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Abstract Restricted Maximum Likelihood (REML) is the
most recommended approach for fitting a Linear Mixed Model
(LMM) nowadays. Yet, as ML, REML suffers the drawback
that it performs such a fitting by assuming normality for both
the random effects and the residual errors, a dubious assump-
tion for many real data sets. Now, there have been several
attempts at trying to justify the use of the REML likelihood
equations outside of the Gaussian world, with varying degrees
of success. Recently, a new fitting methodology, code named
3S, was presented for LMMs with only added assumption (to
the basic ones) that the residual errors are uncorrelated and
homoscedastic. Specifically, the 35-A1 variant was designed
and then shown, for Gaussian LMMs, to differ only slightly
from ML estimation. In this article, using the same 3S frame-
work, we develop another iterative nonparametric estimation
methodology, code named 3S-A1.RE, for the kind of LMMs
just mentioned. However, we show that if the LMM is, indeed,
Gaussian with i.i.d. residual errors, then the set of estimating
equations defining any 3S-A1.RE iterative procedure is equiv-
alent to the set of REML equations, but while including the
nonnegativity constraints on all variance estimates, as well
as positive semi-definiteness on all covariance matrices. In
numerical tests on some simulated and real world clustered
and longitudinal data sets, our new methods proved to be
highly competitive when compared to the traditional REML in
the R statistical software.

Keywords Linear Mixed Model, 2-level Model, Uncor-
related Homoscedastic Errors, Random Effects Predictor,
Restricted Maximum Likelihood

Mathematics Subject Classification (2000): 62GO05, 62J05

1 Introduction

For long now, mixed models have been extremely useful for
analyzing data sets with multilevel structure of various kinds
(e.g. clustered or repeated measures) in a variety of fields,
such as medicine [1, 2], agriculture [3], animal breeding [4],
small area estimation [5, 6], genetics [7, 8], growth model-
ing [9, 10], etc. For an extensive presentation on LMMs, see
[11, 12, 13, 14], with [14] laying more emphasis on the sub-
class of variance components models (or ANOVA LMMs).
Yet, fitting an LMM to a given data set is still no easy task,
although there are now, specifically available for that purpose,
carefully designed programming routines in the leading statis-
tical software systems. But a question remains: Are the mod-
eling assumptions upon which such codes are built guaranteed
to hold for the data set at hand? The answer is not a resound-
ing universal “yes”, because the most common option in these
codes is to use the ML or REML method for the fit, thus assum-
ing that the given data set can be fitted by a Gaussian LMM, i.e.
an LMM in which both random effects and residual errors are
assumed to follow Gaussian distributions. The Gaussian as-
sumption, particularly for the random effects, appears dubious
for many real world data sets. For instance, [15] present prac-
tical cases of non normal random effects. Since random effects
are a key component of interest in an LMM, indeed making the
difference w.r.t. a classical Linear Model (LM), there is a need
to either develop new fitting methodologies for LMMs which
impose as few assumptions as possible on them, or show that
some of the already existing ones are actually valid outside of
the Gaussian realm.

As for the latter goal, and considering their leading role as
fitting methodology for Gaussian LMMs nowadays, there have
been several attempts at trying to justify solving the Gaussian
REML equations to fit non Gaussian LMMs as well. But be-
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fore briefly expanding on these attempts, we first stress that
we are not interested here in asymptotics like the results es-
tablished, under some additional assumptions by [16] which
prove that for ANOVA LMMs, the solutions to the REML
equations are consistent estimators of the variance components
and asymptotically Gaussian, even when the ANOVA LMM is
not Gaussian. We rather focus here on finite distance valida-
tion of REML equations for fitting a given data set. In that
respect, it is well known that the ANOVA estimating equations
(EEs) are equivalent to the REML ones in a balanced ANOVA
LMM [14]. Similarly, the iterative variant of Rao’s MINQUE
(the I-MINQUE in [17]) yields variance components estimates
in ANOVA LMMs which satisfy the REML equations. How-
ever, these methods apply only to ANOVA LMMs, and, more
importantly, they do not guarantee nonnegative estimates of
variances, constraint REML estimates must satisfy, beyond the
REML equations.

