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Abstract To ascertain whether there is a causal
connection between exogenous and endogenous factors,
one method is to perform path analysis. The linearity
assumption is the one that has the power to alter the model.
The model's shape is impacted by the linearity assumption.
The path analysis is parametric if the linearity assumption
is true, but non-parametric path analysis is used if the
non-linear form is unknown and there is no knowledge of
the data pattern. If the non-linear form is unknown and
there is no knowledge of the data pattern, non-linear path
analysis is used. This study's goal was to calculate the
nonparametric route function using a combination of
truncated spline and Fourier series methods. The findings
demonstrated that nonparametric path analysis only in
cases where the linearity presumption is violated can one
employ the Fourier series and truncated spline. Then, using
the Ordinary Least Square (OLS) approach, the estimator
of Nonparametric Regression-Based Path Analysis was
obtained, delivering an estimation result that is not unique
because it makes use of a nonparametric approach. The
contribution of this paper can be used as reference material,
especially analysis in statistics. With this paper, it is hoped
that it can be applied in various fields. Suggestions for
further research can develop this research with other
models.

Keywords Fourier Series, Nonparametric Path
Analysis, Regression Analysis, Truncated Spline

1. Introduction

In 1934, Wright developed route analysis for the first
time [1]. Path analysis is used to assess the model of the
relationship between variables in the form of cause and
effect [2]. A route analysis is one way determining if there
is a causal relationship between exogenous and
endogenous components [3]. In addition to establishing the
direct influence of exogenous factors on endogenous
variables, path analysis is used to determine if exogenous
variables have an indirect effect on endogenous variables
through mediating endogenous variables [4]. Mediation
models are those in which the effect of an antecedent or
independent variable (X) on the dependent variable (Y) is
communicated via a third intervening or mediating variable
M) [5].

The regression technique approach known as
nonparametric path analysis assumes that the regression
function's curve's form is unknown. Nonparametric route
analysis curves merely assume that the curve is smooth [6].
It is presumed that the function space contains the function
curve [7]. The difference between parametric and
nonparametric approaches is that the former seeks to force
the data to follow a particular pattern, while the latter
provides the data with the freedom to seek out its
regression curve pattern, making the latter more flexible
and unbiased [8]. The use of path analysis for parametric,
non-linear and parametric methods can be seen in Figure 1.



1294

Path Analysis

fullfiled

Parametric Path

Asumption Test

Analysis

Not fulfilled
onlinear Curve is Nonparametric
Formed Path Analysis

Nonlinier Path
Analysis

Figure 1. Tree diagrams use parametric path analysis, nonlinear path
analysis, and nonparametric path analysis

In nonparametric path analysis, smoothing parameters
are needed to determine the size of the smoothness or
roughness of the curve in describing the data. The
smoothing parameter of a very small value provides a very
rough regression curve estimator. On the other hand, if the
smoothing parameter value is very large, it will produce a
very smooth nonparametric regression curve estimator [9].
As a result, in estimating the nonparametric regression
function, it is necessary to choose the optimal smoothing
parameter to obtain the most suitable estimator for the data.
[10] used the Generalized Cross Validation (GCV) and
Cross Validation (CV) methods as smoothing parameters
in nonparametric regression analysis with Fourier series.

Nonparametric regression is the basis of nonparametric
path analysis for the pattern of relationships between
exogenous, endogenous dependent, and endogenous
mediating variables [11]. Several approaches can be used
in nonparametric path analysis, namely using Moving
Averages, Fourier Series, Splines, Kernels, Local
Polynomials, and Wavelets [12,13].

Since the Fourier series is a trigonometric polynomial
with  adjustable characteristics, the model can
accommodate local data characteristics. Some studies have
studied Fourier series nonparametric regression modeling.
Hidayat et al. [7] states that splines are part of a polynomial
that has continuous and segmented (truncated) properties.
Amalia & Nur [13] conducted research by utilizing a
nonparametric Fourier series regression approach and
using the GCV and CV methods. Adrianingsih et al. [10]
found that the model nonparametric regression with
Fourier series estimator tends to follow the actual data
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pattern. Dani & Adrianingsih [8] conducted a study and
showed that the nonparametric regression model with the
Fourier series estimator tends to follow the actual data
pattern. Both approaches have the advantage that they can
be precise or close to the actual data pattern, so when the
two approaches are combined it is hoped that they can
make more flexible function estimates for data patterns.
Based on the above background, in this study, we will
predict a function estimator for a nonparametric path
function using Fourier series and truncated spline
approaches. The contribution of this paper can be used as
reference material, especially analysis in statistics. With
this paper, it is hoped that it can be applied in various
fields.

