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Abstract  The concept of partition dimension in graph 

theory was first introduced by Chartrand et al. [1] as a 

variation of metric dimension. Since then, numerous 

studies have attempted to determine the partition 

dimensions of various types of graphs. However, for many 

types of graphs, their partition dimensions remain unknown 

as determining a general graph’s partition dimension is an 

NP-complete problem. In this study, we aim to determine 

the partition dimension of a specific graph, namely the 

comb product of a wheel and a tree. One approach to 

finding the partition dimension of a graph is to determine 

its upper and lower bounds. In this article, we propose an 

upper bound for the partition dimension of the comb 

product using number representation for certain bases. We 

divide the problem into two cases based on the path graph. 

For the first case, which is the comb product with a path of 

a single vertex, Tomescu et al. [2] have already provided 

an upper bound. In the other case, we utilize the bijection 

property of a number system on the number copy of the tree 

to find an upper bound. Our results show that the partition 

dimension of the second case has a smaller upper bound 

compared to the general upper bound proposed by 

Chartrand et al. [1]. 

Keywords  Partition Dimension, Graph Theory, Comb 

Product, Wheel, Tree, Upper bound, NP-complete Problem 

 

1. Introduction 

Partition dimension is a research topic in graph theory 

that emerged from research on metric dimensions 

introduced by [3] and further explored by [4] in a journal 

titled "On the metric dimension of a graph". In brief, metric 

dimension focuses on finding a resolving set, which is a 

collection of points called landmarks on a graph that 

defines the shape of a graph based on the distance of each 

point to the landmark. Given a connected graph 𝐺 , the 

metric dimension of G is the smallest integer k such that for 

every pair of distinct vertices 𝑢 and 𝑣 in 𝐺, there exists a 

set of 𝑘 vertices (called a resolving set) that distinguishes 

𝑢 and 𝑣, i.e., there exists a vertex in the set that is closer to 

𝑢  than to 𝑣  or vice versa. In other words, for any two 

vertices in 𝐺 , there must be at least one vertex in the 

resolving set that is closer to one vertex than the other. 

Then, [5] proposed in a journal titled "The partition 

dimension of a graph" to divide the graph into several 

partitions referred to as resolving partitions, with all points 

being divisible into each partition. Formally, given a graph 

𝐺, a resolving partition is a partition of the vertices of 𝐺 

such that for any two distinct vertices 𝑢 and 𝑣 in 𝐺, there 

exists a partition that contains one of them and not the other. 

The partition dimension of 𝐺 , denoted 𝑝𝑑(𝐺) , is the 

minimum number of sets in a resolving partition of 𝐺. In 

other words, 𝑝𝑑(𝐺) is the smallest number of subsets of 

vertices that can distinguish between any two vertices in 𝐺. 

Finding the partition dimension of a graph is known to be 

an NP-complete problem in general, which means that it is 

computationally difficult to solve for large graphs. 

Therefore, researchers often focus on finding upper and 

lower bounds on the partition dimension for specific types 

of graphs or classes of graphs. 

During its development, researchers have attempted to 

determine partition dimensions using various experimental 
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and analytical methods. [5] presented several partition 

dimension results on special graphs such as path graphs, 

complete graphs, bipartite graphs, and others. Calculating 

partition dimension is regarded as an NP-complete task 

because [6] claimed that computing metric dimensions on 

a general graph is an NP-complete problem. Therefore, 

many researchers have presented their research findings on 

special graphs, including [2], [7-19]. 

Partition dimensions have found numerous applications 

in various fields. For instance, they have been used to 

represent the shape of chemical compounds and for robot 

navigation [6]. Additionally, [20] proposed a method for 

constructing and verifying computer networks using 

partition dimensions. Moreover, research on partition 

dimensions has led to the development of advanced topics 

such as connected partition dimensions [21] and star 

partition dimensions [22]. Therefore, research on partition 

dimensions can provide significant benefits in various 

applications. 

2. Results and Discussion 

A wheel graph 𝑊𝑛 has 𝑛 + 1 ≥ 4 vertices and a tree 

graph 𝑇 has |𝑉(𝑇)| ≥ 1 vertices. A single vertex is also 

included as a tree graph and can be denoted as a path graph 

𝑃1. 