On the other hand, the results of [16] mentioned above vali-
date, but only on an asymptotic basis, the quasi-likelihood ap-
proach of using the Gaussian REML equations to fit an arbi-
trary ANOVA LMM. Heyde [18] does the same for an arbitrary
LMM, but for fixed sample size and in the framework of the re-
lationship between quasi-likelihood and estimating functions.
Although the latter framework is more general than that of
LMMs and the REML equations are derived in it “painlessly”
(to quote Heyde) under the only additional assumption that the
LMM unit response has kurtosis 3 (like a Gaussian univariate
distribution), that elegant framework [19] is almost a whole
alternate mathematical universe to that in which most LMMs
aficionados usually live in. Moreover, only the REML equa-
tions are derived in that framework, with no allusion to the
needed nonnegativity constraints attached to them and alluded
to above.

Now, for fitting LMMs, we will take a practical standpoint as
in [20] that, in most situations, except when some additional in-
formation is available about the data (such as serial correlation
in errors for some longitudinal data), one has no other choice
than to assume that the residual errors in the LMM are uncor-
related and homoscedastic (u.ho.). In this paper (as in [20]),
it is our objective under that assumption to devise a new itera-
tive approach code named 35-A1.RE for estimating the model
parameters without imposing any Gaussian assumptions, par-
ticularly for the clusters random effects. We do so, first for
the 2-level (or longitudinal) LMMs. As will be remarked later
for the set of estimating equations defining our new method (i)
nonnegativity constraints for variance estimates and positive
semi-definiteness for covariance matrices are always guaran-
teed and (ii) when the LMM to fit is Gaussian with i.i.d. er-
rors, the set of estimating equations is exactly equivalent to the
REML ones. Our approach also turns out to generalize an esti-
mating procedure for REML computation in Gaussian variance
components models credited to Henderson by [21] and detailed
in [14, pages 278-279]. Finally, we adapt the approach to fit-
ting ANOVA LMMs as well.

The rest of the paper is organized as follows. Section 2
briefly reviews LMMs, up to the random effects prediction is-
sue, emphasizing the famous Best Linear Unbiased Predictor
(BLUP), a key tool in our new approach. Section 3 presents
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some key results on LMMs needing no Gaussian distributional
assumption, and which will be the basis of our new estima-
tion methodology designed in Section 4, first for 2-level LMMs
with u.ho. errors (and no Gaussian assumption involved). Sec-
tion 5 shows that the new estimation methodology can be
adapted to some other types of LMMs with u.ho. errors, in-
cluding ANOVA LMMs. In Section 6, the new estimation ap-
proach is applied to two data sets, a clustered one and a longitu-
dinal one, and the results compared with those from Gaussian
REML, with implementations in the R software [22]. Section 7
gives a conclusion about the work presented and suggests a tan-
talizing perspective about a possible continuation from this. Fi-
nally, the Appendix contains the most lengthy proof of a result
presented in the running text.

This paper uses the same notations as in [20]. But here,
to gain space, Rows(Ay,-- - , A,,) will denote the matrix ob-
tained by vertically stacking matrices Ay, --- , A,, having the
same number of columns.

2 Linear mixed models

2.1 The general form of an LMM

The most general form of an LMM with observed response
Y e R"is[11]:

Y= X8 +7ZU +e¢, (2.1)
with 3 € RP unknown vector of fixed effects parameters,
U € R? vector of unobserved random effects, € € R" vec-
tor of unobserved residual errors, while X € M, ,(R) and
Z € M, 4(R) are given design matrices. The standard as-
sumptions for (2.1) are:

Assumption Al,. U and e are two independent and zero
mean random vectors with respective positive definite covari-
ance matrices Mcov(U) = G € My(R) and Mcov(e) =
R € M, (R).

Then the covariance matrix of Y is V. = Mecov(Y) =
ZGZ" + R. To simplify the presentation, we also use:

Assumption A2,. The n x p design matrix X in (2.1) has full
column rank.

Modern days LMM fitting methodology to a given data set
(through estimating the parameters 3, R, G) does so, most
often, assuming that the LMM (2.1) is Gaussian. But because
that assumption may not hold for many real world data sets
(especially as far as the random effects vector U is concerned),
the goal here is to devise iterative estimation procedures for
LMMs only under the basic Assumptions A1,-A42,, and the
added assumption that:

Assumption A3,. R =021, (¢ > 0).

2.2 The 2-level (or longitudinal) LMM

This is one of the types of LMM most used to analyze multi-
level data and we will first present our estimation methodology
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on that type. For all units in each cluster j it takes the form
[23]:
Y; = X;8+Z;Uj+¢;, j=1,---,m,

with Y; = (Y3 ,--- Yo, ,j)T € R™, the response vector;
U; € R", the unobserved vector of random effects for clus-
ter j; &5 = (15, - ,&n, ;)7 € R™, the vector of the un-
observed errors; X; = Rows(Xyj, -, Xy, ;) € My, »(R),
the fixed effects design matrix; Z; = Rows(Z1;,- -+, Zy, ;) €
M, »(R), the random effects design matrix. Assumption Al
translates here to:

2.2)

Assumption Al. The U;’s are independent and identically dis-
tributed in R".