2. Literature Review

2.1. Nonparametric Regression Analysis

Modeling data patterns using nonparametric regression
is very versatile, minimizing the subjectivity of the
researcher [14]. If the normality, non-multicollinearity,
and homoscedasticity assumptions of parametric
regression analysis were not met, nonparametric
regression analysis was utilized [15]. This strategy works
effectively for drawing conclusions when there is little to
no prior knowledge about the regression curve or data
pattern [16].

When parametric regression is used on unknown data,
there is a risk that it will produce an unrepresentative
regression model, which will lead to erroneous
conclusions from hypothesis testing [17]. The pattern of
the connection between the predictor variable (X) and the
response variable (Y), whose curve form is not yet known,
can be determined using a nonparametric regression
model [18]:

Y;:f(xi)-}_gi (1)

The study is carried out using parametric route analysis
if the linearity presumption is true. However, the analysis
uses non-linear and/or non-parametric pathways if the
linearity supposition is violated. Where:

Y;: the response variable’s value

x;: the predictor variable’s value

f: regression curve

i:1,2,..,n

N: the abundance of observations.

&;: erors in the i-th observation.

2.2. Nonparametric Path Analysis Based on Fourier
Series

The abstract should concisely state the purpose of the
investigation. Fourier Series Route Analysis is one
method that can be applied to nonparametric path analysis.
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Since the Fourier series is a flexible trigonometric
polynomial, it may easily adjust to the local nature of the
[19]. Data with a trigonometric distribution (sine and
cosine) can be overcome by the Fourier series, which is an
advantage [10]. According to the Nonparametric
Regression model in equation (1), the Fourier Series
approximates f(x;) f(x;)as follows:
Minimize &;*

Min(Si, &) = Min {1, (v - f ()"} @)

Depending on how smooth the function f is, the
following penalty is also applied in addition to
minimizing equation (2):

2 (r2 ) ax ®

This means that by using Penalized Least Squares (PLS)
to finish the optimization, the estimator for the regression
curve f can be obtained.

Mm{n—l (s —f(xi))z +/1f;%(f(z)(x))2 dx} 4)

To resolve equation (4), start by determining the value of
P(a):

P(a) = jon%(f(z)(x))z dx

P(a) =
5 & K K
—j z:(kzakcoskx)2 + 22Z(kzakcoskx)(jzajcoij) dx
Tl \i+ k<j k<j

P(a) = i1 k*af ®)

Smoothing parameter can control between the goodness

of fit and smoothness of the function. For a very large, a

very smooth solution function will be obtained, while for

a very small, a very coarse solution will be obtained. f can

be approximated by the function x because it is a
continuous function, with:

f(x) = bx + %ao + YX_, aycoskx 6)
Using equation (6), it is possible to write
n
b 2
Mini{n™! i — f(x) 2+/1f —(f@w)) dt
{ ;(yl fe) +a | S (rom)
1 2
Min {n‘l Y, [yi —bx—-a,— YK . akcoskx] +AYK . k4a,2(} @)
Min{n"*(y — Xa)’'V~*® + Aa'Da}
=Min{fn Yy'y —nta'X'y —n"(a'X'y) + a' (n"1X'X + AD)a}
Where:

D = diag(0,0,1% 2%, ..., K%) (8)

If equation (7) is known as Q(a), then we can obtain it
by partially subtracting Q(a) from a and equating it to
Zero:
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0@ _
da

0-2n"'Xy+2n'XX +AD)as  (9)

a) = (mXx+ap) ntxy

It can be expressed as a matrix based on the
characteristics of the Fourier Series estimator in equation

).

