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Abstract  Small Area Estimation (SAE) is a statistical 

method used to estimate parameters in sub-populations 

with small samples. This study aims to develop a Beta-

Binomial model on SAE with a Hierarchical Likelihood 

(HL) approach. The model built is called the SAE-BB-HL 

model. This research begins by deriving a formula for 

estimating model parameters analytically. A good fit is 

calculated with the Mean Square Error of Prediction 

(MSEP) and bias. This study used simulation data and data 

from the National Socio-Economic Survey (SUSENAS) 

and Village Potential (PODES) of Bengkulu Province for 

2021 collected by Statistics Indonesia (BPS). The 

simulation study aims to evaluate the SAE-BB-HL model. 

Simultaneously, the application study aims to predict the 

illiteracy rate per sub-district in Bengkulu Province. The 

simulation study results show that the parameter estimates 

of random area distribution are very close to the actual 

parameters. It also reveals that the bias and MSEP 

estimates of the proportion of HL are lower than the direct 

estimates. In addition, the results of this study show that the 

SAE-BB-HL model can improve the accuracy and 

precision of proportion estimation. Applying the SAE-

BB_HL model to real data shows that the predictive value 

of the illiteracy rate tends to be higher when compared to 

the direct estimator. 

Keywords  Binary Response, Mean Square Error, 

Overdispersion, Small Sample 

 

1. Introduction 

Small Area Estimation (SAE) is a statistical method for 

estimating parameters in a subpopulation based on a small 

number of samples to provide estimates with adequate 

precision [1]. Small area models are classified into two 

types based on the type of data available. The first is the 

area-level model. This model connects the direct estimator 

and the auxiliary area variable. The second model is a unit-

level model that connects the unit values of the estimator 

directly to the unit level of auxiliary variables with known 

area mean values and certain area auxiliary variables. The 

SAE model can be applied to both continuous and discrete 

response variables such as binary. Research using binary 

data is prone to overdispersion. The Beta-Binomial 

distribution can be used to overcome the problem of 

overdispersion in binary data [2]. Beta-Binomial model 

development on small area estimation has been carried out. 

The model parameters are estimated through the Bayesian 

approach. 

According to [3], parameter estimation in a mixed model 

with a Beta-Binomial hierarchy can be done through 

Hierarchical Likelihood (HL). This method is claimed to 

be better than the Bayes approach analytically. The HL 

method can reduce the bias of estimating binary data 
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parameters, which is a problem in the Generalized Linear 

Mixed Model (GLMM). 

Based on the description above, this paper aims to 

develop a Beta-Binomial model for small area estimation. 

Parameter estimation is carried out using the Hierarchical 

Likelihood approach. The developed model is called the 

SAE-BB-HL model. Evaluation of the model used 

simulation data. Then, this model was applied to predict the 

proportion of illiteracy at the sub-district level in Bengkulu 

Province, Indonesia. 

2. Literature Review 

2.1. Small Area Estimation (SAE) 

A small area is a subset of the population whose sample 

size is small with a variable of concern. Parameter 

estimation in a small area can be done by direct or indirect 

estimation. Direct estimation is an estimation based on 

sample data from the area. The result of direct estimation 

in a small area is an unbiased estimator but has a significant 

variance. This is because the estimated parameters are 

obtained from small samples. Therefore, the indirect 

estimation method is more appropriate for utilizing the 

strength of the surrounding area and data sources inside or 

outside the area whose statistics are to be obtained [4]. A 

small area estimation model has been developed by several 

researchers [5], [6].  

Based on the basic model, the small area model consists 

of two types: based on the area level and the unit level. The 

area-level-based model is a General Mixed Linear Model, 

which Fay-Herriot introduced. This model is based on 

supporting data that only exists for a specific area level. Let 

𝑧𝑖 = (𝑧1𝑖 , 𝑧2𝑖 , … , 𝑧𝑝𝑖)′and the parameters to be assumed are 

𝜃𝑖 ,  assumed to have a linear relationship with 𝑧𝑖 . The 

supporting data is used to build the following model: 

𝜽𝒊 = 𝒛′𝒊𝜷𝒛 + 𝒗𝒊, for 𝒊 = 𝟏, . . . ,𝒎, 𝒚𝒊 = 𝜽𝒊 + 𝜺𝒊  (1) 

Where 𝑣𝑖~𝑁(0, 𝜎𝑣
2) as a random effect the ith area error is 

assumed to be normally distributed. Meanwhile, 𝜃𝑖, it can 

be known by assuming that the estimator is direct 𝑦𝑖 with 

sampling error 𝜀𝑖~𝑁(0, 𝜎𝜀
2) and 𝜎𝜀

2 is known [1]. 

