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Abstract In this paper, we have sketched how Einstein’s
theory of gravity formulated on R × S3 topology, i.e, space
and time of rotations can be applied to tachyon dynamics
and modified gravity. The initiative of formulating physical
theories on R × S3 topology was taken by many physicists in
early 1980s among which a first successful attempt was taken
by M. Carmeli and S. Malin followed by G. Zet, C. Pasnicu
and M. Agop. The main idea of formulating gravity on such
topology is due to the fact that the surface of sphere has more
symmetries than distance in Minkowskian space-time. Thus,
we are making the quantities dependent on angles instead of
invariant lengths. Since we have changed the topology on
which the theory is formulated, the definition of derivative
operators and other differential operators changes. There are
two kinds of geometries of R × S3 topology, the first given
by M. Carmeli and S. Malin is of commutative type where
the derivatives commute and the other given subsequently
by G. Zet, C. Pasnicu and M. Agop is of non-commutative
type where the derivatives do not commute and result in an
additional term in the equations. Although the Einstein’s field
equation on R× S3 topology was already derived [6][8], what
we have tried in this paper is to construct Killing vector fields
and conserved currents on R× S3 topology.

Keywords Killing Vector Fields, Conserved Currents,
Rotationally Symmetric Space-time

1 Introduction
The idea to formulate theories on R × S3 topology orig-

inates due to the problem of formulating physics where the

particle is solely angular dependent rather than distance as in
Minkowskian space-time. A very first attempt towards this was
taken by M. Carmeli and A. Malka in 1983 a series of seven pa-
pers [1]-[7] of which [6] contains theory of gravity on R × S3

topology. Further attempt to describe gravitation on R × S3

topology was take by G. Zet, C. Pasnicu and M. Agop [8]. Sim-
ilarly, Diptiman Sen had formulated supersymmetry onR×S3

space-time in [9]. To simplify what we meant by formulating
theories on R × S3 topology means, we assume that the ten-
sor quantities that were dependent on the length are now solely
angle dependent (such as Euler’s angles).

2 Commutative and non-commutative
topology

We are going to formulate our theory on commutative type
of R × S3 topology established in [6] because it was the first
proposed theory of this type. Non commutative type of theory
will be briefly formulated in the end of this paper and will be
developed elsewhere.

The main idea of formulating gravity on such topology is
due to the fact that the surface of sphere has more symme-
tries than distance in Minkowskian space-time. Thus, we are
making the quantities dependent on angles instead of invari-
ant lengths. Since we have changed the topology on which the
theory is formulated, the definition of derivative operators and
other differential operators changes. There are two kinds of ge-
ometries of R × S3 topology, the first, given by M. Carmeli and
S. Malin is of commutative type where the derivatives com-
mute and the other given subsequently by G. Zet, C. Pasnicu
and M. Agop is of non-commutative type where the deriva-
tives do not commute and result in an additional term in the
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equations.

3 Underlying Topology
In the first half of this section, we will provide a brief

overview of commutative type R × S3 topology from [6].
The other half of the section is devoted in providing a brief
overview of non commutative R× S3 topology from [8].

3.1 Commutative topology
To make a transition from flat Minkowskian space-time to

S3 topology, the transnational groups of ordinary flat space-
time are replaced with SU(2) groups. Thus, the linear momen-
tum operator p = −ih̄∇ is replaced with angular momentum
operator J = −ih̄L where L = (L1,L2,L3) = (Lx,Ly,Lz) is
the corresponding differential operator given by

L1 =
− sinϕ

sin θ

∂

∂ψ
− cosϕ

∂

∂θ
+ cotϕ sinϕ

∂

∂ϕ
, (3.1)

L2 =
− cosϕ

sin θ

∂

∂ψ
− sinϕ

∂

∂θ
+ cotϕ cosϕ

∂

∂ϕ
, (3.2)

L3 = − ∂

∂ϕ
. (3.3)