f=Xa+e (10)
f=Xa (11)
Where:
1
a= b,EaO,a,,...,ak (12)
X, 1 Ccos x, cost1 cosK x,
X, 1 cos x, cost2 cost2 (13)
X=|x, 1 cosy, cos2y, cosK x,
x, 1 cosy cos ZX" cos Kx”
If equation (11) is translated, it will look as follows:
Y, x, | cosx, cost1 o cosKy, 1b e
Y, x, 1 cosy, cos2y, - cosKy, Sa e,
¥y, = )(';3 1 cos.x3 cos.2x3 cos{(x3 a + e}
)/; X, 1 cosx, cos2x” e cosKy, a. ex
M

Consequently, the following is how the estimator for
the Fourier series' nonparametric path function is obtained
[14]:

fi0e) = B)x; + 580 (A) + Xy & (A)coskx;  (14)

2.3. Truncated Spline-based Nonparametric Path
Analysis

The spline is a part of regression analysis, more
specifically from  nonparametric  regression and
semiparametric regression. Research in the field of splines
that is independent and has character, requires a
comprehensive process, following stages and very long
[20]. In modeling data patterns, nonparametric spline
regression has advantages, namely: (a) Splines have very
special and very good statistical interpretations. The spline
model was obtained from the optimization of the PLS
method. (b) The spline can handle smooth data/functions.
(c) The spline is very good at handling data whose behavior
changes at specific sub-intervals. (d) Spline is very good at
generalizing intricate and complex statistical modeling [21]
The Truncated Spline polynomial is one of the spline
models that applications find interesting [22].

Splines are parts or pieces of a polynomial that have
segmented and continuous (truncated) [10]. The advantage
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of Truncated Spline polynomial regression is that it tends
to find its form of estimating the regression curve [23].
This can happen because the spline has a common fusion
point that shows a pattern of data behavior called knot
points. The knot point allows for effective adjustment of
local characteristics so that the spline has high flexibility.
In addition, the advantage of the Truncated Spline
polynomial regression is that it is objective, so it can
minimize the element of subjectivity. The optimization is
done by using the least square method so that it has easy,
simple, and good mathematical calculations to help with
statistical calculations.

Simple equations are used in a nonparametric path
analysis along with exogenous, mediating, and endogenous
variables. Equation (15) is a straightforward path analysis
model based on the undefined Truncated Spline approach
[24]

Vi =t (xn ) T &
Vo = Jia (xli ) + /2, (xli ) &

In equation (15) it can be shown in the form of a matrix
as in equation (16):

i Jia (xn) €
Y2 f.l(xlz)

S (xln) Ein

(15)

—

yln
= +
Yo Jia (x11)+f2.2 (yn) &5 (16)
Y Jia (x12)+f242 (ylz) &y
Yan Jia (xln)+f2.2 (ym) &

The truncated spline has parameters determined by
polynomial degrees and knots as smoothing parameters.
Equation (17) illustrates how the X matrix is designed for
the nonparametric path analysis:

X_(Xl 0}
0 XZ (2+p+K)x2n

The Truncated Spline function is the foundation of the X
matrix design. Equation (18) and (19) shows how the X
matrix is constructed:

1 (xl - txl )

1 x,

(17)

1 x

(18)
1 x (x —txl)

n
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(J/n _ty1)+

(J’n - tyl)

1 x (xl_txl)+ Y

1 x, (xz—tx1)+

Y2 L9

1 x, (xn_tx1)+ (yln_ty1)+

Equation (16) uses the variance-variance matrix denoted
by equation (20) and a random variable whose error is
assumed to be normally distributed to 2n variables:

yln

Yu le (xll) &1
Y2 Jia (xu) 3
Vi | _ Ji (xln) + E 20)
Yo Jia (xu)"'fz.z (J’u) &y
Yo Jia (x12)+f2‘2 (J’u) Ey
Yan Jia (xln)"‘fz.z (yln) Eon
3. Methods

This study was carried out to advance the theory of
statistical modeling, specifically regression modeling.
This study combined the truncated spline and Fourier
series methods to derive the lemma theorem from
nonparametric path analysis. Using the Ordinary Least
Square (OLS) method, the nonparametric path analysis of
the Fourier series function was estimated.

