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Abstract Missing data is a real problem in all statistical 
modeling fields, particularly, in structural equation modeling 
which is a set of statistical techniques used to estimate models 
with latent concepts. In this research paper, an investigation 
of the techniques used to handle missing data in structural 
equation models is elaborated. To clarify this, a presentation 
of the mechanisms of missing data is made based on the 
probability distribution. This presentation recognizes three 
mechanisms: missing completely at random, missing at ran-
dom, and missing not at random. Ignoring missing data in the 
statistical analysis may mislead the estimation and generates 
biased estimates. Many techniques are used to remedy this 
problem. In the present paper, we have presented three of 
them, namely, listwise deletion, pairwise deletion, and full 
information maximum likelihood. To investigate the power of 
each of these methods while using structural equation models 
a simulation study is launched. Furthermore, an examination 
of the correlation between the exogenous latent variables is 
done to extend the previous studies. We simulated a three 
latent variable structural model each with three observed 
variables. Three sample sizes (700, 1000, 1500) are examined 
accordingly to three missing rates for two specified mecha-
nisms (2%, 10%, 15%). In addition, for each sample, 
hundred other samples were generated and investigated 
using the same case design. The criteria of examination are 
a parameter bias calculated for each case design. The results 
illustrate as theoretically expected the following: (1) the non-
convergence of pairwise deletion, (2) a huge loss of 
information when using listwise deletion, and (3) a 
relative performance for the full information  maximum

likelihood compared to list-wise deletion when using the 
parameters bias as a criterion, particularly, for the 
correlation between the exogenous latent variables. This 
performance is revealed, chiefly, for larger sample sizes 
where the multivariate normal distribution occurs.

Keywords Structural Equation Modeling, MCAR, MAR,
Missing Data, Parameter Bias

1 Introduction
Seen as one of the most redundant problems in statistics,

missing data is the fact of having one or more missed values in
a given data set.

The mechanisms of missing data theory were introduced in
[1]. As a point of fact, they are relevant to the research that fol-
lows and are related to the missing data in data analysis when
the rate of missing data in a given data set is higher or follows
a specific mechanism. The fact of not considering it may mis-
lead the analysis and generate biased estimates. In this sense,
analyzing and handling the missing data is a preparatory step
that should be inspected before starting any statistical model-
ing. Based on this, practitioners of SEM models should note
the importance of handling missing data.

In this research paper, we will give a detailed presentation of
the missing data theory inspired by the pioneer [1], in the first
section 2. To explain [1] has linked the theory of probability
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to the process of missing data. In this context, we will relate
the different patterns recognized for missing data. Then, we
will show the differences between a missing data pattern and
a missing data mechanism. These mechanisms will be formal-
ized mathematically using a probability distribution denoted
R.

In the second section 3 a general summary of the techniques
used to fix the missing data will be presented. The differ-
ence between the present study and the previous ones is that
we added all the possible parameters (including the correla-
tions between the exogenous latent variables) to assess the effi-
ciency of each of the following methods for fixing missing data
in SEM : (1) The listwise deletion (LD), the pairwise deletion
(PD), the missing values replacements, and the full information
maximum likelihood (FIML).

The last section suggests a simulated case study to test the
performance of each of these techniques in the context of SEM
models, the criterion selected reflects the percentage of bias
generated while using each of the methods for the three latent
variables structural model. In addition, a Monte Carlo simula-
tion is used for the models to give more generalized findings.
A general discussion to test the conformity of the findings with
the previous studies existing in the literature is made.

A structural equation model is generally defined as follows:
as a reminder, the notations and hypotheses used for this paper
are the same as denoted in [2-6].

The latent variable model considered is the following :

η = Bη + Γξ + ζ (1)

The dimension of the latent endogenous variables vector is m×
l;

For the vector of latent exogenous variables, it is n× l;
B is the coefficient matrix with dimension m × m; it re-

flects the correlation between the latent random endogenous
variables;
Γ is the m× n coefficient matrix for the effects of ξ on η.
(I −B) is a nonsingular matrix.
ζ is the disturbance vector; with E(ζ = 0) and which is

uncorrelated with ξ.

The measurement model is stated as follows:

y = Λyη + ϵ (2)
x = Λxξ + δ (3)

The y (p× l) and the x (q× l) vectors are observed variables,
∆x (p × m) and ∆y (q × n) are the coefficient matrices

reflecting the correlation of y to η and x to ξ respectively,
and ϵ (p × 1) and δ (q × 1) are the errors of measurement,

respectively for y and x.
The errors of measurement are supposed to be uncorrelated

with ξ and ζ and also with each other.

2 Missing Data in SEM
Missing data is the fact of having unobserved values in a set

of data. This problem is a frequent complication of any real-
world study. These unobserved values would be meaningful

for analysis if observed indeed. That is, a missing value hides
a meaningful value [7]. Rubin[1] establishes an early universal
classification system for missing data problems. This classifi-
cation has been entitled the mechanisms of missing data and
it describes the relationships between measured variables and
the probability of missing data. In other words, mechanisms of
missing data are the assumptions for missing data analysis. It
is necessary to recognize the difference between missing data
patterns and mechanisms. They have different definitions but
researchers sometimes use them in a commutable way which
is wrong [7].