The operator L2 = L2
1 + L2

2 + L2
3 = L2

x + L2
y + L2

z is then give
by

L2 =
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2θ

(
∂2

∂ψ2
− 2 cos θ

∂2

∂ψ∂ϕ

+
∂2

∂ϕ2

)
. (3.4)

We know that angular momentum operator satisfies the follow-
ing commutation relation

[Jx, Jy] = iJz. (3.5)

Thus, using the definition of L, we get the following commu-
tation relation for angular gradient operator

[Lx,Ly] = −εijkLz. (3.6)

In four dimensions, angular gradient operator has the following
form:

L

LΘµ
= Lµ = (∂/∂t,L) (3.7)

Consider the line element in commutativeR×S3 space-time
without gravitation:

ds2 = dt2 −
[
γ−2
1

(
dΘ1

)2
+ γ−2

2

(
dΘ2

)2
+ γ−2

3

(
dΘ3

)2]
(3.8)

where

dΘ1 = sin θ sinψdϕ+ cosψdθ, (3.9)

dΘ2 = sin θ sinψdϕ− sinψdθ, (3.10)

dΘ3 = cos θdϕ+ dψ. (3.11)

Since ϕ, θ and ψ are Euler’s angles, they take the values 0 ≤
ϕ ≤ 2π, 0 ≤ θ ≤ π and 0 ≤ ψ ≤ 4π. The imperfect differ-
entials appearing in the line element dΘk, k = 1, 2, 3 are dxk

analogous to the Cartesian differential distances in Euclidean
geometry. Thus, we can generalize our line element on com-
mutative R× S3 topology as

ds2 = gµνdΘ
µdΘν (3.12)

where gµν are functions three Euler angles.
Now, let’s take a look at Riemannian geometry formulated

on commutative R × S3 topology. Since we know that the
partial derivatives from Cartesian coordinates will be replaced
with angular gradient derivatives in 4 dimensions, we can thus
write Christoffel symbols as

Γµ
αβ =

1

2
gµλ (Lβgλα + Lαgλβ − Lλgαβ) . (3.13)

Similarly, the standard covariant derivative in this case for any
contravariant vector V α will be given by

DµV
α = LµV

α + Γα
µλV

λ. (3.14)

where Γα
µλ are the Christoffel symbols given by (3.13). The

outer structure of Einstein’s field equation will be same but un-
derlying mathematical form will be different because we will
be using angular gradient operators instead of Cartesian partial
derivatives. Thus, we have

Rµν − 1

2
gµνR = κTµν (3.15)

where Rµν = Rσ
ασγ is the Ricci tensor, R is Ricci scalar, Tµν

is the energy-momentum tensor, κ is Einstein’s gravitational
constant and Rρ

αβγ is the Riemann Christoffel curvature tensor
explicitly given by

Rρ
αβγ = LβΓ

ρ
αγ − LγΓ

ρ
αβ + Γδ

αγΓ
ρ
βδ − Γδ

αβΓ
ρ
γδ (3.16)

where the Christoffel symbols are defined by (3.13). Energy-
momentum tensor will have specific forms according to the
physics it describes. For the case of perfect fluid, the energy-
momentum is formulated in [6].

3.2 Non commutative topology
Let us now recall some already known results on non com-

mutative type of S3 manifold [8] that we would be refer-
ring simultaneously throughout the paper. The sphere S3 can
be parametrized either in terms of Cartesian coordinates xµ

(µ = 1, 2, 3, 4), complex variables (u, v) or angles (θ, α, β)
whose relation with each other is given by

u = x1 + ix2 = cos θeiα (3.17)

v = x3 + ix4 = sin θeiβ (3.18)

with the volume element

dΩ =
1

2π2
sin θ cos θdθdαdβ. (3.19)
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S3 manifold of group SU(2) has O(4) symmetry with
SU(2)×SU(2) algebra. The two subgroups correspond to the
left and right multiplication acting on the manifold and thus,
as a consequence, we have two independent frames: e(1)i and
e
(2)
i , i = 1, 2, 3. We are going to choose the frame e(1)i and the

corresponding derivatives will be denoted by ∂i, i = 1, 2, 3:

∂1 = i

(
u
∂

∂v∗
− v

∂

∂u∗
+ v∗

∂

∂u
− u∗

∂

∂v

)
= − sin (α+ β)

∂

∂θ
+ cos (α+ β)

[
tan θ

∂

∂α
− cot θ

∂

∂β

]
(3.20)

∂2 = u
∂

∂v∗
− v

∂

∂u∗
− v∗

∂

∂u
+ u∗

∂

∂v

= cos (α+ β)
∂

∂θ
+ sin (α+ β)

[
tan θ

∂

∂α
− cot θ

∂

∂β

]
(3.21)

∂3 = i

(
u∗

∂

∂u∗
− u

∂

∂u
+ v∗

∂

∂v∗
− v

∂

∂v

)
= − ∂

∂α
− ∂

∂β
.

(3.22)
One can see from the definition of above differential derivatives
that they do not commute. Thus

[∂i, ∂j ] = 2εijk∂k = Ck
ij∂k (3.23)

where εijk is antisymmetric tensor of rank 3 and ε123 = 1. If
∂µ = ∂/∂θµ = (∂0 = ∂/∂t, ∂i), then

[∂µ, ∂ν ] = 2ε0µνγ∂γ = Cγ
µν∂γ (3.24)

where ε0µνγ is now a antisymmetric tensor of rank 4 with
ε0123 = 1.

On R × S3 manifold MR×S3 , let TR×S3 be a tangent bun-
dle. We introduce the metric form g (X,Y ) on TR×S3 which
is symmetric, non degenerate and positive where X and Y are
vector fields on MR×S3 such thatX = Xµ∂µ and Y = Y µ∂µ.
Thus, the metric g now becomes

g (X,Y ) = g (Xµ∂µ, Y
ν∂ν) = XµY νg (∂µ, ∂ν) = gµνX

µY ν .
(3.25)

As we have now constructed the definition of metric g on
MR×S3 using proper Riemannian structure, we can sim-
ilarly construct the definition of other tensorial quantities
like Christoffel symbols, Riemann Christoffel curvature tesor,
Ricci tensor and so on. We now readily introduce those quan-
tities below from [8]. We define the connection coefficients on
MR×S3 as

Γλ
µν =

1

2
gγλ (∂µgvγ + ∂vgγµ − ∂γgµν)

+
1

2
gγλ

(
Cρ

µνgργ + Cρ
γµgρν − Cρ

νγgρµ
)
. (3.26)

From the above definition of Christoffel symbols, one can eas-
ily verify that

Γλ
µν − Γλ

νµ − Cλ
µν = 0. (3.27)

Covariant derivative in this case for any contravariant vector
V α will be given by

DµV
α = ∂µV

α + Γα
µλV

λ (3.28)

where Γα
µλ is now defined by (3.26). Riemann Christoffel cur-

vature tensor can be defined as follows:

Rσ
γµν = ∂µΓ

σ
νγ − ∂νΓ

σ
µγ + Γρ

νγΓ
σ
µρ − Γρ

µγΓ
σ
νρ − Cρ

µνΓ
σ
ργ .

(3.29)
From this, the definition of Ricci tensor and scalar curvature is
self explanatory. On non commutative R × S3 topology, one
has the same form of Einstein’s field equation as Eqn. (3.15)
but with mathematical differences which are self explanatory.