Trivially, the graph resulting from the comb product 

between the wheel graph 𝑊𝑛  and the single vertex 𝑃1 

will be generates the wheel graph 𝑊𝑛 , denoted as 

𝑊𝑛 ⊳𝑜 𝑃1 = 𝑊𝑛. Then, it can be concluded that calculating 

the partition dimensions of this graph depends on 

calculating the partition dimensions of the wheel graph 

itself. 

In general, if 𝐺 and 𝐻 are connected graph that have 

at least two vertices, [23] suggest that the metric 

dimensions of the comb product of 𝐺  and 𝐻  can be 

formulated in the following equation 

𝛽(𝐺 ⊳𝑜 𝐻) = {
𝑚 ⋅ (𝛽(𝐻) − 1), if ∃𝑜 in a basis of H

𝑚 ⋅ 𝛽(𝐻), otherwise 
 

Chartrand et al. via Theorem 1.1. mentions that 

𝑝𝑑(𝐺) ≤ 𝛽(𝐺) + 1 . Therefore, the upper-bound of the 

partition dimension of the graph 𝑊𝑛 ⊳𝑜 𝑇  can be 

formulated in 

𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ 𝛽(𝑊𝑛 ⊳𝑜 𝑇) = (𝑛 + 1)𝛽(𝑇) + 1. 

For each vertex 𝑣 ∈ 𝑉 of a tree 𝑇 = (𝑉, 𝐸), the legs at 

𝑣 are the bridges which are paths. To calculate the metric 

dimension of a tree graph 𝑇 , Khuller et al. formulate 

partition dimension of 𝑇 in the following equation.  

𝛽(𝑇) = ∑ (𝑙𝑣 − 1)

𝑣∈𝑉:𝑙𝑣>1

 

where 𝑙𝑣 is the number of legs at 𝑣 for every vertex in 𝑇. 

In particular, a graph 𝐺 has a metric dimension 𝛽(𝐺) = 1 

if and only if graph 𝐺 is a path graph 𝑃𝑛. 

The explanation above leads to the following 

conclusions for the circumstances in which the upper-

bound dimensions partitions are calculated: 

1. The comb product of the wheel graph 𝑊𝑛 and 𝑃1 

2. The comb product of the wheel graph 𝑊𝑛 and the tree 

graph 𝑇 ≠ 𝑃1 

2.1. The Comb Product of 𝑾𝒏 and 𝑷𝟏 

Note that the result of the comb product between the 

wheel graph 𝑊𝑛 and the single vertex 𝑃1 will produce a 

wheel graph 𝑊𝑛. Therefore, the calculation of the partition 

dimensions of this graph depends on calculating the 

partition dimensions of the wheel graph 𝑊𝑛 itself. 

Tomescu et al.[2] formulated a bound of the partition 

dimension on a wheel graph 𝑊𝑛  with 𝑛 ≥ 3 on the 

following inequalities and have calculated the value of the 

partition dimension for some values of 𝑛. 

⌈(2𝑛)1/3⌉ ≤ 𝑝𝑑(𝑊𝑛) ≤ 2 ⌈𝑛
1
2⌉ + 1. 

2.2. The Comb Product 𝑾𝒏 and 𝑻 ≠ 𝑷𝟏 

Suppose a tree graph 𝑇  has 𝑆(𝑇)  where 𝑆(𝑇)  is a 

minimum resolving set of 𝑇. Based on Saputro et al., a 

resolving set 𝑊𝑛 ⊳𝑜 𝑇  is 𝑆(𝑊𝑛 ⊳𝑜 𝑇) = {(𝑖, 𝑠)|𝑖 ∈
𝑉(𝑊𝑛), 𝑠 ∈ 𝑆(𝑇)} with cardinality |𝑆(𝑊𝑛 ⊳𝑜 𝑇)| = (𝑛 +
1)𝛽(𝑇). 

Therefore, the upper-bound of the partition dimension 

𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ (𝑛 + 1)𝛽(𝑇) + 1 . This upper-bound is 

formed from the resolving set 𝑆(𝑊𝑛 ⊳𝑜 𝑇)  joined with 

one non-landmark set 𝑆′ = {(𝑖, 𝑣)|𝑖 ∈ 𝑉(𝑊𝑛), 𝑣 ∈
𝑉(𝑇), 𝑣 ∉ 𝑆(𝑇)}. Formally, we get a resolving partition of 

the graph 𝑊𝑛 ⊳𝑜 𝑇 which is given in Theorem 1. 

