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Abstract The concept of soft set theory can be used as
a mathematical tool for dealing with problems that contain
uncertainty. Then, a new mixed mathematical model called the
bipolar soft set is created by merging soft sets and bipolarity,
which gave the concept of a binary model of grading. Bipolar
soft set is characterized by two soft sets, one of which provides
positive information and the other negative. Bipolar soft gen-
eralized topology is a generalization of bipolar soft topology.
The importance of limit points in all branches of mathematics
cannot be ignored. It forms one of the most significant and
fundamental concepts in topology. On this basis, the derived
set concept is required in the establishment and continuation
of some properties. Accordingly, the limit point in bipolar soft
generalized theory is defined. In this paper, we present the
notion of bipolar soft generalized limit points. We explained
the relation between the bipolar soft generalized derived
and the bipolar soft generalized closure set. Added to that,
we discussed some structures of a bipolar soft generalized
topological space such as: BS g-interior point, BS g-exterior
point, BS g-boundary point, BS g-neighborhood point and
basis on BSGTS. Finally, we give comparisons among
these concepts of bipolar soft generalized topological spaces
(BSGTS) by using bipolar soft point (BSP). Each concept
introduced in this paper is explained with clear examples.

Keywords BS g-interior point, BS g-limit point, BS

E—boundary point BS E—neighborhood

1 Introduction

Reference to the set theory highlights it as a fundamental
theory in mathematics that ranges from engineering to medi-
cal, and from medical to social field. Researchers in mathe-
matics and other subjects have suggested theories such as the
fuzzy set theory [2], rough set theory [3], game theory, soft
set theory and graph theory to solve such problems. In 1999,
[1] introduced the soft set as a novel mathematical strategy for
dealing with ambiguity. Soft set theory has a wide range of po-
tential applications. Many interesting applications of soft set
theory can be found in [4] and [5]. Maji et al. [6] and Ali et
al. [7] developed soft set operations and some concepts of soft
sets. Soft set theory is becoming increasingly popular; (see
[8]-[12]).

In 2014, Thomas and John [13] introduced a new soft
topological space called soft generalized topological spaces
(SGTS) and studied some types of soft spaces such as soft
compact spaces and soft separation axioms via soft generalized
open sets. The generalized topology is different from topology
by its axioms. According to Csaszdr, a collection of subsets of
U is a generalized topology on I/ if it contains the empty set
and arbitrary union of its members. But the soft generalized
topological spaces are based on soft sets theory and not sets.

In 2011, Shabir and Naz [14] defined the concept of soft
topological spaces. The topological properties, characteristics,
and results in soft topologies have since been submitted by a
number of researchers; (see [15]-[27]).

In 2013, Shabir and Naz [28] explained that the bipolar soft
set structure has clearer and more general results than the soft
set structure. A year later, in 2014, the notion of soft gener-
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alized topological space was put forward by Thomas and John
[13], who defined it as an initial universe with a fixed set of
parameters containing the soft union of any soft sets and soft
null sets. There have been different studies on the concept of
bipolar soft structures (see [30]-[41]), yet studies on the limit
point concept were required by mathematicians so as to bring
about more developments in mathematics.

Bipolarity is significant for characterization between posi-
tive and negative information for excellence which is to be sen-
sible occurrence and fail it. Oztiirk [42] introduced the point
concept on bipolar soft set structure, fundamental properties
for this point concept are presented. In 2022, Saleh, Asaad and
Mohammed [43] defined a bipolar soft generalized topological
space (BSGTS) and they introduced some topological struc-
tures such as BS g-interior, BS g-closure, BS g-exterior and
BS g-boundary sets.

In this study, the concept of BS g-interior point over an ini-
tial universe with fixed set of parameters has been firstly in-
troduced. This is followed by the presentation of the main
results of BSGTS on an initial BSS. Then, the concepts of
BS g-closure (BS g-adherent) point, BS g-exterior point, BS
g-boundary point, BS g-neighborhood point have been inves-
tigated along the investigation of their results and the presenta-
tion of the relation between such notions. Finally, bipolar soft
generalized basis (BSGB) and bipolar soft generalized topo-
logical subspace (BSG7T SS) have been explained. To support
the results, the properties with examples have been introduced.

2 Preliminaries

In this section, we introduce some basic concepts about
bipolar soft sets and bipolar soft points. Throughout the present
paper, T(Q) be the class of all subsets of an initial universe €Q.
Let w be a set of parameters and g, 0 C w. Let BSS((2) be the
set of all bipolar soft sets over ) with parameters . We recall
some definitions and results that can be used in the sequel.

Definition 2.1 /6] The Not set of a set of parameters 9 =
{s1,%2,..,Sn} is denoted by —p and is defined as —o =
{=¢1, 72, ..., 76, } where —¢; = Not g; foralli = 1,2,...,n.

Definition 2.2 [28] A triple (A, ©, 9) is said to be a bipolar
soft set on ), denoted by BSS, where A and © are mappings
defined by A : o — Y(Q) and © : =9 — Y(Q) in which
A(s) N O(—¢) = ¢ forall s € g and —¢ € —o.

In other words, a BSS (A, ©, o) can be written as:

(A4,0,0) = {(s;A(), O(=)) : ¢ € 0, A(c) N O(¢) = ¢}.

Definition 2.3 [28] Let (A1,01,0) and (A3,O2,0) be two
BSSs, then we say that (A1,©1,0) is a bipolar soft subset

Of (A27 @2a 0-)! denoted by (A17 @la Q) i (A27 @2a Q)’ lf
1. oCo,

2. A1(s) C Aa(s) and ©3(—¢) C O1(—s) forall s € p and
S Q.
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Similarly, we say that (A1,01,0) is a bipolar soft super-

set of (A2, ©s,0), denoted by (A1,01,0) D (A2,04,0), if
(Ag, ©9, 0) is a bipolar soft subset of (A1, ©1, 0).

