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Abstract In this paper, we consider iterative methods 
for solving a partial eigenvalue problem for real symmetric 
interval matrices. Such matrices have applications in modeling 
many technical problems where a lot of data suffers from 
limited variation or uncertainty. In modeling most applied 
problems, when some parameter values fluctuate with a known 
amplitude, then it can be considered that it is advisable to use 
interval methods. The algorithms proposed by us are built 
on the basis of the power method and its modification, the 
so-called “Method of scalar products” for solving a partial 
problem of eigenvalues of an interval symmetric matrix. 
These methods have not yet been studied in detail and are 
not justified for interval matrices. In the developed 
algorithms, boundary matrices are first determined by the 
Deif theorem, and then a partial eigenvalue problem is 
solved. We also study the problem of convergence of the 
power method for boundary matrices of a given interval 
symmetric matrix. The results of the computational 
experiment show that the interval eigenvalues obtained by the 
proposed algorithms are in good agreement with the results 
obtained by other researchers, and in some cases even better. 
The obtained numerical results are compared by the number 
of iterations and the width of the interval solution.

Keywords Partial Eigenvalue Problem, Real Symmetric
Interval Matrices, Power Method, Scalar Product Method,
Uncertainty, Interval Analysis, Iterative Algorithms, Outer and
Inner Approximation

1 Introduction
World scientific practice shows that the solution of the eigen-

value problem is one of the main tasks of linear algebra, and
it underlies almost all engineering problems. For example, in
electrical and mechanical systems, eigenvalues correspond to
natural vibration frequencies, and eigenvectors characterize the
corresponding vibration modes. Also, in the theory of dynami-
cal systems, knowledge of eigenvalues allows one to determine
the nature of the system’s behavior in time and to solve the
question of the stability of such a system. However, in these
problems, which are real-life problems, exact data is very rare,
since the input data is affected by various uncertainties.

The use of mathematical methods in solving a number of ap-
plied problems is associated with the need to take into account
inaccurate data. Most researchers and practitioners manage
in such cases by probabilistic-statistical methods. But, as the
problems being solved become more complex, new engineer-
ing disciplines are involved in the scientific use of mathemat-
ics, the limitations of traditional probabilistic-statistical repre-
sentations become obvious, their inapplicability for modeling a
number of important processes and phenomena. The response
to this challenge of practice was the emergence of fuzzy and
interval approaches [1-4] to the description of uncertainties.
These relatively new approaches are analytically, firstly, ex-
tremely efficient in algorithmic and computational terms, and,
secondly, allowing to correctly investigate meaningful models.
In turn, in situations where inaccurate data have a limited am-
plitude of fluctuations, then the use of interval analysis meth-
ods allows them to be accounted for, as they say, “from be-
ginning to end”. This means the following: first, when syn-
thesizing a mathematical model or at the stage of analyzing an
already known mathematical model, a “reasonable” interval-
ization of parameters is performed, further research is carried
out within the framework of an appropriate structure, and the



1230 Iterative Algorithms for Solving the Partial Eigenvalue Problem for Symmetric Interval Matrixes

results are obtained using the appropriate software. This pro-
cess ultimately allows one-time accounting of all error sources
and obtaining guaranteed two-sided approximations for the de-
sired solutions.

Based on the above discussions and analyzing numerous re-
search papers devoted to solving the problem of eigenvalues,
we can assume that this direction also needs to apply methods
that allow taking into account uncertainties in the data.

Interval methods have found wide application in various
fields of research, including the development and improvement
of interval algorithms for solving algebraic eigenvalue prob-
lems in the works of A. Deif, J. Rohn, R. Lohner, G. Mayer,
L. Kolev, D. Hertz, M. Hladik, Z. Qiu, X. Leng, D. Hartman,
M.-H. Matkovschi, etc.

The first relevant research works in this direction appeared
in 1984-1986 of the last century, and some primitive results
are given in the works of Barmish [5], Hudak [6], Juang [7]
and Qiu [8]. Further results are due to Deif [9] and Rohn [10,
11]. Deif gives a description of the eigenvalue sets for symmet-
ric and nonsymmetric cases, as well as their exact estimates
based on the sign invariance of the eigenvectors. J. Rohn in
[11] obtained theoretical estimates and practical applications
for the boundaries of eigenvalues of asymmetric interval ma-
trices. M. Hladik and his co-authors [12] propose the so-called
filtering method for solving the interval eigenvalue problem,
and also in [13] give an optimal formula for limiting the real
and imaginary parts of the eigenvalues of complex-valued in-
terval matrices. Qiu et al. [14], based on the work of Rohn [11],
develop the interval perturbation method for estimating the set
of all possible eigenvalues of real nonsymmetric interval ma-
trices. Kolev [15] considers the problem of external interval
estimation of eigenvalues with parametric matrices. Mayer’s
book [16] presents the main results obtained in his research
on the interval eigenvalue problem, where he also proposes an
enclosure method for eigenvalues of real and complex interval
matrices based on the Taylor series expansion.