The model that can be used for binary response variable 

data is a two-level model, namely Beta-Binomial. A small 

area estimation model for Binomial response has been 

developed by several researchers. The Beta-Binomial 

Model can be written as follows [1]: 

(𝑖) 𝑦𝑖|𝑝𝑖~𝑖𝑖𝑑 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛𝑖 , 𝑝𝑖), 

(𝑖𝑖) 𝑝𝑖|𝛼, 𝛾~𝑖𝑖𝑑 𝐵𝑒𝑡𝑎(𝛼, 𝛾 ),  

𝛼 > 0, 𝛾 > 0, 

(𝑖𝑖𝑖) 𝛼, 𝛾 are mutually independent  

    (2) 

 

2.2. Hierarchical Likelihood (HL) Method 

Generalized Linear Mixed Model (GLMM) is defined as 

𝐸(𝑦|𝑣) = 𝑋𝛽 + 𝑍𝑣, where 𝑋 is a covariate matrix of fixed 

parameter, 𝛽 is a vector fixed parameter, 𝑍 is a covariate 

matrix of random parameter, and 𝑣  is a vector random 

effect. GLMM is extended to HGLM by accommodating a 

non-normal distribution for random effects [7]. HGLM 

uses HL to avoid complex integration. The HL formula can 

be written as follows: 

𝒉 = 𝒍𝒐𝒈𝒍𝟏(𝜷,𝝓; 𝒚|𝝂) + 𝒍𝒐𝒈𝒍𝟐(𝝀; 𝝂)       (3) 

Where 𝑙1(𝛽, 𝜙; 𝑦|𝜈)  and 𝑙2(𝜆; 𝜈)  are conditional 

probability functions 𝑦|𝑣  and probability functions 𝑣 . 

Vector 𝛽  is a canonical parameter , (𝜙, 𝜆)  denotes the 

dispersion parameter, and 𝜆 is the distribution parameter 

𝑣. Let 𝑣(. ) be the corresponding link function that defines 

HL such that 𝑣 = 𝑣(𝑢). In the HL form, the selection of 

the random effect scale is essential in that the scale change 

requires Jacobian adjustment. Suppose that 𝑣 = 𝑣(𝑢) is 

used to show the scale in which the random effect of 𝑣 is 

assumed to be linear, and the predictor is linear. Using the 

score function of HL, the parameters 𝛽  and 𝑣  are 

estimated as follows [8]: 

𝝏𝒉

𝝏𝜷
= 𝟎,

𝝏𝒉

𝝏𝒗
= 𝟎                (4) 

Furthermore, the estimated dispersion parameter 𝜏̂ =

(𝜙̂, 𝜎̂𝑣
2) is the maximization solution of the APHL function. 

APHL, 𝑝𝑣,𝜷𝒛 (ℎ), which is defined as follows: 

𝒑𝜷,𝒗(𝒉) = (𝒉 +
𝟏

𝟐
𝐥𝐨𝐠(𝟐𝝅𝑯−𝟏))|

𝜷=𝜷̂,𝒗=𝒗̂
    (5) 

Where 𝑯 = [
𝑿′𝑾𝟏𝑿 𝑿′𝑾𝟏𝒁

𝒁′𝑾𝟏𝑿 𝒁′𝑾𝟏𝒁 +𝑾𝟐
] ,  𝑾𝟏 =

(
𝜕𝜇

𝜕𝜂
)
2

(𝜙𝑉(𝜇))
−1

 , and 𝑾𝟐 = −
𝜕2ℎ1

𝜕𝑣2
. 