Assumption A2. The €;’s are independent.

Assumption A3. The set of U;’s and set of €;’s are indepen-
dent from each other.

Assumption A4. E(U;) = 0 € R", E(g;) = 0 € RY,
Mecov(U;) = D € M,(R), Mcov(e;) = R; € My, (R),
with D and R; symmetric and positive definite (SPD).

Model (2.2) can be written as (2.1) but with the covariance
matrices have the following special diagonal block structures:
G = diag(D,--- ,D) € M (R), R = diag(Ry,--- , Ry €
M, (R),V = ZGZT +R = diag(Vy, -+ , V) € Mu(R),
with V; = ZjDZ;fF—kRj €EMy,(R), j=1,---,m

2.3 Prediction of random effects

In our framework for fitting LMMs, predicting U is, in fact,
an embedded key component of the iterative estimation pro-
cess. In [20], the random effects vector U was estimated (or
predicted) through the Best Linear Predictor (BLP) of U given
Y [14, Chapter 7]:

BLP(U|Y)=U=GZ"V }(Y-X3). (23)
For a Gaussian LMM, it is well known that BLP(U|Y) coin-
cides with BP(U|Y) = E(U|Y), the Best Predictor (BP) of
U given Y. Such is not, generally, the case for a non Gaussian
LMM.

In the 3S-A1.RE approach (to be designed in the next sec-
tions), first, as usual, we will aim at estimating 3 in any LMM
by

g* = (XTv1x)'xTv-ly, (2.4)
its Generalized Least Squares Estimator (GLSE), which is also
the Best Linear Unbiased Estimator (BLUE) of 3. But we
shall rather estimate (or predict) the random effects vector U
through its Best Linear Unbiased Predictor (BLUP) of U|Y
given, under Assumptions Al4-A2,, by [24]:

BLUP(U|Y) = U* = GZ"V~ (Y - X3*) = GZTPY,
(2.5)
where P is the n-by-n symmetric matrix
P=Vv ! v XXV IxX)"'xXTv-1 (2.6)

See [25]for more detailed discussions about the BLUP.
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In practice, both B* and U* cannot directly be computed
from the data vector Y because they each depend on the un-
known covariance matrices G and R which have to be esti-
mated from the data to get estimates G and R. Hence, with
V =2GZT + R practical estimates of ﬁ* and U* are:

(XTVIX)"1XTV-ly,
GZ™V (Y- X3*),

B* = EBLUE(U|Y,G,R) =
U* = EBLUP(U|Y,G,R) =

which are the so called Empirical BLUE (EBLUE) of 3 and
Empirical BLUP (EBLUP) of U|Y.

The 3S-A1.RE approach will use an iterative procedure
based on the Henderson’s mixed model equations briefly re-
viewed next.

2.4 Henderson’s mixed model equations

Given G and R in a Gaussian LMM (2.1), trying to simulta-
neously get an estimator for 3 and a predictor for U, Hender-
son [26, 27] maximized, w.r.t. 3 and U (the latter also viewed
as a parameter), the joint density of (Y,U). To achieve that,
differentiating that density, successively w.r.t. 3 and U, one ar-
rives at what are since then called Henderson’s mixed model

equations (HMMEs):
XTR1X XTR1Z B\ (XTR'Y
Z'TR'X Z'™R'Z+ G ') \u) \Z'TR'Y )"

2.7)

Beyond the initial (and, for some, still lingering) debate

about the validity of the procedure, our practical stance is that

that debate is closed by the following remarkable result, cred-
ited by [21] to Henderson in an unpublished 1963 report:

Theorem 1. If X is full column rank while G and R are SPD
matrices, then the solutions of the linear system (2.7) are 3 =
B* and U = U* given by (2.4)-(2.5), with V = ZGZ™ + R.

2.5 REML estimation of parameters in a Gaussian
LMM

Nowadays, the REML estimation procedure is the most pop-
ular approach for fitting an LMM to a given data set. Tradi-
tionally, it assumes that the LMM to fit is Gaussian. In that
parametric Gaussian setting, there are two quite distinct lead-
ing approaches to derive the REML procedure. One uses a
Bayesian viewpoint [28], but the most popular (and the origi-
nal one) remains the frequentist error contrasts approach [29].
A very short, but revealing account on the origins of the REML
method is included in [30].