In many applied problems, we are not interested in all eigen-
values, but only in some of them. For example, high-order ma-
trices are obtained by finite-difference solution of eigenvalue
problems for differential equations. In this case, it suffices to
calculate only a few smallest eigenvalues corresponding to a
small number of zeros of the eigenfunction. Also, in neutron
diffusion problems, only one or two eigenvalues have a phys-
ical meaning. In such cases, it is unprofitable to solve the full
eigenvalue problem. Usually, to solve such problems, iterative
processes are used that converge to the maximum (minimum)
modulo eigenvalue and the corresponding eigenvector. One of
the frequently used such iterative methods is the power method.
This method is used in most cases for sparse matrices. For ex-
ample, the Google search engine uses it to calculate page ranks
on the Internet [17], and Twitter uses it to recommend “who to
follow” [18].

In this paper, we consider a partial eigenvalue problem for
A ∈ IRn×n interval matrices using the power method and
some of its modifications.

2 Preliminary facts and notation
In what follows, we will use the standard notation of interval

analysis [19].
Definition 1. Let a and a be real numbers

satisfying the conditions a ≤ a. Then the set
a = [a, a] = {x ∈ R | a ≤ x ≤ a} is called a real
interval. The set of all real intervals is denoted as IR. The
real numbers a and a are called respectively the lower and
upper bounds of the interval a.

Definition 2. Let a = [a, a] be a real interval. Then

• The width of the interval a is defined as wid a = a− a;

• The radius of the interval a is calculated as
rad a = 1

2 (a− a);

• The midpoint or center of the interval a is defined as
mid a = 1

2 (a+ a).

Definition 3. The interval square matrix is defined as A :=
[A,A] = {A ∈ Rn×n; A ≤ A ≤ A}, matrices A,A ∈ Rn×n

are called its boundaries.
Thus, if A = (aij) and A = (aij), then A is the

set of all matrices A = (aij) satisfying the inequalities
aij ≤ aij ≤ aij for i, j = 1, 2, ..., n. Through

Ac =
A+A

2
and A∆ =

A−A

2
,

we will denote the midpoint and radius of the interval matrix
A, respectively.

It can be seen that the elements of the Ac and A∆ matrices
are real, not interval. Then we can represent the interval matrix
as A = [Ac −A∆, Ac +A∆].

3 Statement of the problem
We will consider a standard eigenvalue problem with an in-

terval matrix A ∈ IRn×n of the form

Ax = λx (1)

Problem (1) is one of the main problems in the field of interval
analysis, which has interesting properties and is widely used in
many technical systems.

In general, the set of all eigenvalues for problem (1) is de-
fined as

Λ(A) := {λ ∈ C; Ax = λx, x ̸= 0, A ∈ A}. (2)

However, the problem of eigenvalues for complex interval
matrices is considered, for example, in [11, 13, 20-21].

The calculation of the set (2) in the general case is a difficult
task, and in some cases, even for symmetric interval matrices,
it can turn out to be NP-hard [22]. Also, checking whether in-
terval matrices are positive (semi) definite [23] or nonsingular
[24, 25] is an NP-hard problem that is closely related to solving
the eigenvalue problem.

The authors in [28 ( Proposition 2.1.), 30] show that the set
of real eigenvalues of an interval matrix is a finite union of
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compact real intervals. However, in an analytical sense, we
cannot calculate the exact boundaries of these intervals, this
is different from calculating the eigenvalues of individual real
(ordinary, scalar) matrices, for which there are simple and ex-
act formulas (for example, finding the roots of the characteris-
tic polynomial of a matrix). For the case of interval matrices,
we will look for inner and outer estimates (approximations) of
these bounds.

Definition 4. In solving the interval problem (1) of eigen-
values we call:

1) outer approximation, when the interval
λ ∈ IR is searched, enclosing the set Λ(A) of so-
lutions of the interval system of equations Ax = λx, i.e.
λ ⊇ Λ(A) ;

2) inner approximation, when the interval
µ ∈ IR contained in the set Λ(A) of solutions of
the interval system of equations Ax = µx is searched,
i.e. µ ⊆ Λ(A);

In this paper, we will study only the symmetric case A =
A⊤ and solve the outer interval problem. Here we assume that
if we are given a symmetric interval matrix, then all A ∈ A
are symmetric, it is also easy to check that Ac and A∆ are also
symmetric.

A symmetric matrix is usually denoted as [22, 23, 28, 30]:

As := {A ∈ A | A = A⊤}. (3)

The symmetric interval matrix As is a special case of an
arbitrary interval matrix A. The set of eigenvalues for a sym-
metric interval matrix is written similarly to the general case
(2), i.e.

Λ(As) := {λ ∈ R | Asx = λx, x ̸= 0, As ∈ As}, (4)

and we will look for an interval eigenvalue λ1 ∈ IR and an
interval vector x ∈ IRn such that λ1 contains the eigenvalue
λ∗
1 ∈ R and x1 contains the corresponding eigenvector x∗

1 ∈
Rn\{0} of the matrix As ∈ As.