3. Methodology 

This research uses simulation and real data. In the 

simulation study, the response variable data was generated 

𝑦𝑖~𝐵𝐵(𝑛𝑖 , 𝑝𝑖 , 𝜙) , 𝑖 = 1,2, … ,𝑚 = 50 . Initial values for 

the covariates and parameters considered based on 

previous research [9]–[12]. 

This study applied the SAE model with a variance for 

the random effect of 𝜎𝑣
2 = 2 . The value follows the 

research of [13]. Meanwhile, the initial value of the 

influence parameter is fixed for as many as three variables 

(𝑝 = 3)  with the initial value: 𝛽𝑍𝜖(1,1,1)  and 𝛽0 = 0 . 

The number of household samples per census block in area-

i, 𝑛𝑖(𝑘), is 2%. The simulation has three main steps. There 

are population generation, sampling, and analysis. The 

simulation is repeated 𝐵 = 100 times and then it is carried 

out 

𝐵𝑖𝑎𝑠 (𝑝̂𝑖
𝐻𝐿) = 𝑝𝑖 − 𝐸(𝑝̂𝑖

𝐻𝐿) with 𝐸(𝑝̂𝑖
𝐻𝐿) =

∑ 𝑝̂𝑖
𝐻𝐿(𝑏)𝐵

𝑏=1

𝐵
 



 Mathematics and Statistics 11(3): 579-585, 2023 581 

 

𝑀𝑆𝐸𝑃(𝑝̂𝑖
𝐻𝐿) =

1

𝐵
∑(𝑝𝑖 − 𝐸(𝑝̂𝑖

𝐻𝐿))
2

𝐵

𝑏=1

 

The actual data comes from Statistics of Bengkulu 

Province, The National Socio-economic Survey 

(SUSENAS), and Potential Village (PODES) 2021. This 

study made predictions on the proportion of illiteracy at the 

sub-district level in Bengkulu Province in 2021. The 

variables used can be seen in Table 1. 

Table 1.  The Research Variables 

 Variable Code Source 

Response 
The proportion of 

illiteracy 
BBH 

SUSENAS 

2021 

Auxiliary 

Variables 

Average recipient letter 

description no able 

(SKTM) 

Z1 PODES 2021 

The number of 

malnutrition 
Z2 PODES 2021 

The number of facility 

health 
Z3 PODES 2021 

The number of activities 

eradicating illiteracy 
Z4 PODES 2021 

The number of facility 

education 
Z5 PODES 2021 

4. Result and Discussions 

4.1 Development Model 

This research begins with developing a model called the 

SAE-BB-HL model. The models used as the basis for the 

development of the SAE-BB-HL model are the Fay-Herriot 

Area Level SAE model in (1) and the Beta-Binomial Model 

(2) [14]. The SAE-BB-HL model is a development of the 

compilation of the Fay-Herriot model and the Beta-

Binomial Model, which is defined as follows: 

𝑦𝑖|𝑝𝑖~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛𝑖 , 𝑝𝑖), 𝑖 = 1,… ,𝑚 

𝑝𝑖|𝑣𝑖~𝐵𝑒𝑡𝑎(𝛼, 𝛾), 𝛼 > 0, 𝛾 > 0 

log (
𝑝𝑖

1 − 𝑝𝑖
) = 𝜉𝑖 = 𝒛𝒊

′𝜷𝒛 + 𝑣𝑖 

   (6) 

Where 𝑦𝑖  is the response variable of the i-th area, the 

parameter 𝑝𝑖 is the proportion of the i-area. At the same 

time, 𝑣𝑖  is an i-area random effect assuming 

𝑣𝑖~𝑁(0, 𝜎𝑣
2 ).  The covariate 𝑧𝑖  of size 𝑝 × 1  is a 

constant covariate. The parameter 𝜷𝑧  is a fixed effect 

parameter of size 𝑝 × 1. Then 𝑣𝑖, and 𝑦𝑖|𝑝𝑖 are assumed 

to be independent. Parameters γ are assumed to be fixed. 