3.3 Line element on non commutative topology

Parametrization (3.17), (3.18) of the S3 sphere leads to the
following metric [12]:

dσ2 = cos2θ(dα)
2
+ sin2θ(dβ)

2
+ (dθ)

2 (3.30)

where 0 ≤ θ ≤ 2π, 0 ≤ α, β ≤ 2π. The Lorentzian form of
the above metric is

ds2 = dσ2 − dt2. (3.31)

or more generally ds2 = gµνdθ
µdθν . Furthermore, one

can introduce pseudo-orthonormal tetradic frames as follows
[12][13]:

e1 =
1

a

[
cos (α+ β)

[
tan θ

∂

∂α
− cot θ

∂

∂β

]
− sin (α+ β)

∂

∂θ
+

]
(3.32)

e2 =
1

a

[
sin (α+ β)

[
tan θ

∂

∂α
− cot θ

∂

∂β

]
+ cos (α+ β)

∂

∂θ
+

]
(3.33)

e3 = −1

a

(
∂

∂α
+

∂

∂β

)
(3.34)

e4 =
∂

∂t
. (3.35)

The commutation relation for the above pseudo-orthonormal
tetradic frames is

[e1, e2] = Dc
abec =

2

a
εc4abec (3.36)

with ε1234 = −1. In this case, one can generally write the
line element as ds2 = gµνω

µων = ηµνω
µων where ωµ ηµν =

diag(1, 1, 1,−1) is the dual orthonormal base corresponding
to pseudo-orthonormal tetradic frames.

The flat space-time line element (3.31) will be crucial in
solving the field equations for gravitation and also will be ref-
erenced numerous times through the paper where we will need
some metric for providing applications and examples of our
derived equations.
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4 Tensor Calculus

4.1 Tensors and covariant derivatives
Using the line element (3.12), we can define a covariant ten-

sor transformation of rank two on commutative R × S3 topol-
ogy as follows:

Tµν =
LΘ̃α

LΘµ

LΘ̃β

LΘν
T̃αβ . (4.1)

Similarly, we can define contravariant and mixed tensors of
rank two as

Tµν =
LΘµ

LΘ̃α

LΘν

LΘ̃β
T̃αβ (4.2)

Tµ
ν =

LΘµ

LΘ̃α

LΘ̃β

LΘν
T̃α
β (4.3)

respectively. Furthermore, covariant derivatives of the above
two rank tensors can be defined as

∇ρTµν = LρTµν − Γσ
µρTσν − Γσ

ρvTµσ (4.4)

∇ρT
µν = LρT

µν + Γµ
ρσT

σν + Γν
σρT

µσ (4.5)

and
∇ρT

µ
ν = LρT

µ
ν + Γµ

ρσT
σ
ν − Γσ

vρT
µ
σ (4.6)

respectively. Note that the Christoffel symbols in this case are
defined by (3.13).

4.2 Christoffel symbols and their properties
Using definition (3.13), we can define the Christoffel sym-

bols of first kind using the relation Γλ
αβ = gλµΓµαβ as follows:

Γµαβ =
1

2
(Lβgµα + Lαgµβ − Lµgαβ) . (4.7)

The Christoffel symbols Γµαβ and Γλ
αβ are symmetric with

respect to indices α and β. Furthermore, Christoffel symbols
satisfy following properties: i)

Γµαβ = gλµΓ
λ
αβ , (4.8)

ii)
Γαµβ + Γβµα = Lµgαβ (4.9)

and iii)
Lµgαβ = −gβρΓα

ρµ − gασΓβ
σµ. (4.10)

i) and ii) are trivial and based on routine calculations. For iii),
consider gαβgρβ = δαρ . Differentiate with respect to Θµ to get

gαβLµgρβ + gρβLµg
αβ = 0. (4.11)

Multiplying by gρσ and rearranging the terms, we get

gρσgρβLµg
αβ = −gρσgαβLµgρβ . (4.12)

Now, substitute ii) in right hand side of the equation and con-
tract terms to get the desire result.