4 Iterative algorithms
If for the eigenvalues of λi, i = 1, 2, . . . , n, the real matrix

A ∈ Rn×n the inequality

|λ1(A)| > |λ2(A)| ≥ |λ3(A)| ≥ . . . ≥ |λn(A)|, (5)

then λ1 is called the dominant eigenvalue, and the correspond-
ing eigenvector is called the dominant eigenvector.

The power method considered in this paper is designed to
solve a partial eigenvalue problem, i.e. finding the dominant
eigenvalue and eigenvector of the matrix. The idea underly-
ing it is extremely simple and consists in the fact that if the
matrix A ∈ Rn×n has an eigenvalue λ1 that exceeds all other
eigenvalues in absolute value, then when this matrix acts on an
arbitrary vector x ∈ Rn, the direction ν1 corresponding to this
eigenvalue λ1 will stretch more the rest (at λ1 > 1) or shrink
less than the others (at λ1 ≤ 1).

As an approximate eigenvalue of the matrix A, we can
take the “ratio” of two successive vectors generated by
our process - x(k+1) = Ak+1x(0) and x(k) = Akx(0),
k = 0, 1, 2, . . ..

There are the following ways to solve this issue:

1) consider the ratio of some fixed components of the vectors
x(k+1) and x(k), i.e.

x
(k+1)
i /x

(k)
i , (6)

for some i ∈ {1, 2, ..., n};

2) consider the ratio of the projections of successive approx-
imations x(k+1) and x(k) onto the direction given by some
vector l(k), i.e.

⟨x(k+1), l(k)⟩
⟨x(k), l(k)⟩

. (7)

In the second case, we marked the design direction as l(k)

to emphasize its possible dependence on the step number k. It
is also clear that this direction l(k) does not need to be orthog-
onal to the vector x(k) in order for ⟨x(k), l(k)⟩ ≠ 0 to be the
denominator in (7).

The latter method seems to be more computationally prefer-
able, since it avoids capricious behavior in one single compo-
nent of the vector x(k), when it can become very small in abso-
lute value or completely become zero, although the vector x(k)

will have a significant length as a whole. Finally, it is natural
to take x(k) it self as a vector specifying the design direction in
the second variant, calculating the ratio at each step

⟨x(k+1), x(k)⟩
⟨x(k), x(k)⟩

. (8)

where x(k) = Akx(0). It is easy to see that this expression
coincides with the Rayleigh ratio for the approximation of x(k)

to the eigenvector.
To organize the computational algorithm of the power

method, it is necessary to resolve two more subtle points re-
lated to the implementation on a computer.

Firstly, this is a possible unlimited increase (at |λ1| > 1) or
unlimited decrease (at |λ1| < 1) of the norms of the vectors
x(k) and x(k+1) participating in our process. The bit grid of
modern digital computers, as you know, is finite and allows you
to represent numbers from a limited range. To avoid problems
caused by going outside this range (“overflow” or “disappear-
ance of order”), it makes sense to normalize x(k). In this case,
the most convenient normalization is in the Euclidean norm

∥x∥2 =

(
n∑

i=1

|xi|2
)1/2

,

since then the denominator of relation (8) will become equal to
one.

Secondly, when deriving the power method, we implicitly
assumed that the initial vector x(0) is chosen so that it has a
non-zero projection onto the direction of the dominant eigen-
vector v1 of the matrix A. Otherwise, the products of any
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powers of the matrix A by x(0) will also have zero projections
on v1, and no differentiation of the length of the components
Akx(0), on which the power method is based, will occur.

This difficulty can be overcome with the help of some a pri-
ori information about the dominant eigenvector of the given
matrix. In addition, in the practical implementation of the
power method on digital computers, the inevitable rounding
errors, as a rule, lead to the appearance of nonzero components
in the direction, which then is expanded by the required value
during iteration. But, strictly speaking, this may not happen
in some exceptional cases, and therefore, in responsible calcu-
lations, it is recommended to run the power method multiple
times with different initial vectors (the so-called “Multistart”).

4.1 Algorithm of the power method for a symmetric in-
terval matrix

And so, we will extend the notation (5) for symmetric inter-
val matrices, i.e.

λi(A
s) := {λi(A

s) | As ∈ As} . (9)

To describe our algorithm, we will use the Deif theorem [9,
theorem 1].

Theorem 1: Let As = [As
c − As

△, As
c + As

△], and
the diagonal matrix Di = diag

(
sgn(xi

1), . . . , sgn(x
i
n)
)
,

i = 1, 2, . . . , n obtained from As
c and be constant for As, then

the eigenvalue λi of matrix As ∈ As is contained in the inter-
val

λi :=
[
λi(A

s
c −DiAs

△Di), λi(A
s
c +DiAs

△Di)
]
,

i = 1, 2, . . . , n.
(10)

In a particular case, if, Di = I , where I is the
identity matrix, then the desired interval of eigenvalues is
λi =

[
λi(A

s), λi(A
s
)
]
, where As and A

s
are respectively the

lower and upper boundaries of the symmetrical interval matrix
As.

Algorithm 1 that we propose is a modification of the Power
Method for finding the dominant eigenvalue, i.e. interval con-
taining the largest eigenvalue of all real symmetric matrices
As ∈ As.

