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Abstract It cannot be overstated how significant Series
Equations are to the fields of pure and applied mathematics
respectively. The majority of mathematical topics revolve
around the use of series. Virtually, in every subject of mathe-
matics, series play an important role. Series solutions play a
major role in the solution of mixed boundary value problems.
Dual, triple, and quadruple series equations are useful in
finding the solution of four part boundary value problems
of electrostatics, elasticity and other fields of Mathematical
physics. Cooke devised a method for finding the solution of
quadruple series equations involving Fourier-Bessel series and
obtained the solution using operator theory. Several workers
have devoted considerable attention to the solutions of various
equations involving for instance, trigonometric series, The
Fourier-Bessel series, The Fourier Legendre series, The Dini
series, series of Jacobi and Laguerre polynomials and series
equations involving Bateman K-functions. Indeed, many of
these problems arise in the investigation of certain classes of
mixed boundary value problems in potential theory. There has
been less work on quadruple series equations involving various
polynomials and functions. In light of the significance of
quadruple series solutions, proposed work examines quadruple
series equations that include the product of r generalised
Bateman K functions. Solution is formal, and there has been
no attempt made to rationalise many restricting processes that
have been encountered.

Keywords Series Equations, Integral Equations, Quadruple
Series Equations, Fredholm Equations

1 Introduction
Series play an important role in the solution of mixed bound-

ary value problems [1]. Series equations were first investigated
by Cooke[8]. In the past five decades various authors Srivas-
tava [2], Narain, Singh and Lal [3], Awasthi and Rachna[4,6]
and Narain and Lal [5] have worked on different dual and
triple series equations. Apart from dual, triple series solutions,
Dwivedi and Trivedi have worked on quadruple series equa-
tions which are very useful for four part boundary value prob-
lems. Awasthi and Rachna [7] also worked on variety of inte-
gral and series equations to solve cracks. In view of importance
of quadruple series solutions, the following paper considers the
quadruple series equations involving the product of ’r’ gener-
alized Bateman K - functions. This solution is formal and no
attempts have been made to justify various limiting processes.

1.1 Problem

Here, consider the following quadruple series equations in-
volving the product of “r” generalized Bateman K-functions

∞∑
n1,n2.......nr=0

An1,n2,....,nr

r∏
i=1

K
2(αi+σi)
2(ni+αi)

(xi) =

f1(x1, x2, ......xr), 0 ≤ xi < ai (i = 1........r)

(1)

∞∑
n1,n2.......nr=0

An1,n2,....,nr

r∏
i=1

K
2(βi+σi)
2(ni+βi)

(xi) =

f2(x1, x2, ......xr), ai < xi < bi (i = 1........r)

(2)

∞∑
n1,n2.......nr=0

An1,n2,....,nr

r∏
i=1

K
2(αi+σi)
2(ni+αi)

(xi) =

f3(x1, x2, ......xr), bi < xi < ci (i = 1......r)

(3)
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∞∑
n1,n2.......nr=0

An1,n2,....,nr

r∏
i=1

K
2(βi+σi)
2(ni+βi)

(xi) =

f4(x1, x2, ......xr), ci < xi < ∞ (i = 1......r)

(4)

where f1(x1, x2, ......xr) to f4(x1, x2, ......xr) are prescribed
functions, An1,n2,....,nr

is to be determined.

1.2 Some useful Results

In the following, given some useful results that help us in
solving the problem defined above.∫ ∞

0

x−2α−2σ−1K
2(α+σ)
2(m+α)(x)K

2(α+σ)
2(n+α)(x)dx

=
22α+2σΓ(n− σ)

Γ(2α+ σ + n+ 1)
δmn

(5)

Where α + σ + 1 > 0, σ + 1 ≤ 0 and δmn is the kronecker
delta. The value of the series is given below.

