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Abstract Fixed points are also called as invariant points.
Invariant point theorems are very essential tools in solving
problems arising in different branches of mathematical
analysis. In the present paper, we establish three unique
common invariant point theorems using two self-mappings,
four self-mappings and six self-mappings in the bicomplex
valued metric space. In the first theorem, we generate a com-
mon invariant point theorem for four self-mappings by using
weaker conditions such as weakly compatible, generalized
contraction and (CLRsp) property. Then, in the second
theorem, we generate a common invariant point theorem for
six self-mappings by using inclusion relation, generalized
contraction, weakly compatible and commuting maps. Further,
in the third theorem, we generate a common coupled invariant
point for two self mappings using different contractions in
the bicomplex valued metric space. The above results are
the extention and generalization of the results of [11] in the
Bicomplex metric space. Moreover, we provide an example
which supports the results.

Keywords Bicomplex Valued Metric Space, Common
Fixed Point, Coupled Fixed Point, CLR Property, Weakly
Compatible Mappings

1 Introduction

The concepts of bicomplex numbers and tricomplex num-
bers were introduced in the year 1892 by Segre[1]. Complex
valued metric spaces are introduced by Azam et al.[2], in the
year 2011 and some results were studied for such spaces. Very
recently, the bicomplex valued metric space was introduced by

Cho et al.[5] and some fixed point results were obtained. In the
year 2019, Jebril, Datta, Sarkar and Biswas [6] derived some
fixed point outcomes using rational contractions in bicomplex
valued metric space.

Imdad et al.[8] introduced a new notion, called CLR-
property for self maps in 2012. Afterwards, by using it several
mathematicians obtained some fixed point results ([3],[4],[9]
and [10]). The main purpose of this work is to prove some
invariant point outcomes using various contractions for four
self mappings, six self mappings and coupled invariant point
theorems using weakly compatibility, CLR 45 property and
commuting maps in bicomplex valued metric spaces.

2 Preliminaries

We denote Cy = R(Real numbers), C; = C(Complex num-
bers) and C5 = Set of all bicomplex numbers.
Let w, ¥ € C1, then we define a partial order < on (] as:
w =Y <= Re(w) < Re(V) and Im(w) < Im(V).
Also w < 0 if Re(w) < Re(Y) and Im(w) < Im(0).
Segre[1] defined the bicomplex number as:

C =by + baiq + bzis + byiqyio,

where b1, b2, b3,b4 € Cy, and i1, o are the independent units
such that z% = z% = —1 and 149 = @911,
we defined C5 as:

Cy = {C : { = b1 + baiy + bzia + bairiz, b1, ba, b3, by € Co},
ie.,

02:{<:<:W+i219,w,19601}
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where @ = b1 + byiq € Cq and ¥ = b3 + byiq € C;.

If (=w + 49 and v = wu + iov then {( + v =
(w + 129) £ (u + i2v) = (w £ u) + i2(J £ v) and the
product is .y=(ww +i29).(u+i2v)=(wwu — Yv) + iz (wv+Ju).

The norm |.||: Cy — Cyis

defined by

€ = lle + ia0 ={o + [9}E = (2 + 03 + 13 + 12)’
where ¢ = by + boiy + bgis + byiric = w + 199 € Cy

We define a partial order <;, On C} as:
For ( = w + i21, 7 = u+isv € Cs then
(=i,v < ifwuand ¥ < v.
thatis, ¢ =, yif:
(D)w=u,9=vor
2)w < u,¥ =vor

B)w =u,9 <vor

@ w<u,9 <.

For any two bicomplex numbers ¢,y € Cy :
()¢ %7 = [ICl <
(i) (I + Il < [ISH =+ [

Definition2.1.[5]Let 2 be a nonempty set.  Then the
mapping d : Q x 8 — Cj is said to bicomplex-valued metric
on Q if

1.0 =5, O(w, V) forall w, v € Q,

w, ) =0 <= w=1,

w,¥) = (¥, w) for all w, ¥ € N and

w, ) =4, O(w,u) + I(u, V) forall w,d, u € Q.

Here (€2, ) is called the bicomplex valued metric space.

2. 0
3. 0
4. 9

Let (£2,0) be a bicomplex valued metric space for the
following definitions:

Definition 2.2.[5]

(1). A sequence {w,} in Q is said to be converges to w if
for each 0 <;, r €Cy I ng € N such that d(wy,,w)=<;, 1, ¥
n > ng and we write lim,,_, o, @, = @.

