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Abstract Non-Archimedean analysis is the study of fields
that satisfy the stronger triangular inequality, also known as
ultrametric property. The theory of summability has many uses
throughout analysis and applied mathematics. The origin of
summability methods developed with the study of convergent
and divergent series by Euler, Gauss, Cauchy and Abel. There
is a good number of special methods of summability such as
Abel, Borel, Euler, Taylor, Norlund, Hausdroff in classical
Analysis.

Norlund, Euler, Taylor and weighted mean methods in Non-
Archimedan Analysis have been investigated in detail by
Natarajan and Srinivasan. Schoenberg developed some basic
properties of statistical convergence and also studied the
concept as a summability method. The relationship between
the summability theory and statistical convergence has been
introduced by Schoenberg. The concept of weighted statistical
convergence and its relations of statistical summability were
developed by Karakaya and Chishti. Srinivasan introduced
some summability methods namely y -method, Norlund
method and Weighted mean method in p -adic Fields. The
main objective of this work is to explore some important
results on statistical convergence and its related concepts in
Non-Archimedean fields using summability methods. In this
article, Norlund-Euler-\ statistical convergence, generalized
weighted summability using Norlund-Euler-A\ method in an
Ultrametric field are defined. The relation between Norlund-
Euler-\ statistical convergence and Sta-tistical Norlund-Euler-
A summability has been extended to non-Archidemean fields.
The notion of Norlund-Euler-\ statistical convergence and
inclusion results of Norlund-Euler statistical convergent
sequence has been characterized. Further the relation between
Norlund-Euler-)\ statistical convergence of order a@ & [ has
been established.

Keywords  Weighted Norlund-Euler Statistical Con-
vergence, NE-statistical Summable, Generalized Weighted
Norlund-Euler-\-statistical Convergence, Non-Archimedean
Field, Ultrametric Field

1 Introduction

Fast, H [1], in 1951, introduced the concept of statistical
convergence. Steinhaus [2] and Fridy, J.A. [3] were pioneers
to analyze statistical convergence though independent of each
other. Rath and Tripathy, B.C. [4] studied statistically conver-
gent and statistically Cauchy sequences for reals. Karakaya
and Chishti [5]; Kucukaslan [6] discussed weighted statistical
convergence. Belene and Mohiuddine [7] studied Generalized
Weighted statistical convergence. The theory of p-adic fields
was developed by Kurt Hensel[8], in 1908. Suja K, Srinivasan
V [9] investigated statistical convergence in Non-Archimedean
fields. Also, Suja K, Srinivasan V [10] studied Weighted sta-
tistical convergence in Non-Archimedean fields. Since then,
Sangeetha. S[11], Uma. J, Srinivasan. V [12],Eunice Jemima.
D, Srinivasan. V [13] worked on statistical convergence in
Non-archimedean fields. For a general reference on Ultramet-
ric analysis, the book is [14]. V. Loku, and E. Aljimi [15] de-
veloped Norlund-Euler-\ statistical convergence and Norlund-
Euler statistical convergence concepts in classical analysis. M.
Et etal [16] developed weighted Norlund-Euler-\- statistical
convergence for different orders, in paranormed spaces.

In this present article, the relation between Norlund-Euler-A
statistical convergence and statistical Norlund-Euler-\ summa-
bility, Norlund-Euler-A and Norlund-Euler statistical conver-
gence are extended to Non-archimedean fields, based on [15].
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Also, inclusion criteria of weighted Norlund-Euler-\- statisti-
cal convergence for the orders of o and [ orders are investi-
gated based on [16] in paranormed spaces.

2 Preliminaries

Throughout this article, K represents a non-trivially valued
complete non-Archimedean field. The generalized weighted
Norlund-Euler statistical convergence was defined by E.
Aljimi, V. Loku [17] as below. “ Let >, be a given
infinite series with sequence of its n*" partial sum {S,,}(F, q)
transform defined as

n

1 (’I’L) n—k
—_— ¢Sy, (1
(1+q) kzzo k

This summability method is said to be convergent if Er(LE’q) —
S,as n — oo and we say »_,_, 2y is (E, ¢)-summable to a
definite number S, and this is written as S, — S(E,¢q). Let
{pn} and {g, } be two sequences of real numbers such that

P,=po+p1+-+pp,P1=p1=0.
Qn=q+qa+ - +a¢,Q_1=qg-1=0.