The random response variable 𝒚 = (𝑦1, … , 𝑦𝑚)  has a 

Beta-Binomial distribution that can be written as follows: 

𝒇(𝒚|𝝓,𝜷𝒛, 𝒗)

=∏

{
 
 
 
 

 
 
 
 
(
𝒏𝒊
𝒚𝒊
) (
𝟏

𝝓
 )

𝒚𝒊

∏[𝒑𝒊 + 𝒌𝝓]

𝒚𝒊−𝟏

𝒌=𝟎

(
𝟏

𝝓
)
𝒏𝒊−𝒚𝒊

∏ [𝟏− 𝒑𝒊 + 𝒌𝝓]

𝒏𝒊−𝒚𝒊−𝟏

𝒌=𝟎

(
𝟏

𝝓
)
−𝒏𝒊

∏[𝟏+ 𝒌𝝓]−𝟏

𝒏𝒊−𝟏

𝒌=𝟎 }
 
 
 
 

 
 
 
 

𝒎

𝒊=𝟏

 (7) 

Where 𝜷𝑧  implicit in 𝑝𝑖  with equation 𝑝𝑖 =
exp (𝒛𝒊

′𝜷𝒛+𝑣𝑖)

1+exp (𝒛𝒊
′𝜷𝒛+𝑣𝑖)

 

The log-likelihood function according to Equation (7) is 

as follows: 

𝑙(𝜷𝑧, 𝜙|𝒗, 𝒚) ≈ log 𝑓(𝒚|𝜙, 𝜷𝑧, 𝒗) 

=∑

[
 
 
 
 
 
 
 
 
 
 
 log {(

𝑛𝑖
𝑦𝑖
)}

+ ∑ log(𝑝𝑖 + 𝑘𝜙)

𝑦𝑖−1

𝑘=0

+ ∑ log(1 − 𝑝𝑖 + 𝑘𝜙)

𝑚𝑖−𝑦𝑖−1

𝑘=0

− ∑ log(1 + 𝑘𝜙)

𝑚𝑖−1

𝑘=0 ]
 
 
 
 
 
 
 
 
 
 
 

𝑚

𝑖=1

 

    (8) 

 

The random effect area 𝒗 = (𝑣1, … . , 𝑣𝑚) has a normal 

distribution with a vector zero expected value and 

covariance 𝜎𝑣
2𝑰. The PDF is as follows: 

𝒇(𝒗|𝝈𝒗
𝟐) =

𝟏

√𝟐𝝅𝝈𝒗
𝟐
𝒆
−

𝟏

𝟐𝝈𝒗
𝟐𝒗′𝒗

          (9) 

The log-likelihood function according to (9) is as follows: 

𝒍(𝝈𝒗
𝟐|𝒗) ≈ 𝐥𝐨𝐠𝒇(𝒗|𝝈𝒗

𝟐) = 𝐥𝐨𝐠 ([𝟐𝝅𝝈𝒗
𝟐]−

𝟏

𝟐) −
𝒗′𝒗 

𝟐𝝈𝒗
𝟐  (10) 

Using (3), (8), and (9), the HL function can be written as 

follows [15], [16]: 

ℎ = ℓ(𝜷𝒛, 𝜙, 𝜎𝑣
2| 𝒚, 𝒗) 

= 𝑙𝑜𝑔 𝑓(𝒚|𝜙, 𝜷𝒛) + 𝑙𝑜𝑔 𝑓(𝒗|𝜎𝑣
2) 

=∑

[
 
 
 
 
 
 
 
 
 
 
 log {(

𝑛𝑖
𝑦𝑖
)}

+ ∑ log(𝑝𝑖 + 𝑘𝜙)

𝑦𝑖−1

𝑘=0

+ ∑ log(1 − 𝑝𝑖 + 𝑘𝜙)

𝑛𝑖−𝑦𝑖−1

𝑘=0

−∑ log(1 + 𝑘𝜙)

𝑛𝑖−1

𝑘=0 ]
 
 
 
 
 
 
 
 
 
 
 

𝑚

𝑖=1

 

+ log ([2𝜋𝜎𝑣
2]−

1
2) −

𝒗′𝒗 

2𝜎𝑣
2

 

(11) 
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Estimating the fixed parameter 𝜷𝒛  and the random 

variable 𝒗 SAE-BB-HL model is done by maximizing the 

HL function, which is to find the first derivative  ℎ with 

respect to 𝜷𝒛  and 𝒗  by solving 𝜕ℎ/𝜕𝜷𝒛 = 0  and 𝜕ℎ/
𝜕𝒗 = 0. However, the derivative does not have a closed 

form, so it will be challenging to estimate manually. 