(2). A sequence {w,} in  is said to be a cauchy sequence if
for each 0 <;, r €C3 3 ng € N such that O(w,,, Wp4m)~<i, T
Vm,n € Nand n > nyg.

(3.) We say that (2, 9) is complete if each cauchy sequence of
() is convergent.

Definition 2.3. We say that two maps h, k : Q@ — Q are
commutes if hk(zw) = kh(w) for all w € €.

Definition 2.4. We say that two maps h, k :  —  are com-
patible if lim,,_,, O(hkw,, khw,) = 0 whenever sequence
{w,} in Q satisfies lim,,_, o, hww, = lim, o kw, = @ for
w € .

Definition 2.5. We say that two maps h, k : Q — Q
are weakly compatible if how = koo for some w € €2 implies
hk(w) = kh(w).
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Definition 2.6. Let hk,AB : 2 — € be four maps.
We say that {h, A} and {k, B} are satisfy the CLRap
property if we can find sequences {w,} and {¢,} in Q
satisfies lim,,_soo Ao, = limy, oo A, = lim, o kY, =
lim,, o B1Y,, = w for some @ € A(Q)NB(L).

Definition 2.7. Let h : @ x Q@ — € be a function.
Then we say an element (o, ) € € x € is coupled invariant
point of h if h(w,¥) = w and h(Y, w) = V.

Lemma 2.1.[7] We say a sequence {w,, } in € is converges to
apointw <= lim,_, ||0(wy,w)|| = 0.

3 Main Results

Theorem 3.1. Suppose (2,0) be a complete Bicomplex
valued metric space and h,k,A and B are self mappings on €2
satisfying
(i) O(hw,k¥) =i, 710(Aw,BY) + 1I(Aw,hw) +
730(BY, kY), Vw,d € Q,
where 71,70 and 73 be nonnegative real number such that
T+ T+ 713 < 1.

(ii) {B, k} and { A, h} be weakly compatible,

(iii) { B, k} and {A, h} satisfy CLR 45 property.

Then h,k,A and B have a one and only common invariant
point.

Proof: Since {B,k} and {4, h} satisfy CLRsp property,
then there exists sequences {w,} and {¢,} in £ such
that lim,, oo ho, = lim,_oo A, = lim, oo k¥, =
limy, o BY, = 3, for some 3y € AQ N BS). Then 3y =Bn; =
Ans, for some 77,72 € €.

Now we prove that kn;= B7;. For each ne N, we have
O(hwon, km) =i, T0(Awn, Bm) + 120(Aw,, how,) +
7—38(37717 knl)

Letting n — oo, we get

d(Bn, km) =i, 7T10(Bn, Bm)
730(Bny, k)

i.e.,@(Bm, k??l) jl‘Q ’7'38(B771, kT]l)
Therefore we have

10(Bn1, knu)|| < 73 [|0(Bn, k) ||
which is a contradiction, since 71 + 70 + 73 < 1

Therefore we get ||0(Bn1, kn1)|| = 0. Thus By = kn;.
Now we prove that A, = h1n,. For each ne N, we condider
8(hn2,k19n) jig Tla(A’I]Q,Bﬁn) + Tga(AT]Q,hng) +
730(BYy, k)

Letting n — oo, we get

I(hmz,Amz) =i,  TO(Amz, Amz)  +
T30(An2, Ang)

i.e., a(hng,AT]Q) jig Tga(hng,AUQ)
Therefore we have ||0(hna,Ang)|| < 72||0(hn2,An2)||

which is a contradiction, since 71 + 7o + 73 < 1

Therefore, we get ||0(hn2,Anz)|| = 0. Thus hns = Ans.
Hence Bny = kny = hie = Ang = 3.

Given that {A, h} is weakly compatible and h7e = Anq then
we get hAn, = Ah1n,. So, hy=A).

Given that {B, k} is weakly compatible and kr; = B, then
we get kBn; = Bkn;. So, kjy = Bj.