Algorithm 1. Power Method for Symmetric Interval Matrix

Input: As =
[
A, A

]
∈ IRn×n, given accuracy ε, initial

approximation vector y(0)( ̸= 0) ∈ IRn.
Output: eigenvalue interval λ1 ∈ IR and its corresponding
normalized interval eigenvector x1 ∈ IRn.

1: Compute: Ac ← (A+A)/2, A△ ← (A−A)/2;
eigenvalues λi(Ac), eigenvectors
xi
1(Ac), xi

2(Ac), . . . , xi
n(Ac), diagonal matrix

Di ← diag
(
sign

(
xi
1(Ac)

)
, . . . , sign

(
xi
n(Ac)

))
,

B ← Ac − DiA△Di, B ← Ac + DiA△Di;
i = 1, 2, . . . , n;
x(0) ← y(0)/∥y(0)∥2, x(0) ← y(0)/∥y(0)∥2;

2: k ← 1;

3: y(k) ← B x(k−1);

4: x(k) ← y(k)/∥y(k)∥2;

5: λ
(k)
i ← y(k)

i
/x

(k−1)
i ;

6: if
∣∣∣λ(k)

i − λ
(k−1)
i

∣∣∣ < ε then
begin

λ←
(∑n

i=1 λ
(k)
i

)
/n; x← x(k);

end;
else

begin
k ← k + 1; goto 3

end;

7: l← 1;

8: y(l) ← B x(l−1);

9: x(l) ← y(l)/∥y(l)∥2;

10: λ
(l)

i ← y
(l)
i /x

(l−1)
i ;

11: if
∣∣∣λ(l)

i − λ
(l−1)

i

∣∣∣ < ε then
begin

λ←
(∑n

i=1 λ
(l)

i

)
/n; x← x(l);

end;
else

begin
l← l + 1; goto 8

end;

12: λ1 ←
[
λ, λ

]
; x1 ← [x, x].

The initial approximation vector

y(0) =
(
[y(0)

1
, y

(0)
1 ], [y(0)

2
, y

(0)
2 ], . . . , [y(0)

n
, y(0)n )]

)
in Algorithm 1 is chosen as a degenerate interval, i.e. y(0)

i
=

y
(0)
i this is because we are only dealing with the boundaries

of interval values, and they are real. When the algorithm com-
pletes its job successfully, then we illustrate the results as inter-
val eigenvalues: λ1 is the approximate interval of eigenvalues
for the symmetric interval matrix As, and xk

i is the current
approximation to the normalized corresponding interval eigen-
vector.

It should be noted that the direct application of interval arith-
metic operations to existing methods for calculating the eigen-
values of interval matrices in many cases leads to an overesti-
mation of the width of the interval solution.

The weak point of Algorithm 1 is steps 6 and 11, i.e. solving
the problem of timely termination of the algorithm. These steps
are described from rational considerations and cannot guar-
antee in all cases (even under the assumptions made) that an
eigenpair {λ1, x1} is obtained with a given accuracy, since
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no error estimate was obtained during the development of the
method.

To find eigenvalue pairs of symmetric interval matrices, one
can construct another equivalent version of the iterative pro-
cess. Given a symmetric interval matrix, compute the left and
right boundary matrices as in step 1 of Algorithm 1:

B← Ac −DiA∆D
i and B← Ac +DiA∆D

i. (11)

After that, we perform calculations according to Algorithm
2, first for the left border B, then for the right border B in
the same way. In order not to distinguish between left and
right boundary matrices in the algorithm, we will denote them
simply as a real matrix B .

Algorithm 2. Power Method for real Symmetric Matrix

Input: B ∈ Rn×n, given accuracy ε, initial approximation
vector y(0)( ̸= 0) ∈ Rn.
Output: dominant eigenvalue λ1 ∈ R and its corresponding
normalized interval eigenvector x1 ∈ Rn.

1: x(0) ← y(0)/∥y(0)∥2;

2: k ← 1;

3: y(k) ← Bx(k−1);

4: x(k) ← y(k)/∥y(k)∥2;

5: λ
(k)
i ← y

(k)
i /x

(k−1)
i (by vector components y(k), x(k−1))

such that
∣∣∣x(k−1)

i

∣∣∣ > δ, where δ > 0 is some small num-
ber (tolerance);

6: Subject the numbers λ(k)
i to convergence.

if
∣∣∣λ(k)

i − λ
(k−1)
i

∣∣∣ ≤ ε (λ(0) can be set arbitrarily) then
begin
λ← λ

(k)
i ; x1 ← x

(k)
i ;

end;
else k ← k + 1 goto 3

In step 6 of Algorithm 2, for the largest eigenvalue λ1, it is
preferable to take the value λk

i averaged over i, and the vector
x1 as the normalized largest eigenvector x(k)

i .
Regarding the nature of the convergence of the power

method, it can be argued that under the indicated conditions
the iterative process is linear, i.e. converges at the rate of a ge-
ometric progression, the denominator of which is determined

mainly by the value of the ratio
∣∣∣∣λ2

λ1

∣∣∣∣ . This means that the con-

vergence will be the better and, as a result, the stopping crite-
rion in step 6 of Algorithm 2 is the more reliable, the stronger
the eigenvalue λ1 dominates in the spectrum of the matrix B.