Therefore, getting the estimated parameters 𝜷𝒛 and 𝒗 is 

done using the Delta iteration method. 

Based on (11), let ℎ = ℎ0 + ℎ1 

ℎ0 =∑[log {(
𝑛𝑖
𝑦𝑖
)} + ∑ log(𝑝𝑖 + 𝑘𝜙)

𝑦𝑖−1

𝑘=0

𝑚

𝑖=1

+ ∑ log(1 − 𝑝𝑖 + 𝑘𝜙)

𝑛𝑖−𝑦𝑖−1

𝑘=0

− ∑ log(1 + 𝑘𝜙)

𝑛𝑖−1

𝑘=0

] 

And ℎ1 = log ([2𝜋𝜎𝑣
2]−

1

2) −
𝒗′𝒗 

2𝜎𝑣
2   

From the results of the maximization of the HL function, 

the score function of the fixed parameters and random 

effect is obtained as follows: 

𝒖′𝜷𝒛 =
𝝏𝒉

𝝏𝜷𝒛
=

𝝏𝒉𝟎

𝝏𝜷𝒛
+

𝝏𝒉𝟏

𝝏𝜷𝒛
= 𝜻′𝑺𝒁        (12) 

𝒖′𝒗 =
𝝏𝒉

𝝏𝒗
=

𝝏𝒉𝟎

𝝏𝒗
+

𝝏𝒉𝟏

𝝏𝒗
= 𝜻′𝑺 −

𝒗′

𝝈𝒗
𝟐       (13) 

Where 𝜻′ =
𝜕ℎ0

𝜕𝒑
= (

𝜕ℎ0

𝜕𝑝1
,
𝜕ℎ0

𝜕𝑝2
, … ,

𝜕ℎ0

𝜕𝑝𝑚
) , 𝑺 = 𝑑𝑖𝑎𝑔[𝑝𝑖(1 −

𝑝𝑖)], and 𝒁 is a 𝑚 × 𝑝 covariate matrix. 

The Delta algorithm defines the Hessian matrix of the 

model as an approximation procedure of the second 

derivatives of the log-likelihood. The formula is as follows: 

𝑯 =

[
 
 
 
 𝐸 {−

𝜕2ℎ

𝜕𝜷𝒛
′𝜕𝜷𝒛

} 𝐸 {−
𝜕2ℎ

𝜕𝜷𝒛
′𝜕𝒗

}

𝐸 {−
𝜕2ℎ

𝜕𝒗′𝜕𝜷𝑧
} 𝐸 {−

𝜕2ℎ

𝜕𝒗′𝜕𝒗
}
]
 
 
 
 

 

= [
𝒁′𝑺𝑼𝑺𝒁 𝒁′𝑺𝑼𝑺
𝑺𝑼𝑺𝒁 𝑾𝑺 + 𝑫−𝟏

] 

    (14) 

Based on (12), (13), and (14), the estimator (𝛽𝑧, 𝑣) is 

obtained through iteration as follows 

(𝜷𝒛
𝒗
)
(𝒓+𝟏)

= (𝜷𝒛
𝒗
)
(𝒓)

+ [
𝒁′𝑺𝑼𝑺𝒁 𝒁′𝑺𝑼𝑺
𝑺𝑼𝑺𝒁 𝑾𝑺 +𝑫−𝟏

]
−𝟏

(
𝒖𝜷𝒛
𝒖𝒗

) (15) 