+ Tga(BT]l,B?’]l) +

7-28(147727]7,772) +
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Now we prove that hy = 7
Consider 9(hy.km) =i,
738(37)1 ,k’l]l)

ie,, O(hy..9) =i, T10(hg.9) + T20(hg.hg) + 730(2.9)

i.e,, d(hy,.p) =i, T10(h.9)

Therefore we have ||0(hy,7)|| < 71 ||0(hg.9) |

which is a contradiction, since 7, + 7o + 13 < 1

Therefore, we get ||0(hy,7)|| = 0. Thus hy = 5. So, we have hy
=7=Ay.

Now we prove that kj =

Consider

O(hno.ky) =i, T10(Ana,By) + 20(Ang,hne) + 730(By.k))
ie., 9(5.ky) =i, 10(2.k) + 720(3.) + 130(k1.ky)

Therefore we have ||0(7.k7)|| < 71||0(2.k2)]|

which is a contradiction, since 7 + 72 + 73 < 1.

Therefore, we get ||0(3,ky)|| = 0. Thus ky = . So, we have kj
=7=By.

Hence hy=Aj=7=kj=B).

Therefore j is common invariant point of A,h,k and B.

Now we prove 7 is unique:

For this, we consider ¢ is any other common invariant point of
h,k,A and B.

Then hd =kd = Ad =B = 0.

Now, Consider

9(3,0) = 9(hy,kd) =4, T10(A7,BO) + 720(Ag.hy) + 130(B6.kd)
i.e., 9(2,0) =i, 110(2,0) + 129(2,9) + 130(0,0)

i.e., 9(3,0) =i, 11 9(2,9)

Therefore we have ||0(7,0)|| < 71|0(3,9) ]

which is a contradiction, since 71 + 75 + 73 < 1

Hence, we get ||0(7,0)|| = 0.Thus 5 = .

Hence, 7 is the one and only one common invariant point of
h,k,A and B.

710(A2.Bm) + m0(Azhy) +

Example 3.1. Consider €2 = [0,1] and define 9: 2 x Q — Cy
by

0, forw =21 and
tomaz{w, ¥},
for all w, ¥ € Q.

Define h,k,A and B be self maps on €2 defined as:

O(w, ) =

otherwise

For w € Q,h(w) = F,k(w) = %,A(w) = w and
B(w) = w.
Case(i): We show that {h,A} and {kB} satisfy CLRAB

property. For this , we choose w, = in and 9, = m i}
for n€ N. Clearly, < w, > and < ¥, > are in ). Then
0(Aw,,0) = 6( ,0) converges to 0 as n — oo. Also,
O(hw,,0) = 8(6n, ) converges to 0 as n — oo. Similarly,
we get 0(kd,,0) = (")(gnlﬁ,O) — 0 asn — oo. and
0(BYy,0) = 8(ﬁ,0) —0asn — oo.

Since A0 =0 = B0, So, we have 0 € AQ N BS). Therefore, we
have sequences {w,, } and {¢,,} in Q so that lim,, , o hww, =
lim, oo A, = lim,_. k¥, = lim,,_,o, BY,, = 0. Thus
{h,A} and {k,B} satisfies C LR 4 property.

case(ii): we show that {h,A} and {k,B} are weakly compati-
ble. Now, hw = Aw = % =w = w = 0 and hA(0)
= h(0) = 0 and Ah(0) = A(0) = 0. Thus hA(w) = Ah(w),
whenever hw = Aw, for all w € Q. Hence {h,A} is weakly
compatible in €.
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Also, kw = Bw = % =w = w = 0and kB(0) =
Bk(0). Thus, kB(w) = Bk(w), whenever kww = Bw for all
w € Q. Hence, {k,B} is weakly compatible in (2.

case(iii): Now, O(hw,k¥) = (Z,%) = ismax{%, 2},
0(Aw, BY) = 0(w, ¥) = igmazx{w, ¥},
0(Aw, hw) = 0(w, §) = iomax{w, § } = irw,

A(BY, ki) = (0, 3) = iymax{9, 2} = is0.
subcase(i) if o > ¥ then

O(hw, kV) = iymax{Z, %} =i Z,

0(Aw, BY) = igmax{w,ﬁ} = iy,

0(Aw, hw) = igmax{w, §} = irw, (B, k19) = i91).
Now, d(hw, ki) = i2 % jlz $lisw] + §liaw] + $[i2V]
ie, O(hw,kV) =i, 10(Aw,BY) + 18(Aw hw) +
19(BY, k)

By choosing 7 = }1, 4, T3 = i, Here 11,75,73 be nonnega-
tive real numbers such that m +75 + 73 < 1. Hence

d(hw, k9) =i, Td(Aw, BY)+12d(Aw, hw)+13d(BY, kv).
subcase(ii) if w < ¢ then

O(hw, k) = iomax{ %, 3 = igg,
0(Aw, BY) =igmaz{w, 19} = 190,

0(Aw, hw) = igmaz{w, T} = izw, 8(319 k) = ia0.