Theorem 1 (Chartrand-Saputro) Given a wheel graph 

𝑊𝑛  and a tree 𝑇 . The graph 𝑊𝑛 ⊳𝑜 𝑇  has a resolving 

partition Π0 = {{(𝑖, 𝑠)}|𝑖 ∈ 𝑉(𝑊𝑛), 𝑠 ∈ 𝑆(𝑇)} ∪ 𝑆′  with 

cardinality (𝑛 + 1)𝛽(𝑇) + 1 . In other words, 

𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ (𝑛 + 1)𝛽(𝑇) + 1. 

Here is an illustrative example of Theorem 1 on graphs 

𝑊4 and a tree 𝑇 with 𝑉(𝑇) = {0,1,2, … ,6}. 
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Figure 1.  𝑊4 ⊳𝑜 𝑇 with a resolving set 

We have that 𝑆(𝑇) = {1,5} is a minimum resolving set 

of 𝑇  and 𝑆′ = {{(𝑖, 𝑣)|0 ≤ 𝑖 ≤ 4, 𝑣 ∈ {0,2,3,4,6}}} . The 

partition of 𝑊4 ⊳𝑜 𝑇 from Theorem 1 is 

Π0 = {
{(0,1)}, {(1,1)}, {(2,1)}, {(3,1)}, {(4,1)},
{(0,5)}, {(1,5)}, {(2,5)}, {(3,5)}, {(4,5)},

𝑆′

} 

From this partition, we obtain that 𝑝𝑑(𝑊4 ⊳𝑜 𝑇) ≤ 11. 

If we look further, a tree 𝑇 that are duplicated in the 

comb product operation are isomorphic graphs. Hence, 

there are some elements that can be merged into one set to 

reduce the cardinality of a resolving partition. 

Let 𝑠𝑗  be the 𝑗th landmark of a tree 𝑇  with 1 ≤ 𝑗 ≤

𝛽(𝑇) . For each landmark 𝑠𝑗 , the vertex (𝑖, 𝑠𝑗)  can be 

grouped into one set 𝑆(𝑠𝑗) = {(𝑖, 𝑠𝑗)|𝑖 ∈ 𝑉(𝑊𝑛)} . 

Therefore, we can define a partition Π1 = {𝑆(𝑠𝑗)|𝑠𝑗 ∈

𝑆(𝑇)} ∪ {𝑆′} with cardinality is 𝛽(𝑇) + 1. Based on the 

property of the resolving set 𝑆(𝑇) , we can prove that 

𝑟((𝑖, 𝑣), Π1 ) ≠ 𝑟((𝑖, 𝑢), Π1 )  for any 𝑢, 𝑣 ∈ 𝑉(𝑇)  and 

𝑣 ≠ 𝑢. 

However, the partition Π1  causes 𝑟((𝑖, 𝑣), Π1 ) =

𝑟((𝑗, 𝑣), Π1 ) for 0 ≤ 𝑖, 𝑗 ≤ 𝑛 . It can be concluded that 

Π1 is not a resolving partition. To overcome this, we make 

a one-to-one correspondence between 𝑇𝑖 and (𝑖, 𝑆1) since 

𝑑((𝑖, 𝑣), (𝑖, 𝑠1)) < 𝑑((𝑖, 𝑣), (𝑗, 𝑠1))  for 𝑗 ≠ 𝑖 . This 

inequality is given by Lemma 1. 

Lemma 1 For any 𝑖, 𝑗 ∈ 𝑉(𝑊𝑛) , the inequality 

𝑑((𝑖, 𝑣), (𝑖, 𝑆)) < 𝑑((𝑖, 𝑣), (𝑗, 𝑠))  with 𝑖 ≠ 𝑗, 𝑣 ∈ 𝑉(𝑇) 

and 𝑠 ∈ 𝑆(𝑇). 

