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Abstract “ Functional equation plays a very important and 
interesting role in the area of mathematics, which involves sim-
ple algebraic manipulations and through which one can arrive 
an in-teresting solution. The theory of functional equations 
is also used in the development of other areas such as 
analysis, al-gebra, Geometry etc., the new methods and 
techniques are applied in solving problem in Information 
theory, Finance, Geometry, wireless sensor networks etc., 
In recent decades, the study of various types of stability of 
a functional equa-tion such as HUS (Hyers-Ulam stability), 
HURS (Hyers-Ulam-Rassias stability) and generalized HUS 
of different types of functional equation and also for mixed 
type were discussed by many authors in various space. The 
problem of the sta-bility of different functional equations 
has been widely stud-ied by many authors, and more 
interesting results have been proved in the classical case 
(Archimedean). In recent years, the analogues results of the 
stability problem of these func-tional equations were 
investigated in non-Archimedean space. The aim of this 
study is to investigate the HUS of a mixed type of general 
Quadratic-Quartic Cauchy functional equation in non-
Archimedean normed space. In this current article, we prove 
the generalized HUS for the following Quadratic-Quartic 
Cauchy functional equation over non-Archimedean Normed 
space.

g(κx+ y) + g(κx− y) = κ2g(x+ y) + κ2g(x− y)

+ 2g(κx)− 2κ2g(x)− 2(κ2 − 1)g(y).”

Keywords Hyers-Ulam Stability (HUS), Quadratic Func-
tion, Quartic Function, Non-Archimedean Normed (NAN)
Space

1 Introduction
“The stability of functional equations arose in 1940 from

a question by Ulam [14] on the stability of group homomor-
phisms.

Given two groups H1 and H2 with the metric d(., .)
on H2 and for ε > 0, does there exist δ > 0 such that
if a mapping G : H1 → H2 satisfies the inequality
d(G(a, b), G(a)G(b)) < δ for all a, b ∈ H1, then there exists
a homomorphism G′ : H1 → H2 with d(G(a), G′(a)) < ε for
every a ∈ H1?

Hyers [11] gave the headmost positive response to Ulam’s
query for Banach spaces such that

∥g(x+ y)− g(x)− g(y)∥ ≤ δ ∀x, y ∈ E (1)

for some δ > 0. Then there is a unique additive mapping ⊤ :
E → E′ such that

∥g(x)−⊤(x)∥ ≤ δ ∀x ∈ E (2)

Furthermore, if g(tx) is continuous at t ∈ R for any fixed
x ∈ E, then ⊤ is linear(For intance [3]).

Aoki [1] stereotyped the Hyers theorem for additive map-
pings. Hyers theorem was generalized by Rassias [13] by
allowing the Cauchy difference to be unbounded. Gajada
[8] responded to the question for the case p > 1, posed by
Rassias. Moslehian & Rassias [12] proved generalized HUS
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of the Cauchy functional equation and the Q2F equation in
NAN spaces.

The quadratic-quartic functional equation

g(2x+ y) + g(2x− y) = 4g(x+ y) + 4g(x− y)

+ 2g(2x)− 8g(x)− 6g(y) (3)

was introduced by Young-Su Lee et al., [16] it is easy to
show that the function g(x) = ax2 + bx4 is a solution of
the functional equation(3), which is called a mixed type Q2

Q4F equation. For more detailed definitions of mixed type
functional equations, we can refer to [4–7, 10].

Later Gordji et al., [9] introduced the following generalized
quadratic-quartic mixed type functional equation.

g(κx+ y) + g(κx− y) = κ2g(x+ y) + κ2g(x− y)

+ 2g(κx)− 2κ2g(x)− 2(κ2 − 1)g(y) (4)

In this current article, to the best of our knowledge there is no
discussion so far concerning the HUS of the following gener-
alized Q2 Q4F equation.

Qg(x, y) : g(κx+ y) + g(κx− y) = κ2g(x+ y)

+ κ2g(x− y) + 2g(κx)− 2κ2g(x)− 2(κ2 − 1)g(y) (5)

Assume that G is a group and X is a complete non-
Archimedean space throughout this article and A,B are vector
space, the generalized quadratic-quartic functional equation is
defined as below.