For the given sequences {p,, } and {g, }, convolution of p * q is
defined by

Ev(lE»q) —

Ry=p*q=>_ prlnn )
k,f

The series Y ,_, x) or the sequence {S,} is summable to S
by generalized Norlund method and it is denoted by S, —
S(N,p, q) if the nth term of the sequence Sn,

1 n
apaq —_
=& ;pn_qusk 3)
tends to S, as n — oo
Consider,
VP — an ke L

n k‘ k_
= 5 n— USU
R, kZ:Op HET +q>k 2 ()q
@)

The series ZZ:O x}, is said to be summable to S, by Norlund-
Euler method if tVPPFD 1 asn — 00, and it is de-
noted by S,, — S(N,p,q)(E,q). A Sequence v = {x,}
is said to be generalized weighted Norlund-Euler-statistically
convergent (or S;{, g-convergent), to L if for each ¢ > 0,

. 1 1
Jm [ < R s
"k
Z( )qk”l%—lea}’:O. 5)
v

v=0

In this case, we write L = S% ,(st) — limz. [17] 7
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Definition 1 “Let K be a complete field with a non-trivially
valued non-Archimedean valuation |.| defined. A valuation is
a function || : X — & satisfying the following axioms

i|z] >=0,|z]=0iff 2 =0. Yz € X.

il |zy| = |z] |y| V 2,y € X.

iii. |z + y| = maz{|z|, |y|} Vz,y € X.

Definition 2 [9] “A sequence {z,,} in K is said to be statisti-
cally convergent to a limit £ if for any € > 0, we have

1
lim —
n—oo N,

{kgn:|xn—£25}’—0.

Symbolically, we write

stat

Stat — hm T, = bor x, — ¥ (6)

Definition 3 “ Let {P,} be a sequence of real numbers such
that liminfp, > 0, P, = p1 + p2 + p3s + --- + p, for all
n € N.

A Sequence {z,, } is said to be weighted statistically convergent
of order ‘@’ (0 < a < 1) to L, if for every & > 0,

:O7

n— oo

1
lim Pa {k:<P s pelxn, — L 25}

where P = (P,)*.” [16]

Definition 4 “ Let A = {),,} be non-decreasing sequence of
positive numbers tending to oo such that A, 11 < A\, +1, A1 =
1. The collection of such a sequence will be denoted by A.
Let {p,} and {g,, } be two sequences of non-zero real numbers
such that,

Py, = Z Pk, P-1=p-1 =0,
kel

= Z quQfl =q-1=0.

kel,

For the given sequences {p,, } and {g, }, convolution of p * ¢ is
defined by

Ry, =p*q= Y Pklnk (7
kel,

and

N B, k—v
t%uw)(xq) ananquZ() S

A ker, vl
(®)

where I,, = [n — A\, + 1,n]. If (NP DEND g ag iy
00, We say » . &, is summable to S by generalized weighted

Norlund-Euler-A method and it is denoted by
Sn N t’SLNMPﬂ)(EMQ)' [7]77

We now define Norlund-Euler-) statistical convergence, based
on work by Loku and Aljimi [15].
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Definition 5 ““ A sequence x = {x,,} of elements of K, is said
to be generalized weighted Norlund-Euler-\ statistically con-
vergent (or S, i, ~convergent), to L if for each e > 0,

1
(1+q)*

Z(i) o), L|25}‘:O. )

1
lim — {k < Ry, i Pn—kGk

n—oQ An

In this case, we write L = S% 5, (st) — limz. [15]

2

Definition 6 “ A Sequence x = {z,} is said to be general-
ized weighted summable to L by Norlund-Euler-\ method or
(N, p,q)(Ey, q) summable to L if

72% Kk 1+ kz < ) " lz, — LI =0

A kel,
(10)

In this case, we write =, — L[(Nx,p,q)(Ex, q)] and
[(N)\ap>q)(E>\7Q)] denote the set of all (N)npa(D(E)nQ)
summable sequences ” [15]

Definition7 “ A Sequence x = {z,} is said to be
(N, p,q)(Ey, q) statistically summable to L if for any € > 0,

L|Zs}

=0.