Now, 9(hw, ki) = i2 5 <12 $li00] + Yizw] + 1iz¥)]

ie., O(hw,kd) 512 10(Aw, B19) + 30(Aw, hw) +
i@(Bﬁ, k)

By choosing 71 = %, Ty = %, T3 = i,
Here 7,72,73 be nonnegative real numbers such that 71 +72 +
73 < 1. Hence

O(hw, k) =;, 1O(Aw, BY)+120(Aw, hw)+130(BY, kv).
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Corollary 3.1.  Suppose (2,0) be a complete Bicom-
plex valued metric space and h,k and A be self mappings on €2
satisfies

(i) 9J(hz,kw) =, 7T0(Az, Aw) + m0(Az,hz) +
730(Aw, kw), for all zzw € €, where 71,72 and 75 be
nonnegative real number such that 7y + 7o + 73 < 1.

(ii) {h, A} and {k, A} are weakly compatible,

(iii) {h, A} and {k, A} satisfy CLR 4 property.

Then h,k and A have a unique common invariant point.

Proof: We can prove this results easily by substituting B = A
in the Theorem 3.1.

Theorem 3.2. Suppose (€2,0) be a complete Bicomplex
valued metric space and H,I,C,P,Q,R be the self mappings
on 2 satisfies (i) H(2) O QR(2) and I(2) DO CP(2) (ii)
O(CPw,QRY) =i, mO(Hw,19) + 10(Hw,CPw) +
730(19, QRY) + 140(Hw, QRY) for all w,d € (), where
T1,72,73 and 74 be nonnegative real number such that
T + 79 + 73 + 274 < 1. (iii) Suppose (QR,I) and (CP,H) be
weakly compatible. (Q,R), (Q,I) (R,I),(C,P),(C,H) and (P,H)
are pairs of commuting maps. Then Q,R,C,P,I and H contains
one and only one common invariant point in €.

Proof: Let wp € 2. Since H(Q2) O QR() and I(2) O CP({2)
then we can find a sequence {w, } in Q such that /
CP’(IJQ[ = IWQ1+1 = Wy and QRw21+1 = H’WQ1+2 = w2l+1 for
1=0,1,2,....

Consider d(ws,, w;lﬂ) = 0(CPwy;, QRwai+1)

=i, T1O(Hway, Iwwgiy1) + 120(Hwyy, CPwyy)

+130(Iwaiq1, QRwoi41) + 740(Hway, QRwa41)
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=7'18
+T48

7 ’ 7 ’ 7 !’
(o1, @) + T2 Oy _y, @yy) + T3 O(@y;, oy 1)

! ’ 7 ’ !’ 7
=71 O(wy_ 1, @y) + T2 0@y 1, Wyy) + T3 (g, Wy y1)

! ’
War—1> w2z+1)

+ 74 [0(wy_y, Wyt O (@, @Woy 4 1)]
ie, (1 — 1 — m) 0wy, @y ) Jiy (11 + T2 + Ta)
INwgy_1, o)

. / ’ + + ’ ’
Le., O(@y, @y 41) Sy (7711_;2_;4) w1, @)
Similarly, we consider
!’ !

0@y 1, @y 1) = O(QRway 1, CPwgy2)
= 0(C'Pwy42, QRwai11)
=i, T1 O(Hwaq2, lowgi1) + 72 O(Hwoy2, CPway2)
+ 73 8(1@25+1, QRww; 1) + 74 3(H}ﬂzz+2, QRwo41)
=T 3(w;l+1v/wzz) + T2 a(wgzﬂa wgl+2)
+ 73 0wy, Wy y1) + T4 O(Wyy 41, Doy yg)
ie.,(1-m3) 6(w2l+1, Wyt 9) Dip (T1+ 73)0(wq; 5 Woy41)
. ’ ’ + ’ ’
L.e,0(@Wy 41, Wayp0) R (7117:23)8(@217'“21“)
Let us consider o = max {24 nidTs