S(r, x) =

∞∑
n=0

Γ(2v + σ + n+ 1)

22β+2σΓ(n− σ)
K

2(β+σ)
2(n+β)(r)K

2(α+σ)
2(n+β) (x)

(6)

=
exp−x 22α−2v

Γ(2α− 2v)Γ(2β − 2v)∫ t

0

E(ε)(x− ε)2α−2v−1(r − ε)2β−2v−1dε

(7)

=
exp−x 22α−2v

Γ(2α− 2v)Γ(2β − 2v)
St(r, x) (8)

=
exp−x 22α−2v

Γ(2α− 2v)Γ(2β − 2v)∫ t

0

E(ε)(x− ε)2α−2v−1(r − ε)2β−2v−1dε

(9)

where,

E(ε) = exp2ε ε2v+2σ+1, t = min(r, x)

The solutions of the abel integral equations of r-dimensions:

F (x1, x2, .....xr) =∫ x1

a1

∫ x2

a2

.....

∫ xr

ar

F (y1, y2.....yr)dy1, dy2, ...dyr
(x1 − y1)σ1(x2 − y2)σ2 ....(xr − yr)σr

(10)

and

F (x1, x2, ....xr) =∫ b1

x1

∫ b2

x2

......

∫ br

xr

F (y1, y2.....yr)dy1, dy2, ...dyr
(y1 − x1)σ1(y2 − x2)σ2 ....(yr − xr)σr

(11)

are given by

F (y1, y2, ....yr) =

sinσ1π sinσ2π..... sinσrπ

πr
x

dr

dy1, dy2, ...dyr

x[

∫ b1

y1

∫ b2

y2

....

∫ br

yr

F (x1, x2.....xr)dx1, dx2, ...dxr

(x1 − y1)1−σ1(x2 − y2)1−σ2 .....(xr − yr)1−σr
]

(12)

and

F (y1, y2, ....yr) =

(−1)r
sinσ1π sinσ2π....... sinσrπ

πr
x

dr

dy1, dy2, ...dyr

x[

∫ b1

y1

∫ b2

y2

......

∫ br

yr

F (x1, x2.....xr)dx1, dx2, ...dxr

(x1 − y1)1−σ1(x2 − y2)1−σ2 ......(xr − yr)1−σr
]

(13)

respectively.

2 Solutions
Let us assume

∞∑
n1,n2.......nr=0

An1,n2,....,nr

r∏
i=1

K
2(βi+σi)
2(ni+βi)

(xi) =(
h(x1, x2, ....xr), 0 < xi < ai
g(x1, x2, ....xr), bi < xi < ci

) (14)

making use of orthogonality relation (5) and from (2), (4), and
(14)

An1,n2,....,nr =

r∏
i=1

Γ(2vi + σi + ni + 1)Γ(2βi + σi + ni + 1)

22βi+2σiΓ(ni − σi)[ ∫ ai

0

x−2βi−2σi−1K
2(βi+σi)
2(ni+βi)

(xi)h(x1, x2.....xr)dxi

+

∫ bi

ai

x−2βi−2σi−1K
2(βi+σi)
2(ni+βi)

(xi)f2(x1, x2.....xr)dxi

+

∫ ci

bi

x−2βi−2σi−1K
2(βi+σi)
2(ni+βi)

(xi)g(x1, x2.....xr)dxi

+

∫ ∞

ci

x−2βi−2σi−1K
2(βi+σi)
2(ni+βi)

(xi)h(x1, x2.....xr)dxi

]
(15)

Substituting this expression for An1,n2....nr from (15) in (1),
and (4) and interchanging the order of integration, the follow-
ing equation is obtained

r∏
i=1

[ ∫ ai

0

u−2βi−2σi−1
i S(ui, xi)h(u1, u2, ....ur)dui

+

∫ ci

bi

u−2βi−2σi−1
i S(ui, xi)g(u1, u2, ....ur)dui

]
= M(x1, x2, ....xr), 0 < xi < ai(i = 1.......r)

(16)
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r∏
i=1

[ ∫ ai

0

u−2βi−2σi−1
i S(ui, xi)h(u1, u2, ....ur)dui

+

∫ ci

bi

u−2βi−2σi−1
i S(ui, xi)g(u1, u2, ....ur)dui

]
= N(x1, x2, ....xr), bi < xi < ci

(17)