1
lim —
n—oo M

{k < n: [tNPD(Exa)

1
i — <
e,nlglgon{k_” an ka )
An keln
k
Z ( >quxv —L|> 5} =0.
vely v

t%NA,p,q)(Ex,q) — Lor

Symbolically, we write stat —
z stat(NAﬂ)(EA,q) ¢ ”[15]

Definition 8 A sequence z = {z,} is said to be statistically
convergent of order ‘e’ (0 < a < 1) by generalized weighted
Norlund-Euler-A method to L if

1
(1+q)*

3 (ﬁ)qk%xv SED.

vel})

1
lim ——
n—oo )\n

{k < Ri, : Pn—kGk

=0. (11

When a = 1, we get weighted statistical convergence by
Norlund-Euler-A method for the sequence = {x,, }.
When @ = 1, )\, = n, we get statistical convergence by
Norlund-Euler-A method for the sequence = = {z,}.

3 Main Results

Theorem 1 Let {z,} be a sequence of elements from
K - a non-trivially valued, non-Archimedean field. Let
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Pr—klk Tig)F 2o, (Mg ¥z, — L] < M, for all k. If
a sequence © = {x,} is Syp, convergent to L then it is
(N, p,q)(E, q) statistically summable to L.

Proof
Given,

k —v
pnkakﬁ Zvelk (v)qk |1.7J - L| < M’
forall k and z = {z,,} is Sy g, convergent to L.
i.e., Given e > 0,

1
_— < -
IS R s
k —v
3 (>qk oy — L > e} =0. (12)
vely
Consider,

‘tglNA,p,q)(Ex,q) _ L‘

*7ank% —&—qu(i) - L

An kel, vEly
<l S g 3 (H)e —L>\
An kel, q vel}

Fix an m < n such that

( ) kiv|xv _$7n| S M

1
Pn— qu(1+ )k: Z

vEIL,
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”kO
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an k77 TR )
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Letting n — oo, we get

1
lim —
n—oo N

= lim Stat — tglN/\’p’Q)(EMQ) =L

n—o0

{k <n: |tSLNx,P,lI)(E,\,lI) —L|> 5} -

tat(Nx,p,q)(Ex,
=z, stat(Nx,p,q)(Ex,q) /.

Hence, proved.

Example
Consider any prime p, and construct a sequence as below

xg, if kis divisible by p
Ty = .
0, otherwise
Clearly {z,} is Swyg, convergent to L, which is

(N, p,q)(E, q) statistically summable to L.

Theorem 2 If z,, — L[(Nx,p,q)(Ex, q)], then Syg, —
limz, = L. Infact, In non-Archimedean field, Norlund-
Euler-\ statistical convergence and statistical Norlund-Euler-\
summability are equivalent.

Proof
Let 2, — L[(Nx, p,q)(Ex, q)].
For a given € > 0, Define
1
(14 q)*

<k> " x, — L] > E} (13)
v

Kg,, (c) = {k < Ry, : Pn—kQr

>

vely

Consider,

R T (k) et
= e (s

1
kEIn vely

Ry,
KeKp, (c)
1
krfv
3 S (el - 1)
k v
R)\ kel 'UEI
kgKRAn(E)

pn—ka

Since, x,, = L[(Ny,p, q)(E)\7 q)], we know that,

k—v _
Jm = Y pea g 2 () e~ =0

"™ kel, vely
= Each term in the R.H.S equals to zero,
and in particular,

A w2 (o)
Prn—kqk Ylzy,—L| = 0.
R, ;;,n (1+ Q)k ;
REKR,, (€)
1 1
e., lim — {k < Ry :Pn—kQr————
oo Ry =S oy, P qu(l T oF

=0.

D

vel

kN
U\g, — L| >
<v)q |xy — L| > e}
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ie., statistical summability of a
N E)\-statistical convergence.

i.e., {x,} is statistically summable implies {x,,} is Norlund-
Euler- A-statistically convergent.

To prove the converse,

i.e., NV E)\-statistical convergence implies statistical summabil-
ity.

