is to establish theorems concerning
convergence and statistical convergence within the context
of intuitionistic fuzzy normed spaces over non-Archimedean
fields K.

Lemma 3.1 Let (V,pu, ¢, *,¢) be a NA-IFN space. Then
the followimg statements are equivalent for every ¢ > 0 and
u > 0O

(i) Stat,. — liyan ar = .

(i) limil{k < n wlar — zyu) <1 — €}
:nlim%\{kgn:dak—x,u)26}|=0.

(iii) lim%|{k <n:plar —z,u) >1—cand
! olag —z,u) < e} =1.

(@iv) hran%Hk < n plary — x,u) > 1 — €}

=limi|{k <n:¢lar —z,u) <ef|=1
(v) stat — lim p(ap — x,u) = 1 and
stat — lim¢(ar — z,u) = 0.

Theorem 3.2 Let (V,p,¢,*,0) be an NA-IFN space. If
a sequence {aj} is statistically convergent with respect to
the intuitionistic fuzzy norms (u, ¢), then stat, , - limit is
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unique.

Proof:  Assume that stat, s — liinak = x; and

stat,, — 111?1 ar = To.

For a given e > 0, choose ¢ > 0 such that (1—¢)*(1—¢) > 1—e
and t o t < €. Then,for any u > 0, define the following sets :

kui(t,u) :={keN:plar —x1,u) <1—1t},
kuo(t,w) :={keN:plar —x2,u) <1—1t},
ko1 (t,u) == {k € N: ¢(ar — x1,u) > t},
kyo(t,u) :=={k € N: ¢(ar — x2,u) > t}.

Since stat,, ¢ — liin ap = 1, we have

1 1
lim —{k, 1(e,u)} = lim —{k,1(e,u)} =0 for all u > 0.
n n n n

Furthermore, using stat,, ¢ — liin ap = Ty, we get

1 1
lim —{k, 2(e,u)} = lim —{k,2(€e,u)} =0 for all u > 0.
n n n -n
Now let,

kuole,u) :i={k,1(e,u) Uk, a(e,u)}N
{kp1(e,u) Ukgo(e,u)}.

If kpgleu) = kug. {kua(e,u) U kya(e,u)} =k, and
{kg1(e,u) Ukgo(e,u)} = kg, then
k#7¢ = k# Nkg.
Then observe that, lim +{k,, 4} = 0.
which implies, lim %{kfd,} =1.
Ifk e kf »» then there are two possibilities to consider:
The first case is k € {k{'} and the later is k € {kS'}.

we first consider that k € {kJ}.
Then we have,

w(xy — xo,u) = p(ry — ar + ap — w2, u)
2 ,U/((Ifl - ak‘au) * :u(a‘k - fL‘Q,U)
= p(ag — z1,u) * plag — 2, u)

>(1—t)*(1—1t).

Since (1 —t) * (1 —t) > 1 — ¢, it follows that

ey —xg,u) >1—e

Since € > 0 was arbitrary,

w(xy — x9,u) > 1 forall u > 0, which gives 1 = x5.

On the other hand, if k € {kg} then we may write that,

d(x1 — x2,u) < dlag — x1,u) o Plag — za,u) < tot.

Now using the fact that tot < €, we see that ¢p(x1 —x2,u) < €.
Again, since € > 0 was arbitrary, we have ¢(z1 — z2,u) = 0
for all w > 0. which implies x1 = x».
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Thus, stat,, ¢ - limit is unique.

Theorem 3.3 If a sequence {ar} in a NA-IFN space
(V. p, ¢, %,0) is (11, ¢)-convergent to € V, then it is stat, ¢
- convergentto x € V.

Proof: Since {ar} is (u,)-convergent to x € V, for
every € > 0 and u > 0, there exist ng € N such that for all
n 2 ng,

wlar —z,u) >1—eand ¢p(ar — x,u) < e

This implies that the set {k € N : u(ap — z,u) < 1—cor

¢(ar — x,u) > €} has at the most a finite number of terms.

ie, lim%\{k <n:plap —z,u) <1—c€ordlay —z,u) >
n

e} = 0.

ie, stat, ¢ — limay = x.

Note: It is interesting to note that the converse of this, which
is not true classically, is true in a NA-IFN space as shown be-
low.

Let {a;} be stat, 4 - convergent to € V. Then for every
e>0andu > 0,

liTILn%Hk <n:plap—x,u) < l—cordlap—z,u) > €} =0
Now to prove that {ay} is (u, ¢) convergent to a € X. ie, to
prove that for every e > 0 and u > 0 there exists ng € N such
that for all n > ng,

wlar —z,u) >1—eand ¢p(ar, — x,u) < e.