Definition 2.4 [28] Two BSSs (A1,01,0) and (As, O2,0)
are called equal, which is denoted by (A1,01,0) =
(A2,02,0), if (A1,01,0) € (A2,©2,0) and (Ay,©3,0) C
(A1,01,0).

Definition 2.5 [28] The complement of a BSS (A, ©, p) is de-
noted by (A, 0, 0)¢ and defined by (A, 0, p)¢ = (A, 0°, o)
where A° and ©° are mappings having A°(s) = ©(—¢) and
0°%(—¢) = A(s) forall s € p and —¢ € —p.

Definition 2.6 [28] A BSS (A, ©, ) is called a relative null
bipolar soft set, which is denoted by (P, Q,0), ifA(s) = ¢ and
O(—¢) = Q forall s € p and for all ¢ € —p.

Definition 2.7 [28] A BSS (A, ©, o) is called a relative abso-
lute bipolar soft set, which is denoted by (ﬁ, D, 0),ifA(s) =Q
and O(—¢) = ¢ for all ¢ € g and for all —¢ € —yp.

Definition 2.8 /28] Let (A1,01,0) and (A2,0O2,0) be two
BSSs, then the bipolar soft intersection of these BSSs is the
BSS (x, ¥, k) where k = o U o is a non-empty set and for all
S € K, we have

Ay (s), SEQ—oO,
X () = § Aa(s), s€o—o,
Ai(s)NA2(s), c€onNo
and
Ay (=), ¢ € np — 0,
(=) = q Aa(=), ¢ € o — o,

Ai(—6) UAs (=), -6 € —pN-o.

It is denoted by (A1, 01, 0) A (A2,02,0) = (x, ¥, k).

Definition 2.9 [28] Let (A1,01,0) and (A3,02,0) be two
BSSs, then the bipolar soft union of these BSSs is the BSS
(x, U, k) where k = pUo is a non-empty set and for all ¢ € k,
we have

Al(g)a §€Q_O',
x(s) = § Aa(s), s€T—o,
A(5)UA2(s), s€pno
and
Al(—|§), —¢ € -0 — 0,
(=6) = § A2(—9), -G € 20 —

A1 (=) N A (=), —¢ € —pN-o.

It is denoted by (A1, 01, 0) ¥ (A2,09,0) = (x, ¥, k).

Definition 2.10 /28] The restricted union of two BSSs
(A1,01,0) and (Ag,O4,0) over the common universe ) is
the BSS (x, ¥, k) where k = 9 N o is a non-empty set and for
all ¢ € K, we have
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X(§) = A1(6) U As(<) and ¢ ()
It is denoted by (A1, 01, 0) GR (A2,09,0) = (

= @1(‘@) N @2(‘().

Xo ¥, ).

Definition 2.11 [28] The restricted intersection of two BSSs
(A ©1,0) and (As, O, 0) over the common universe ) is the
BSS (x, %, k) where & = o N o is a non-empty set and for all
S € K, we have

X(¢) = Ai(s) N Az(c) and (=) =
It is denoted by (A1, 01, 0) ﬂR (A2, 09,0) =

O1(=¢) U O2().

(X, ¥, K).

Definition 2.12 [28] Let 7 € Q. Then (A;(s),0,(s), ™) is
denoted the BSS, defined by A, (¢)={n} and O,(—¢) = Q\
{m}, foreach ¢ € w.

Proposition 2.1 [28] If (A1,©01,0),(A2,02,0) é BSS(Q),
then:

((A1;®17 ) O (A27®210))C = (A17®119)c ﬁ
(A2,02,0)°.
2. ((A1;®17 ) ﬁ (A2’®2’0_))c = (Alaglag)c O
(A2,02,0).
3. ((A1,01,0)°)° = (A1,01,0).
4
(q)afhg) i (A17@17Q) ﬁ (A27@2ag)c
é (Alaglatg) O (A27@27Q)C
E (§7¢79)

Definition 2.13 [36] Let (A1,01, 0) and (A2, ©2,0) be two
BSSs, then the bipolar soft difference between these BSSs is
the BSS (A, ©, k), where k = o U o, which is defined as:

(Alv@lv Q) F\v (A2v®270) = (Ala C_')17 Q) ﬁ

Definition 2.14 [43] Let E be the class of BSSs, then E is
called a bipolar soft generalized topology (BSGT) on ) if the
following conditions are satisfying:

(A2,02,0)".

1. (®,Q,0) €.

2. If(A;,05,0) € Eforallj € J, then OjGJ(Aj, 0;,0) €
g.
We called (€2, E, 0, 70) by a bipolar soft generalized topologi-
cal space (BSGTS) over Q.

Proposition 2.2 [43] Let Q79 g 0,70) be a BSGTS. Then the

class g, = {A(<) : (A,©,9) € g}for each s € y, defines a
soft generalized topology on §).

Definition 2 15 [43] Let (2,9 g 0, ﬁg) be a BSGTS, then the
members of g are called bipolar soft g-open sets in ), denoted

by BNS g-open set. Now, the complement of BS g-open sets is
BS g-closed.

Bipolar Soft Limit Points in Bipolar Soft Generalized Topological Spaces

It is clear that (®,, o) is a BS E—open set and (Q, P, o)
is a BS g-closed set. But neither (Q, ®, o) is BS g-open nor
(P, Q, 0) is BS g-closed in general.