Proof. Let (𝑖, 𝑣), (𝑗, 𝑣) ∈ 𝑉(𝑊𝑛 ⊳𝑜 𝑇)  and let 
(𝑖, 𝑠), (𝑗, 𝑠) ∈ 𝑆(𝑊𝑛 ⊳𝑜 𝑇)  for any 𝑖, 𝑗  that satisfies 0 ≤
𝑖, 𝑗 ≤ 𝑛 and 𝑖 ≠ 𝑗. Based on the isomorphic of trees 𝑇𝑖, we 

obtain that 𝑑((𝑖, 𝑣), (𝑖, 𝑢)) = 𝑑((𝑗, 𝑣), (𝑗, 𝑢))  for any 

(𝑖, 𝑢), (𝑗, 𝑢) ∈ 𝑉(𝑊𝑛 ⊳𝑜 𝑇) and 𝑢 ∈ 𝑉(𝑇). By the general 

properties of graphs, we can also determine the inequality 

𝑑((𝑖, 𝑣), (𝑖, 𝑠)) ≤ 𝑑((𝑖, 𝑣), (𝑖, 𝑜)) + 𝑑((𝑖, 𝑜), (𝑖, 𝑠)) 

and 𝑑((𝑖, 𝑜), (𝑗, 𝑜)) > 0. Hence, we get 

𝑑((𝑖, 𝑣), (𝑖, 𝑠)) ≤ 𝑑((𝑖, 𝑣), (𝑖, 𝑜)) + 𝑑((𝑖, 𝑜), (𝑖, 𝑠)) 

< 𝑑((𝑖, 𝑣), (𝑖, 𝑜)) + 𝑑((𝑖, 𝑜), (𝑗, 𝑜)) + 𝑑((𝑖, 𝑜), (𝑖, 𝑠)) 

= 𝑑((𝑖, 𝑣), (𝑖, 𝑜)) + 𝑑((𝑖, 𝑜), (𝑗, 𝑜)) + 𝑑((𝑗, 𝑜), (𝑗, 𝑠)) 

and the corresponding path 𝑃 =
(𝑖, 𝑣) … (𝑖, 𝑜) … (𝑗, 𝑜) … (𝑗, 𝑠)  is the shortest path from 
(𝑖, 𝑣) to (𝑗, 𝑠). We conclude that  

𝑑((𝑖, 𝑣), (𝑖, 𝑠)) < 𝑑((𝑖, 𝑣), (𝑗, 𝑠)). 

Theorem 2 Given a wheel graph 𝑊𝑛 and a tree 𝑇. The 

graph 𝑊𝑛 ⊳𝑜 𝑇 has a resolving partition with cardinality 

𝛽(𝑇) + 𝑛 + 1 . In other words, 𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ 𝛽(𝑇) +
𝑛 + 1. 

Proof. Suppose partition Π2 is defined as  

Π2 = {𝑆(𝑠𝑗)|𝑠𝑗 ∈ 𝑆(𝑇), 2 ≤ 𝑗 ≤ 𝛽(𝑇)}

∪ {𝑆(𝑖,𝑠1)|𝑖 ∈ 𝑉(𝑊𝑛)} ∪ {𝑆′} 

with 𝑆′ = {(𝑖, 𝑣)|𝑖 ∈ 𝑉(𝑊, 𝑊𝑛), 𝑣 ∈ 𝑉(𝑇), 𝑣 ∉ 𝑆(𝑇)} . 

Since 𝑆(𝑇)  is a resolving set, then 𝑟((𝑖, 𝑣), Π2) ≠

𝑟((𝑖, 𝑢), Π2) for 𝑢 ≠ 𝑣. Since 𝑇𝑖 is isomorphic to 𝑇 and 

from Lemma 1 we have that 

𝑑 ((𝑖, 𝑣), 𝑆(𝑖,𝑠1)) = 𝑑 ((𝑗, 𝑣), 𝑆(𝑗,𝑠1)) < 𝑑 ((𝑗, 𝑣), 𝑆(𝑖,𝑠1)). 

Therefore, we conclude that 𝑟((𝑖, 𝑣), Π2) ≠

𝑟((𝑗, 𝑣), Π2) for 𝑖 ≠ 𝑗. 