Qg(x, y) : g(κx+ y) + g(κx− y) = κ2g(x+ y)

+ κ2g(x− y) + 2g(κx)− 2κ2g(x)− 2(κ2 − 1)g(y) (6)

for every x, y ∈ G. Consider this functional inequality

∥Qg(x, y)∥ ≤ φ(x, y) (7)

for an upper bound function φ from G2 → [0,∞).

2 Preliminaries
Definition 2.1. [2, 15] Let X be a vector space over a non-
Archimedean field K with a non-trivial valuation |.|. A function
∥.∥ : X → R is a non-Archimedean norm if it satisfies the
following conditions

1. ∥P∥ ≥ 0 and = 0 iff P = 0.

2. ∥αP∥ = |α|∥P∥, α ∈ K, P ∈ X .

3. ∥P + S∥ ≤ max{∥P∥, ∥S∥}, P, S ∈ X .

Remark 2.2. Because of this,
∥xp−xq∥ ≤ max{∥xr+1−xr∥ : q ≤ r ≤ p−1} (p > q)

A sequence {xp} is Cauchy iff {xp+1 − xp} → 0, in a NAN
space. By a complete NAN space every Cauchy sequence is
convergent.”

3 Main Results
“Before proceeding to prove the main results in this section,

we need the following lemma.”

Lemma 3.1. [5] If a function g from A to B satisfies (4), then
g is quadratic-quartic.

Theorem 3.2. Let a function φ fromG2 → [0,∞) be such that

lim
κ→∞

1

|2|2κ
φ(2κ+1x, 2κ+1y) = 0 = lim

κ→∞

1

|2|2κ
φ̄(2κx)

∀ x, y ∈ G. (8)

Let g be an even function from G→ X that fulfils the inequal-
ity ∥∥∥Qg(x, y)

∥∥∥ ≤ ξ(x, y) (9)

and g(0) = 0. Then, uniqueness of quadratic function Q2 :
G→ X exists and∥∥∥g(2x)− 16g(x)−Q2(x)

∥∥∥ ≤ 1

|2|2
ψq2(x) ∀ x ∈ G. (10)

Where

ψq2(x) = lim
κ→∞

max

{
1

|2|2ȷ
φ̄(2ȷx) : 0 ≤ ȷ < κ

}
(11)

φ̄(x) = max

{
4

{
ξ(2x, x), κ2max

{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
, (4κ2 − 2)ξ(x, x),

2max
{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
,

max
{
max

{
ξ(x, (κ+ 1)x),

κ2

κ2 − 1
ξ(0, κx),

1

κ2 − 1
ξ(0, x)

}
,

max
{
ξ(x, (κ− 1)x),

κ2

κ2 − 1
ξ(0, (κ− 2)x)

}}}
,

ξ(2x, 2x), κ2 max
{
ξ(x, 3x),

κ2

κ2 − 1
ξ(0, 2x)

}
,

2max
{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
,

κ2ξ(x, x), 2(κ2 − 1)max
{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
,

max
{
ξ(x, (κ+ 2)x),

κ2

κ2 − 1
ξ(0, (κ+ 1)x),

1

κ2 − 1
ξ(0, 2x)

}
max

{
ξ(x, (κ− 2)x),

κ2

κ2 − 1
ξ(0, (κ− 3)x)

}}
∀ x ∈ G. (12)

Proof. Substituting x = 0 then x with y in (9), we see that

∥∥∥(κ2 − 1)g(x)− (κ2 − 1)g(−x)
∥∥∥ ≤ ξ(0, x) ∀x ∈ G. (13)
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Putting y by x, 2x, κx, (κ+ 1)x, (κ− 1)x, (κ+ 2)x, (κ− 2)x
and 3x in (9), sequentially, we obtain

∥∥∥g((κ+ 1)x) + g((κ− 1)x)− κ2g(2x)− 2g(κx)

+ 2k2g(x) + 2(κ2 − 1)g(x)
∥∥∥ ≤ ξ(x, x) (14)