Definition 2.16 [43] Let (.3,0,~0) be a BSGTS and
(A, 0, 0) € BSS(Q). Then

1. We denote iE(A,@,g) by BS E—interior of (A,9,0),

which is the bipolar soft union of all BS E-open subsets
of (A, ©, ). In other words,

U {0t 0): (., 0) E 5 and (x, %, 0)
(A,0©,0)}.

i=(A,0,0) =

2. We denote C’g:(A,@,Q) by BS E-closure of (A,0,0),

which is the bipolar soft intersection of all BS E-closed
sets containing (A, ©, o). In other words,

(A,0,0) = N {0 ¥,0) - O, 0)° Egand (x

D (A,0,0)}

1, 0)

3. We denote bﬁ (A,©,0) by BS E-boundary of (A,0,0),
which is defined as
b= (A, ©,0) =

e (A, 0,0) A ez (A, 0, 0)"

4. We denote ez (A,©,0) by BS E—exterior of (A,0,0),

which is BS E—interior of the complement of (A, ©, o). In
the other words,

ez (A,0,0) =iz (A,0,0)"

Definition 2.17 [35] Let (A, ©, o) E BSS(Q2) and 0 be a non-
empty subset of ). Then we denote (°A,? ©, o) by the sub bipo-
lar soft set of (A, ©, o) over 0, which is defined as follows

IN() = 0N A(s) and PO(—s) = 0 N O(=s), for each s € o
and —s € —p.

Proposition 2.3 [35] Let (2, E 0,70) be a BSGTS and § be
a non-empty subset of (). Then 3o = {(°A©,0): (A,0,0)
€ g} isa BSGTS on .

Theorem 2.1 [43] Let (2,9, 0) be a SGT. Then E is the class
including BSSs (A, ©, ¢) in which (A, 0) € § and ©(—p) =
O\ A(s) forall s € p and —s € —p defines a BSGT on (.

Definition 2.18 [42] Let (A,©,0) € BSS(Q). The BSS
(A, ©,0) is called a bipolar soft point (BSP) if there exist
m,v € QT # v,¢ € pand —s € —p such that

_ {W}v Y=
A”)‘{qx ve o foh
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n o Q\{7T7U}7 7/:_(7
o= {ﬂ ¥ € o\ {<.

We denoted BSP (A, O, o) briefly by 75, and denoted the fam-
ily of all BSPs over Q briefly by BSP(£2) 5,-0)-

Definition 2.19 [42] Let BSP(S2)(,,-o) be all BSPs with o
as the set of parameters. |Q)| = k be the number of elements in
the set Q and |p| = i be the number of elements in the set o.
Then, the number of elements of BSP () (,,-,) is denoted by

(oo = k(K — 1)i.

Definition 2.20 [42] Let 5, 7% € BSP(Q)(y.-p). Then
and 7rq'j,l are called different BSPs if m # 7’ or¢ #¢'.

IBSP(Q)

Definition 2.21 [42] Let (A,©,0) € BSS(Q) and =5 €
BSP(2)(0,~0)- Then m, is said to be contained in (A, O, o),

which is denoted by 75, € (A,0,0), if 7 € A(s) and v €

Q\ O(—).

Proposition 2.4 [42] Let (A,©,0) € BSS(Q).  Then
(A, ©, 9) is the bipolar soft union of its BSPs(S2)(,,-,). That
is,

(A,0,0) = U {5 : 75 € (4,0, 0)}.

Proposition 2.5 [42] Ler {(A;, 0, 0)
BSS over Q). Then

: 4 € I} be a family of

1. = E ﬁiEI (A, 04, 0) if and only if 75, E (A, 04, 0) for
each i € I. Thatis, m € Ai(s) and v € Q\ ©;(=s) for
everyti € L,5 € pand —¢ € —p.

2. 7 E OieI(Ai’ ©;, 0) if and only if there exists i € T such

that 7, € (A;, ©;, 0). That is, there exists i € T such that
m € Ni(s) and v € Q\ O;(—q) for every ¢ € p and

Proposition 2.6 [42] Let (A1,01, 0), (A2,02,0) E BSS(Q).
Then (A1,01,0) - (A2, ©4, 0) if and only if for each w5, €

(A1, 0©1, o) implies that w5, € (A2, Oa, 0).
Proposition 2.7 [42] Let (A, ©, ) e BSS(Q) and s €
BSP(Q)(p,-0)- If the BSP 75, belongs to BSS (A, ©, ) then

the soft point ¢ also belongs to the soft set (A, o).

3 BS E—limit points in BSGT S

In [43], the concepts of BS g-interior set, BS g-closure set,
BS g-exterior set and BS g-boundary set are defined and some
of their results are investigated. In this section, we will give
more results among these concepts via BSPs on the BSGT Ss.
In addition, we present BS g-neighborhood and BS g-limit
points. Some properties among these concepts will be ob-
tained.
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' € BSP()(g—g) be two BSPs.

Then m, and 7rif,l are called not different BSPs if 1 = «’ and
¢ =¢". Clearlyv =v" orv #v'.

Definition 3.1 Let 75, 75

& T e BSP(Q) (g If 75 and 'S are
called not different, then their bipolar soft complements are
different in case v # v'.

Lemma 3.1 Let 75, 7',

Proof. Assume that the two BSPs 7, and 7rq’f,l are not different.
Then 7 = 7" and ¢ =¢’. In case v # v'. Thus, A°(s) =
QN {m,v} #Q\ {7, o'} = A°(¢’) . Therefore, {r,}° and
{7’ ¢ are different.