In what follows, we shall give the definitions of missing data
patterns and missing data mechanisms to avoid any confusion
between the mechanisms and the patterns of missing data.

2.1 Missingness patterns
A researcher should differentiate between the missing data

patterns and the missing data mechanisms. We generally define
a pattern of missing data as follows:

Definition 1. Missing data pattern
Missing data pattern refers to the configuration of observed

and missing values in a data set. That is to say that the missing
data patterns describe the location of the holes in the data.

As an evident example of a missing data pattern, we may
assume that a relevant relationship occurs in a survey design
between the educational level of the interviewed person and
the plenty of missing data.

Enders[7] summarizes from the literature six prototypical
missing data patterns.

• The univariate pattern

• The unit nonresponse pattern

• The monotone missing data pattern

• The general missing data pattern

• The planned missing data pattern

• The latent variable pattern

2.2 Mechanisms of Missing Data in SEM
Similar to missing data patterns, the missing data mecha-

nism does not offer a causal explanation for the missing data.
Rubin[1] is the pioneer of the missing data classification sys-
tem, which is widely used in the literature today. Related to this
classification we distinguish three mechanisms : (1) missing at
random, (2) missing completely at random, and (3) missing not
at random.

To illustrate these three mechanisms. We will be adopting
notations in [7] for what follows. Despite that, if a data set
contains missing values then the complete data must be a hy-
pothetical entity and Y is an observed variable. For the need
of analyzing the missing values, the variable Y will have the
below structure in the data set.

• Ycom: The hypothetical complete scores.
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• Yobs: The observed scores in the data.

• Ymis: The hypothetical scores that are missing.

We should also consider R as denoted in [7] as the indicator
of missing values in a given data set.

And Φ: is a parameter or a set of parameters that describe
the relationship between R and the data.

Definition 2. Missing data mechanism :
The missing data mechanism describes the possible relation-

ships between measured variables and the probability of miss-
ing data. It gives a generic mathematical relationship between
the data and missingness.

The distribution of missingness mechanism depends of the
following variables: Ycom, Yobs, Ymis, R, and Φ.

In what follows, we define each mechanism as introduced
by [1] and detailed by [7]. These definitions use formal ex-
pressions in terms of the probability distribution of each score
Y and are harmonized with the mechanism definition.

Definition 3. Missing at Random (MAR)
When the probability of missing data on a variable Y is re-

lated to some other measured variable ( or variables) in the
analysis model but not to the values of Y itself. MAR means
that there is a systematic relationship between one or more
measured variables and the probability of missing data.

The distribution of missing data is expressed as :
p(R|Yobs,Φ)

Definition 4. Missing completely at Random (MCAR)
It is purely haphazard missingness. Otherwise, the proba-

bility of missing data on a variable is unrelated to both other
measured variables and the values of Y itself.

The distribution of missing data is expressed as p(R|Φ)

Definition 5. Missing not at Random (MNAR)
When the probability of missing data on a variable Y is re-

lated to the values of Y itself, even after controlling for other
variables.

A mathematical expression of the distribution of these miss-
ing data is given as : p(R|Yobs, Ymis,Φ)

Formal expressions for these definitions can be given using
the probability distribution of each with X designing variables
in data for which the missing data may depend.

• For MAR :

P (Ymis|Ycom, X) = P (Ymis|X),∀X (4)

• For MCAR :

P (Ymis|Ycom, X) = P (Ymis|Ycom, X),∀X (5)

• For MNAR :

P (Ymis|Ycom, X) = P (Ymis),∀X (6)

The MNAR mechanism requires strict and unverifiable as-
sumptions, for further details see[8]. For further information
about missing data in SEM see [9] for MNAR and see [10] for
MAR and MCAR.

3 Techniques for Handling Missing
Data in SEM

To exceed this problem in SEM analysis, statistical methods
have been actively pursued in recent years, as well as the im-
putation, likelihood, and weighting approach. Each approach
depends on many variables such as the pattern of missing val-
ues and their mechanisms. In this section, we will present the
four most used techniques for handling missing data in SEM.
As a reminder, this is not an exhaustive list of all the techniques
for missing data. The relevance of the next four treated missing
values techniques is due to their performance in parameter es-
timations. To emphasize this, the method of mean imputation
is not cited here since [11] has proven that it generates biased
estimates with both mechanisms MCAR and MAR.

3.1 Listwise Deletion
Listwise deletion is about deleting the list of all the units

that have at least one missed value. Then, the data used in
the analysis contains only those cases that are complete on all
observations.

Despite its benefits such as the easy implementation and
comparability of univariate statistics, it generates a huge waste
of information for the complete data. This may affect the re-
sults and brings out inefficient parameter estimates [12]. Like-
wise, this technique is available only for the missing data due
to the MCAR mechanism. If not (i.e using the listwise deletion
strategy for missing data due to MAR or MNAR mechanisms)
the estimates would be biased.

In structural equation models, adopting the listwise is a two-
step approach [13]: the researcher should, firstly, delete all the
observations with one missing value or more and, secondly,
calculate the new covariance matrix generated with the com-
plete data. To put it differently, the second step corresponds
to using a covariance matrix said SL that contains all the re-
maining observations after deleting the ones with at least one
missing value. This matrix is the one to be used for the analy-
sis. Under those circumstances, the number of remaining cases
(i.e the sample size) in SL denoted NL is less than the size of
the complete sample said N . Regardless, estimations from the
SL are less efficient than they would be with the full sample S.