Let us assume the contrary that,

wlap —x,u) <1—-e€and p(a —x,u) > €.

This implies that the set
{k € N: plap —z,u) < 1—cor ¢lar —x,u) > €} has
infinitely many terms.
ie,li7an%|{k <n:plar—z,u)<1l—cor
d(ar —x,u) > €}| #0.
which is a contradiction.
Therefore, {ay, } is (i, ¢) convergentto x € V.

Theorem 3.4 Let {a;} and {b;} be sequences in a NA-IFN
space (V, i, ¢, *,0) such that stat, , — lim ar = a and
n—oo
stat, s — lim by = b where a,b € V. Then we have
n— oo
stat, s — lim (ar + by) = a +b.
k—oo
Proof:

Let stat,, s — nli_}n;O ar = a and stat, 4 — nh_)n;o br, = b.

Choose t > Osuchthat (1 —¢)* (1 —t) >1—candtot <e
for a given € > 0. Then, for u > 0, define
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kpi(t,u) :=={k e N:plar, —a,u) <1 —t},
kuo(t,u) :=={k € N: pu(by —b,u) <1—t},
kp1(t,uw) :={k e N: ¢(ar — a,u) > t},
kyo(t,u) :=={k € N:p(by, —b,u) > t}.

Since stat,, ¢ — lim ap = a and stat, ¢ — lim by = b,
k—o00 k—o0
liTILn k(e u)} = 1171111 Lekya(e,u)} =0,

lim %{kug(e, u)} = lim %{k¢72(€, uw)} =0.
Now, let

kyuo(e,u) == {kui(e,u) Ukya(e,u) N
{ko1(e,u) Uk a(e u)}

ie, if K = K, ¢(e,u), K1 = {K,1(6,u) UK, 2(e,u)} and
Ky ={ky1(e,u) Ukgo(e,u)} then K = Ky N Ko.

Since K¢ is a non-empty set. Let k € K then we have two
possible cases. The former is k € K{ and the lateris k € K.
First consider, k € K€, then we have,

wlar —a,u) >1—tand u(b, —byu) >1—t.

Now, we have,

wlak + by —a —b,u) > plag — a,u) * p(by — b, u)
> (1—t)*(1—1t).

Since (1 — ) « (1 —¢t) > 1 — ¢
wlag +by —a—b,u) >1—c

Since e is arbitrary, p(ag + by —a — b,u) = 1 forall u > 0.
which yields, p(ay + bx, — (a +b),u) = 1.
Similarlly, if & € K then, ¢(ar — a,u) <

d(b — b,u) < t).

it follows that,

t and

= ¢(ar + by —a—b,u) < dlag — a,u) o d(by —b,u) <t
<tot
< €.

Since ¢ is arbitrary,

d(ag + b, —a —b,u) =0, forall u > 0
= ¢(ag +bx — (a+b),u) =0.

Thus, stat,, ¢ — lim (ar + bx) = a + b.

k—o0

Theorem 3.5 Let (V,pu, ¢, *,0) be an NA-IFN space over
K.If kl;r{)lo plar —a,u) = 1 and klixgo ¢(ar — a,u) = 1 then

stat,, » — lim ar = a.
Hd k—o0 k

Proof:

Let lim u(ar —a,u) = 1 and lim ¢(ar — a,u) = 1. Then
k—o00 k—00

for every ¢t > 0 and € > 0, there is a number k¢ € N such that,

wlag —a,u) > 1 —eand ¢(ar, — a,u) < eforall k > k.

Hence the set, {k € N : u(ar—a,u) < 1—eor ¢p(ar—a,u) >

€} has a finite number of terms.

So, 117rln%|{k <n:uplap —a,u) <1—-c€or ¢lag —a,u) >

e} =0.

Thus, stat,, ¢ — khﬂngo ar = a.
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4 Statistically Cauchy Sequences on In-
tuitionistic Fuzzy Normed Spaces

Definition 4.1 Let (V,u, ¢, *,0) be an NA-IFN space over
K. Then, a sequence {ay} is said to be statistically Cauchy
if for every e > 0 and u > 0 there exists N such that for all
k,m >N,

liyrln %|{k,m <n:plag —am,u) <1—cor ¢lag — am,u) >
e} = 0.