4. Result and Discussion

The Fourier series is a polynomial based on a cosine
function that has flexibility so that it can adapt effectively
to the local nature of the data. The Fourier series is good
for describing periodic curves such as sine and cosine
waves. The truncated spline is the sum of the polynomial
functions with a truncated function. The truncated spline
is used to show the function/data where there is a change
in the behavior pattern of the curve that varies at different
intervals.

Lemma 4.1. Forms of a Simple Fourier Series and
Truncated Spline Nonparametric Path Analysis Model

If given paired data (X5, X5 Y1 Y2i) ,  the
relationship ~ between  (Xq;, X5, Y11, Yoi) them s
modeled by additive nonparametric path analysis.
Equation (21) shows a combined nonparametric path
analysis model of the Fourier series and truncated spline.
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1= fO) + G02) + &
2i = (X1 y1) + G (20 v10) + & (1)
Where yy;and y,; are response variables, f(xq;),
G(x2:), f(X15,y11), and G(xz4,¥1;) are path curves of

is a random error, with a mean of
2

unknown shape and &;

zero and a variance 0° of assumed to have an
independent normal distribution.

Let f(xq;) be approximated by a Fourier series
function. The model can be seen in equation (22).

P

A 1

fii = 5 o1 +Zb1jX1i +
=1

P K
Z bijX5; + Z Y1(2xi)€0sKYy;
=1 k=1

fai = aoz +Zb2]Xll

P
Z by Xy + Z Y1(2xi)€0SKYy;
=1 k=1

+Z£=1 Y10 €0sKYy; (22)

Let §(x,;) be modeled by a short spline function.
Equation (23) depicts the model in detail.

m r
A m
8 :Z:ijx;‘i +Zauj (‘xji _tuj)+

m
g21 Zﬂw Ji +Zau/( Ji - u/ )+ +a

with

The combined nonparametric path analysis model of
the Fourier series and truncated spline is shown in
equation (24).

m

1 =Ea01 +Zb|,Xu +zb1/X21 +Z71(2xk} cos KX, +Zﬁv}‘xﬂ
J=1 v=l
m
+Zau/ (xﬂ Ly )+
m

fa = 2“02 +Zb2lel +zlb2/Xh +Z71(2xk) cos KX, +z}ﬂvx,:
J v

"
+Zalu ( Xji u/) +a, (yj,- 1l )+

When translated, equation (24) is shown in the equation
below:
If K=2, m=1, and t=1

24
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fu=

1
Eam + b11jX1i + v, cos X+ Yy, COS 2Xqy; + b21jX2i

+ayq (g — i)+ (25)

fa=
1

anz + b12jX1i + v, cos X+ Y, COS 2Xqy; + bzszzl-

+ayp(Xp; = ti2) 4 + b3 Vi + an (Vi — ta2)4
If K=2, m=1, and t=2
L1
Ju :anl +blleli + 71, €08 X}, + 7, cos2X,, +b21,X2

+a,, (le, -1, )+ +a,, (le, -1, )+

(26)
~ 1
f2i :anz +b12jXIi + 71, €08 X, + ¥y cos2X, +bzz,)(z
ta, (x2i =1 )+ +tay, (‘x2i —Iy )+ +b32/'Y11 +a, (Yn —Iy )+
Jr0‘42()11 7t42 )+
If K=2, m=2, and t=1
A1
S :5‘101 +bll/Xlx + 71008 X, + 7, c082X, +b2|,X
. 7)
+b31/X22, +tay, (X2L _t11)+
- 1
Soi =Eanz +b12/'X1i + 71, €08 X, +7,,c082X,, +bzz,X2
2
+bzz,X +ta, (xz, 12) +b42/Yu +b52/.Y“2 +a,, (Yn —1y )+
If K=2, m=2, and t=2
- 1
Jui :Eam +b11,X1; +711 €08 X, + 7, c082.X,, +b21/Xz,
5 2 2
+1731/')( +ay, (x2i 7’11)+ +a,, (x2i — Iy )+
le a(J2 +b12th + 7,08 X, +7,,Cos2.X, + bzz/X (28)
+b32jXZ, +aq, (x21 tlz) +ay (xz, 22) +b42,Y]z
5 2
+by Y +ay, (Y“ -1 )+
If K=3, m=1, and t=1
A~ 1
:Eam +b,1/X1,. +7,,€08 X, + 7, 082X, + 5 cos3X,;
+b,,, X +a11(x21 _tll)+
' (29)
le a02+b]2/X + 7,08 X, +7,,c082X, +7;,cos3X,,
+b22, T, (x2i _tl2) +b32/ 1i +a22(Y1/ _t22 ),,
If K=3, m=1, and t=2
7 :%aUI +b,UX,I +7,,€08 X, + 7, cos2X. +y, cos3X,,
+b21/Xz: +q (sz _tll)+ +a, (x’_’x —1y )+ (30)