For a given € > 0, Let

sequence implies

1
Kg,, () ={k < Ry, Ipn—k%(

14 q)
>

vEly

(f) "o, — L] > e} (14)

Consider,

>

()m .

1 1
Hzpn ka(1+ Q)F

" kel, veEly
- Y pearr e 3 (F) el 1
RA% kel . (1+q)k el v

kEKR;;(E) v

Since {z,,} is Sy, convergent, we have

lim —\{kj < Ry,

n—oo An

vEly

1
‘P Pn—kdk W

k
<U> "z, — L >} =0. (16)
Define

M:

1
pn—k‘]km

D

vel)

sup {
kEKR/\n (e)

k
< " Vlr, —L| > ¢
v

} a7
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Taking valuation on both sides in (14),

721% k% 1+ " Z ( > k‘”lmv—L|‘

An kel, vely
1 k—1
Ry, kezf P qu(lJr k ZI ( ) oo =L
kEKR)\: (g) ve
1 k—v
— L
+ By ; Pn— ka<1+ k Z < > |z |‘
kQKR)\n © vely
1 1
< max{ |—— kO ————
- {’RM 2. Pt

keln
KEKR, ()
n

Z (5) ¢" |z, — L|
vely
>

‘ 1
n kEln

Ry
kéKRAn (e)

)

= (4

vely

pn—ka

k7v|xv o L|’}

= max {|M], )

Taking limit as n — oo, we get

| X mtr  ()e
An kel, vely
. |M]|
< — p— .
< n11_>r1010 max { R € 0
= lim Z Pr_kq L
— n—k4k
n—oo )\n hel, (1 —|— q)k
k
5 (3)a# e - i =0,
v
vElR

= 2, — L[(Nx,p,q)(Ex, q)]

i.e., In a Non-Archimedean field, Norlund-Euler-)\ statistical
convergence implies Norlund-Euler-\ statistical summability.

Theorem 3 If Sup ( é:i" ) = 1. Then for a sequence {z,}

Norlund-Euler statistical convergence implies Norlund-Euler-
A statistical convergence.

Proof Given {z,,} is Norlund-Euler statistical convergent.

) 1 1
e ,nliﬂgo R, {k <R, -pn—kam
= k k—v
> . ) |z, —L| >ep|=0. (18)
v=0
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Consider,
1 1
— k<R —
R, { S Ly, i p ka(1+q)k
" [k
() -}
v=0 v
1 R 1
=——"REk<R n
Ry n{ RS p ka(l+q)
" [k
Z( >qk”rvL >€}‘
v=0 v
1 R 1
<77n k<Rn n
=R, )\n{ = p qu(1+q)k
" [k
() -
v=0 v
1 1
< —RE<ZR,:pn_
< n{ < Pkl (73 3R
" [k
5 (-t
v=0 v
R
S S /) =
{ ince Sup (R/\n> }
using (18), we get
1 1
k<R n—kQk —————
R)\ { An D qu(l—l—q)k

5 ()|
v=0 v

— 0, asn — oo
= {x,} is Sy g, -convergent.

Theorem 4 Let o and 3 be fixed real numbers such that 0 <

C S s isstrict for
(NE)X

some « and 8 when o < 3.

Proof Clearly o < # = R} < an = % <

n

we have — {k: <Ry, :prlor — L] > ¢ }
An
< R‘lin {k <Ry, iprlve — Ll > ¢

Extending this observation to Norlund-Euler-\ statistical con-
vergence, we get

1
RB

1
{k < Ry, pn—kam

5 (D)o - 11 2|

vEly

1
{k‘ < RA pn—kaW

1
RS,
() o, - 1] 2 <]

=5

< —

(NE)X NE),
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Conclusions

In this paper, we have verified Norlund-Euler-\ statis-
tical convergence, generalized weighted summability using
Norlund-Euler-A method in an Ultrametric field. Further estab-
lished the relation between Norlund-Euler-\ statistical conver-
gence and Statistical Norlund-Euler-\ summability, and further
discussed the relation between Norlund-Euler statistical con-
vergence, and Norlund-Euler-) statistical convergence. Also,
we have investigated the Inclusion criteria between Norlund-
Euler- )\ statistical convergence of orders o & .
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