∥∥∥g((κ+ 2)x) + g((κ− 2)x)− κ2g(3x)− κ2g(−x)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g(2x)
∥∥∥ ≤ ξ(x, 2x) (15)

∥∥∥g(2κx)− κ2g((1 + κ)x)− κ2g((1− κ)x)

+ 2(κ2 − 2)g(κx) + 2κ2g(x)
∥∥∥ ≤ ξ(x, κx) (16)

∥∥∥g((2κ+ 1)x) + g(−x)− κ2g((κ+ 2)x− κ2g(−κx)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g((κ+ 1)x)
∥∥∥

≤ ξ(x, (κ+ 1)x) (17)

∥∥∥g((2κ− 1)x) + g(x)− κ2g(−(κ− 2)x− (κ2 + 2)g(κx)

+ 2κ2g(x) + 2(κ2 − 1)g((κ− 1)x)
∥∥∥ ≤ ξ(x, (κ− 1)x)

(18)

∥∥∥g(2(κ+ 1)x) + g(−2x)− κ2g((κ+ 3)x)

− κ2g(−(κ+ 1)x)− 2g(κx) + 2κ2g(x)

+ 2(κ2 − 1)g((κ+ 2)x)
∥∥∥ ≤ ξ(x, (κ+ 2)x) (19)

∥∥∥g(2(κ− 1)x) + g(2x)− κ2g((κ− 1)x)

− κ2g(−(κ− 3)x)− 2g(κx) + 2κ2g(x)

+ 2(κ2 − 1)g((κ− 2)x)
∥∥∥ ≤ ξ(x, (κ− 2)x) (20)

∥∥∥g((κ+ 3)x) + g((κ− 3)x)− κ2g(4x)− κ2g(−2x)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g(3x)
∥∥∥ ≤ ξ(x, 3x)

∀ x ∈ G. (21)

Combining (13) and (15) to (21), sequentially, gives in the
following inequalities

∥∥∥g((κ+ 2)x) + g((κ− 2)x)− κ2g(3x)− κ2g(x)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g(2x)
∥∥∥

≤ max
{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
(22)

∥∥∥g(2κx)− κ2g((1 + κ)x)− κ2g((κ− 1)x)

+ 2(κ2 − 2)g(κx) + 2κ2g(x)
∥∥∥

≤ max

{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
(23)

∥∥∥g((2κ+ 1)x) + g(x)− κ2g((κ+ 2)x)− κ2g(κx)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g((κ+ 1)x)
∥∥∥

≤ max

{
ξ(x, (κ+ 1)x),

κ2

κ2 − 1
ξ(0, κx),

1

κ2 − 1
ξ(0, x)

}
(24)

∥∥∥g((2κ− 1)x) + g(x)− κ2g((κ− 2)x)− (κ2 + 2)g(κx)

+ 2κ2g(x) + 2(κ2 − 1)g((κ− 1)x)
∥∥∥

≤ max

{
ξ(x, (κ− 1)x),

κ2

κ2 − 1
ξ(0, (κ− 2)x)

}
(25)

∥∥∥g(2(κ+ 1)x) + g(2x)− κ2g((κ+ 3)x)− κ2g((κ+ 1)x)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g((κ+ 2)x)
∥∥∥

≤ max

{
ξ(x, (κ+ 2)x),

κ2

κ2 − 1
ξ(0, (κ+ 1)x),

1

κ2 − 1
ξ(0, 2x)

}
(26)

∥∥∥g(2(κ− 1)x) + g(2x)− κ2g((κ− 1)x)− κ2g((κ− 3)x)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g((κ− 2)x)
∥∥∥

≤ max

{
ξ(x, (κ− 2)x),

κ2

κ2 − 1
ξ(0, (κ− 3)x)

}
(27)

∥∥∥g((κ+ 3)x) + g((κ− 3)x)− κ2g(4x)− κ2g(2x)

− 2g(κx) + 2κ2g(x) + 2(κ2 − 1)g(3x)
∥∥∥

≤ max

{
ξ(x, 3x),

κ2

κ2 − 1
ξ(0, 2x)

}
∀ x ∈ G. (28)