Where

M(x1, x2, ....xr) = f1(x1, x2, ....xr)−
r∏

i=1

[ ∫ bi

ai

u−2βi−2σi−1
i S(ui, xi)f2(x1, x2, ....xr)dxi−∫ ∞

ci

u−2βi−2σi−1
i S(ui, xi)f4(x1, x2, ....xr)dxi

] (18)

N(x1, x2, ....xr) = f3(x1, x2, ....xr)−
r∏

i=1

[ ∫ bi

ai

u−2βi−2σi−1
i S(ui, xi)f2(x1, x2, ....xr)dxi−∫ ∞

ci

u−2βi−2σi−1
i S(ui, xi)f4(x1, x2, ....xr)dxi

] (19)

Equation (16) can be written with the help of (7) as

r∏
i=1

∫ xi

0

E(εi)d(εi)

(xi − εi)1−2αi+2vi∫ αi

i

u−2βi−2σi−1
i h(u1, u2, ....ur)dui

(ui − εi)1−2βi+2vi

=

r∏
i=1

Γ(2αi − 2vi)Γ(2βi − 2vi)

2(2αi−2vi)
M(x1, x2, ....xr)

−
∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui∫ xi

0

E(εi)d(εi)

(xi − εi)1−2αi+2vi(ui − εi)1−2βi+2vi

(20)

with the help of (12), and from (20) concluded that

r∏
i=1

E(εi)

∫ αi

i

u−2βi−2σi−1
i h(u1, u2, ....ur)dui

(ui − εi)1−2βi+2vi

=
1

πr
.

r∏
i=1

Γ(2αi − 2vi)Γ(2βi − 2vi)

2(2αi−2vi)

sin(1− 2αi + 2vi)π
d

dεi

∫ εi

0

M(x1, x2, ....xr)dxi

exp−x(εi − xi)2αi−2vi

− 1

πr
.

r∏
i=1

[sin(1− 2αi + 2vi)π

d

dεi

∫ εi

0

dxi

(εi − xi)2αi−2vi∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

x

∫ xi

0

E((ti)d(ti)

(xi − ti)1−2αi+2vi(ui − ti)1−2βi+2vi

(21)

The second integral of (21) can be written in the form

− 1

πr
.

r∏
i=1

[
sin(1− 2αi + 2vi)π∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

]
x

d

dεi

∫ xi

0

E((ti)d(ti)

(ui − ti)1−2βi+2vi∫ εi

ti

d(xi)

(εi − xi)2αi−2vi(xi − ti)1−2αi+2vi

= −
r∏

i=1

∫ ci

bi

g(u1, u2, ....ur)E(εi)u
−2βi−2σi−1
i

(ui − εi)1−2βi+2vi

(22)

Where

r∏
i=1

∫ εi

ti

d(xi)

(εi − xi)2αi−2vi(xi − ti)1−2αi+2vi

=
πr∏r

i=1 sin(1− 2αi + 2vi)π

(23)

Hence,

r∏
i=1

∫
h(u1, u2, ....ur)u

−2βi−2σi−1
i

(ui − εi)1−2βi+2vi
=

M1(ε1, ε2, ....εr∏r
i=1 E(εi)

−
r∏

i=1

∫ ci

bi

g(u1, u2, ....ur)E(εi)d(ui)u
−2βi−2σi−1
i d(ui)

(ui − εi)1−2βi+2vi

(24)

Where,

M1(ε1, ε2, ....εr) =
1

πr
.

r∏
i=1

Γ(2αi − 2vi)Γ(2βi − 2vi)

2(2αi−2vi)

sin(1− 2αi + 2vi)π
d

dεi

∫ εi

0

M(x1, x2, ....xr)dxi

exp−x(εi − xi)2αi−2vi

(25)

Equation (24) is of the form of abel integral equation of r di-
ameter so applying (13), obtain from (24).