To demonstrate this, if the rate of missing values for each
variable is less than 10% then the percentage of information
loss using the listwise may attain (p + q)10% which is a huge
loss. Moreover, the values of non-missing variables for the
observations with one missed value dropped out and cannot be
used [14].

At the same time, the estimator of θ generated with listwise;
using the minimization functions, namely, FML, FULS , and
FGLS is recognized as the fitting functions used in the stage
of estimation for a structural equation model; and is consistent
whenever NL → ∞ and N → ∞. It is important to realize
that while NL > p + q, the covariance matrix with listwise
correction; SL; is positive-definite, and provided Σ [15,14].
Another property of S that maintains for SL is the multinormal
distribution assumption. To clarify the replacement of S by SL

and N by NL does not affect the use of usual test statistics.
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3.2 Pairwise Deletion
Pairwise deletion is used in a way that all of the available

data is utilized by eliminating cases on a variable by variable.
This is doable by including in the covariance matrix the ele-
ments with calculated values and the bivariate pairs with miss-
ing values dropping out of the matrix. The generated matrix
using pairwise deletion is denoted SP . Consequently, SP will
be based on different sets of observations (i.e cases). The main
advantage of pairwise deletion is the fact that it utilizes all of
the available information in calculating the SP , notably it does
not discard the whole cases.

Like listwise deletion, this technique requires the MCAR as-
sumption. The estimates under MAR are misleading and out-
put biased estimates for the parameter. This fact was proved
using empirical studies [9,13,16]. In contrast, pairwise dele-
tion has its issues. In the first place, the SP can not be positive-
definite, likewise the minimization functions do not need to
have a minimum of zero [17,14].

The abovementioned fact of the undetermined dimension of
SP generates a second issue: the options for the NP which is
the size of the used sample cannot be defined simply, since the
elements included in SP depend on different numbers of cases.
Importantly, the researcher has the possibility of choosing the
NP . In view of using this parameter to estimate the chi-square
tests and the asymptotic standard errors of each parameter es-
timate.

Reference[17] gives the approximate formula for the asymp-
totic covariance of the cases sij and sgh; when handling miss-
ing data with pairwise deletion, and having in mind the as-
sumption that the complete data variables are multinormally
distributed is as follows :

ACOV (sij , sgh) =
Nijgh

NijNgh
(σijσjh + σihσjg) (7)

Assuming :
Nijgh is the size of observations with complete data on the

variables i, j , g and h.
Ngh is the number of observations with complete data on the

variables g and h.
The main difference between this asymptotic covariance (7)

and usual asymptotic covariance is the fact that the coefficient
1

N
for FML and FGLS is replaced by

Nijgh

NijNgh
.

Equally important, the use of the results of chi-square and
standard errors generated with the SP may be inappropriate
since the distribution assumptions for the minimization func-
tions are violated.

3.3 Missing Values replacements
The missing values replacement is a technique used for han-

dling missing data while analyzing a model. The basic prin-
ciple of this technique is each missing case has a designated
method to use to estimate a new value for replacing the missing
one. In the context of SEM, those estimated values are directly
used to calculate the covariance matrix of the model denoted
SM for the N available observations. Many methods are avail-
able for estimating the missed values such as the mean of the

observed variable, a simple regression estimate of its value, or
the similar pattern introduced by [18] or by some other num-
bers.

In this study, we didn’t investigate mean imputation with
SEM models, since other studies have explored this technique
and demonstrated the biased estimates generated while using it
[11,16].

The main advantage of these techniques is that the N ob-
servations will be used to calculate the SM . Yet, some weak
points are observed while using this process. To illustrate this
fact, we shall use an example of a simple single variable:

xcom = λξ + δ (8)

xcom represents the ideal situation where all the indicators are
not missing. And we do have the two following assumptions:

1. COV (ξ, δ) = 0 ;

2. E(δ) = 0

In case we are having missing values in x∗ then we should
estimate it using the below model :

x = xcom + ϵ (9)

Considering ϵ as the difference between the estimated value
x and the missing value xcom.

An evidence is that when ϵ = 0 then the xcom is nonmissing.
We also assume that :

1. COV (xcom, ϵ) = 0;

2. E(ϵ) = 0

To show the effect of this imputation on the variance of the
indicator x. Let’s calculate the V AR(x) when x = xcom (i.e
there is no missing value in the data) and the V AR(x) when x
satisfy equation (9).

• for the first case, we will have :

V AR(x) = V AR(λξ + δ)

V AR(x) = λ2ϕ+ V AR(δ) (10)

• for the second case, we will have :

V AR(x) = V AR(λξ + δ + ϵ)

V AR(x) = λ2ϕ+ V AR(δ) + V AR(ϵ) (11)

The variance V AR(x) in the second case equation (11) is
higher than the one in the first case equation (10). Ignoring this
discrepancy will generate heteroscedasticity for the error in the
equation for x since the error variance is greater for estimated
values. Moreover, the distribution for x in (9) is unlikely to be
normal [14].
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Similar Response Pattern Imputation

Jöreskog[19] presented a response pattern imputation. In a
few words, the technique aims to impute values of a variable X
from another case with similar observed values ( i.e similar in
the sense of having the same values for the specified observed
variables that define the similarity). In a statistical sense, it is
about minimizing a criterion on a set of matching variables. If
no matching observation exists that has complete data on the
set of the abovementioned variables, then the imputation can-
not unroll. Nonetheless, if a case satisfies the listed conditions,
then the value corresponding to the variable missed X in case
i will be assigned to the missed value.