Let Γµαβ be a function of coordinate Θα and Γ̃µαβ of
Θ̃α. Then, we can define the transformation law for first kind
Christoffel symbols as follows:

Γ̃µαβ =
L2Θγ

LΘ̃αLΘ̃β

LΘδ

LΘ̃µ
gγδ +

LΘγ

LΘ̃α

LΘδ

LΘ̃β

LΘρ

LΘ̃µ
Γργδ. (4.13)

Similarly, for Christoffel symbols of second kind we have the
following transformation:

Γ̃µ
αβ =

LΘ̃µ

LΘρ

L2Θρ

LΘ̃αLΘ̃β
+
LΘ̃µ

LΘρ

LΘγ

LΘ̃α

LΘδ

LΘ̃β
Γρ
γδ. (4.14)

4.3 Riemann Christoffel curvature tensor
The Riemann Christoffel curvature tensor or curvature ten-

sor is a 4th order mixed rank tensor defined by (3.16). The
curvature tensor is anti symmetric with respect to the indices β
and γ. Thus

Rρ
αβγ = −Rρ

αγβ . (4.15)

The curvature tensor also satisfy the following cyclic property:

Rρ
αβγ +Rρ

βγα +Rρ
γαβ = 0. (4.16)

Contracting the indices of curvature tensor, we get Ricci tensor
as follows:

Rρ
αβρ = Rαβ =

L2 log
√
g

LΘβLΘα
−
LΓρ

αβ

LΘρ
+ Γρ

σβΓ
σ
αρ − Γρ

σρΓ
σ
αβ .

(4.17)
The curvature tensor can also be contracted in another way as
Rρ

αρβ which is related to the above contraction of the curvature
tensor and Ricci tensor as follows:

Rρ
αρβ = −Rρ

αβρ = −Rαβ . (4.18)

The Ricci tensor is symmetric with respect to its two indices.
Thus,

Rαβ = Rβα. (4.19)

Furthermore, contracting Rαβ gives R = gαβRαβ which is
also known as Ricci scalar our scalar curvature.

5 covariant Riemann Christoffel tensor
The covariant Riemann Christoffel tensor or the covariant

curvature tensor is defined as

Rαβγρ = gαδR
δ
βγρ =

1

2

(
L2gαρ

LΘβLΘγ
+

L2gβγ
LΘαLΘρ

− L2gαγ
LΘβLΘρ

− L2gβρ
LΘαLΘγ

)
+ gµνΓµ

βγΓ
ν
αρ − gµνΓµ

βρΓ
ν
αγ

(5.1)

and satisfy following properties:
i)

Rβαγρ = −Rαβγρ (5.2)

ii)
Rαβργ = −Rαβγρ (5.3)
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iii)
Rγραβ = Rαβγρ (5.4)

iv)
Rαβγρ +Rαγρβ +Rαρβγ = 0. (5.5)

Both curvature tensor and covariant curvature tensor satisfy
the following Bianchi identities:
i)

∇σR
α
βγδ +∇γR

α
βδσ +∇δR

α
βσγ = 0 (5.6)

ii)
∇σRαβγρ +∇γRαβρσ +∇ρRαβσγ = 0. (5.7)

6 Killing Vectors

6.1 Killing equation
We all know it from the work of Emmy Noether that symme-

tries lead to conservation laws. So, one might be interested to
know how we find symmetries in general relativity because it is
so geometric in nature. Mathematically speaking, symmetries
in General Relativity occur when metric is same from point to
point.

A systematic approach to tackle this symmetries is to intro-
duce the notion of Killing vectors. A Killing vector X is a
vector that satisfies the Killing equation:

∇νXµ +∇µXν = 0. (6.1)

The above equation in contravariant form can be written as

∇νX
µ +∇µX

ν = 0. (6.2)

Since we are working on commutative MR×S3 , covariant
derivative is thus defined as

∇νX
µ = LνX

µ + Γµ
ρνX

ρ. (6.3)

If a set of points is displaced by XµdΘµ on the vector field
X and all distance relation remain same then X is a Killing
vector. This thus concludes that if you move along the distance
of Killing vector then the metric tensor does not changes. Thus,
the particle moving along Killing vector will not experience
any force.