R —T3—T4 —T2
then o <1, Since 71 + 70 + 73 + 274 < 1.
Now, for m,1 € N and 1 < m, we consider

! ’ ’ ! ’ !
@y, @,,) iy 0wy, @y, ) + 0w 1, Ty g) +onne

+ a(w;n—la w;n)

=iy (G o + 0™ Y3 (wy, ;)

. ’ ’ o_l / ’

ie., 0(w;, @,,) 2, (%5)0(@y, @)

Therefore we obtain L

10(w@y, @)l Sy (175)10(w0, @)l

Since o < 1, as n,m — oo, we get [|d(w,, @,,)|| — 0
Hence {w;} be a cauuchy sequence in complete space €2, then
37 € Q such that

limy, 00 CPway, = limy 00 [wang1 = limy, 00 QRw2, 41 =
hmn—>oo Pw2n+2 =7

Since QR(£2) € H(Q), then 3 z € € such that Hz = 3.
Now we consider

O(CPz,)) =i, 0(CPz,QRwapns1) + O(QRwan1,7)
=i, TO(Hz, Iwap41) + 72 O(Hz, CP2)

+ T3 8(Iw2n+1, QRW2n+1>

+74 O(Hz, QRwan11) + O(QRwany1,9)

Letting n — oo, we have

(CPz, 3) =i, T10(3,7) + 120(3, CPz) + 730(5,m)
+740(3,7) + 0(3,7)

Therefore we get

10(CPz, )|l < m[l0(CP=, )|

which is a contradiction, Since 71 + 75 + 73 + 274 < 1.
Therefore we get, ||0(C' Pz, )| =0.

Hence CPz=Hz = ).

Again Since, CP(£2) C I(€2), so there exists w € () with [w = 3.
Now we consider,

9(3, QRw) = 0(CPz, QRw)

=i, TO(Hz, Iw) + 120(Hz,CPz) + 130({w, QRw)
+ 140(Hz, QRw)

i.e., 9(3, QRw) =, (13 + 74)0(3, QRw)

i.e. 90, QRw)| Zuy (73 + 74) 003, QRuw)|

which is a contradiction, Since 71 + 7o + 73 + 274 < 1.
Therefore we get,||0(7, QRw)|| = 0.

Hence QRw = 7 =1Iw.

Thus we get CPz =Hz = QRw =1Iw = .
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Since I and QR are weakly compatible, then I[(QR)w = QR(D)w
implies Iy = QRy.

Since CP and H are weakly compatible, then (CP)Hz = H(CP)z
implies CPy = Hy.

Now we show that CPy=Hj =

We now consider

9(CPy, ) = 9(CPy, QRw)

=i, T1O(Hy, ITw) + 70(H ), CPy) + m30(Tw, QRw)
+ 140(Hy, QRw)

=7110(CPy,9) + 0(Hy, Hy) + 301w, Tw)

+ 140(CPy, 3)

i.e., 0(CPy,9) =i, (11 +74)0(CPy,7)

e [O(CP3, | < (r + m)l|IO(CPY, )|

which is a contradiction, Since 71 + 75 + 73 + 274 < 1.
Therefore, we get ||0(C Py, 7)|| = 0.

Hence CPjy =)= H}).

Now, we show that Q Ry = 7 :

We now consider

9(3,QRy) = 0(CPy, QRy)

=i, 1O(H), 17) + 120(H ), CP)) + 130(1), QRy)

+ 7-48(H77? QRT/)

=710(3, QRy) + 720(H, Hy) + 730(15, 1))

+740(), QRy)

ie., 0(3, QRy) =i, (11 4+ 74)0(5, QRY)

ie., 002, QRy)[| < (11 + 74)[0(3, QR

which is a contradiction, Since 71 + 7o + 73 + 274 < 1.
Therefore, we get ||0(3, QRy)|| = 0.

Hence, QRy = 5 = I.

Thus, we get CP)=H)y=QRy=17=.

So, 7 be a common invariant point of H,I,CP and QR.
Since we have commuting conditions of pairs, we get

Q1= Q(QRy) = Q(RQ)) = (QR)Qy and

Q= Q(Hj) = H(Qy);
Ry= R(Hj) = HRjand
Ry = R(QRj) = (RQ)Ry = (QR)R).