Brown[11]’s study is a reference for all researchers that look
for the performance of missing data techniques with SEM.
Brown’s results proved the efficiency of this method under
MCAR even though a little bias was generated for the struc-
tural parameters.

3.4 Full Information Maximum Likelihood
The Maximum Likelihood (ML) approaches for treating

missing data is a widely used technique. Owing to the re-
quired less restrictive assumption, unbiased estimates will re-
sult in the MCAR and MAR. Additionally, the ML technique
output more efficient parameter estimates than the two men-
tioned techniques (i.e listwise deletion and pairwise deletion).

Assuming multivariate normality, the principle of full infor-
mation maximum likelihood (FIML) is to calculate a case-wise
likelihood of the observed data for the case i:

logLi = Ki −
1

2
log|Σi| −

1

2
(xi − µi)

′Σ−1
i (xi − µi) (12)

Taking into account that :
Ki: is a constant depending on the size of complete data for

the case i;
xi: is the observed data for the case i;
µi: includes the parameter estimates for the mean vector of

the complete variables for the case i;
and Σi: is the covariance matrix containing parameter esti-

mates for the complete variables for the case i;
For all the cases i the variables included in the sample are

accumulated and the general function of maximization is given
as follows :

logL(µ,Σ) =

N∑
i=1

logLi (13)

As a matter of fact, with the full maximum likelihood esti-
mation, all of the variables in the data are used in the parameter
estimation. For the case denoted i it is obvious that it con-
tributes to estimating all the model parameters for which exists
complete data. This case inclusion also known as the inclusion
of partially recorded cases is a basic stage in the theoretically
demonstrated advantages of the likelihood inference.

In the MCAR mechanism, the fact of including partially
recorded cases helps to ameliorate the efficiency of maxi-
mum likelihood parameter estimates when compared to list-
wise deletion. The random property of this mechanism does
not allow the bias to be affected.

Few studies have already examined the performance of this
technique (FIML) with the ad-hoc other techniques. Refer-
ence[13] for example, shows a CFA model and is investigated
for this purpose. Enders[11] has also used two models to test
this performance: the first model was a CFA and the second
one was a structural model with latent variables equivalent to
the CFA one. Both have proven the relative performance of
FIML when compared to ad-hoc methods, which is compatible
and consistent with the theoretical investigations. In what fol-
lows, we have decided to extend the study to different sample
sizes and to focus on the impact of these missing data tech-
niques in the estimations of different type of parameters (e.g
path coefficients between latent variables, factor loadings and
the correlation between the exogenous latent variables) using
a simulated study and investigating the ad-hoc techniques and
the full information maximum likelihood strategy.

4 Illustration : Simulated case study
To define the performance of each of the above-cited tech-

niques of handling missing data in SEM, we have adopted
a similar simulation study made by [9,11,13,12] with minor
changes. The main purpose of this study is to use relevant cri-
teria for investigating the performance of each technique (i.e:
Listwise deletion (LD), pairwise deletion (PD), and full infor-
mation maximum likelihood (FIML)), using Monte Carlo sim-
ulation which offers the possibility of generating from the same
sample many different sub-samples. In addition, the software
used is R programming language, particularly the package

LAVAAN.

4.1 Study Methodology

In this section, we will bring the different variables that de-
fine a case design for our study into sharp, by exploring the data
generation process, and the simulation design for the missing
data as far as the purpose behind the selected criteria.

Data generation

We used a SEM model (see Figure 1) containing three latent
variables (ξ1, ξ2 and η1), each latent variable is associated with
three observed variables. Following the mentioned studies, we
set the loading to one of the following values: .4, .6, and .8.

However, in order to extend the study to explore the effect
of those missing data techniques on the correlation between
the exogenous latent variables (ϕ12 : the correlation between
ξ1 and ξ2), we parameter it to have one of the previous values
(i.e .4, .6, .8). In addition to that, three levels of sample size
are investigated during the simulation of the study design (700,
1000, and 1500) and three levels of missing data (2%, 10%,
and 15%). Indeed, for each sample size, the value of the pa-
rameters, and rate of missing values we generated 100 data of
the 9 observed variables computed as a function of the three
latent variables and a standard normal noise.

The latent exogenous variables are drowned for a multivari-
ate standard normal distribution with the correlation set as one
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of the values of the parameters above-mentioned. The mvnorm
function from MASS package in R is used for this purpose. It
generates two independent normal distributions and then uses
Cholesky factorization to obtain two linearly correlated distri-
butions.

It should be noted that the rnorm function is used to gen-
erate the random noise. In the case of the endogenous latent
variable, they are computed as a function of the two exogenous
variables.