r∏
i=1

h(u1, u2, ....ur)u
−2βi−2σi−1
i

=

(
− 1

π

)r r∏
i=1

sin(1− 2βi + 2vi)π

d

dui

∫ ai

ui

M1(ε1, ε2, ....εr)dεi
E(εi)(εi − ui)2βi−2vi

−(
− 1

π

)r r∏
i=1

sin(1− 2βi + 2vi)

π
d

dui

∫ ai

ui

dεi
(εi − ui)2βi+2vi

.∫ ci

bi

g(S1, S2, ....Sr)S
−2βi−2σi−1
i d(Si)

(Si − εi)1−2βi+2vi

(26)
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Now using the result,

r∏
i=1

d

dui

∫ ai

ui

dεi
(εi − ui)1−βi(Si − εi)βi

= (−1)r
r∏

i=1

(αi − ui)
βi−1

(Si − ai)βi(Si − ui)
, 0 < ui < ai

(27)

concluded that,

h(u1, u2, ....ur) = M2(u1, u2, ....ur)

− 1

πr

r∏
i=1

sin(1− 2βi + 2vi)π

(ai − ui)2βi−2vi
u2βi+2σi+1
i∫ ci

bi

(Si − ai)
2βi−2vig(S1, S2, ....Sr)S

−2βi−2σi−1
i

Si − ui
, 0 < ui < ai

(28)

Where,

M2(u1, u2, ....ur) = − 1

πr

r∏
i=1

sin(1− 2βi + 2vi)πu
2βi+2σi−1
i

d

dui

∫ ai

ui

M1(ε1, ε2, ....εr)dεi
E(εi)(εi − ui)2βi−2vi

(29)

Using (16) and (7), concluded that

r∏
r=1

∫ xi

bi

E(εi)G(ε1, ε2, ....εr)dεi
(xi − εi)1−2αi+2vi

=

r∏
i=1

Γ(2αi − 2vi)Γ(2βi − 2vi)M(x1, x2, ....xr)

exp−xi 2(2αi−2vi)

−
r∏

i=1

∫ bi

ai

u−2βi−2σi−1
i h(u1, u2, ....ur)dui

x

∫ ui

0

E(εi)d(εi)

(xi − εi)1−2αi+2vi(ui − εi)1−2βi+2vi

−
r∏

i=1

∫ bi

0

E(εi)d(εi)

(xi − εi)1−2αi+2vi∫ ci

bi

g(u1, u2, ....ur)u
−2βi−2σi−1
i d(ui)

(ui − εi)1−2βi+2vi

(30)

where,

G(ε1, ε2, ....εr)

=

r∏
i=1

∫ ci

εi

g(u1, u2, ....ur)u
−2βi−2σi−1
i d(ui)

(ui − εi)1−2βi+2vi

(31)

From (31) and (13), concluded that

r∏
i=1

g(u1, u2, ....ur)u
−2βi−2σi−1
i =

(
− 1

π

)r r∏
i=1

sin(1− 2βi + 2vi)π
d

dui

∫ ci

ui

G(ε1, ε2, ....εr)dεi
(ui − εi)1−2βi+2vi

(32)

The equation (30) has the form (10), then using the equation
(30) can be written in the form

r∏
i=1

E(εi)G(ε1, ε2, ....εr) = N1(ε1, ε2, ....εr) + I1 + I2

bi < εi < ci
(33)

Where,

N1(ε1, ε2, ....εr) =
1

πr

r∏
i=1

Γ(2αi − 2vi)Γ(2βi − 2vi)

2(2αi−2vi)

sin(1− 2αi + 2vi)π

∫ εi

bi

N(x1, x2, ....xr)dxi

(εi − xi)2αi−2vi

(34)

I1 =
1

πr

r∏
i=1

sin(1− 2αi + 2vi)π
d

dεi∫ εi

bi

dxi

(εi − xi)2αi−2vi∫ ui

0

h(u1, u2, ....ur)u
−2βi−2σi−1
i d(ui)∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

x

∫ xi

0

d(ti)

(xi − ti)1−2αi+2vi(ui − ti)1−2βi+2vi

(35)