Substituting x and y by 2x and x in (9), to arrive

∥∥∥g((2κ+ 1)x) + g((2κ− 1)x)− κ2g(3x)− 2g(2κx)

+ 2κ2g(2x) + (κ2 − 2)g(x)
∥∥∥ ≤ ξ(2x, x) ∀ x ∈ G. (29)
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Setting 2x and 2y in place of x and y in (9), sequentially, to
yields

∥∥∥g((2κ+ 1)x) + g((2κ− 1)x)− κ2g(4x)− 2g(2κx)

+ 2(κ2 − 1)g(2x)
∥∥∥ ≤ ξ(2x, 2x) ∀ x ∈ G. (30)

It results from (14), (22), (23), (24), (25), and (29), that

∥∥∥g(3x)− 6g(2x) + 15g(x)
∥∥∥

≤ 1

(κ2 − κ4)
max

{
ξ(2x, x), κ2max

{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
, (4κ2 − 2)ξ(x, x), 2max

{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
,

max
{
max

{
ξ(x, (κ+ 1)x),

κ2

κ2 − 1
ξ(0, κx),

1

κ2 − 1
ξ(0, x)

}
,

max
{
ξ(x, (κ− 1)x),

κ2

κ2 − 1
ξ(0, (κ− 2)x)

}}}

∥∥∥4g(3x)− 24g(2x) + 60g(x)
∥∥∥ ≤ 1

(κ2 − κ4)
max

{
4ϕ1(x)

}
∀ x ∈ G. (31)

Where

ϕ1(x) = ξ(2x, x), κ2max
{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
,

(4κ2 − 2)ξ(x, x), 2max
{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
,

max
{
max

{
ξ(x, (κ+ 1)x),

κ2

κ2 − 1
ξ(0, κx),

1

κ2 − 1
ξ(0, x)

}
,

max
{
ξ(x, (κ− 1)x),

κ2

κ2 − 1
ξ(0, (κ− 2)x)

}}

Further from (14), (22), (23),(26), (27), (28), and (30), we
conclude

∥∥∥g(4x)− 4g(3x) + 4g(2x) + 4g(x)
∥∥∥

≤ 1

(κ2 − κ4)
max

{
ξ(2x, 2x),

κ2 max
{
ξ(x, 3x),

κ2

κ2 − 1
ξ(0, 2x)

}
,

2max
{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
,

κ2ξ(x, x), 2(κ2 − 1)max
{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
,

max
{
ξ(x, (κ+ 2)x),

κ2

κ2 − 1
ξ(0, (κ+ 1)x),

1

κ2 − 1
ξ(0, 2x)

}
max

{
ξ(x, (κ− 2)x),

κ2

κ2 − 1
ξ(0, (κ− 3)x)

}}
∥∥∥g(4x)− 4g(3x) + 4g(2x) + 4g(x)

∥∥∥
≤ 1

(κ2 − κ4)
max

{
ϕ2(x)

}
∀ x ∈ G. (32)

Where

ϕ2(x) = ξ(2x, 2x), κ2 max
{
ξ(x, 3x),

κ2

κ2 − 1
ξ(0, 2x)

}
,

2max
{
ξ(x, κx),

κ2

κ2 − 1
ξ(0, (κ− 1)x)

}
,

κ2ξ(x, x), 2(κ2 − 1)max
{
ξ(x, 2x),

κ2

κ2 − 1
ξ(0, x)

}
,

max
{
ξ(x, (κ+ 2)x),

κ2

κ2 − 1
ξ(0, (κ+ 1)x),

1

κ2 − 1
ξ(0, 2x)

}
max

{
ξ(x, (κ− 2)x),

κ2

κ2 − 1
ξ(0, (κ− 3)x)

}
Using (31) and (32)∥∥∥g(4x)− 20g(2x) + 64g(x)

∥∥∥ ≤ max
{
4ϕ1(x), ϕ2(x)

}
∥∥∥g(4x)− 20g(2x) + 64g(x)

∥∥∥ ≤ φ̄(x) ∀ x ∈ G. (33)

Where
φ̄(x) = max

{
4ϕ1(x), ϕ2(x)