Definition 3.2 Let (Q,E, 0, —\~Q) be a BSGTS, my, E
BSP(Q)(p,-0) and (A ©,0) € BSS(Q). Then (A,0,0) is
called a bipolar soft g-neighborhood of 7rv, denoted by, BS

g neighborhood if there exists (x, 1, 0) € g such as

75 € (. ,.0) € (A, ©,0), which means that = € x(s) C

A(s),
and
v € Q\Y(s) TN\ O(s) forevery s € pand —¢ € —op.

Then we denote ‘ﬁ;(ﬂ;) by the set of all BS E—neighborhoods

of m,.

be a BSGTS, =5 &

Definition 3.3 Let (Q,E, 0, :\Q) s
o) and (A, 0, p) € BSS(Q). Then

BSP(Q),

1. 73, is called a bipolar soft E—interior point of (A, 0, o) if
(x: 1, 0) € (A, ©, 0) for some (x, 4, 0) € N=(n5).

2. m is called a bipolar soft E-exterior point of (A, 0, 0) if
(1, 0) € (A, ©, 0)° for some (x4, 0) € N=(x5).

3. m, is called a bipolar soft E-closure (or bipolar soft E
adherent) point of (A, 0, 0) if (x,%,0) N (A,©,0) #
(P, Q, 0) for any (x, %, 0) € ‘J‘L'g(wfj).

4. w5 is called a bipolar soft E—bouncl'ary point of (A, ©, o)
if (Gv,0) 0 (4,0,0) # (2,9,0) and (x,%,0) N
(A, ©,0)° # (2,9, 0) for any (x, ¥, 0) € N=(r5).

We denoted the bipolar soft E-interior point, bipolar soft E—

exterior point, bipolar soft ﬁ-clonire point (also bipolar soft
g- adherent point) and bipolar soft g-boundary point briefly by

BS g- -interior point, BS g-exterior point, BS g-closure point
(also BS g-adherent point) and BS g-boundary point respec-
tively.

To explain the above definition, it is shown below.
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Example 3.1 Consider Q@ = {my, 72, 73,71}, 0 = {<1,%2}
and

E = {(‘b’ﬁ?Q)?(A17@1ag)a(A2a®2ag)7(A37@3ag) is a
BSGTS where

(A1,01,0) = {(s1, {m1, w3}, {m2}), (2, {m2, w3}, {m1 }) },
(A27@23 Q) = {(§1, {7T277T3}a {Wl})v (§27 {ﬂlaﬁ3}7 {WQ})}v
(A3, 03, 0) = {(s1, {m1, m2, M3}, 0), (¢2, {m1, ™2, M3}, 0) }.

Now, 7t" g ngd are BS E-interior points of (A1,0,0) and

5. o Wi, are BS g-exterior points of (A1, ©, o). So, 1yl isa

BS E-closure point of (A1,01, 0) and 71';;1 is BS E—boundary

point of (A1,01, 0).

Proposition 3.1 The BS E—neighborhood system ‘ﬁ; (7s) in
BSGTS (9, 37 0, —0) satisfies the follows

1. If(A,©,0) é‘ﬁg (7s), then 5, e (A, 0, 0).

2. If(Ah@lv ) 6 s:n“g“ (ﬂ— )and (Ah@lvg) i (A276279);
then (A2, ©4, 0) € N (7w (7).

3. If(Ah@hQ)) (A27@27Q) qgj)) then (A17®17Q) O

(As, @2, 0) € ().

E MN=(m
g

mn

4. If (A1,01,0) E ‘RE(W;), then there exists (Az, ©2, 0)
‘ﬁﬁ(ﬂ';) such that (A1,01, 0) € & ‘IL( S)) for each s <
(A27 927 Q)

Proof.

1. Suppose that (A, ©, o) Then there exists

(X, %, 0) E E such that

€ Mx(m5).

75 € (X, 0) c (A, 0,0).

Thus, 7, E (A,0,0).

INe

€ M= (my,) and (A1,01,0)

2. Assume that (A1,01, 0) =

(A2, O4, 0). Since

~( ¢9) (A1,01, ) (Az,@g, o) for some

(X, %, )Eg,

then
€ (x.4,0) C (Az, ©2, 0).
Therefore (As, O2, 0) E = (7).

3. Let (Alveh Q)’ (A27 @27 Q) é m’g:(ﬂ—z), then there exist
(x1, %1, 0).(x2, %2, 0) € g such that

Bipolar Soft Limit Points in Bipolar Soft Generalized Topological Spaces

7Tf} g (lewhg) é (Alaehg)
and

75 € (X2, %2, 0) C (A2, 02, 0).
Since

(Xlawlv Q) O (X27/¢)27 Q) éﬁ
and
71—1(; é (Xla’l/)la Q) (X23¢25 Q) (Ah@la Q)
(A2, ©2,0).

Thus, (A1,01, 0) U (A, O, 0) € Ms(s).

4. Let (A1,04,0) E ‘J‘LE(WZ), then there exists (, ¢, 0) é:g:
such that

7"2 é (Xvwv Q) é (Ala 617 Q)

x>, 0) € (A1,01,0) is satisfied, for ev-

ery 775,/ € (x, %, 0). If we replace (Aa, ©4, o) instead of
(x, ¥, 0) then, the proof is completed.

1=
Now, s, € (

Remark 3.1 If (A1,04,0),
(A1a®17 Q) ﬁ

(A2,02,0) g N=(7y),  then

(A2, ©4, 0) is not necessary to be in %E(ﬂ'f))

Example 3.2 [f we take E from Example 3.1. Then let

(X1,%1,0) = {(s1, {m1, w3}, {m2}), (2, {m2, 73, ma}, {m1})},
(X2, Y2, 0) = {(s1, {m2, w3}, {m1}), (2, {1, 73, ma}, {m2}) }.