We shall now mathematically show that if the lie derivative
of metric tensor £Xg vanishes then that implies Killing equa-
tion for the vector field X . The lie derivative of metric tensor
on commutative R× S3 topology is given by

£Xgµν = XρLρgµν + gρνLµX
ρ + gµρLνX

ρ. (6.4)

Since covariant derivative of metric tensor vanishes, we have

∇ρgµν = Lρgµν − Γσ
µρgσν − Γσ

νρgµσ = 0 (6.5)

Lρgµν = Γσ
µρgσν + Γσ

νρgµσ. (6.6)

Using this, we can rewrite the definition of lie derivative of
metric tensor as

LXgµν = XρLρgµν + gρνLµX
ρ + gµρLνX

ρ (6.7)
= gσνΓ

σ
µρX

ρ + gµσΓ
σ
νρX

ρ + gρνLµX
ρ + gµρLνX

ρ

(6.8)

Consider the second term gµσΓ
σ
νρX

ρ. Since ρ and σ are
dummy indices, we can rewrite the term as gµρΓρ

νσX
σ . And

secondly, using the definition of covariant derivative, we can
rewrite the lie derivative of the metric tensor as

£Xgµν = gµρLνX
ρ + gµσΓ

σ
νρX

ρ + gρνLµX
ρ + gσνΓ

σ
µρX

ρ

(6.9)

= gµρLνX
ρ + gµρΓ

ρ
νσX

σ + gρνLµX
ρ + gσνΓ

σ
µρX

ρ

(6.10)

= gµρ∇νX
ρ + gρνLµX

ρ + gσνΓ
σ
µρX

ρ. (6.11)

Now similarly, switching indices in the last term yields

£Xgµν = gµρ∇νX
ρ + gρνLµX

ρ + gρνΓ
ρ
µσX

σ (6.12)

= gµρ∇νX
ρ + gρν∇µX

ρ (6.13)
= ∇ν (gµρX

ρ) +∇µ (gρνX
ρ) . (6.14)

∇νXµ +∇µXν . (6.15)

Since £Xgµν = 0, we get

∇νXµ +∇µXν = 0 (6.16)

6.2 Conserved current
Define the following quantity as a current

Jµ = TµνXν . (6.17)

where X is the Killing vector and Tµν is the stress-energy ten-
sor. If we take the covariant derivative of Jµ, we get

∇µJ
µ = ∇µ (T

µνXν) (6.18)
= (∇µT

µν)Xν + Tµν (∇µXν) (6.19)
= Tµν (∇µXν) (6.20)

where we have dropped the covariant derivative of stress-
energy tensor because it is a conserved quantity. Furthermore,
due to the symmetric nature of stress-energy indices, we can
rewrite ∇µJ

µ as

∇µJ
µ =

1

2
(Tµν∇µXν + T νµ∇νXµ) (6.21)

=
1

2
Tµν (∇µXν +∇νXµ) = 0 (6.22)

Thus proves that Jµ is a conserved quantity.

6.3 Killing equations on non commutative
topology

Similarly as of in the previous case of commutative R × S3

topology, we can define the Killing equation on non commuta-
tive R× S3 topology as

∇νXµ +∇µXν = 0. (6.23)

Here, the covariant derivative is now defined by

∇νXµ = ∂νXµ + Γµ
νρXρ (6.24)



Universal Journal of Physics and Application 17(1): 8-13, 2023 13

where

Γµ
νρ =

1

2
gγµ

(
∂gργ
∂θν

+
∂gνγ
∂θρ

− ∂gνρ
∂θγ

)
+
1

2
gγµ

(
Cσ

vρgσγ + Cσ
γνgσρ − Cσ

ργgσν
)
. (6.25)

and the derivatives are defined by definitions provided in sub
section 3.2.
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