Simulation Design

In terms of the missing data, we have simulated the MCAR
mechanism by sampling uniformly (with equal probabilities
and without replacement) from the vector starting from 1 to
the rate of missing data times the sample size.

We estimated the model using a maximum likelihood es-
timator with a listwise deletion method, pairwise deletion
method, and full information maximum likelihood method.
However, for unexpected reasons, the pairwise deletion method
has failed to converge in the model. To clarify this, whenever
we use the pairwise deletion an error message was displayed
reporting that the covariance matrix was not positive definite.

These findings are recognized in theory [14] because of
the size of the covariance matrix generated by using the pair-
wise deletion. As cited in the definition of pairwise dele-
tion this problem may appear to offend the estimation to be
made. Hence, we are limited to the other two methods (LD
and FIML).

The criterion designated to test the performance of each of
the three techniques: Parameter estimate bias. This bias is
computed as the following percentage:

%bias =
θ̂ij − θi

θi
(14)

where θ̂ij , i = 1, . . . , 12; j = 1, . . . , 100 is the estimation
of the model parameter θi in jth simulation. Then the mean
across all the simulations is then computed for each parameter.

These parameters are as follows :

• The loading associated with the exogenous latent vari-
ables.

• The loadings associated with the endogenous latent vari-
able.

• The structural coefficients (path coefficients).

• The correlation between the exogenous latent variables.

To test the overall bias we will calculate a criterion as the mean
percentage of bias for the model parameters. Each one of the
above-mentioned parameters is estimated for different sample
size, value and the missing data technique used.

4.2 Findings and Results
In what follows, we have summarized the results generated

from this study. For the listwise deletion techniques Table
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Figure 1. A SEM model with two exogenous latent variables and one endoge-
nous latent variable each associated with three observed variables

1, shows the results of the calculated percentage of bias for
the loadings associated with the exogenous latent variables, by
sample size and estimated value for each missing data rate.

Whatever the missing data rate and the magnitudes of load-
ings are, there is relatively a higher bias observed in samples
of small size.

For table 2 reporting the percentage of bias for the loadings
associated with the exogenous latent variables, the main result
is shown independently from the sample size and the missing
rate. The method has generated a negligible bias ( ranging from
0% to 1%). In contrast, with the listwise deletion where the
bias for some parameter has exceeded the 1.62%.

Otherwise, the parameter estimates generated for the loading
of the exogenous latent variables are relatively better for the
FIML than those estimated while using LD.

To illustrate the effect of the loadings associated with the en-
dogenous latent variables, we have originally, produced the cal-
culations for the bias for both techniques ( FIML and LD). The
table 3 shows those results for the listwise deletion method.
Fewer percentages of bias are observed for samples with the
smallest sizes. In fact, for the sample size of 700, In fact, for the
sample size of 700, the larger the magnitude is the higher the
bias is, too for the loadings associated with the latent variables.
Moreover, the higher the rate of missing data is, the higher the
percentage of bias generated is. Similar results were shown in
table 4 with full information maximum likelihood technique.

For the correlation between the exogenous latent variables
(ϕ12) the bias generated is smaller for the FIML than the list-
wise deletion, particularly for large sample size.

A mean of the abovementioned percentage of bias was gen-
erated for both methods (LD and FIML) to illustrate clearly the
effect of the rate of missing data and the magnitude in factor
loadings are presented in table 5.

For samples with 700 as a size, independently from the mag-
nitude of factors, the listwise deletion is a better technique if
the missing data rate is equal to two percent. For samples with
over 1000 and 1500, the FIML appears to bring better estima-
tion when compared to the listwise deletion.

4.3 Discussion

The results generated with this study are not surprising since,
we have theoretically, discussed the performance of the full in-
formation maximum likelihood technique for handling missing
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Table 1. Percentage of bias for the loadings associated the exogenous latent
variables, by sample size, value, and missing data using listwise method

sample size parameter missing data x 11 x 12 x 13 x 21 x 22 x 23

700 0.4 2% 0.88 0.81 0.7 0.32 0.45 0.1
700 0.4 10% -0.29 -0.35 -0.33 -0.15 0.03 0.1
700 0.4 15% -0.85 -1.44 -1.39 0.13 -0.58 -0.19
700 0.6 2% -0.07 0 -0.19 -0.07 -0.32 -0.16
700 0.6 10% -0.26 -0.43 -0.38 0.05 -0.26 0.02
700 0.6 15% -0.2 -0.38 -0.43 -0.15 -0.42 -0.09
700 0.8 2% -0.09 0.28 0.02 0.07 0.01 0.15
700 0.8 10% -1.13 -1.2 -0.93 -1.09 -0.85 -1.04
700 0.8 15% -0.19 0.23 0.59 -0.36 0.41 0.38
1000 0.4 2% -0.05 0.05 0.07 -0.16 0.04 -0.14
1000 0.4 10% -0.32 -0.1 0.15 -0.19 -0.5 -0.32
1000 0.4 15% 0.61 1.03 1.11 0.18 -0.06 -0.12
1000 0.6 2% 0.23 0.32 0.33 -0.08 0.07 0
1000 0.6 10% -0.2 -0.01 0.18 0.21 0.55 0.7
1000 0.6 15% -1.62 -1.17 -1.15 -0.56 0.03 -0.5
1000 0.8 2% -0.33 -0.42 -0.57 -0.81 -0.56 -0.6
1000 0.8 10% -0.26 -0.34 -0.17 0.16 -0.06 -0.02
1000 0.8 15% -0.94 -1.09 -0.92 -1.18 -1.06 -1.11
1500 0.4 2% -0.14 -0.18 -0.19 0.03 -0.15 -0.1
1500 0.4 10% -0.11 -0.16 0.05 -0.02 0.41 0.41
1500 0.4 15% 0.24 0.01 -0.17 -0.1 -0.51 -0.1
1500 0.6 2% 0.07 -0.13 -0.01 -0.07 -0.08 -0.07
1500 0.6 10% -0.12 0.02 -0.12 0.54 0.46 0.19
1500 0.6 15% 0.11 0.25 0.25 0.31 0.49 0.3
1500 0.8 2% 0.22 0.34 0.07 0.34 0.3 0.21
1500 0.8 10% -0.03 -0.42 -0.29 -0.14 -0.31 -0.49
1500 0.8 15% -0.23 -0.67 -0.01 -0.58 -0.8 -0.53