2 1
fzi :Eauz +b12/’Xli +7|ZCOSX|, +7x COSZX” +73 COS3X”
XZr +a, (xz: t12)+ +a,, (le -

+b ty), +b

P A (le —ly )+

22

Jr0‘42( i Lo )+
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If K=3, m=2, and t=1

1
1x:5a01+b1 X, 471,008 Xy, +75, €O 2X), + 5, cos 3X),

1j

N 2
+b21jX2i +b31jX3, +a;, (‘x2i _tll)+

- 1

S :5‘102 +b12/’Xli + 71, €08 X, +7,,€082.X,, +y3, cos3X,

+b, Y, +b Y2

2
+b22jX2i +b32jX2, +a, ('x2i 12) 42 52

+ay (Yn —ty )i

If K=3, m=2, and t=2

~ 1
S = 2am+bl i T 7 cos X, + 7, c082X,, +y; cos3X,,

1j
) 2 2

+b21]X21 +b31,'XL +a (X2i _111)+ +ay (x2i _tzl)+

le a02 + blszh + 71, €0 X, + 75, 082X, + y3, c0s3.X,

+b.

22,

N 2
+b52jY“ +ay (le —ly )+

2
+b321X2,+a12(x2,. tlz) +ay, (x, - +b,,.Y,

22) 42,11

If K=4, m=1, and t=1

A~ 1
1i =Eam +bn,Xl, + 711 €08 X, +7, C082X,, + 7, c0s3X); + 7, cos4X,,

+b.

21

XZr +‘7‘|1()‘2x 7t1|)+

o1
Sa :Eanz +b12/XI1 + 712 €08 X, + 7y, 082X, + 3, €OS3X; + 7, cOS X,

—Ip )+

+bzz,X2, +a, (xz, —t ) + b}z,

If K=4, m=1, and t=2

+ay (YI

- 1
Jii =Eam +bl|jXI1 + 71008 X, +7,, 082X, + 75, c0s3X,, + 7, cosd X,
+by, Xy oy, (le =1 )+ +ay, (xu _t21)+

P 1
[ ==ag +b12lel + 71, €08 X, + 75, COS2.X,, + 75, 083X, + 7, cos4 X,

2
+bzz/Xz. +ta, (xy _l|2)+ +a, (xzz _lzz) +bv PR 225 (Y —ly )+
+ay, (Yn _t42)+

If K=4, m=2, and t=1

f’\;l =%aﬂl +b|l/Xll +;/H COSXI: +}’21C052X|’ +}/3I COS3XI1 +}/41 COS4X|1

) 2
+b,,, X, +bn,Xz, +a“(X2, ”|1)+

A 1
Jr=7a +b12/X|, + 712 €08 X, + 75, 082X, + 73, COS3X,; + 7, cOs4X);

2
+b22,Xz,+bzz,Xi +zx,2(x2, |2) +b Y +bsz,
+ay, (Yn —ly )i
(1
5 X, cosX, cosKx, 0
ry 71 |1
M 5 Ko cosx, cosKx, O
Y2 1
Vi3 5 X3 COSX, cosKx, 0
Yin | _ 1
v | 3 X, cosx, cosKx,, 0
Y2l lo 0 0 0 x,
50 o 0 0 X,
v, 0 0 0 0 X3
0 0 0 0 X5,