Now consider the question of the convergence of this method
for a symmetric interval matrix. To do this, we assume that

the symmetric interval matrix As is divided by formula (11)
into boundary matrices B and B. These boundary matrices are
real, and the following theorem ensures the convergence of the
method for both of these boundary matrices. Therefore, we
formulate the theorem, as in Algorithm 2 for the real matrix B.

Theorem 2. Let the matrix B of dimensions n × n be a
matrix of simple structure (i.e., diagonalizable) and it has a
simple dominant eigenvalue, which corresponds to one linear
elementary divisor. If the initial vector x(0) does not lie in the
linear span lin{v2, . . . , vn} of the eigenvectors of the matrix
B, which are not dominant, then the power method converges.

Proof. Under our assumptions about the matrix B, it can be
represented as

B = V DV −1,

where D = diag{λ1, λ2, . . . , λn} is a diagonal matrix with
eigenvalues λ1, λ2, . . . , λn along the diagonal, and V is a ma-
trix that performs similarity transformations, and without loss
of generality we can assume that λ1 is the dominant eigenvalue
B. Matrix V is composed of eigenvectors vi of matrix B as
columns:

V = (v1, v2, ..., vn) =

=


(v1)1 (v2)1 . . . (vn)1
(v1)2 (v2)2 . . . (vn)2

...
...

. . .
...

(v1)n (v2)n . . . (vn)n


where v(i)j denotes the j-th component of the i-th eigenvector
of the matrix B. In this case, we can assume that ∥vi∥2 = 1.
Therefore,

Bkx(0) = (V DV −1)kx(0) =

= (V DV −1)(V DV −1) · · · (V DV −1)︸ ︷︷ ︸
k times

x(0) =

= V D(V −1V )D(V −1V ) · · · (V −1V )DV −1x(0) =

= V DkV −1x(0) = V Dkz = V


λk
1z1

λk
2z2
...

λk
nzn

 =

=
(
λk
1z1
)
V


1

(λ2/λ1)
k
(z2/z1)

...
(λn/λ1)

k
(zn/z1)

 ,

where denoted by z = V −1x(0). The necessary condition for
the last transformation of this chain is z1 ̸= 0, this is satisfied
because, under the conditions of the theorem, the vector x(0) =
V z must have a nonzero first component when expanded in a
basis of eigenvectors of the matrix B, i.e. columns of matrix
V .

Since λ1 is the dominant eigenvalue of the ma-
trix B, i.e. condition (5) is true, then all quotients
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λ2/λ1, λ3/λ1, . . . , λn/λ1 are less than unity in absolute
value, and therefore, at k →∞, the vector

1
(λ2/λ1)

k(z2/z1)
...

(λn/λ1)
k(zn/z1)

 (12)

converges to the vector (1, 0, 0, ..., 0)⊤. Accordingly, the prod-
uct

V


1

(λ2/λ1)
k(z2/z1)
...

(λn/λ1)
k(zn/z1)


converges to the first column of the matrix V , i.e. to the eigen-
vector corresponding to λ1. The vector x(k), which differs
from Bkx(0) only in its normalization, converges to the eigen-
vector v1, and the value λ(k) converges to λ1.

It follows from the above calculations that the rate of con-
vergence of the power method is determined by the ratios
|λi/λ1| , i = 2, 3, . . . , n, - the denominators of the geomet-
ric progressions that are the elements of the vector (13). In
fact, the largest of these ratios is decisive, i.e. |λ2/λ1|, de-
pending on how far the modulus of the dominant eigenvalue is
separated from the modulus of the rest of the spectrum. The
greater this separation, the faster the convergence of the power
method. These convergence results ensure the convergence of
the power method for both boundary matrices B and B of the
interval symmetric matrix As.

4.2 Algorithm of the scalar product method for a sym-
metric interval matrix.

Now we pay attention to the shortcomings of the power
method of finding the largest eigenvalue modulo and ways to
eliminate them. Here we consider the class of symmetric pos-
itive definite interval matrices. It is known that the matrices
As ∈ As have a positive real spectrum λ1, λ2, . . . , λn, an or-
thonormal basis of eigenvectors x1, x2, . . . , xn, and, naturally,
are matrices of a simple structure.

In Algorithm 1, the calculation at each iteration step of the
ratios of all pairs of the corresponding components of the vec-
tors x, x and y, y, with certain checks at step 5, for large
values of n requires significant computational costs, although
it provides additional information about the largest eigenvalue
λ1. As stated in [26], the value lies between the smallest and
largest of these ratios, i.e. there are two-sided estimates of the
eigenvalue λ1 at each iteration.

To simplify the corresponding step 5 of Algorithm 1, we
will carry out the following reasoning.

Let the sequence of iterated vectors yk and yk be constructed
according to the following formulas

y(k) = B y(k−1) = B(k)y(0) =

= c1λ
k
1x1 + c2λ

k
2x2 + ...+ cnλ

k
nxn,

y(k) = By(k−1) = B
(k)

y(0) =

= c1λ
k

1x1 + c2λ
k

2x2 + ...+ cnλ
k

nxn.