In the error contrasts approach, if one assumes a Gaussian
LMM (2.1) also satisfying Assumption .A2,, then to estimate
G and R, one considers A, a maximal rank matrix of error
contrasts for the LMM, i.e. such that:

A € My, —p (R) has full column rank and A7X = 0.
2.9
Otherwise stated, the columns of A are orthogonal to those of
the fixed effects design matrix X and, in that category, A has
the maximal rank possible (n — p under Assumption .A2,).
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Then REML starts by left multiplying the LMM (2.1) by AT
to get:

Y =7ZU +¢, (2.10a)

where

Y=ATY, Z=A4"TZ, &= A"¢. (2.10b)
So (2.10a) is also an LMM with the same random effects U
as (2.1), response Y, random effects design matrix Z, residual
errors vector €, but with no fixed effects. The vector of un-
known parameters in that LMM is 8 = (87;,02)7, where 8y
are the parameters in G and 6. are those in R.. Since (2.10a)
is also a Gaussian LMM, the REML applies to it the classical
ML procedure to estimate 8. Hence, it can be shown that the
log-likelihood for (2.1) is the so called restricted log-likelihood
for (2.10a) which is:

(0] y) =c — 5 [V ()

+ %(y ~XB(0)"V(8) "y —XB"(9))

+ %m IXTV(0)"'X|, (211

where V(6) = Mcov(Y), ¢ is a constant and 3* is given by
2.4).

The most remarkable feature about (2.11) is that the matrix
A used to derive the LMM (2.10a) appears nowhere in its final
expression (2.11), except, maybe, embedded in the constant
c. Hence, one of the strengths of the REML methodology is
that, to implement it, there is no need to first find a matrix A
satisfying (2.9), which would be computationally prohibitive
for big sample sizes.

3 Some non Gaussian-related results on
LMMs

In the new estimation methodology to present here, the
mindset is the same as in [20], hence some of the results needed
here have already been proven there. We just recall the ones we
will be using subsequently, while adding other results which
are vital for the new methodology.

The first useful fact is that, contrary to the widespread belief
grounded in the original derivation by Henderson, the system
of HMMEs (2.7) is not attached to Gaussian distributional as-
sumptions. Indeed, Theorem 1 is a pure Matrix Algebra result
showing that the linear system (2.7) has as unique solutions
the BLUE B* of 3 and the BLUP U* of U respectively given
by (2.4) and (2.5), and, therefore, characterizes them simulta-
neously and can be used to compute them efficiently. In ef-
fect, neither B* nor U* requires any Gaussian distributional
assumption for its derivation [24].
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3.1 HMMEs solutions in an LMM with u.ho. errors

Under Assumption A3, (in addition to Al,-A2,), the
HMMEs (2.7) reduce to:

XTX XTZ B\ (XY -
Z'X 7ZTZ+0:G7Y) \u ) \ZTY )’ G.1

whose unique solutions (see Theorem 1) ,é = B* of 3 and
U = U* of U|Y yield the following results.

Theorem 2. In the LMM (2.1) with Assumptions Al ,-A2,,
A3, and P given by (2.6),

Y - XB* - 20" = 62V 1Y - XB*) = 62PY, (3.22)
5* — (XTV—lx)—lev—lY: (XTx)—le(Y_ Zﬁ'*)
(3.2b)

Corollary 3. If A = YT (Y — X3* — ZU*) and B = ||Y —
XB* — ZU*||? in the LMM (2.1) with Assumptions Al ;-A2,
and A3, then

A=B =0l |Z"V N Y-XB")|& = 02-|U"|[&-1- (3.3)

Therefore, the real random variable Y (Y — XB* —ZU *)is
always nonnegative.

The following theorem produces moment based estimators
for o2.

Theorem 4. In the LMM (2.1) with Assumptions Al ;- A2, and
A3, one has:

E[YT(Y-XB* -~ ZU*)] = o2 - (n—p),
E|Y - XB* — ZU*||> = o2 - tz(P).

(3.4a)
(3.4b)

We add the following interesting corollary of Theorem 2:

Corollary 5. In the LMM (2.1) with Assumptions Al ,-A2,
and A3,

Y - XB3* — ZU* = M(Y — ZU*), (3.5)
where M is the n X n symmetric matrix
M =1, - X(XTX)" !XT, (3.6)

i.e. the matrix of the orthogonal projection in R", w.r.t. the
dot product, into R(X)*, the orthogonal complement linear
subspace of R(X), the range space of X, in R™.