€Ly

(32)

(33)

(34

(35)
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If K=4, m=2, and t=2

A1
fu=Eam+b11/X|.+71|C05X1,*72|0052X1y+7310053Xu+74|C054Xu
+b2”XZ,+bH/Xi+a“(le tn) +a21(x,1 ZZI);

A~ 1
fz,:Eanz'*'bl:;Xn+7|2C°SX1,+7220052X1.+712C053X1.+7420054X|1

2 2
+bzz,X2, +b321X +ap, (xz, 7t12 )+ +a (xz, - 22) +b, Yl

42 j

+bsz, +ta,, (YI —1y )T

If K=5, m=1, and t=1
f =laul +b,

Ji=3
*7510055)(“ +b21,X2y +an(x2, 7tll)+

1/XM +7,, €08 X, + 7, €08 2.X, +y;, cos3X |, +y, cos4X
/2, a\,w +b,, X 47,008 X, +7,,€082X), + 75, c083X), +7,, cos4X,,

Vs, COSSXh +bzszz. +ap, (le _ll’) +bzzj ;T 0y (Yn _t22)+
If K=5, m=1, and t=2

f"l,. :%am +b“/X,, +7,,€08 X, + 7, c082.X,, + 5, cos3X |, + y, cos4X,
+75,€085.X), +b2,,X2, +a”(x2, —t“)+ +a2|(xz, —tZ,)+

f;z, =%aoz +b12/X1, + 7, €08 X, +7,,c082X,, +y,,co83X,, +y,cosdX
+75, c0s5X, +b22/X2, +a, (le —t13)+ +a,, (xz, —tu)
—ly )+ +a42(yli _t42 ),

+b, Y,

32

+ay, (ylr
If K=5, m=2, and t=1

X, + 7,008 X, +7, cos2X,, +y; c083X, +y, cosd X,

Al, :%am +b”/
+751 COS5X,, +by Xy +byy X2+ (3, — t”)f

fz, = %aoz +b,2/X“ + 71, €08 X, + ¥, 02X, + 3, 083X, + 7, cos4X
+75,€085X; +b22/X2, +b32,Xi +a, (xzt

_tn)i
If K=5, m=2, and t=2

,z) +by, Y, +by, Y2

+oy (Yn

a1
S :Eam +bn,Xn + 711 €8 X, 475, €0 2X,, + 5, COS3X), +7,, cos4X,,

2 2
+751COSSX|1+b21,X21*bzl,Xz,+an(xn tn) +a,1(x2, tzy)‘

a1
S = 2"02"'1’12/ i+ 712608 X |, + 7,5, 082X, + y5, c0s3X|, +7,, cosd X,
+75 COS5X, +byy X, by XD+, (3, — tlz) +ay, (X, - t,z) +b, Y,

+b52/Y +as, (Yl, —ly )i

(36)

(37

(38)

(39)

(40)

If the path analysis model is presented in the form of a

matrix, in general, the matrix formed is as follows:

0 0 0 0 b
N

0 0 0 0 a
a,

0 0 0 0
Ok
B
0 0 0 0 By
x;nl (x21 7t21)f (x21 7t22 ):ﬂ (le 7t2r )T

i n M w || Bz

X (xzz =1 )+ (xzz =1, )+ (xzz =1, )+ a
m m m 21
x5 (xzz —1y )+ (xzz —lyn )+ (xzz — b, )+ ay,
X;n (x2n _t21);n (x2/1 —ly )T (x2n b, )m | &,
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Then the above model can be written as follows: B,: parameter slope
y=Wa+Xp+& (1) X;: the predictor variable's value for observation i
&;: remainder in i-th observation
Where: Multiple linear regression analysis is used when there
Yi : the response variable's value for observation i are multiple predictor variables. The equation can be used

) . o to express the multiple linear regression model (43).
X, : the predictor variable's value for observation i

f 1 Yi:ﬁo—l—ﬁlxil—l_ﬁinz‘}‘Si (43)
[ : regression curve . .
it1,2 n The equation can be used to represent the general linear
t i<n’()t ,p.(').i,nt. regression model (44)

K omelllation rate Yi=By+ B Xu + B Xip + -+ B Xigp1y + & (44)

p: Spline Ordo

The matrix on multiple linear regression analysis can be
used to estimate the parameters. Furthermore, the multiple
linear regression equation is shown in equation (45) below.