(13)

Consider the scalar products
〈
y(k), y(k)

〉
,
〈
y(k), y(k)

〉
and〈

y(k), y(k−1)
〉
,
〈
y(k), y(k−1)

〉
. Performing multiplications

of polynomials and taking into account the orthonormality of
eigenvectors, i.e. condition

〈
xi, xj

〉
= δij and ⟨xi, xj⟩ = δij

at i, j ∈ {1, 2, ..., n}, we have:

⟨y(k), y(k)⟩ = c21λ
2k
1 + c22λ

2k
2 + . . .+ c2nλ

2k
n ,

⟨y(k), y(k)⟩ = c21λ
2k

1 + c22λ
2k

2 + . . .+ c2nλ
2k

n ;

⟨y(k), y(k)⟩ = c21λ
2k−1
1 + c22λ

2k−1
2 + . . .+ c2nλ

2k−1
n ,

⟨y(k), y(k)⟩ = c21λ
2k−1

1 + c22λ
2k−1

2 + . . .+ c2nλ
2k−1

n .

(14)

Now consider their ratios for the lower and upper bounds,
respectively 〈

y(k), y(k)
〉〈

y(k), y(k−1)
〉 = λ1×

×
1 +

(
c2
c1

)2 (
λ2

λ1

)2k
+ . . .+

(
cn
c1

)2 (
λn

λ1

)2k
1 +

(
c2
c1

)2 (
λ2

λ1

)2k−1

+ . . .+
(

cn
c1

)2 (
λn

λ1

)2k−1
,

〈
y(k), y(k)

〉〈
y(k), y(k−1)

〉 = λ1×

×
1 +

(
c2
c1

)2 (
λ2

λ1

)2k
+ . . .+

(
cn
c1

)2 (
λn

λ1

)2k
1 +

(
c2
c1

)2 (
λ2

λ1

)2k−1

+ . . .+
(

cn
c1

)2 (
λn

λ1

)2k−1
.

(15)

These relations, under the conditions specified above at k →
∞, have a limit for the largest and smallest values of eigenval-
ues, and the speed to the limit will be greater than in Algorithm

1, since O

(∣∣∣∣λ2

λ1

∣∣∣∣2k
)

instead of O

(∣∣∣∣λ2

λ1

∣∣∣∣k
)

, and accordingly

O

(∣∣∣∣λ2

λ1

∣∣∣∣2k
)

instead of O

(∣∣∣∣λ2

λ1

∣∣∣∣k
)

.

Thus, we present a modification of the power method, the
so-called scalar product method (SP-method) for symmetric in-
terval matrices, in the form of Algorithm 3.

Algorithm 3. SP-method for Symmetric Interval Matrix

Input: As =
[
A, A

]
∈ IRn×n, given accuracy ε, λ(0) and

λ
(0)

for initial comparison (e.g. 0), initial approximation vector
y(0) = y(0) = y(0) ̸= 0.
Output: eigenvalue interval λ1 ∈ IR and its corresponding
normalized interval eigenvector x1 ∈ IRn.

1: Compute: Ac ← (A+A)/2, A△ ← (A−A)/2;
eigenvalues λi(Ac), eigenvectors
xi
1(Ac), xi

2(Ac), . . . , xi
n(Ac), diagonal matrix

Di ← diag
(
sign

(
xi
1(Ac)

)
, . . . , sign

(
xi
n(Ac)

))
;

B ← Ac − DiA△Di, B ← Ac + DiA△Di,
i = 1, 2, . . . , n;
s(0) ←

〈
y(0), y(0)

〉
, s(0) ←

〈
y(0), y(0)

〉
;∥∥y(0)∥∥

2
←
√
s(0),

∥∥y(0)∥∥
2
←
√
s(0);

x(0) ← y(0)/
∥∥y(0)∥∥

2
, x(0) ← y(0)/

∥∥y(0)∥∥
2
;
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2: k ← 1;

3: y(k) ← B x(k−1);

4: s(k) ←
〈
y(k), y(k)

〉
, t(k) ←

〈
y(k), x(k−1)

〉
;∥∥y(k)∥∥

2
←
√
s(k), x(k) ← y(k)/∥y(k)∥2;

λ(k) ← s(k)/t(k);

5: if
∣∣∣λ(k) − λ(k−1)

∣∣∣ < ε then
begin
λ← λ(k); x← x(k);

end;
else

begin
k ← k + 1; goto 3

end;

6: l← 1;

7: y(l) ← B x(l−1);

8: s(l) ←
〈
y(l), y(l)

〉
; t

(l) ←
〈
y(l), x(l−1)

〉
;∥∥y(l)∥∥

2
←
√
s(l), x(l) ← y(l)/∥y(l)∥2;

λ
(l) ← s(l)/t

(l);

9: if
∣∣∣λ(l) − λ

(l−1)
∣∣∣ < ε then

begin

λ← λ
(l)

; x← x(l);
end;

else
begin
l← l + 1; goto 7

end;

10: λ1 ←
[
λ, λ

]
; x1 ← [x, x].