Proof. Let Assumptions Al,-A2, and A3, hold in the
LMM (2.1). Then, using (3.2b) and (3.6),

Y - X3* — ZU* = M(Y — ZU™). O
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3.2 Preliminaries for adapting the REML construction
to non Gaussian LMMs with u.ho. errors

3.2.1 The Matrix Algebra behind the REML construction

In Section 2.5, we emphasized the classical well known fact
that though A is used to construct the REML method in the ap-
proach by error contrasts, there is actually no need to compute
matrix A satisfying (2.9) in order to be able to fit a Gaussian
LMM to a given data using the method. The reason behind the
final disappearance of A in the Gaussian REML approach has
nothing to do with the Gaussian assumptions. It is just a con-
sequence of the remarkable Matrix Algebra results about any
matrix A satisfying (2.9) and generally discovered by pioneers
in LMM modeling:

Theorem 6. If Assumption A2, holds, then there exist matri-
ces A satisfying (2.9). For any of them, we have:

1. ATA = I,_, and AAT =
matrix given by (3.6);

M, the n X n symmetric

2. For any SPD matrix W € M,,(R), one has:
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Proof. Let Assumptions Al,-A2, hold in the LMM (2.1). To
get (3.9), we apply, to the LMM (2.10a), formula (2.3) giving
the BLP of U]Y in an arbitrary LMM (2.1), then the second
equality of (3.8) to get V = Mcov(?), followed by (3.7) and
(2.5):

U

BLP(U[Y) = GZTV~'Y
= GZTA(ATVA)'ATY = GZ"PY = U*.O

When the initial LMM (2.1) has u.ho. errors, one can
even move further than Theorem 7. Indeed, the transformed
LMM (2.10a) exhibits the following additional remarkable
properties, which intrinsically relate it to the BLUE — BLUP
couple (B*,U*) in the initial LMM (2.1):

Theorem 8. If Assumptions Al,-A2, and A3, hold in the
LMM (2.1), and U = BLP(U|Y), then

Mcov(g) = 021,_,, (3.10a)
YO (Y-ZU) = Y' (Y- X3* — ZU™), (3.10b)
Y —ZU|| = |Y—XB* — ZU*|. (3.10¢)

Proof. Identity (3.10a) is immediate to check, whereas, us-

AATWA)TTAT =W - IX(XTW ! X) T XT W T ing (3.9), then Theorem 6, and Corollary 5,

3. Hence, in the LMM (2.1) with Assumptions Al - A2, A
and V = Mcov(Y) are related by:

AATVA) AT = P, (3.7)

where P is the n-by-n symmetric matrix given by (2.6).

3.2.2 More about the transformed LMM (2.10a) without
Gaussian assumptions

As a consequence of the results in Theorem 6, the trans-
formed LMM (2.10a) enjoys some remarkable properties not
requiring that any Gaussian distributional assumption be im-
posed in the initial LMM (2.1). The first three and well known
such properties are rather trivial:

E(Y) =0, V =DMcov(Y) = ATV A,

R = Mcov(g) = ATRA, (3.8)
where the notations ?, Z, € are as defined in (2.10b). The next
property is simple to state, but very striking. To the best of
our knowledge, it seems never to have been noticed elsewhere
before.

Theorem 7. If the LMM (2.1) satisfies Assumptions Al ;-A2,,
then, in the LMM (2.10a):

U = BLP(U|Y) = U* = BLUP(U|Y), (3.9)
i.e. predicting the random effects U through the BLP of U |X~f in

the transformed LMM (2.10a) is equivalent to doing the same
with the BLUP of U|Y in the initial LMM (2.1).

YU (Y- ZU) = YTAAT(Y - Z2U*) = YT M(Y — ZU*)

= YT (Y- X3* - ZU").

Finally, using Theorem 6 again and the fact that M is idempo-
tent and symmetric,

IY - ZU|* = ||AT(Y - 20|
= (Y- ZU*T"M*(Y — Z2U*)
= ||[Y = X3* — ZU*||?, from Corollary 5 .[J

So, if the LMM (2.1) has u.ho. errors, then, from (3.10a),
the transformed LMM (2.10a) also has u.ho. errors and with
the same residual variance o2, but with an (n — p)-response
vector. The usefulness of the two last identities (3.10b) and
(3.10b) will be explained later on.

3.3 More about the BLUP of U| Y in an LMM

The BLUP U*, given by (2.5), will play a key role in our
new estimation methodology for LMMs with u.ho. errors. That
is why we expand on it here. And, again, no Gaussian distribu-
tional assumption will be involved.