Table 2. Percentage of bias for the loadings associated the exogenous latent
variables, by sample Size, value, and missing data using FIML method

sample size parameter missing data lambdax 11 x 12 x 13 x 21 x 22 x 23

700 0.4 2% 0.77 0.7 0.57 0.24 0.36 0.03
700 0.4 10% 0.16 0.02 0.03 -0.21 0.26 -0.14
700 0.4 15% -0.21 -0.29 -0.05 0.25 -0.02 0.01
700 0.6 2% -0.03 0.03 -0.04 0.03 -0.12 -0.15
700 0.6 10% -0.13 -0.05 -0.05 -0.1 -0.09 0
700 0.6 15% -0.23 -0.15 -0.04 -0.25 -0.11 -0.11
700 0.8 2% -0.21 0.11 -0.08 0.08 -0.02 0.06
700 0.8 10% -0.14 -0.33 -0.19 -0.22 -0.03 -0.27
700 0.8 15% 0.39 0.33 0.47 0.14 0.3 0.35

1000 0.4 2% 0.15 0.26 0.32 0.01 0.12 -0.01
1000 0.4 10% -0.02 0.17 0.28 -0.45 -0.42 -0.46
1000 0.4 15% -0.02 -0.04 0.17 -0.12 -0.09 -0.23
1000 0.6 2% 0.19 0.23 0.22 -0.23 -0.12 -0.13
1000 0.6 10% 0.35 0.31 0.37 0.02 0.16 0.26
1000 0.6 15% -0.21 0.03 0.02 -0.03 0.32 -0.15
1000 0.8 2% 0 -0.21 -0.39 -0.58 -0.29 -0.31
1000 0.8 10% -0.18 -0.11 -0.35 -0.14 -0.17 0.05
1000 0.8 15% -0.12 -0.1 -0.29 -0.26 -0.18 -0.34
1500 0.4 2% -0.17 -0.29 -0.31 0.06 -0.07 -0.04
1500 0.4 10% -0.09 -0.15 -0.1 -0.02 0.34 0.29
1500 0.4 15% 0.07 -0.05 -0.23 0.08 -0.15 0.02
1500 0.6 2% -0.02 -0.24 -0.06 -0.06 -0.03 -0.04
1500 0.6 10% -0.11 -0.09 0.07 0.14 0.04 -0.19
1500 0.6 15% 0.08 0.11 0.1 0.09 0.17 0.2
1500 0.8 2% 0.16 0.33 0.03 0.4 0.29 0.28
1500 0.8 10% 0.25 0.06 0.09 0.15 0.11 0.1
1500 0.8 15% -0.12 -0.32 -0.17 -0.22 -0.21 -0.21

Table 3. Percentage of bias for the loadings associated the endogenous latent
variable and the structural coefficients, by sample Size, value, and missing data
using listwise method

sample size parameter missing data y 11 y 12 y 13 gamma 11 gamma 12 phi 12

700 0.4 2% -40.49 -40.39 -40.37 103.68 99.24 1.22
700 0.4 10% -40.97 -40.84 -40.66 99.48 105.55 2.92
700 0.4 15% -41.32 -41.19 -41.18 105.88 102.35 -1.24
700 0.6 2% -57.71 -57.61 -57.63 100.03 98.44 0.02
700 0.6 10% -57.65 -57.66 -57.7 98.57 100.34 -0.2
700 0.6 15% -58.92 -58.84 -58.89 103.59 107.9 0.66
700 0.8 2% -69.14 -69.15 -69.19 104.73 102.67 0.14
700 0.8 10% -68.8 -68.81 -68.74 99.06 101.6 -0.37
700 0.8 15% -69.24 -69.31 -69.32 103.43 106.31 0.46