Y] =ﬂo+ﬂ1X11 +ﬂ2X12 +"'+ﬁpX1p-1 té

&, : remainder on i-th observation

Proof

In equation (21), the following equations can be

generated and after that they will be used as a matrix. V=B B X+ B X+t /Bszp-l té (45)
First Part Y3 :ﬂo+ﬂ1X31+ﬂ2X32+"'+:BpX3p-1+33
Simple linear regression model:
Y, =B +BX +e 42 I o
L ﬁo ﬁl l L ( ) )]rxzﬂ0+ﬂerll+ﬂ2Xn2+“.+ X +gn

P mp-l

Where:
Y;: the response variable's value for observation 1
B, intercept parameters

The matrix form is

Y, 1 X X Xip-1 &
Y, 1 Xy X2 Xop-1 A
Y3 | = 1 Xy X2 Xz +| & (46)

v Vi )\

The simple path analysis model is shown in equation (48)
Y, = h( X, Xp) + &,
Y, = (X, Xy, )+ &y,

Second Part

(47)

Y, :ﬁlo + B X, + B X, + &
Yz[ = :320 +:321X1 +ﬁ22X2 +:823Y1 + &,

(48)

With matrix from:

Z2nx1 = X2nx7é7xl + ‘Sanl (49)
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Y,
Y,
Yln |:XX
YZ] an3
Y,
where
1 X,
X, - 1 Xlz.
1 X

With:

Y}, endogenous variable h-th, observation i-th

X;: exogenous variable observation i-th

,B : parameters for predictor variables

Bio
By

an4 :| IBIZ gln

B |+
X yy B &
21 c
2
P .
B |
_an
X, 1
X 1
2 X, =
X 1

&p;: random error endogenous variable h-th, observation i-th

Third Part

XZI )/11
X22 Y;Z
XZn 1n

Equations (50) and (51) present nonparametric regression models that can be created after understanding the equations

and multiple linear regression models (51).

Yi=f, (X1 X5) + & (50)
R - 1. .
() = bDx; +5a0(AD) + Yi=1 8k (Dcoskx; (51)
With the equation and matrix form like the following equation:
j:znxl = X370 (52)
Vi X1 1 cosxy;; €0S2xy; Xp1 COSXp; COS2Xpq b
Va2 X1, 1 €0SXq, C€O0S2xy, Xz COSXpy COS2Xy, % a,
Y3 =] x13 1 cosxyz c€0S2Xy3 Xz3 COSXp3 COS2Xp3 a, (53)
Vn Xin 1 €0SXy, C€0S2Xy, Xan COSXyy COS2Xap a,

The equations shown in the previous equations, namely the regression, path, and nonparametric regression models can

be made into functions and matrices as follows.

-Z‘2nx1 = X2nx17a17x1

(54)
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% X, cosx,; - cos2x, O O 0 0

1

5 X, cosx, - cos2x, 0 O 0 0

1

5w COSx, o cos 2x,, 0 0 0o .- 0 (55)

X= 1

0 0 0 0 5 X, ©€OoSsx, - CO0S2y,
1

0 0 0 0 5 X, €OSX, - COS2y,
1

0 0 0 0 5 i COSX, - 0OS 2¥i

Where:

f (X i ) : nonparametric regression function vector
X ; © exogenous variable
a,;: The j-th observation's parameter vector for the i-th exogenous variable

Theorem 4.1. Ordinary Least Square

Based on Lemma 4.1, the nonparametric path model can be approximated using the least squares approach. Thus, the
estimation that can minimize the Fourier and truncated spline is shown as follows.