Definition 4.2 Let (V,u, ¢, *,0) be an NA-IFN space. A
sequence {ay, } is called a Cauchy sequence if for each € > 0
and u > 0, there exists a number kg € N such that, for all
k,m > ko,

wlar — am,u) > 1 —eand ¢p(ar — am, u) < e

Theorem 4.1 Every Cauchy sequence with respect to (i, ¢) in
NA-IFN space (V, i, ¢, *,©) over K is statistically Cauchy.
Proof:

If {ay} is a Cauchy sequence with respect to (1, ¢), then there
exists kg € N for all e > 0 and u > 0 and let p be an arbitrary
constant, we have

plapsp —ag,u) > 1 —eand ¢p(aptp — ax, u) <e.

The number of terms in the set {k € N : p(aryp — ar,u) <
1 —e€or ¢(aktp — ak,w) > €} is limited. So

thLn%Hk +p,k <n:plagyy —ak,u) <1—e€or ¢(aktp —

ag,u) > e} = 0.

Theorem 4.2 If a sequence is statistically convergent in a
NA-IFN space (V, u, ¢, *,0) over K, then it is statistically
Cauchy.

Proof:

If the sequence {ay } is statistically convergent to x then,
hran%Hk <n:plag—z,u) < l—eor¢(ar—z,u) > e} =0.
Now, we have
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Theorem 5.1 Every NA-IFN space (V, i, ¢, x, ©) over K is sta-
tistically complete with respect to (u, ¢).

Proof:

Let {ar} be statistically Cauchy.
convergent to x € V, then we have,

If it is not statistically

1
lim —|{k,m < n:pu(ax — am,u) <1 —c€or
non
P(ak — am,u) > e}|
1
=lim —|[{k,m < n:pulap — z,u) * plam —z,u) <1—¢€
non

or ¢(ax, — x,u) o Pplay, —x,u) > €}
—0,

which is a contradiction.

Definition 5.2 Let (V] y1, ¢, %, ©) be a NA-IFN space over K. A
map f : V — Viscalled (u, v) continuous at a point a € V, if
the convergence of the sequence in the NA-IFN space implies
the convergence of f(ay) to f(a) in the NA-IFNS.

Definition 5.3 Let (V) pu, ¢, *,0) be a NA-IFN space over

K. Amap f : V — V is called statistically continuous

at a point a € X, if stat, 4 — klim ar = a implies that
— 00

stat,, s — k;lii& flag) = f(a).

Theorem 5.2 Let (V, i, ¢, x, ©) be a NA-IEFN space over K. If
f + V. — V is continuous with respect to (u, ¢), then it is
statistically continuous.

Proof:

Let {ar} € V and stat, 4 — kli_)ngo ar = a. Then for every
€ > 0 and u > 0, the inequality,

ular —a,u) > 1 —eand ¢(ar — a,u) < € implies that

p(f(ar) = fa),u) > 1 —eand ¢(f(ar) — fa),u) < e

Since f is continuous with respect to (i, ¢) at a € V. Thus,

liin%\{k:,m <n:plag — am,u) <1—cor ¢lag — am,u) > efk eN: u(f(ar) — fla),u) <1 —ecor

1
=lim —|{k,m <n:plar —z,u) * plam —z,u) <1—cor
non

v(f(ar) = fla),u) = €}

C{keN:ular —a,u) <1—ecand ¢(ar — a,u) > €}.

(b(ak - xau)0¢(am —ZL‘7U) Z 6}‘

=0.

5 Statistically complete and statistically
continuous on Intuitionistic Fuzzy
Normed Spaces

A NA-IFN space (V, p1,v,,0) is said to be complete if
every (u, ¢)-Cauchy is (u, ¢)-convergent.

Definition 5.1 A NA-IFN space (V, i, ¢, *, ¢) over K is said to
be statistically complete if every statistically Cauchy sequence
with respect to (i, @) is statistically convergent with respect to

(1, 0).

Since, stat, ¢ — lim aj = a.
k—o00
we have lim 2|{k < n: plar—a,u) < 1—cor ¢(ar—a,u) >
e} =0.
This implies that,
lim 2[{k < n : u(Flax) — Fla)ou) < 1 cor 6(flax) -

fla),u) > €} = 0.
Which means that, stat, , — lim f(ax) = f(a).
n—oo

Hence, f is statistically continuous.

6 Conclusions

Known results in Archimedean fields have been extended to
non-Archimedean fields. Some inclusion relations in statistical
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convergence and statistically Cauchy sequences on intuition-
istic fuzzy normed spaces over non-Archimedean fields have
been proved in this article.
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