We have proved that 𝑟((𝑖, 𝑣), Π2) ≠ 𝑟((𝑗, 𝑣), Π2) for 

any (𝑖, 𝑣), (𝑗, 𝑣) ∈ 𝑉(𝑊𝑛 ⊳𝑜 𝑇) with 𝑖 ≠ 𝑗 and 𝑢 ≠ 𝑣. It 

follows that Π2  is a resolving partition for 𝑊𝑛 ⊳𝑜 𝑇. In 

other words, we have an upper bound of partition 

dimension of 𝑊𝑛 ⊳𝑜 𝑇, 

𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ (𝛽(𝑇) − 1) + (𝑛 + 1) + 1. 
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Equivalently 𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ 𝛽(𝑇) + 𝑛 + 1. 

Mathematically, Theorem 2 has a more optimal upper-

bound partition dimension compared to Theorem 1. Indeed, 

𝛽(𝑇) + 𝑛 + 1 ≤ 𝛽(𝑇) + 𝑛 ⋅ 𝛽(𝑇) + 1 

         = (1 + 𝑛)𝛽(𝑇) + 1 

         = (𝑛 + 1)𝛽(𝑇) + 1. 

Consider an example of a partition of 𝑊4 ⊳𝑜 𝑇  from 

Theorem 1. The partition Π1 in Theorem 2 is 

Π1 = {
{(0,1)}, {(1,1)}, {(2,1)}, {(3,1)}, {(4,1)},

{(0,5), (1,5), (2,5), (3,5), (4,5)},

𝑆′

} 

From this partition, we obtain that 𝑝𝑑(𝑊4 ⊳𝑜 𝑇) ≤ 7. 

We know that every natural number 𝑛  can be 

represented in a unique way in the number system with 

base 𝑏 > 1  [24]. A base is a specific value used in 

positional notation to represent a numeric value. For 

instance, the base of the decimal system, which is the base 

that is most frequently used in daily life, is 10. This 

indicates that every digit in a decimal number represents a 

power of ten multiples. Binary (base 2), octal (base 8), and 

hexadecimal (base 16) are further frequent bases. The base 

dictates the collection of symbols used to represent 

numbers in each of these systems as well as how place 

value is allocated to each digit in a number. For every tree 

𝑇𝑖, we will use the number representation of 𝑖 to create a 

resolving partition.  

According to number theory, every number in a set 𝐻 =
{0,1,2, … , 𝑛} can be represented in a number base 𝑏 > 1. 

Trivially, there are 𝑏𝑑  different numbers that can be 

formed in base 𝑏 with length 𝑑. 

Any natural number can be written as ∑ 𝑎𝑗𝑏𝑗 with 𝑎𝑗 ∈
{0,1, … , 𝑏 − 1} and 𝑏 > 1.We define function 𝑓(𝑏, 𝑖, 𝑗) =
𝑎𝑗−1  as the value of the 𝑗 th digit from the right of the 

number 𝑖  represented in base 𝑏 > 1 . For example, the 

number 11 = 1 ⋅ 32 + 0 ⋅ 31 + 2 ⋅ 30  can be represented 

as 102 in base 3. Therefore, 𝑓(3,11,1) = 2, 𝑓(3,11,2) = 0, 

and 𝑓(3,11,3) = 1. 

The above observations can be applied to the problem of 

the partition dimension of 𝑊𝑛 ⊳𝑜 𝑇. Suppose 𝑑 = 𝛽(𝑇), 

we will represent every vertex in 𝑉(𝑊𝑛) into a base 𝑏 that 

satisfy 𝑏𝑑 ≥ 𝑛 + 1 > 1. This inequality is equivalent to 

𝑏 ≥ √𝑛 + 1
𝑑

> 1 . For every 𝑠𝑗 ∈ 𝑆(𝑇) , define a set 

𝑆𝑥,(𝑠𝑗) = {(𝑖, 𝑠𝑗)|𝑖 ∈ 𝑉(𝑊𝑛), 𝑓(𝑏, 𝑖, 𝑗 = 𝑥)} for 0 ≤ 𝑥 < 𝑏. 

For every number 𝑖 ∈ 𝐻, define 

𝑛𝑏,𝑗 = max
𝑖

𝑓(𝑏, 𝑖, 𝑗) + 1 

as the number of possible digits used in the 𝑗th digit from 

the right for every 𝑖 . Formally, we obtain a resolving 

partition for 𝑊𝑛 ⊳𝑜 𝑇 in the following theorem. 