Clea"l)% (Xl; wla Q)r (X27 wQa ‘Q)A,é ‘)’%(77;4 )
But (x1,%1, 0) N (X2,¢2-7 0) =
{(glﬂ {7T3}a {7T17 7T2})7 (§27 {7737 774}7 {7T17 WQ})} ¢ mg(ﬂ-giu )

Theorem 3.1 A BSS (A, 0,9) is a BS E-open set if and only
if (A, ©, 0) is a BSg-neighborhood of its each BSPs.

Proof. Suppose that (A, ©, o) éﬁand s E (A, ©, ). Then 7,
€ (A, 0,0) C (A,0,0). Thus, (A, O, p) is BSE—neighborhood
of 7.
Conversely, assume that (A, ©,p) is BSE—neighborhood of
1ts each BSPs and 7 € (A, @ 0). Then there exists (x, ¥, 0)
E g such that 75 € (x, %, 0) C (A, ©, o). Since we have

(80,0 =, 20,

ay

UW@E(A,@,L)) (A7 97 Q)
=(A,0,0).

(Xa 1;/]) Q)ﬂ';

75 E(A,0,0)
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Thus, (A,0,90) = A,0,0). It means that

Urizimne.n! N
(A, ©, g) can be written as a bipolar soft union of BS g-open
sets, hence (A, ©, p) is BS g-open.

Theorem 3.2 Let (Q,E7 0,70) be a BSGTS and (A, O, 0) €
BSS(QY). Then

i~(A,0,0) = U {n, : 7 is a BS E—interior point of
2. eE(A7@, o) =U{r : 7 isa BS E-exterior point of

3. c;(A,@,Q) =U{r, : 75 isa BS E-closure point of

4. bE(A’ 0,0) = O {ms, = w$ is a BS E-boundary point of
(A,©,0)}.

Proof.

1. Since iE(A’ 0,0)isaBS E-open set and 75, E Z'E(A7 0,0)
E (A, ©, o) for each 7, e iE(A’G’ 0), then 73 is a BS
g-interior point of (A, ©, ).

Conversely, let 7, E (A, ©,0)beaBS E—interior point of

(A, ©, p), then there exists a BS g-open set (x, 1, o) such
that

75 € (x,,0) C (A, 0, 0).

Since by ~the definition of BS E—interior set, we have
(x, ¥, 0) - iE(A’ ©, 0). Hence, every BS g-interior point
belongs to iE(A’ 0, 0).

2. Since SE(A’@’ 0) = ig(A,@, 0)¢, then iE(A’@’ o) is a
BS E—open set and 7y, e iE(A,@,Q)C C (A, 0, )¢ for
each ¢ E iE(A’ ©, 0)¢, then 75, is a BS E—exterior point

of (A, 0, 0).

Conversely, let 7¢ E (A,0,0)beaBS E—exterior point of

(A, ©, o), then there exists a BS E—open set (x, ¥, o) such
that

ﬂf} é (XMP’ Q) é (A, @7 Q)C.

Since by the properties of BS E-interior set, we have
(x,¥,0) C iE(A’@’ 0)¢. From the definition of BS g-

exterior set, (x, %, 0) c GE(A’ O, o). Therefore, every BS
E-exterior point belongs to BE(A’ 0,0).

3. From %(A, 0,0)isaBS E-closed set, then (CE(A7 0,0))¢

= iE(A, ©,0)° = GE(A’ ©,0)is a BS E—open set and 7,
E eE(A,@,g) A (A,©,0) = (9,0,0) # (@,ﬁ, o) for
each 75, E QE(A’ ©, 0), then ¢ is a BS E-closure point of
(A, ©,0).

Conversely, let 75 be a BS E—closure point of (A, ©, p),
then there exists a BS g-open set (X, v, ) in which

75 € (G, 0) 1 (A, O, 0) # (8,9, o).

From the properties of BS E-closure set, (x,v,0) N

CE(A, 0,0) # (D, (NZ, 0). Therefore, every BS E-closure
point belongs to GE(A’ 0,0).

. From b=(A, 0, 0) = ¢(A,0,0) 1 cz(A, ©,0)°. Then,

(cE(A,G),Q))C = ig(A,@,g)C = eE(A,G,Q) and

(%(A7 ©,0)°)° = iE(A’ 0, o) are the BS E—open sets such
that

75 € e=(8,0,0) 1 (A, ©,0) = (2,0, 0) # (2,9, 0)

and 7, E iE(A’ 0, 0) A (A, ©,0) # (D, 5, 0). Therefore,
w5, is a BS g-boundary point of (A, ©, o).

Conversely, let 77, be a BS E-boundary point of (A, ©, g),
then there exists a BS g-open set (x, ¢, ) in which

75 € (x, %, 0) 1 (A, ©,0) # (,9, 0)

and

75 € (X1 0) 1 (A, 0, 0)° # (©,9, 0).

From the properties of BS g-closure set, we have 75, €

(x,%,0) N CE(A, 0,0) # (D, SNZ, 0). Also, 7§, é (x, ¥, 0)

A CE(A’@’ 0)¢ # (@,ﬁ,g). Therefore, every BS E—
boundary point belongs to bE(A, 0, 0).

Now, two types of bipolar soft limit points on BSG7T s over
Q will be discussed as mentioned in the following definition.

Definition 3.4 Ler (12, 37 0,0) be a BSGT s defined on ) and
w5, € BSP(Q)(0,-0). Then

1. 7, is called BS E—*limit point of (A, O, o) if for every

(x,%,0) € E such that 75, € (x,, 0), we have

(A,0,0) A (x, ¢, 0) \{75} # (9,0, 0).