Thus Qj and R are common invariant points of (QR,H).
Therefore, we get Q) = 7 =Ry =Hj=QRy.

Simiarly, we can easily prove, Cy= =Py =1y=CP).

Thus, 7 be a common invariant point of H,I,C,P,Q and R.

Now we prove j is unique. Suppose 7y be common invariant
point of H,I,C,P,Q and R other than ;.

Now we consider,

9(3,7) = 0(CP), QRy)

=i, O(H), 1) + 120(Hj,CPn) + 730(I7, QRY)
+740(Hy, QR~)

ie., 0(3,7) =i, (114 74)0(3,7)

Le.[|0(3, M Rz (11 +72)[10(3,7)]]

which is a contradiction, Since 71 + 7o + 73 + 274 < 1.
Therefore, we get ||0(7,7)|| = 0.

Hence, we get 3= 1.

Thus j is the one and only common invariant point of H,I,C,P,Q
and R.

Corollary 3.2.  Suppose (2,0) be a complete Bicom-
plex valued metric space and H,C,P,Q,R be the self mappings
on Q satisfies (i) H(2) 2 QR(2) and H(2) D CP(Q) (ii)
O(CPw,QRY) =i, mO(Hw,HY) + md(Hw,CPw) +
730(HY, QRY) + 740(Hw,QRY) for all w,9 € Q,
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where 71,79,73 and 74 be nonnegative real number such that
71 + T2 + 73 + 274 < 1. (iii) Suppose that (QR,H) and (CP,H)
be weakly compatible. (Q,R), (Q,H) (R,H),(C,P),(C,H) and
(P,H) are pairs of commuting maps. Then Q,R,C,P and H have
a unique common invariant point in 2.

Proof: This results can be prove easily by substituting I = H in
the above theorem.

Theorem 3.3. Suppose (€2,0) be a complete Bicomplex
metric space and h,k:2 x @ — Q be two functions satisfies
Ah(w,3). k(p. 0)) =i, 1 H=2G2)

7y 6(w,h(wu2))+6(p’W) + 7y 8(w,h(wu))2+6’(p’k(p,0))

where w, 5, p, 0 € Q and 71, T3 and 73 are nonnegative integers
such that 1 > 74 + 7 + 73. Then h and k contains one and
only common coupled invariant point in £ x 2.

Proof: Consider two arbitrary elements wg, 3 € €.
We define two sequences {w,},{sn} such that
wop1 = h(wa, g2r), warso = k(wary1, J2141)s
J2141 = h(g21, w21), Jai+2 = k(J2141, war41), for1=0,1,2...
Now we consider,

O(war41, @a+42) = O(h(war, J21), k(w@2141, J2141))
=; Tla(wzl7w2l+1)+8(J217321+1)
—ig

2
NP 9(war,h(w2i1,921))+0 (w214 1,™21)

2
73 9(war,h(wai,921)) +0(w2i 41,k (@a141,92141))

2
(w21, 2141 )+B(]2l ,J2141)

o 1¢)
=7 7 (w217w2l+1)'5 (w2141,™21) +

(w2 ,w21+1)+8(w21+1 W21 42)

T3 5
= (D224 (wwap, warg1) + () 0021, J2141)
+(5)0(w21 41, @21 +2)

ie.,

(2 — 73)0(wait1, Wart2) =iy (11 + 272 + 73)0(w21, Wai+1)
+(11) (921, J2141)—(3.1)

Again, we consider

8(]2l+1,j,21+2) = 0(h(21, w21), k(J2141, @2141))

<. 3(]217121+1)+8(W2z7wzl+1)

—12

2
8 J21,h (921,%21))+0 (921 41,721)

(
2
8(]21,h(]2l’w21)+5(j21+1’k(J21+1>w21+1))
(

2
8 J21,02141)+0 (w21, @2141)

9(921,92141)+0(3214-1,921)
2

=T + 7o

2
9(921,92141) +0 (214 1,92142)

+ 73
= (TE22478) 0 (501, gor1) + (3) O, war41)

+ (5092141, J2142)

ie.,

(2 —73)0(92141, J2142) =iy (71 + 272 + 73)0(921, J2141)
+(11) O(war, war41) —(3.2)

By adding the equations (3.1) and (3.2) we get

I wary1, wart2) +0(J2141,92142) =iy NO(war, war11)
+0(J21, J2141)]

where 1) = 213222418 and 0 <) < 1, Since 1 > 71 + 72 + 73.
Similarly, we can easﬂy show that