}
Let h1 be a mapping fromG intoX defined through h1(x) =

g(2x)− 16g(x) for each x ∈ G. We obtain

∥h1(2x)− 4h1(x)∥ ≤ φ̄(x) ∀x ∈ G. (34)

Replacing x by 2κ−1x in (34), we arrive∥∥∥∥∥h1(2κx)22κ
− h1(2

κ−1x)

22(κ−1)

∥∥∥∥∥ ≤ 1

|2|2κ
φ̄(2κ−1x) ∀x ∈ G. (35)
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It follows from (8) and (35) the sequence
{

h1(2
κx)

22κ

}
is Cauchy.

Since X is complete.
Therefore

{
h1(2

κx)
22κ

}
is convergent.

Let Q2(x) = lim
κ→∞

h1(2
κx)

22κ
∀ x ∈ G. (36)

From (34) and (35) it follows by induction that

∥∥∥h1(2κx)
22κ

− h1(x)
∥∥∥

≤ max

{
1

|2|2κ
φ̄(2κ−1x) + · · ·+ 1

|2|2
φ̄(20x)

}

∥∥∥h1(2κx)
22κ

− h1(x)
∥∥∥

≤ 1

|2|2
max

{
1

|2|2ȷ
φ̄(2ȷx) : 0 ≤ ȷ < κ

}
(37)

∀ κ ∈ N and for all x ∈ G. As κ→∞ in (37) and using (11),
we get (10). Now to prove Q2 is quadratic, it follows from (8),
(35) and (36) we obtain

∥Q2(2x)− 4Q2(x)∥ = lim
κ→∞

∥∥∥h1(2
κ2x)

22κ − 22 h1(2
κx)

22κ

∥∥∥
≤ |2|2 lim

κ→∞
1

|2|2(κ+1) φ̄(2
κx)

= lim
κ→∞

1
|2|2κ φ̄(2

κx) ∀ x ∈ G.

= 0

Hence

Q2(2x) = 4Q2(x) ∀ x ∈ G. (38)

On the other hand (9), (8) and (36) imply that

∥∥∥QQ2
(x, y)

∥∥∥ =
∥∥∥ lim

κ→∞

Qh1(2
κx, 2κy)

22κ

∥∥∥
= lim

κ→∞

1

|2|2κ
∥∥∥Qh1(2

κx, 2κy)
∥∥∥

= lim
κ→∞

1

|2|2κ
∥∥∥Qg(2κ+1x, 2κ+1y)− 16Qg(2κx, 2κy)

∥∥∥
≤ lim

κ→∞

1

|2|2κ
max

{
φ(2κ+1x, 2κ+1y), |16|φ(2κx, 2κy)

}
= 0 ∀ x, y ∈ G.

Hence Q2 satisfies (4). Thus by Lemma (3.1). Hence
[Q2(2x)− 16Q2(x)] is quadratic.

Uniqueness: Let there exist another quadratic function Q′
2∥∥∥Q2(x)−Q′

2(x)
∥∥∥ = lim

ι→∞

∥∥∥∥∥Q2(2
ιx)

22ι
− Q′

2(2
ιx)

22ι

∥∥∥∥∥
≤ lim

ι→∞

1

|2|2ι
max

{∥∥∥Q2(2
ιx)− h1(2

ιx)∥,

∥h1(2ιx)−Q′
2(2

ιx)
∥∥∥}∥∥∥Q2(x)−Q′

2(x)
∥∥∥

≤ 1

|2|2
lim
ι→∞

lim
κ→∞

max

{
1

|2|2ȷ
φ̄(2ȷx) : ι ≤ ȷ < κ+ ι

}
= 0 ∀ x ∈ G.

Therefore Q2(x) = Q′
2(x).