In the other words, w3, is said to be a BS :g:-*limit point
of (A, 0, 0) ifevery BS E-neighborhood of 5, contains at
least one BSP of (A, ©, p) other than Ts,.

We denote 0%(/\, ©,0) by BS E—*derived set of (A, 0, o)

which is the set of all BS E—*limit points of (A, ©, g).
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2. If we extend the definition of the BSg g-*limit point to

BS g-limit point by making the last concept contain BS g-
*limit points to gather with all BSP s which do not belong

to each %E(TFZ). The set of all BS E-limit points denoted
by 2(A, ©, 0).
That is the set of all BS g-limit points can be defined as

(A, @,Q)—D (A, 0, g)LJ{7T< EBSP( )(o
% 0 (7))

j —o) T

Remark 3.2 Clearly, for any (A,0,0) € BSS (), we have

Theorem 3.3 Let (Q,E, 0,70) be a BSGTS and (A, 9, o) E
BSS(QY). Then

DE(A,@,Q) = O {7 : 7 is a BS E-limit point of
(A,0,0)}.
2. _E(A 0,0) = O {m, : 7w is a BS E-*limit point of
(A,0,0)}
Proof.

1. From Definition 3.4, we have 03(A7 O, o) which is the set

of all BSE—limit points of (A, O, p). It is sufficient to show
the following equality:
For each ¢ € o,

Also, for each ¢ € —p,

009 =N,z (o0 @\ T 01}

Clearly, the %(A’ 0, p) is equal the union of all its BSE—
limit points.

2. Similar to point (1).

Theorem 3.4 Let (Q,E;, 0,70) be a BSGTS and let
(A1,01,0),(A2, 02, 0) € BSS(Q). Then

1. 05(9,Q, 0) =

: (®,9, 0) and 0% (Q ®,0) C

(Q<I>Q)

2. 9:(2,0,0) 2 (9,0, 0) and 9=(, ®, 0) = (2, ®, o).

3. If (A1,01,0) é (A2, ©4, 0), then

(a) DE(AM ©1,0) C 0§(A2, ©3,0).

(b) 0%(1\17@1’ 0) C a%(AQ,Qm 0).

Bipolar Soft Limit Points in Bipolar Soft Generalized Topological Spaces

Ny

4. (a) 03((1\1,@1,@) A (A2,02,0)) Og(Ah@hQ) N
0§(A27®27g)'

(b) O=((A1,01,0) N1 (A2,02,0)) € 32(A1,01,0)
a%(A276279)'

5. (a) 95((A1,01,0) U (A2,0,0)) = 0=(A1,01,0) U
OE(A27627Q)'

(b) 0%((A1,@1,Q) U (A2,0,0)) = D%(Ala®179> U

U%(Am ©3,0).

Proof.
1. The proof is trivial.

2. The proof is trivial.

3. (a) Suppose that 73 é 03(A1,@1,Q), since 73, is a
BS E—limit point of (A1,01,0). Then (Aq1,01,0)

N Ouv,0 \ {75} # (®,0,0) for each BS g-
open set (x, ¥, ) containing . Since (Al, @1, 0)

C (A2,©4,0), it leads to (A2,02,0) N N (x, %, 0)
\{7} # (P, 0, o) for each BS g-open set (X,w 0)
containing 5. Therefore, 75, € Dg(Ag, O, 0).

(b) Similar to point (3)(a).

4. (a) Since (A1,01,0) § (A2,02,0) é (A1,01,0) and
(A1,01,0) N (A2,02,0) € (A2,0,0). By (3)(a)
we get

DE((AD @17 Q) ﬁ (A27 627 Q)) i DE(Alv @17 Q)
and
DE((Alv @13 Q) ﬁ (AQ; @27 Q)) i DE(A27 @,Q)
Then aj((/\h@l,é’) A (A2,09,0) C
DE(AM ©1,0) N DE(A2’ O3, 0).
(b) Similar to point (4)(a).
5. (a) From (Ay,01,0) C (A1,01,0) U (As, 02, 0) and

(A27 @27 Q) i
we get

(A1,01,0) U (A2,02,0). By 3)(a)

0=(A1,01,0) € 0=((A1,01,0) U (A2, 2, 0))

and

03(/\27 ©2,0) C 03((1\17 01, 0) U (A2,02,0)).

Ine

Thus, DE(A1,@1, 0) ¥

0=((A1,01,0) U (A2, 02, 0)).
Now, let 7§, € DE((Al, O1, Q) U (Ag, ©2, 0)). Then,
((A1,01,0) U (A2,02,0)) 1 (0,9, 0) \ {75})

ag(Az, ©3,0)
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# (P, 0, p) for each a BS E—open set (x, ¥, o) con-
taining 75, Thus, (A1,01,0) N ((x,%,0) \ {75})
# (®,0,p) for each a BS g-open set (x,v,0

)
containing 75, or (A2, 02,0) N ((x,¥,0) \ {73})
# (®,0,0) for each a BS g-open set (x,, 0)
containing 7;,. This implies that

e E DE(Al, ©1,0) or 7, E aE(AQ, 05, 0).
Therefore, 7, E DE(Al’ 01, 0) GOE(AQ, O3, 0). So,
this gives the equality.

(b) Similar to point (5)(a).

Remark 3.3 The equalities in Theorem 3.4 (4) in general are
not hold.