O(warr2, @a43) +0(J2142,92143) Zip N0(@W2141, @2u42)
+0(92141, J2142)1

Then, for any 1 € N, we get

N@it2, @i+1) +0(Ji+2, Jit1) =iy N[0(wi41, @01)
+0(Ji41, 20)]

=i, N210(w1, wi1—1) +0(91, 31-1)]
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=i, NP (w1, wo) +0()1, 0)]

Now, we consider m,l € N and m >1, we get

O @m, @1) + O(Jm, 1) =iy [0(w1, w141)+ (1, J141)]

+ [a(lerh wm) + a(]l+17 ]m)}

=iy [0(@1, @i D001, Ji1) ]+ [O(@1 41, Ti42)

+ a(]l-‘rla jl+2)] F o + [8(wm—17 wm) =+ a(]m—l,jm)]
ip [0 0T 0 4 TIO(1, @0) + 001, 20)]
=i, (75 [0(@1, @o) + 971, 90)]

Since 0 < 7 <1, Then J(wm, ;) — 0 & O(Jm, 1) — 0, as
Im — oo.

Hence {w,} and {j,} be two cauchy sequences in X and
there exists @,y € X such that (@,) — w and (g,) — J as
n— oo.

Now we consider

a(h(wm?)’ w) iy 8(h(wa j)v w21+2) + a(w21+2’ w)
=0(Mw,)), k(w2 41, $2141) + O(war 12, @)

=iy T 8(w w2l+1)+3(1 121+1) Ty A(w,h(w,9))+0(wai41,™)

O(w,h(w, J))+3(w21+1 k(w2141,9214+1)) +a(

+73

TW21+2, w)

2
O(w, W21+1)+3(J J2141) 8(w.h(w,]))+d(ww+17w)

+ Ty
O(w,h(w, J))+3(w21+1 wait2)

+ 73 +a(w2[+2, )
Letting the limit as 1 — oo, then we get
10(h(w, 7), @) || < (ZF)]|0(h(w, 7), @)l
which is a contradiction, since 7y + 72 + 73 < 1.
Therefore, we get ||0(h(w, 7), @)|| = 0.

Hence, h(w,j) = w. Similarly it can easily show that
h(g, @) = J.

Now we consider,

8(@, k(w7j)) = 8<h<w7])7 k(w’ﬁ)

=iy T1 a(w’w);rd(w) + 7y a(w,h(wg)JrD(wnﬂ)

+ 7y A=l J))+8(w k(w.1))

ice.. (@, k(w,5)) < 5 0w, k(w, 7))

. [0, k(@, )]l < 3 [19(, k(,9))]

e (11— 2) |0(w, k(= )] 0.

Since 1 > 7 + 70 + 73.

Therefore, we get ||0(w, k(w, 3))|| = 0. Hence k(w, j) = w
Similarly, we can easily show that k(j, @) = w.

Thus, (o, 7) is a common coupled invariant point of h and k.
Now we prove (w, j) is unique.

Let (¢,v) be any other common coupled invariant point of h
and k. Then h(¢,v) = k(¢,v) = £ and h(v, ) = k(v,{) = v
Now we consider,
O(w, ) = O(h(ww, 1), k¢, v))

jiz 7_1 O(w,0)+0(y,v) . O(w,h(w,)))+0(,w)
+ 73 a(w,h(w,j));r@(l,k(é,v))

= 2A=00GY) | o B(WW);a(ZW)

= (472)9(w, ) + 50(3,v) —(3.3)

Similarly, we can show that

D(3,0) Ziy (TE2)0(,0)+ 3 (2, £) —(3.4)
By adding the equations (3.3) and (3.4), we get
(@, ) + 0(3,v) =i, (32372)[0(w, £) + 0(3,v)]
i (1 - 20522)[0(@, ) + 003, v)] <s, 0.

Since 1 > 1 + 7o + 73,

Therefore, we get ||0(c, £) + 0(7,v)]|| < 0.

Then we get 0(w, £) + 0(y,v) = 0.

Hence, w = ¢ and y = v. i.e., (ww, ) = ({,v).
Hence (w,j) is the one and only one common coupled

+73 a(w,w);-a(f,f)
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invariant point of h and k.
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