Remark 1. Algorithm 3 allows faster (i.e., in fewer itera-
tions) than Algorithm 1 to find with the required accuracy an
interval containing the largest eigenvalue of a symmetric ma-
trix, but the accuracy of the approximate x1 :≈ [x(k), x(k)]
equality for the corresponding eigenvector may be insufficient.

Remark 2. Obviously, in the scalar product method (Algo-
rithm 3), instead of relation (15), which tends to λ1 as k →∞,
we can just as well take the relation

⟨y(k+1), y(k)⟩
⟨y(k), y(k)⟩

=
⟨By(k), y(k)⟩
⟨y(k), y(k)⟩

= ρ(y(k));

⟨y(k+1), y(k)⟩
⟨y(k), y(k)⟩

=
⟨By(k), y(k)⟩
⟨y(k), y(k)⟩

= ρ(y(k)).

The latter is nothing but the Rayleigh relation, from here we
can move on to a new method, the so-called “Method of partial
Rayleigh” for interval matrices.

5 Numerical results

For the purpose of comparing numerical results, in this sec-
tion we present some examples and numerical results illustrat-
ing the properties of the proposed algorithms. The numeri-
cal experiment was carried out on a PC Intel(R) CoreTM i3-
3217U, CPU 1.83 GHz, 4 GB DDR3 Memory, the source code
was written in Embarcadero Dev-C++ v.6.3. We also used the
“octave-interval v.3.2.0-3 amd64” software package for inter-
val calculations, which runs on the GNU Octave v.4.2.1 sys-
tem [27]. This package complies with the IEEE Std 1788-2015
standard for interval arithmetic.

Recall that in this paper we are investigating a partial eigen-
value problem and therefore we are only interested in finding
the dominating interval, i.e. containing the largest eigenvalue
λ1 for the matrix As ∈ As. In our computational experiments,
the corresponding eigenvectors are also calculated, but here we
will restrict ourselves only to the representation of eigenvalues.

Example 1. Consider the following symmetric interval ma-
trix from M. Hladik et al. [28]

As =

 1 2 [1, 5]
2 1 1

[1, 5] 1 1

 (16)

In [28, Algorithm 3], intervals of eigenvalues of matrix (16)
were found using an outer approximation:

λ1 (A
s) = [3.5230, 6.7843],

λ2 (A
s) = [0.0000, 1.0519],

λ3 (A
s) = [−4.1214, − 0.2019].

Here λ1 (A
s) = [3.5230, 6.7843] (with a width

wid
([
λ1, λ1

])
= 3.2613) is the dominant interval and

we can compare our results with this value.
Table 1 shows the results of a numerical experiment for the

developed algorithms. Here, Algorithm 1 and Algorithm 2 give
exactly the same results, as noted above, these algorithms are
equivalent. Therefore, we compare their results with the re-
sults of Algorithm 3. It should be noted that the speed of con-
vergence of the iterative process depends on the choice of the
initial vector, since we used all possible values of the initial
approximation vectors in the computational experiment.

In problems of outer interval estimation, the desired solution
is called optimal if the found interval solution has narrower
widths. Table 1 shows that the number of iterations (where the
parameters k and l mean the number of iterations for calcu-
lating the left and right boundaries of the eigenvalues, respec-
tively) in Algorithm 3 is less than in Algorithm 1 (or 2).

In the case of the initial approximation (1; 0; 1),
the SP-method (Algorithm 3) gives the optimal solu-
tion [3.770491838, 6.785255908] (wid

([
λ1, λ1

])
=

3.014764070) than the others. And the power method
in (0; 0; 1) initial approximation shows a good result,
like [3.732049942, 6.778576374] (wid

([
λ1, λ1

])
=

3.046526432).
Example 2. Now consider a tridiagonal 4 × 4 symmetric
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Table 1. Numerical results for the interval matrix (16)

Initial
approx. Algorithm 1 or Algorithm 2 Algorithm 3
vector (Power method) (SP-Method)

y(0) k λ1 l λ1 wid
(
[λ1, λ1]

)
k λ1 l λ1 wid

(
[λ1, λ1]

)
(1; 1; 1) 3 3.732049942 3 6.783113003 3.051063061 2 3.732026338 2 6.793815135 3.061788797
(1; 1; 0) 3 3.732037783 6 6.779861450 3.047823667 3 3.732048988 2 7.588236331 3.856187343
(1; 0; 1) 4 3.731780052 3 6.783932209 3.052152157 2 3.770491838 3 6.785255908 3.014764070
(1; 0; 0) 5 3.731992245 8 6.782109737 3.050117492 2 3.849999904 2 10.416666984 6.566667080
(0; 1; 1) 4 3.731780052 7 6.780661106 3.048881054 2 3.770491838 2 8.758620262 4.988128424
(0; 1; 0) 5 3.731992245 6 6.781606197 3.049613952 2 3.849999904 3 6.952380657 3.102380753
(0; 0; 1) 4 3.732049942 7 6.778576374 3.046526432 3 3.732026338 2 10.272727012 6.540700674

Table 2. Numerical results for the interval matrix (17)