I\gfl;? (f'f) =qn! Z (yi - f1(x1i))2 + Aof ; (fgz)(xu))z 0xy;
Minge (f’f) ={n"1(y—Wa—-XB)(y—Wa—-XpB) + Aa'Da} (56)

min (e'¢) = {0(a, )}
BER N\~ ~
Equation 56 needs to be described to obtain an estimate of its function. The decomposition of equation (56) is as
follows:
9@ p)=n"(y—Wa—-XB)'(y—Wa—-XB)+a'Da=n"'(y' —aW — 'X)y —Wa—Xp) + Aa'Da
=n-1 (yly —aWy—-p'Xy—-—yWa+aWWa+
B'XWa—y'XB+aWXB+BXXB
—n"ly'XB+n" B’ X'XB + a' (nT'W'W + AD)a 7)

Estimates of @ and 8 can be obtained using the ordinary least squares method, by reducing the total squares of error
as follows:

) +Aa'Da=n"ty'y—2n"taW'y—-n"18'X'y +2n taW'XpB

Q8 (1 ) 3 <n—1y'y-2n'1a'W'y-n'1 B'X‘y + 2n'1a'W‘XB>aQ(a,B)
—_— - ' L AR —a =
da da 'I'l-ly XB + n.lﬁ XXB +a (n WW+?\D)a 7
( 1 ) s (n‘ly'y —2n"ldWy—n"1p'X'y+2n ta' W' XB
da —n"1y'XB + n 1B’ X'XB + a/(nT W WD) g
=2n"W'y + 2n"'W'XB + 2(n"'W'W + AD)a =
2(—n" W'y + nT W' XB + n"'W'W + 1D)a
0=(—n"Wy+n 'WXB)(n'WW + AD)a(n W'y —n"'W'XB) = (n"'W'W + AD)a
’ _1 ’ ’ o~
a=n"'"WW+21D) (n'Wy-n"'WXp)
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a=(Ww+niD) W (y—Xp)

a =S D)W (y - XB)

(58)

Equation (58) can be minimized by partially deriving relating to and equaling zero.

9Q@p) _

39@p) _ )
ap

2 =2n"X'y+ 2n"1X'Wa + 2n~1X'XpB

2n'X'y + 2n'X'Wa + 2n'X'XB = 2n"(-X'y + X' Wa +

X'XB)

0=2n"Y(-X'y + X'Wa + X'Xp)

(59)

XXp=Xy-Xwa

p=(xx)"(xy-xwa)

B=&xX)"X(y-wa)
By substituting Equation (58) into equation (59), the beta is found as follows:

B=(xx)"x (3’ -w(s(k, A)W'(y"‘ﬁ))) = (xX)"'X (y - ws(x, YWD =

X'X)"IX'y — (X'X) L X'WSK, D)Wy + (X' X) X' WS(K, )W'X}

(60)

To obtain the result of the function estimator, it is necessary to subtract both sides (X'X)_1 X'WS(K,A)WXj in

equation (61) as follows:

B—-(XX)7'XxwWs(K, )WXB = (xx)"'xy - (xx) " xws(k, )w'y(1 - (X x) ' xws(k, )W'X)} =

L -1
X'X)71X (y — WS (K, H)W'y) (I-X X)X WS(K, DWW X)B = (X X)X (I-WS(K, OW )y — (X'X) " X'WS(K, D)W'X)p = (X X) X (I -
WS(K, )W ) yp =

(- XX X'WS(K, /I)W’X))_l(X’X)‘lX’(I —WS(K,)W")y

5. Conclusions

The use of nonparametric path analysis leads to the
following conclusion: only in cases where the linearity
presumption is violated can one use the Fourier series and
truncated spline. Then, because it employs a nonparametric
methodology, the estimator of the Nonparametric
Regression-Based Path Analysis, which combined Fourier
series and truncated spline using the OLS approach,
provides an estimation result that is not singular. Different
combinations of lambdas, oscillations, orders, and knots
will produce various outcomes. However, this non-unique
outcome will offer a graphical representation that is more
resemblant to the initial data distribution. Adrianingsih et
al. [10] conducted research using nonparametric regression
analysis because the data did not form a certain pattern, the
results showed nonparametric regression analysis using the
Fourier series and using three oscillations resulted in a
coefficient of determination of 84.08%. The contribution
of this paper can be used as reference material, especially
analysis in statistics. With this paper, it is hoped that it can
be applied in various fields. Suggestions for further
research can develop this research with other models.
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