3.3.1 Covariance matrix and another expression of the
BLUP of U|Y in an LMM

The relationship between the covariance matrix of U* and
that of the true random effects vector U will provide the crux
to devise an EE for the latter in our methodology. To derive it,
first

Mcov(U*) = GZTPVPZG = GZTPZG,  (3.11a)
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thagks to the well known identity PV P = P. Hence, since
E(U*) =0.

Mcov(U*) = E(U*U*T) = G — W*, (3.11b)
where W* is the symmetric matrix:
W* =G - GZTPZG. (3.11c)

Note then that (3.11b) implies that we get an unbiased esti-
mator of the random effects covariance matrix G through the
matrix!

Gy =W* +U*U*T. (3.12)
But G, is only a preliminary estimator of G because it still
depends on the unknown parameters, including G itself. Nev-
ertheless, it can serve as basis to design an EE for G, provided
there is a simpler formula for the awkward looking ¢ X ¢ matrix
W*. Indeed, such a formula exists when the LMM has u.ho.
residual errors:

Lemma 9. In the LMM (2.1) with Assumptions Al 4-A2,,
A3, and M given by (3.6),

W* = (0.2Z"MZ + G 1) = 02(Z"™MZ + 032G~ 1)1,
(3.13a)

GZ"P =0 *W*Z"M. (3.13b)
Proof. From the LMM (2.1) with Assumptions A1,-42, and
A3g, let us consider the transformed LMM (2.10a), where A
is any matrix satisfying (2.9). Thanks to (3.10a) in Theo-
rem 8, we know that (2.10a) is also an LMM with u.ho. er-
rors of common variance ag. Then (3.13a) and (3.13b) result
from applying to that LMM the identities (S:1.2¢)-(S:1.2d) of
Lemma S1.2 in the Online Resource of [20]. Indeed, for that
LMM, V* Z, Y respective}y become W* (as a consequence
of Theorem 7), Z = ATZ, V = Mcov(Y) = 021,_,, so that
those identities yield:

W* _ (O,E—QiTZ + G—l)—l7
GZ'™V = 2W*ZT.

(3.14)
(3.14b)

Now, (3.14a) <= (3.13a), because ZTZ = ZTAATZ =
Z" MZ, the latter thanks to Theorem 6. Similarly, using (3.8),
then Theorem 6 again,

(3.14b) <= GZTA(ATVA) ' =0 *W*ZTA
= GZTAATVA)TTAT = o PWHZT AAT
<= (3.13b).]

Using arguments similar to those in the above proof, we de-
duce the following series of results, the first of which shows
that the ¢ x ¢ matrix W* allows an alternative useful way of
rewriting the BLUP (2.5) in the LMM (2.1) with u.ho. residual
errors:

LThat matrix is denoted G to distinguish it from the one playing the anal-
ogous role in [20] and denoted there G1.
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Proposition 10. In the LMM (2.1) with Assumptions Al ;- A2,
and A3,

U* = BLUP(U|Y) = 0.2 W*Z"M Y. (3.15)

Proposition 11. In the LMM (2.1) with Assumptions Al 4-
A2, one has:
E(|U* |4-1) = ¢ — tr(GT'W*). (3.16a)

Moreover, if Assumption A39 also holds, then we also have:

E(|U*|4-1) = n—p—o2tr(P) = 022 tr(W*ZT MZ).
(3.16b)

Proposition 12. In the LMM (2.1) with Assumptions Al ;- A2,
and A3,

o2tr(P) + o2 2 tr(W*ZT'MZ) = n — p,
tr(GT'W*) + o2 tr(W*ZT M Z) = q.

(3.17a)
(3.17b)

3.3.2 Cluster partitioning of U* in a 2-level LMM

In the 2-level LMM (2.2), to handle U* at the cluster level,
we use its cluster decomposition:

U* = Rows(U}, - ,U¥), (3.18)
with (7]* arandom r-vector (j = 1,--- ,m). Ina2-level LMM
with u.ho. errors, to compute Tj'l*, e ,Tj’n’i, we first compute

the global vector U* through (3.15), then effect the appropriate
partitioning of the result to get the U*’s.

We shall also need expressions for the covariance matrices
of U*,---,Ur. But an operational difficulty then arises due
to the fact that the matrices P and M do not share the same
partitioned block-diagonal structure as the covariance matrix
V of Y. Nonetheless, given the partition (3.18) of U™, there is
a conformal decomposition of the ¢ x ¢ (¢ = rm) matrix W*
with m blocks of 7 rows and m blocks of 7 columns. Let W}
be the » X r submatrix at position (j, k) in that decomposition
of W*, for j,k = 1,--- ,m. Given (3.11b) and the block-
diagonal structure of G, one gets an analogous decomposition
for the ¢ x ¢ matrix Mcov(U*) where the m diagonal r x r
blocks are the respective covariance matrices of [71*7 RN Tj';:
So,

Meov(T7) =D~ W), (j =L+ ,m).