Example 3.3 Consider Q = {m,mo, 73, m1}, 0 = {<1,%}
and

g = {(®,9,0),(A1,01,0),(A2,02,0), (A3,03,0)} is a
BSGTS where

(Alv ©1, Q) = {(§17 {773}7 {771}>7 (§2’ {7T3}a {7‘-177‘(—2})}7
(A2792a Q) = {(§1a¢7 {77277T3})7 (§27 {71—1}7 {7T3})},
(A37®3a Q) - {(§1, {7T3}7¢)7 <§23 {Wl’ﬂ3}7¢)}a

and (x1, 41, 0) and (x2, 2, 0) be BSSs defined as

(x1,¥150) = {(s1,{m1 }, {m3}), (2, {m1 }, {m3})} and
(X27¢27 Q) = {((1, {73}7 {771})7 (§27 {7T3}, {7T177T2})}'

Since, (x1,%1,0) N (x2, %2, 0) =
{(§1, ¢a {7T17 7T3})7 (Cg, (,ZS, {7T1; T2, 73})}'

Then

o=(xn, ¥, 0) ={mi. , . T LWl L ml L ml g

S1 S1

S S: S: S S
o T , 2 2 2 2
47y 4r,

S2
2r, 7737r2 , 7'('47r1 y T4~

G2
47"3 ’ 7T27"1 ’ 7‘-27"3 ’ T2

WZZ;B 1.

ThMS, DE(Xlawla Q) = {(gh Qa ¢)7 (§27 {71-2; 77357(-4}7 ¢)} Cli’ld

— <1 S1
DE(X% P, «Q) = {7T1 T T, Ty Ty Ty 773”,
S1 S1 S1 S1 S1 S2 S2 S2 S2 S2
7-[-37(2) 71—37\_4) 7(-471) 7r41r2’ 7T47r3’ 7-[-1”3; 7T2ﬂ_1) 7T2 ’ 71—2 » 7(-37(1)
G2 S2 G2 <2 G2
T3y’ T30y Ty Ty 7T4,,3}7

Then, aE(XQa ¢27 Q) = {(gla Qv ¢)7 (§2a Qv ¢)} = (6? (p7 Q)
While

DE(<X27’¢}27 Q) ﬁ (X2aw27 AQ)) = {ﬂ-%rz’ Wi;gr 71-%(4: W;;I; ;1(3,
I
DE((X27¢279) ﬁ (XQaq/}QaQ)) =

{(gla{ﬂlvﬂ-25ﬂ4}7¢)a(g2ﬁyv{772a7r4}7¢)}‘
Hence, 0=((A1,01,0) N (A2,04,0) # 05(A1,01,0) N
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DE(AQ; 02, 0).

Similarly, D%(Xl, ¥1,0) = {ﬁgln , 71';12} =
{(c1, {ms}, {m2, m4a}), (2, {73}, {m1, ms}) }and

* _ S1 S1 S1 S2 S2 S2 S2
OE(X% P2,0) = {7T3W1 73,0 T30, T T80 T80, T30, }

= {(§1, {71-3}7 ¢)’ (§27 {71-1’ 773}7 ¢)}

While D%((X%w% 0) N (x2,92,0)) = (2,9, 0).

S1 S2
{Wsn T3y

But, D;(X17¢17g) ﬁ a%(X27¢279) =

= {(1, {ms}, {mas ma}), (o0, s, L, ma )

Hence, 0%((/\17@179) N (A2,02,0) # a%(AlaG)l»Q) N
0%(1\2,@270)-

In the same method, we can take

(X17wlag) O (X?anag) =

{(Cl, {7T17 71-3}’ ¢)a (<27 {ﬂ-la 7T3}7 ¢)}

Then
DE((lewla Q) G (X271/)27 Q)) = {Wil W?is 5 ’/TE( ; 2\'1 »
Mo o Mol el LWL WL LWL LWL L T T
T I IR e R

¢ b= (Q,®,0) and

03()(1,1/1,9) U DE(X2,¢27 0) = {ﬁ; , Wiira , 7Ti4 , Tk,

S1 S1 S1 S1 S1 S1 S1 S1 S2
me ) Wgu ) 77:3”1 ) 77:3”2 ) Wf"“ ’ an ’ Wﬁm ’ ”373 ] ”iﬁa ’
2 2 2 2 2 2 2 2 2
T2y ? T2y > T2, T30, > T35, 0 T30, Ty Ty o 7T4,,3}

=(Q,9,0).

cn

Hence, OE((Ah@ly 0)
DE(A% @27 Q)

U (A2,02,0)) = Dg(Ala@hg)

Theorem 3.5 Let (.3, 0, —0) be a BSGTS and (A, 0, 0) €
BSS(2). Then

=(A,0,0) € 2=(A,0,0) U (A.0,0)

Proof. Suppose that 7, E cs (A, ©, p), then 7, < (A,0,0) or

™5 ¢ (A.0.0). _
First if we consider 75 € (A, 0, ). Then 75, € (A,0,0) U

0=(A, , 0) and hence c=(A, ©, 0) C 0=(A, 0, 0) U (A, 6, 0).

Now, if 5, & (A, ©, ). Then (A, 0, 0) = (A, 0,0) \ {r5}.
Since ¢, € s (A, ©, p) implies that

(A,0,0) N (x. ¥, 0) # (2,0, 0) forevery (x,¥,0) €7
containing 7.

Then (A, 9, o) A (X ¥, 0) \ {73} # (@, 0, 0). Hence, 75, €
0=(A, 0, o). Therefore, (A, ©,0) C0=(A,0,0) U (A, 6, 0).

Remark 3.4 In the next example, we can show that the equal-
ity of Theorem 3.5 in general does not hold.
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Example 3.4 Ifwe take E from Example 3.3. Then let (A, ©, o)
= {(s1,{m}, {m3}), (2, {m1}, {m3})}. Hence,

CE(Av o, 9) = {({1, {71}7 {7‘—3})7 (§2a {7T177T2}, {7(-3})}7

but, DE(A,G,Q) L:J (A,O,0) = (S:),CP,Q). It means that,
2:(A,0,0) U (A, 0,0) # (A, ©, 0).