I2 =
1

πr

r∏
i=1

sin(1− 2αi + 2vi)π
d

dεi

∫ εi

bi

dxi

(εi − xi)2αi−2vi∫ bi

0

E(ti)d(ti)

(xi − ti)1−2αi+2vi

∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

(ui − ti)1−2βi+2vi

(36)
After some manipulation, get

I1 = − 1

πr

r∏
i=1

sin(1− 2αi + 2vi)π

(εi − bi)2αi−2vi∫ ai

0

(bi − ti)
2αi−2viE(ti)d(ti)

(εi − ti)

x

∫ ai

ti

u−2βi−2σi−1
i h(u1, u2, ....ur)dui

(ui − ti)1−2βi+2vi

(37)

Putting the value of last integral in the above equation, from
(24), obtained

I1 = M3(ε1, ε2, ....εr) +
1

πr

r∏
i=1

sin(1− 2αi + 2vi)π

(εi − bi)2αi−2vi

x

∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

x

∫ ai

0

(bi − ti)
2αi−2viE(ti)d(ti)

(εi − ti)(ui − ti)1−2βi+2vi

(38)

Where

M3(ε1, ε2, ....εr) = − 1

πr

r∏
i=1

sin(1− 2αi + 2vi)π

(εi − bi)2αi−2vi

x

∫ ai

0

M1(t1, t2, ....tr)(bi − ti)
2αi−2vid(ti)

(εi − ti)

(39)
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after some manipulation, (36) can be written in the form

I2 =
1

πr

r∏
i=1

sin(1− 2σi + 2vi)π

(εi − bi)2αi−2vi∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

x

∫ bi

ai

(bi − ti)
2αi−2viE(ti)d(ti)

(εi − ti)(ui − ti)1−2βi+2vi

(40)

Hence,

I1 + I2 = M3(ε1, ε2, ....εr)−
1

πr

r∏
i=1

sin(1− 2αi + 2vi)π

(εi − bi)2αi−2vi∫ ci

bi

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

x

∫ bi

ai

(bi − ti)
2αi−2viE(ti)d(ti)

(εi − ti)(ui − ti)1−2βi+2vi

= M3(ε1, ε2, ....εr)−
1

πr

r∏
i=1

sin(1− 2σi + 2vi)π

(εi − bi)2αi−2vi

x

∫ bi

ai

(bi − ti)
2αi−2viRd(ti)

(εi − ti)

(41)

Where,

R =

r∏
i=1

u−2βi−2σi−1
i g(u1, u2, ....ur)dui

(ui − ti)1−2βi+2vi
(42)

By using a method similar to that of Cooke [1963], it can be
easily shown that

R =
1

πr

r∏
i=1

sin(1− 2αi + 2vi)Π(bi − ti)
2βi−2vi

∫ ci

bi

g(u1, u2, ....ur)dui

(ui − ti)2βi+2vi

(43)

Using equation (41) and (43), the equation (33) can be written
in the form

r∏
i=1

P (εi)G(ε1, ε2, ....εr) = M3(ε1, ε2, ....εr)

N1(ε1, ε2, ....εr) +

r∏
i=1

∫ ci

bi

G(u1, u2, ....ur)

K(ui, εi)dui, bi < εi < ci(i = 1, 2, ....r)

(44)

Where,
r∏

i=1

K(ui, εi)dui =

1

π2r

sin(1− 2βi + 2vi)π sin(1− 2αi + 2vi)π

(εi − xi)2αi−2vi(ui − bi)2βi−2vi

x

∫ bi

ai

E(ti)(bi − ti)
2αi+βi−4vidti

(εi − ti)(ui − ti)

(45)

3 Conclusion

Equation (44) is a Fredholm integral equation of the second
kind. This is a standard equation. From this equation, deter-
mine the value of G(S1, S2, ..Sr). Knowing G(S1, S2, ...Sr),
g(I1, I2, ...Ir) and h(I1, I2, ...Ir) can be easily obtained from
(28) and (32) and hence the coefficients A(n1, n2....nr) can be
determined.
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