(3.19)
The latter implies the following preliminary unbiased estimator
of D:

B¢ 1 G * Fr% 7Tk
D, =— % (W5 +Ug*"),

j=1

(3.20)

which will allow to devise an EE for D in our new fitting
methodology for 2-level LMMs with u.ho. errors.
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4 Estimation in 2-level LMMs with
w.ho. errors: a nonparametric REML-
like approach

The aim is to estimate 3 € R?, 02, D € M,.(R) and predict
U= (UL, - ,ULT € RY in the 2-level LMM (2.2) under
Assumptions A1-A44, A2, and A3,. While the BLP of U was
used in [20], here, following Theorem 7, we will rather predict

U using

i* =BLUP(U|Y=y) = (@7, -, a*)T
0_;2 W*ZTMy,

A.1)

the BLUP of U given Y = y, where the last equality stems
from (3.15) in Proposition 10, and W* is the ¢ X ¢ ma-
trix given by (3.13a) because Assumption A3, is assumed to
hold. The m r-vectors uf,--- ,u¥, are the realized values of

ﬁl*, cee ('7;; in the cluster block decomposition (3.18) of U*.

The BLP was used to predict the random effects in [20] be-
cause it is simpler to compute than the BLUP, and the same
is true when trying to get their respective covariance matrices.
However, the construction was based on solving the HMMEs
to estimate 3 and predict U. Now, thanks to Theorem 1, the
“natural” predictor of the random effects which appears among
the solutions of the HMME:s is the BLUP. Thus, using the lat-
ter, rather than the BLP, to predict the random effects seems a
more logical approach. So, acting in that way, one might ex-
pect to get a somewhat more efficient fitting methodology for
LMMs than in [20].

To proceed, we are going to devise, using only sound non-
parametric estimation principles, estimating equations from
which we shall design two iterative procedures to compute es-
timates for 3, Jg, D, u*. Like in [20], each of the two sub-
variants of this new approach is deduced from a 3-step con-
struction.

4.1 Two new 3-step sequences for estimation in 2-level
LMMs with u.ho. errors

To get our estimating equations, the starting ideas are as
follows (we provide 2 different versions). We will let G =
diag(D, - -- ,D) when D is an estimate of D.

4.1.1 Starting ideas: Version 1

o Step 1: Estimation of 3 and u*, given estimates of o2 and
D

Given some preliminary estimates 72 and D of o2 and D,
we obtain estimates 3 of 3, and u of u* by solving the sys-
tem (3.1) using 02 =52 and G = G.
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o Step 2: Improved estimate of o2, given 5 and u from Step
1

Given B and U from Step 1 above, (3.4a) in Theorem 4 sug-
gests to take as hopefully improved estimate of o2

T _ ’\_ ~
g2 Y U n’fﬁp Z) 4.2)

Thanks to Corollary 3 and how we got B, 1 in Step 1, 52 is
nonnegative.

e Step 3: Improved estimate of D given preliminary esti-
mates 52, D, U of 02, D, u*

Let 52, D, 1 be respective preliminary estimates of 02, D,
u*. Then to get an improved estimate D of D, we start with
the unbiased estimator Ds of D given by (3.20). Since it still
depends on the unknown parameters, including D itself, us-
ing the preliminary estimates D of D, and 52 of o2, (3.13a)
suggests estimating W* by

W* = (6.22"MZ + G 1) ' =62(Z2"™MZ + 52G1) 1,

_ _ _ (4.3)
where G = diag(D,---,D) (m times). Then, for j =
1,---,m, given the available estimate U, of ﬁ;-‘, a hopefully
improved computable estimate of D will be:

N 1 . o
D=—5 (Wj+u,1j),

j=1

(4.4)

where \/7\\7;3 is the 7™ 7 x r diagonal block of W* when that
rm X rm matrix is partitioned through m blocks of r rows and
m blocks of 7 columns.

4.1.2 Starting ideas: Version 2

Here, Step 3 is the same as in Version 1, while Steps 1 and 2
are changed to:

e Step 1: Estimation of u* and 3, given preliminary esti-
mates of D, o2

With respective preliminary estimates D, 52 of D, o2, we
estimate u* by:

i=52W*'Z"My, with W* =52(Z"MZ+52G")"".