Initial
approx. Algorithm 1 or Algorithm 2 Algorithm 3
vector (Power method) (SP-Method)

y(0) k λ1 l λ1 wid
(
[λ1, λ1]

)
k λ1 l λ1 wid

(
[λ1, λ1]

)
(1; 1; 1; 1) 14 12560.83398 14 12720.22559 159.39161 14 12560.83496 14 12720.22558 159.39062
(1; 1; 1; 0) 11 12560.83594 11 12720.22461 159.38867 11 12560.83496 11 12720.22558 159.39062
(1; 1; 0; 1) 10 12560.83398 11 12720.22656 159.39258 10 12560.83398 10 12720.22460 159.39062
(1; 1; 0; 0) 14 12560.83398 14 12720.22363 159.38965 14 12560.83496 14 12720.22460 159.38964
(1; 0; 1; 1) 22 12560.83594 22 12720.22559 159.38965 37 12560.83789 37 12720.22851 159.39062
(1; 0; 1; 0) 13 12560.83594 13 12720.22461 159.38867 13 12560.83594 13 12720.22461 159.38867
(1; 0; 0; 1) 14 12560.83496 14 12720.22461 159.38965 14 12560.83496 14 12720.22461 159.38965
(1; 0; 0; 0) 16 12560.83301 17 12720.22559 159.39258 16 12560.83594 16 12720.22266 159.38672
(0; 1; 1; 1) 11 12560.83594 11 12720.22656 159.39062 11 12560.83496 10 12720.22168 159.38672
(0; 1; 1; 0) 14 12560.83691 14 12720.22559 159.38868 13 12560.83398 13 12720.22168 159.38770
(0; 1; 0; 1) 10 12560.83398 10 12720.22266 159.38868 10 12560.83398 10 12720.22461 159.39063
(0; 1; 0; 0) 15 12560.83594 15 12720.22363 159.38769 15 12560.83496 15 12720.22558 159.39062
(0; 0; 1; 1) 18 12560.83594 18 12720.22559 159.38965 17 12560.83398 17 12720.22363 159.38965
(0; 0; 1; 0) 12 12560.83594 12 12720.22559 159.38965 11 12560.83301 11 12720.22363 159.39062
(0; 0; 0; 1) 13 12560.83496 13 12720.22559 159.39063 13 12560.83594 13 12720.22558 159.38964

interval matrix given by Z. Qui et al. [29] (see also [12, 28]):

As =


a11 a12 0 0
a21 a22 a23 0
0 a32 a33 a34
0 0 a43 a44

 , (17)

where a11 = [2975, 3025], a12 = [−2015,−1985],
a21 = [−2015, − 1985], a22 = [4965, 5035],
a23 = [−3020, − 2980], a32 = [−3020, − 2980],
a33 = [6955, 7045], a34 = [−4025, − 3975],
a43 = [−4025, − 3975], a44 = [8945, 9055].

Matrix (17) was taken in [29] to solve the prob-
lem of an automobile suspension. The computational
experiments carried out by the authors show that the
method of interval perturbations gives a dominant interval
[12588.29000, 12692.77000] with a width wid

([
λ1, λ1

])
=

104.48000, and the Deif method [12560.83772, 12720.22727]
with a width wid

([
λ1, λ1

])
= 159.38955. In works [12,

28, 31, 32], the same matrix is also considered, and there,
the method proposed by the authors, the so-called “Filter-
ing Method”, an interval solution [12560.81290, 12720.24720]
with a width wid

([
λ1, λ1

])
= 159.43430 was obtained in 13

iterations.

Table 2 shows the numerical results obtained by our algo-
rithms for matrix (17).

Table 2 shows that the results obtained by the pro-
posed method are in good agreement with the results ob-
tained by other researchers. Algorithm 1 (or 2) with
initial approximation vector (1; 1; 1; 0) gives the solution
[12560.83594, 12720.22461] with width wid

([
λ1, λ1

])
=

159.38867 and number of iterations k = l = 11,
while Algorithm 3 with initial approximation (0; 1; 1; 1) gives
[12560.83496, 12720.22168] with width wid

([
λ1, λ1

])
=

159.38672 and with iteration numbers k = 11 and l = 10.
These results are even better than those obtained by the Deif
method [29] and the method of M. Hladik et al. [12, 28, 32].

In example 2, except for the case with the initial approxima-
tion (1; 0; 1; 1), the number of iterations in Algorithm 3 is less
than or equal to that in Algorithm 1 (or 2). This shows that
in solving the partial eigenvalue problem for real symmetric
interval matrices, it is preferable to choose Algorithm 3.

6 Conclusions
The main goal of this study was to study iterative methods

for solving a partial eigenvalue problem for interval matrices.
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In doing so, we chose the power method and the scalar product
method, which is often used to solve the eigenvalue problem. A
comparative analysis of the obtained numerical results shows
that the method of scalar products (Algorithm 3) is superior to
the power method (Algorithm 1 or 2) in terms of convergence
speed, i.e. the number of iterations and the width of the interval
solution. We are interested in interval solutions with a smaller
width, since in this paper we study the interval problem of ex-
ternal estimation.
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