Remark 3.5 The equality of Theorem 3.5 is independent for
D%.

Example 3.5 Ifwe take E Sfrom Example 3.3. Then let (A, ©, o)
= {(c, {m}, {ms}), (2, {m}, {ms})}. Hence,

(A, 0, 0) = {(c1, {m}, {ms}), (2, {m1, w2}, {ms})},

but, (A, 0. 0) U (A, ©,0) =
{(gla{ﬂ-hﬂ-?)}ad)))(§27{ﬂ-17ﬂ—i}7¢)}' .

It means that, 0%(A,@,g) U (A,0,0) iﬁ cE(A,G,g) and
2:(A,0,0) U (A,0,0) £ c5(A, ©,0).

4 Bipolar Soft Basis for BSGT S

In this section, we introduce the bipolar soft generalized ba-

sis (BSGB) for the BS Q’TE defined on €2 and bipolar soft gen-
eralized topological subspace (BSGT SS). Some properties of
these concepts are discussed.

Definition 4.1 Ler (2,3, 0,~0) be a BSGTS and B C §.

Then B is called a bipolar soft generalized basis for the BSGT
g, denoted by, BSGB if every element in d can be written as the

bipolar soft union of elements of B,

Theorem 4.1 Let (2,5 9,0,-0) be a BSGTS and B is a
BSGB ofg Then, g is equal to the class of all bipolar soft

union of elements of B,

Proof. Follows directly from Definition 4.1.

Definition 4.2 Let (Q,E, 0,70) be a BSGTS and (A, ©, ) E
BSS(QY). Then the collection

Gre.0 =1(4,0,0) N
is said to be a bipolar soft generalized subspace on (A, ©, p).

(Ai,0,0) : (A, ©4,0) € g, i € T}

Theorem 4.2 In Definition 4.2, we will show that E( A,0,0) IS
a bipolar soft generalized topological subspace BSGTSS on
(A, 0,0).

Proof. Since (®,Q, o) A
. O ((sz @’ia Q) ﬁ
a = {(AZ7 @ia Q)
any member of BSSs in g, o ,) belongs to g5 o ,)- Hence,
ﬁ(&@’g) isa BSGT over (A, ©, ).

(A7 @ Q) ((I) Q Q) E g(A 09,0) and
(A,0,0) = (U(A4,04,0)) N (A, 6, ) for
: i € I}. Thus, the bipolar soft union of

Bipolar Soft Limit Points in Bipolar Soft Generalized Topological Spaces

Remark 4.1 We say that (Q(A’(_)’Q),E(A,QQ), 0, —0) a bipolar
soft generalized topological subspace of (Q,9, 0,—0) and we
denote it by BSGT SS.

Example 4.1 Consider E in Example 3.3.

{(s1,{m}, {73}) (<27{7T1,7T2}7{7T3})} Then,
B {(q) Q ,0),(A1,01,0),(A2,02,0)}

isa BSngor g.
If we take (A,©,0) =

{(c1, {m1, w2, w3} {ma}), (2, {73, ma}, {71, m2})} € BSS().
Then

If (A,©,0) =

Tne0 = 4 (0,900 (o1, {ms}, {m1. 7)),
(2, {ms}, {m1, ma})}, {(s1, b, {m2, 73, 74}),
(52, &, {71, 72, T3 }) A (1, {3}, {ma}), (2, {73}, {7T177T2})}}

isa BSGTSs of:g:.

Definition 4.3 Let (A, O, o) € BSS () and T be a non-empty
subset of ). Then the bipolar sub-soft set of (A, O, o) over I’
denoted by (" A,F' ©, 0) is defined as

PA(G) =T A A() and'O(=¢) =T A O(~s), for each s € p.

Theorem 4.3 Let (Q :g:, 0,70) be a BSGT S and B C E Then

1. The famzly EB is a BSGB ofg zfand only if there ex-
ists %ﬂg E B such that I E %,rg C (A, ©, o) for every

(A, ©,0) E gandeverjy 75 € (A, 0, o).

2. If the famtly ‘B = {%B; }Zeg is a BSQB of g, then there
exists B, E % such that 75, € %13 C B;, N B, for every

B, ,B,, € B and every 5 € B, NB,,.
Proof.

1. Let the family B be a BSGB ofﬁ, (A,0,0) ggand =
(A, 0, 0). Since % is a BSGB of E, then

~! ~ =

B CB:(A0,0=U, & B

z = ¥ =~/ S S é
e (A7@)Q) U%E% %a Nﬂ;»u E %ﬂ'u =

(A, ©, o) is satisfied for at least one B € B .

S
From

Conversely, assume that there exists %Wz S % such that
7 € Brs C (A, 0, 0) for every (A, 0, 0) € g and every
7s € (A, 0, 0). Then

(A, 0,0) = Uﬂ'f)é(A,@,g){ﬂ-g} < Uwgé(/\,@,g)%”< <
(A, 0,0)
Therefore,
(AA7 ("'), Q) = Uwgé(A,@,g) %ﬂ—;.

2. It is obtained in a similar way.
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Conclusions

In this paper, we continued to present the main idea with the
context of BS g-limit point, BSGB and BSGSS in BSGTS
which are defined over an initial universe with a fixed set of
parameters. The main purpose of this study was to define the
concepts of BSPs in BSGTS. Furthermore, we presented
some of its basic properties with the help of some counterex-
amples. In future work, these results may be extended to new

results of BS E-mappings, BS g-separation axioms and BS E-
compactness in BSGT Ss.
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