1000 0.4 2% -40.42 -40.34 -40.35 100.93 100.54 0.2
1000 0.4 10% -39.72 -40.07 -39.94 96.68 99.5 0.05
1000 0.4 15% -40.6 -40.31 -40.44 102.56 102.64 -1.18
1000 0.6 2% -57.91 -57.84 -57.85 100.47 102.31 -0.23
1000 0.6 10% -58.41 -58.58 -58.38 104.09 103.4 0.53
1000 0.6 15% -58.08 -58.18 -58.2 101.13 102.89 -0.78
1000 0.8 2% -68.67 -68.63 -68.72 99.74 98.94 -0.31
1000 0.8 10% -68.81 -68.86 -68.89 99.27 104.43 -0.05
1000 0.8 15% -69.05 -69.05 -69.09 102.15 102.11 -0.87
1500 0.4 2% -40.11 -40.11 -40.02 99.8 99.53 -0.04
1500 0.4 10% -40.33 -40.24 -40.14 100.99 99.9 -0.3
1500 0.4 15% -40.66 -40.6 -40.52 102.23 102.01 1.45
1500 0.6 2% -57.81 -57.85 -57.86 101.29 100.19 -0.12
1500 0.6 10% -58.25 -58.27 -58.33 102.82 103.75 0.78
1500 0.6 15% -58.01 -58.09 -58.04 100.98 101.81 0.61
1500 0.8 2% -68.66 -68.74 -68.65 99.03 100.55 0.28
1500 0.8 10% -68.68 -68.76 -68.77 99.7 98.98 0.15
1500 0.8 15% -68.78 -68.69 -68.78 103.4 97.45 0.16

Table 4. Percentage of bias for the loadings associated the endogenous latent
variable and the structural coefficients, by sample Size, value, and missing data
using FIML method

sample size parameter missing data y 11 y 12 y 13 gamma 11 gamma 12 phi 12

700 0.4 2% -40.54 -40.34 -40.36 103.86 98.69 1.04
700 0.4 10% -40.47 -40.35 -40.25 98.68 101.92 1.05
700 0.4 15% -40.26 -40.19 -40.21 100.75 99.97 -0.67
700 0.6 2% -57.79 -57.7 -57.68 100.43 98.79 0.15
700 0.6 10% -57.69 -57.72 -57.74 99.58 99.48 0.33
700 0.6 15% -58.07 -58.05 -58.07 100.81 103.07 0.1
700 0.8 2% -69.08 -69.07 -69.08 104.22 101.32 0.04
700 0.8 10% -68.78 -68.73 -68.73 98.67 102.4 -0.18
700 0.8 15% -69 -69.09 -69.06 101.76 103.03 0.34

1000 0.4 2% -40.46 -40.36 -40.35 101.72 100.1 0.4
1000 0.4 10% -39.79 -39.99 -40.01 99.53 97.97 -0.02
1000 0.4 15% -39.96 -39.87 -39.96 99.08 98.73 -0.29
1000 0.6 2% -57.94 -57.86 -57.91 100.37 101.89 -0.45
1000 0.6 10% -58.15 -58.21 -58.1 103.72 100.53 0.73
1000 0.6 15% -57.88 -57.93 -57.94 101.43 100.65 -0.18
1000 0.8 2% -68.69 -68.66 -68.74 100.38 99.64 -0.16
1000 0.8 10% -68.75 -68.79 -68.79 99.27 101.94 -0.13
1000 0.8 15% -68.79 -68.78 -68.77 100.9 100.96 -0.24
1500 0.4 2% -40.02 -40.03 -39.98 99.53 98.99 -0.14
1500 0.4 10% -40.17 -40.19 -40.15 100.59 99.83 -0.31
1500 0.4 15% -40.34 -40.45 -40.33 101.46 100.83 0.13
1500 0.6 2% -57.76 -57.77 -57.79 100.34 99.98 -0.09
1500 0.6 10% -58.02 -57.99 -58 100.52 102.19 0.44
1500 0.6 15% -57.8 -57.79 -57.79 99.15 100.75 0.07
1500 0.8 2% -68.7 -68.79 -68.69 99.45 100.96 0.21
1500 0.8 10% -68.59 -68.68 -68.67 99.46 99.62 0.14
1500 0.8 15% -68.78 -68.76 -68.81 102.22 98.97 -0.07
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Table 5. Mean percentage of bias for the model parameters by sample Size,
value, and missing data using LD and FIML method,

sample size parameter missing data mean listwise mean fiml

700 0.4 2% 7.18 7.09
700 0.4 10% 7.04 6.72
700 0.4 15% 6.58 6.59
700 0.6 2% 2.06 2.16
700 0.6 10% 2.04 2.15
700 0.6 15% 2.82 2.41
700 0.8 2% 0.04 -0.14
700 0.8 10% -1.02 -0.54
700 0.8 15% 0.28 0

1000 0.4 2% 6.7 6.83
1000 0.4 10% 6.27 6.4
1000 0.4 15% 7.12 6.45
1000 0.6 2% 2.49 2.36
1000 0.6 10% 2.84 2.67
1000 0.6 15% 1.98 2.34
1000 0.8 2% -0.91 -0.67
1000 0.8 10% -0.3 -0.51
1000 0.8 15% -0.84 -0.5
1500 0.4 2% 6.53 6.46
1500 0.4 10% 6.71 6.66
1500 0.4 15% 6.94 6.75
1500 0.6 2% 2.3 2.2
1500 0.6 10% 2.79 2.42
1500 0.6 15% 2.58 2.28
1500 0.8 2% -0.39 -0.34
1500 0.8 10% -0.75 -0.5
1500 0.8 15% -0.67 -0.54

data in SEM, indeed, this study allows us to put in sharper the
points that offer this preferability to FIML when compared to
other methods. The pairwise deletion has failed to generate es-
timation in R programming using LAVAAN PACKAGE. The error
message provided claims that the covariance matrix generated
by utilizing the pairwise deletion to handle data having miss-
ing data is non-positive definite. This finding is theoretically
true. Since as discussed in [14] the pairwise deletion has such
an issue.