Theorem 3.3. Let a function φ fromG2 → [0,∞) be such that

lim
κ→∞

1

|2|4κ
φ(2κ+1x, 2κ+1y) = 0 = lim

κ→∞

1

|2|4κ
φ̄(2κx)

∀ x, y ∈ G. (39)

Let g be an even function from G→ X that fulfils the inequal-
ity ∥∥∥Qg(x, y)

∥∥∥ ≤ ξ(x, y) (40)

and g(0) = 0. Then, uniqueness of quartic function Q4 :
G→ X exists and∥∥∥g(2x)− 4g(x)−Q4(x)

∥∥∥ ≤ 1

|2|4
ψq4(x) ∀ x ∈ G. (41)

Where

ψq4(x) = lim
κ→∞

max

{
1

|2|4ȷ
φ̄(2ȷx) : 0 ≤ ȷ < κ

}
(42)

φ̄(x) is defined in (12) ∀ x ∈ G.

Proof. In such a way analogous to that of Theorem 3.2, we
obtain,∥∥∥g(4x)− 20g(2x) + 64g(x)

∥∥∥ ≤ φ̄(x) ∀ x ∈ G. (43)

Let h2 be a mapping from G into X defined through h2(x) =
g(2x)− 4g(x) for each x ∈ G. We obtain∥∥∥h2(2x)− 16h2(x)

∥∥∥ ≤ φ̄(x) ∀ x ∈ G. (44)

Replacing x by 2κ−1x in (44)∥∥∥∥∥h2(2κx)24κ
− h2(2

κ−1x)

24(κ−1)

∥∥∥∥∥ ≤ 1

|2|4κ
φ̄(2κ−1x) ∀ x ∈ G. (45)
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It follows from (39) and (45) the sequence
{

h2(2
κx)

24κ

}
is Cauchy . Since X is complete. Therefore

{
h2(2

κx)
24κ

}
is convergent.

Let Q4(x) = lim
κ→∞

h2(2
κx)

24κ
∀ x ∈ G. (46)

From (44) and (45) it follows by induction that

∥∥∥h2(2κx)
24κ

− h2(x)
∥∥∥

≤ max

{
1

|2|4κ
φ̄(2κ−1x) + · · ·+ 1

|2|4
φ̄(20x)

}

≤ max

{
1

|2|4(ȷ+ 1)
φ̄(2ȷx) : 0 ≤ ȷ < κ

}

≤ 1

|2|4
max

{
1

|2|4ȷ
φ̄(2ȷx) : 0 ≤ ȷ < κ

}
(47)

∀ κ ∈ N and for all x ∈ G. As κ→ ∞ in (47) and using (42),
we get (41). Now to prove Q4 is quartic. It follows from (39),
(45) and (46) we obtain

∥∥∥Q4(2x)− 16Q4(x)
∥∥∥ = lim

κ→∞

∥∥∥h2(2
κ2x)

24κ − 24 h2(2
κx)

24κ

∥∥∥
≤ |2|4 lim

κ→∞
1

|2|4(κ+1) φ̄(2
κx)

= lim
κ→∞

1
|2|4κ φ̄(2

κx) ∀ x ∈ G.

= 0

Hence

Q4(2x) = 16Q4(x) ∀ x ∈ G. (48)

On the other hand (40), (39) and (46) imply that

∥QQ4
(x, y)∥ =

∥∥∥ lim
κ→∞

Qh2(2
κx, 2κy)

24κ

∥∥∥
= lim

κ→∞

1

|2|4κ
∥∥∥Qh2(2

κx, 2κy)
∥∥∥

= lim
κ→∞

1

|2|4κ
∥∥∥Qg(2κ+1x, 2κ+1y)− 4Qg(2κx, 2κy)

∥∥∥
≤ lim

κ→∞

1

|2|4κ
max

{
φ(2κ+1x, 2κ+1y), |4|φ(2κx, 2κy)

}
= 0 ∀ x, y ∈ G.

Therefore Q4 satisfies (4). Thus by Lemma (3.1). Hence
[Q2(2x)− 4Q2(x)] is quartic.

Uniqueness: Let there exist another quadratic function Q′
4

∥Q4(x)−Q′
4(x)∥ = lim

ι→∞

∥∥∥∥∥Q4(2
ιx)

24ι
− Q′

4(2
ιx)

24ι

∥∥∥∥∥
≤ lim

ι→∞

1

|2|4ι
max

{∥∥∥Q4(2
ιx)− h2(2

ιx)∥,

∥h2(2ιx)−Q′
4(2

ιx)
∥∥∥}

∥Q4(x)−Q′
4(x)∥

≤ 1

|2|4
lim
ι→∞

lim
κ→∞

max

{
1

|2|4ȷ
φ̄(2κx) : ι ≤ ȷ < κ+ ι

}
= 0 ∀ x ∈ G.