Estimation of the dispersion parameter, 𝜎𝑣
2, in the SAE-

BB-HL model is carried out by maximizing the APHL 

function in (5) by solving 𝜕𝑝𝜷,𝒗(ℎ) /𝜕𝜎𝑣
2 = 0. Estimating 

this parameter is carried out assuming that 𝛽 and 𝑣 are 

constant. Using iteratively the adjusted profile estimator of 

𝝈𝒗
𝟐 is obtained 

𝝈̂𝒗
𝟐 =

𝟏

𝒎
(𝒗̂′𝒗̂ + 𝑮)           (16) 

Where  

𝐺 = 𝒕𝒓([𝑾𝑺 + 𝑫−𝟏 − 𝑺𝑼𝑺𝒁(𝒁′𝑺𝑼𝑺𝒁)−𝟏𝒁′𝑺𝑼𝑺]−𝟏). 

Overdispersion parameter estimation is done by using 

the moment method. This method is modified from the 

Klainman method which has been developed by [1].  

𝜙̂ = (1 +
(𝑛−1)

1+𝛼̂+𝛾̂
)              (17) 

Where 𝛼̂ = 𝑝̂ [
𝑝̂(1−𝑝̂)[𝑛−∑ 𝑛𝑖

2−(𝑚−1)]𝑚
𝑖=1

𝑛𝑠𝑝
2−𝑝̂(1−𝑝̂)(𝑚−1)

− 1] , 𝛾̂ =

𝑝̂ [
𝑝̂(1−𝑝̂)[𝑛−∑ 𝑛𝑖

2−(𝑚−1)]𝑚
𝑖=1

𝑛𝑠𝑝
2−𝑝̂(1−𝑝̂)(𝑚−1)

− 1] [
1

𝑝̂
− 1],  

𝑝̂ = ∑
𝑛𝑖

𝑛
𝑝𝑖̂
𝐷𝐸𝑚

𝑖=1  with 𝑝𝑖̂
𝐷𝐸  𝑖𝑠 𝑑𝑖𝑟𝑒𝑐𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 , 𝑛 =

∑ 𝑛𝑖
𝑚
𝑖=1 , and 𝑠𝑝 = ∑

𝑛𝑖

𝑛
(𝑝̂𝑖

𝐷𝐸 − 𝑝̂)2𝑚
𝑖=1  

Prediction of the proportion of the SAE-BB-HL model 

is made through the formula 

𝒑̂𝒊
𝐻𝐿 =

𝐞𝐱𝐩(𝒛𝒊
′𝜷̂𝒛+𝒗̂𝒊)

𝟏+𝐞𝐱𝐩(𝒛𝒊
′𝜷̂𝒛+𝒗̂𝒊)

            (18) 

4.2. Simulation Results 

We conducted a simulation study to evaluate the 

performance of the SAE-BB-HL model. The simulation 

was carried out with 100 replications. The objectives of this 

simulation study were threefold: (a) to analyze the bias of 

the parameter estimators, (b) to analyze the prediction bias 

of proportions and MSEP, and (c) to compare the HL 

estimate (𝑝̂𝑖
𝐻𝐿) and the direct estimate (𝑝̂𝑖

𝐷𝐸). This SAE-

BB-HL modeling uses the R programming language. 

The results of the estimation of fixed parameters of SAE-

BB-HL model through HL are summarized in Table 2. 

Based on the table, it can be seen that 𝜷̂𝒁 =
(−7.2, −0.01,1.1, −0.01). It is known that the initial value 

of the fixed effect parameter is 𝜷𝒁 = (0,1,1,1). It appears 

that 𝛽̂𝑍  is biased. At the same time, the dispersion 

parameter on the random variable 𝑣 is 𝜎̂𝑣
2 = 2.05. When 

compared with the initial value of the dispersion parameter 

set, namely 𝜎𝑣
2 =  2, it can be said that the assumption is 

almost unbiased. The overdispersion parameter estimator is 

𝜙̂  = 1. It can be seen that the estimation of the 

overdispersion parameter using the moment method is 

biased. This study also carried out the proportion 

estimation in a small area. We compared two estimators: 

the direct estimate (𝑝̂𝑖
𝐷𝐸) and the SAE-BB-HL estimate 

(𝑝̂𝑖
𝐻𝐿). These results show that the proportion estimator 

(𝑝̂𝑖
𝐻𝐿) is almost the same as the parameter. The estimator 

of the proportion (𝑝̂𝑖
𝐻𝐿) from several areas has the same 

tendency. In other words, the SAE-BB-HL model has good 

flexibility.  