The listwise deletion and full information maximum likeli-
hood are then included in the simulation design to investigate
their performance by settling the criteria of percentage of bias
generated from their estimations.

Likewise, analysing the results of each method shows that
the higher the missing data rate is, the higher the percentage of
bias is. For samples with size 700, the listwise has a small bias
chiefly for the loading exogenous factors.

Similar results were shown for the FIML.
Those results are explicitly explained by the fact that for

huge sizes using the listwise deletion is equivalent to the loss
of huge information. In this sense, more bias should be recog-
nized.

In contrast, the full information maximum likelihood with a
huge size of samples seems to generate less bias relative to list-
wise deletion which is theoretically admissible since the huge
sample sizes (over 1500) guarantee the maximum likelihood
estimation that the assumptions about the multinormal distri-
bution are true. Another obvious finding is that, independently
from the method used, the higher the rate of missing data is the
higher the bias generated for each parameter is too.

The most relevant finding in our study is originally taking
into account the correlation between the exogenous latent vari-
ables and investigating the effect of each missing data tech-
nique in a SEM model. The results shows that the full in-
formation maximum likelihood performed better in handling
missing data compared to the others ad-hoc techniques. This
result joined the previous studies and extended their findings
that were, chiefly, concerned with the other types of parame-
ters. Moreover, another relevant finding for our study is the
fact of examining the structural coefficients. The results were
aligned with the other parameters’ findings: The relative per-
formance of the FIML is revealed.

5 Conclusion

The present work explores the missing data in SEM mod-
els. A conceptual section was reserved for the theory of miss-
ing data mechanisms, each mechanism was properly presented
and defined and the probabilities were written as presented by
the pioneer Rubin[1]. In addition for the second section 3, the
main techniques used for structural equation models were pre-
sented and the properties and limits of the generated estimators
were shown also. (i.e the listwise deletion, the pairwise dele-
tion, the missing values replacements, and the full information
maximum likelihood).

This research paper investigates the power of each of the
aforementioned techniques in treating the missing data on SEM
by calculating a defined criterion named percentage bias for
three types of parameters: (a)loadings associated with the ex-
ogenous latent variables and loadings between the endogenous
latent variables, (b) the structural coefficients, and (c) the cor-
relation between exogenous latent variables) and defined as the
relative difference between the estimated parameter, using LD
or FIML and for a specified rate of missing values, and the true
value of the parameter.

For this reason, a simulation study was launched by gener-
ating data sets for a specified model with three latent variables
as shown in figure 1. For every sample, a Monte Carlo sim-
ulation was adopted for each model. Note that three models
with different sample sizes were simulated with sizes ranging
from 700, 1000, and 1500. Then we have to proceed with the
deletion of some values from the data with different rates of
missing values ( 2%, 10%, and 15%). The main purpose was
to estimate the model parameter for each design and to com-
pare the bias criteria as it has been defined by comparing the
estimated parameters of each case design with the true values
(set on the simulation design).

The results for all designs have demonstrated a relative per-
formance for the strategy of FIML for those models, particu-
larly, with the sample size of 1500 where the bias percentages
were relatively less than the ones observed for the same de-
sign in LD. For the sample size of 700, results have shown
that the listwise deletion generates less bias. Those facts are
compatible with the theoretical facts assessing that the max-
imum likelihood estimation method is based on assumptions
of normal distribution for the variables, this is achievable with
samples of larger size ( over 1500). In contrast, for listwise
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deletion and larger size, the loss of information generated by
deleting a whole observation just because one case is missed is
recognized to be a larger loss. In other words, larger bias.

Similar findings were given in some previous studies
[9,11,13,12]. The main contribution of the presented study
is making an extension to those studies by focusing on addi-
tional types of parameters which are the correlations between
the exogenous latent variables and the structural coefficients.
In addition to that, we use higher sample sizes (more than 700)
and three thresholds for the rate of missing data (2, 10, and 15
percent).

In other words, the limitation of the previous research is
that they didn’t take into account the path coefficient and the
correlation between the latent variables. Hence, to make sure
that these parameters do not affect the power of FIML, we
took them into account and the results were as theoretically
expected.

The main advantages of our study are :

• It discussed a three latent variable structural model and
the use of simulations. Moreover, we have discussed the
theoretical properties of each estimator generated with the
given methods.

• It extended the previous studies to include all possible pa-
rameters (including the path coefficients and the unana-
lyzed association between the exogenous latent variables).

• It explores different samples sizes and missing data rates.

In all of the above results, the FIML seems to be better than the
other methods included in the study for handling missing data
in structural equation models.

We also introduced the R programming for the simulation
study and used the package LAVAAN which needs further devel-
opment to cover all aspects of SEM. An R program is written to
the seen methods and to produce the numerical results reported
in the manuscript. The program is available upon request.
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