Theorem 3 (Number Base Correspondence) Given a 

wheel graph 𝑊𝑛 and a tree 𝑇. The graph 𝑊𝑛 ⊳𝑜 𝑇 has a 

resolving partition with cardinality (∑ 𝑛𝑏,𝑗𝑗 ) + 1. In other 

words, 𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ (∑ 𝑛𝑏,𝑗𝑗 ) + 1 . For all possible 

bases 𝑏, there exists 𝑏 such that (∑ 𝑛𝑏,𝑗𝑗 ) + 1 reaches a 

minimum. 

Proof. Suppose partition Π3 is defined as 

Π3 = {𝑆𝑥,(𝑠𝑗)|𝑠𝑗 ∈ 𝑆(𝑇), 0 ≤ 𝑥 < 𝑛𝑏,𝑗} ∪ 𝑆′ 

with 𝑆′ = {(𝑖, 𝑣)|𝑖 ∈ 𝑉(𝑊𝑛), 𝑣 ∈ 𝑉(𝑇), 𝑣 ∉ 𝑆(𝑇)} . By 

Lemma 1 and using the one-to-one correspondence of 

numbers and its representation in base 𝑏, it is easy to prove 

that 𝑟((𝑖, 𝑣), Π3) ≠ 𝑟((𝑗, 𝑢), Π3)  for any (𝑖, 𝑣), (𝑗, 𝑢) ∈

𝑉(𝑊𝑛 ⊳𝑜 𝑇 ) with (𝑖, 𝑣) ≠ (𝑗, 𝑢). It follows that Π3 is a 

resolving partition. 

Next, we will find a base 𝑏  such that (∑ 𝑛𝑏,𝑗𝑗 ) + 1 

reaches a minimum. We know that 𝑏𝑑 ≥ 𝑛 + 1. It follows 

that 𝑏 ≥ √𝑛 + 1
𝑑

. Note that 𝑓(𝑏, 𝑖, 𝑗) = 𝑓(𝑛 + 1, 𝑖, 𝑗) for 

all 𝑏 ≥ 𝑛 + 1 and 0 ≤ 𝑖 ≤ 𝑛. Let 𝐵 = {𝑏| √𝑛 + 1
𝑑

≤ 𝑏 ≤

𝑛 + 1, 𝑏 ∈ ℤ} ⊆ ℕ. Since 𝐵 is finite, then there exists a 

base 𝑏̂ ∈ 𝐵  such that (∑ 𝑛𝑏̂,𝑗𝑗 ) + 1 ≤ (∑ 𝑛𝑏,𝑗𝑗 ) + 1  for 

all base 𝑏. 

Theorem 3 has a more optimal upper-bound compared to 

Theorem 2. Let 𝑏̂ be a base in Theorem 3. If we choose 

𝑏 = 𝑛 + 1, then 

(∑ 𝑛𝑏̂,𝑗

𝑗

) + 1 ≤ (∑ 𝑛𝑛+1,𝑗

𝑗

) + 1 

                    = (𝛽(𝑇) − 1) + (𝑛 + 1) + 1 

         = 𝛽(𝑇) + 𝑛 + 1 

For example, the resolving partition Π3 is defined as 

Π3 = {
{(0,1), (3,1)}, {(1,1), (4,1)}, {(2,1)},
{(0,5), (1,5), (2,5)}, {(3,5), (4,5)},

𝑆′

} 

From this partition, we obtain that 𝑝𝑑(𝑊4 ⊳𝑜 𝑇) ≤ 6. 

3. Conclusions 

Based on the research that has been done, the results 

obtained can be concluded as follows: In the case of 

𝑊𝑛 ⊳𝑜 𝑇 with 𝑇 is a single vertex, a bound of its partition 

dimension refers to the results of research conducted by 

Tomescu et al. (2007). In the case 𝑇 is not a tree with a 

single vertex, then we give an upper bound of the partition 

dimension using the one-to-one correspondence between 

numbers and their representation in base 𝑏. We obtain that 

𝑝𝑑(𝑊𝑛 ⊳𝑜 𝑇) ≤ (∑ 𝑛𝑏,𝑗

𝑗

) + 1 

where 𝑛𝑏,𝑗 is the number of possible digits used in the 𝑗th 

digit from the right for every 𝑖.
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