Therefore Q4(x) = Q′
4(x).

Theorem 3.4. Let a function φ fromG2 → [0,∞) be such that

lim
κ→∞

1

|2|2κ
φ(2κ+1x, 2κ+1y) = 0 = lim

κ→∞

1

|2|2κ
φ̄(2κx)

∀ x, y ∈ G. (49)

lim
κ→∞

1

|2|2κ
φ(2κ+1x, 2κ+1y) = 0 = lim

κ→∞

1

|2|4κ
φ̄(2κx)

∀ x, y ∈ G. (50)

Let g be an even function from G→ X that fulfils the inequal-
ity ∥∥∥Qg(x, y)

∥∥∥ ≤ ξ(x, y) (51)

“and g(0) = 0. Then, uniqueness of quadratic function Q2 :
G→ X and uniqueness of quartic function Q4 : G→ X exist
and∥∥∥g(x)−Q2(x)−Q4(x)

∥∥∥ ≤ 1

|192|
max

{
ψq4(x), |4|ψq2

}
∀x, y ∈ G. (52)

Where ψq2(x) is defined in (11) & ψq4(x) is defined in (42).

Proof. By Theorems 3.2 & 3.3, there exists a quadratic func-
tion from G into X and quartic function from G into X such
that” ∥∥∥g(2x)− 16g(x)−Q2(x)

∥∥∥ ≤ 1

|2|2
ψq2(x) (53)

∥∥∥g(2x)− 4g(x)−Q4(x)
∥∥∥ ≤ 1

|2|4
ψq4(x) (54)

∥∥∥g(x)− Q̄4(x)− Q̄2(x)
∥∥∥ ≤ 1

|192|
max

{
ψq4(x), |4|ψq2(x)

}
∀ x ∈ G.

So we get (52) by setting Q̄4(x) =
Q4(x)
12 and Q̄2(x) =

−Q2(x)
12

for each x ∈ G.
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To show that Q2 and Q4 are unique. Let Q
′

2 , Q
′

4:
G → X be another quadratic and quartic functions respec-
tively satisfying (52). Let ¯̄Q2 = Q2−Q2

′ and ¯̄Q4 = Q4−Q4
′.

Hence∥∥∥ ¯̄Q2(x) +
¯̄Q4(x)

∥∥∥ ≤ max

{∥∥∥g(x)−Q
′

2(x)−Q
′

4(x)
∥∥∥,∥∥∥g(x)−Q2(x)−Q4(x)

∥∥∥}
≤ 1

|192|
max

{
ψq4(x), |4|ψq2(x)

}
∀ x ∈ G.

Since

lim
ι→∞

lim
κ→∞

max

{
1

|2|2(ȷ+1)
φ̄(2ȷx) : ι ≤ ȷ < κ+ ι

}
= 0

lim
ι→∞

lim
κ→∞

max

{
1

|2|4(ȷ+1)
φ̄(2ȷx) : ι ≤ ȷ < κ+ ι

}
= 0

∀x ∈ G. (55)

lim
κ→∞

1
|2|4κ

∥∥∥ ¯̄Q2(2
κx) + ¯̄Q4(2

κx)
∥∥∥ = 0 ∀ x ∈ G.

Hence, we get ¯̄Q2 = 0 and ¯̄Q4 = 0 and the proof is com-
plete.

4 Conclusion
The problem of the stability of distinct types of functional

equations has been widely investigated by many authors, and
more interesting results have been proved in the classical case
(Archimedean). In this article, we have discussed HUS for gen-
eralized quadratic-quartic Cauchy functional equation (4) in
non-Archimedean normed space and also checked the unique-
ness property. We hope that this research will represent a fur-
ther improvement in the field of functional equations in non-
Archimedean normed space.
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