Figure 1 shows the bias values of the direct and model 

estimators. Both estimators have the same bias value 

tendency. The comparison of the two values is entirely 

accurate. The HL estimator has a lower bias value than the 

DE estimator in all areas. The bias value of the HL 

estimator is relatively minimal, ranging between 0.0088 

and 0.056. From this value, it can be said that the HL 

proportion estimator is almost unbiased. However, it 
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appears that the HL estimator tends to be slightly 

overestimated. 

Figure 2 shows the MSEP values of the direct estimator 

(MSEP 𝑝̂𝑖
𝐷𝐸) and the HL estimator (MSEP 𝑝̂𝑖

𝐻𝐿). In the 

majority, the MSEP value of the HL estimator was lower 

than that of the direct estimator of MSEP. From this value 

and the bias value of the HL estimator, which is smaller 

than the direct estimator, it can be said that the SAE-BB-

HL model can improve the precision of proportion 

estimation. 

Table 2.  Fixed effects coefficients 

 Estimate Parameter 

(Intercept) -7.20 0 

z1 -0.01 1 

z2 1.10 1 

z3 -0.01 1 

 

Figure 1.  Bias proportion of direct estimation (𝑝̂𝑖
𝐷𝐸) and SAE-BB-HL estimation (𝑝̂𝑖

𝐻𝐿) 

 

Figure 2.  MSEP proportion of direct estimation (𝑝̂𝑖
𝐷𝐸) and SAE-BB-HL estimation (𝑝̂𝑖

𝐻𝐿) 
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Figure 3.  Direct estimates (𝑝̂𝑖
𝐷𝐸) and SAE-BB-HL estimates (𝑝̂𝑖

𝐻𝐿)of illiteracy prediction 

4.3. Prediction of Illiteracy Proportion per Sub-district 

in Bengkulu Province 

The SAE-BB-HL model predicts illiterate data at the 

sub-district level in Bengkulu Province. The prediction 

results are presented in Figure 3, with predictions from 

direct estimators as a comparison. Figure 3 shows that the 

SAE-BB-HL proportion estimator has the same predictable 

pattern as the direct estimator. The SAE-BB-HL model has 

enough flexibility. In addition, the predictive value of the 

SAE-BB-HL model tends to be more significant when 

compared to the direct estimator. 

In Bengkulu Province, there are 128 sub-districts divided 

into ten cities/regencies. Predictions of the proportion of 

illiteracy vary across districts. Bengkulu City has the 

majority of sub-districts with lower illiteracy prediction 

values compared to other Regencies. This is following the 

situation that the city of Bengkulu is a city center in 

Bengkulu Province which has better education and health 

facilities. The economy in Bengkulu City is also quite good. 

This proves that the city of Bengkulu is an office and 

shopping center with adequate facilities and infrastructure. 

On the other hand, several sub-districts were predicted 

to have illiterate people by direct estimators. However, 

through the SAE-BB-HL model, it was predicted that there 

were illiterate people in these sub-districts. On average, 

according to the predictions of the SAE-BB-HL model, the 

direct estimator also predicts that Bengkulu City has a 

minor proportion of illiterates compared to other regencies. 

5. Conclusions 

This paper revealed that the prediction bias and MSEP  

resulting from the SAE-BB-HL model were lower than that 

of the direct estimates. This implied that the SAE-BB-HL 

model tended to increase the precision and accuracy of 

proportion estimates. However, the simulation study 

showed that the estimates of fixed parameters, as well as 

the overdispersion parameter, were biased. Further 

research is required to develop an estimation method to 

increase the precision and accuracy of the SAE-BB-HL 

model. Based on the empirical data it was also revealed that 

the predictive value of the illiteracy rate at the sub-district 

level in Bengkulu Province was greater than the direct 

estimate. This empirical evidence amplified the importance 

of future research toward increasing the accuracy and 

precision of the SAE-BB-HL model. 
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