4.5)

Then, thanks to Theorem 2, we hope to obtain an improved
estimate of 3 through:

B=(XTX)"'X"(y — Zd). (4.6)

o Step 2: Improved estimate of o2, given ,@, u, from Step 1,
and preliminary estimates of o2, D

Ensuring a nonnegative estimate of o2, we combine Corol-
lary 3 and Theorem 4 to obtain, from the preliminary estimates
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52 and D of o2 and D, the following hopefully improved esti-
mate of o2, with 3, U from Step 1:
ly = XB - Zu|* + &Z|[u]1%

52 = o G—1 4.7)

4.2 Targeted estimates for 3, 02, D and predictions of U

4.2.1 The estimating equations.

The construction of Steps 1-2-3 in Version 1 above sug-
gests to seek, glven the data vector Y = y, respective es-
timates B 2, D, of parameters 3, o2, D, and prediction

a= (uf,.-- ,ﬁ,Tn) of the random effects vector U satisty-
ing the system of equations:
xT'x X7z 3 T
T T ﬁ = XTy ,  (4.82)
ZTX 777 +52G~ u Z'y
T(y —XB — Zu
gr—Y y—Xp-Zu) (4.8b)
n—p

D asin (4.4), with W* as in 4.5). (4.8¢)

From Steps 1-2-3 of Version 2, we instead get the following
system of equations:

i =5, >WZ My, (4.92)
B =X"X)"'X"(y - za), (4.9b)
y — X8 — Z|2 + 52|1|%
52— | 12 +a2ualg 3 (490
n—p
D asin (4.4), with W* as in (4.5). (4.9d)

From Theorem 2, Corollary 3 and Proposition 10, if Dis
SPD, 52 > 0 and Assumption A2, holds, then one has the

=>4
following logical equivalence:

(4.8a) — (4.8b) <= (4.9a) — (4.9b) — (4.9¢).

Hence the above two systems of equations are equivalent, and,
50, have the same solutions 3, 2,1, D, if any. However, they
suggest two different successive appr0x1mat10ns algorithms to
try to calculate the 4 unknowns 5 2,1, D.

4.2.2 3S-A1L.RE: a nonparametric REML-like (fitting
methodology for 2-level LMMs?

Given the two systems of EEs derived above, our estima-
tion approach here for the 2-level LMM (2.2) under Assump-
tions A1-.A44 and AZQ, A3 proceeds by solving either of them

for the 4 unknowns ﬁ 72, 1, D, using a successive approxi-
mations iterative procedure The approach is code named 35-
A1.RE, the “RE” part standing for “REML without ML”.

But, at first sight, it is not obvious that this has any relation-
ship with the traditional REML method for Gaussian LMMs.
However, there is a linkage. Indeed, comparing with how the
35-A1l approach was designed in [20], we deduce, from The-
orems 7 and 8§, that 35-A1.RE is essentially equivalent to ap-
plying 3S-Al to the transformed LMM (2.10a) from which the
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error contrasts construction of the Gaussian REML method is
built. Furthermore, we will state a theorem below (Theorem 14
in Section 4.4) showing that when the 2-level LMM (2.2) is
Gaussian with Assumption A3, (i.e., in this case, i.i.d. Gaus-
sian errors), any of our 2 systems of EEs is equivalent to the
system of REML equations.

4.2.3 Two new iterative estimating procedures for 2-level
LMMs with u.ho. errors

With the response vectory = (y7,--- ,y2l)T € R" as data,
and the system of EEs (4.8a)-(4.8c), our first nonparametric
REML-like iterative estimating algorithm for a 2-level LMM
with u.ho. errors is:

Algorithm 3S-A1.RE-V1.
diction of Uy, - --
Version 1

: Estimation of (3, o2, D and pre-
,Up, in a 2-level LMM wzth u.ho. errors:

1. Initialization: Same as in Algorithm 3S-A1-V1 of [20].

~(t
2. The iterative process: Given 3 ) 20§ =
(ﬁ(lt)T, A ,ﬁgffT)T and D® from iteration t, compute

estimates at iteration t + 1 as follows:

~(t41 N
2.1. Solve for ﬂ( ) and WY in the linear system,

with G®) = diag(f)(t)’ ... 7f)<t))..
XTX XTz o B(tJrl) _ XTy\
Z7X  Z7Z+3520GW ")\ guty Z7y )
(4.10)
22,5200 =y"(y - XB(M) — Zu"*tV) /(n - p);
2.3 WHt+1) = AQ(HD(ZTMZ+A2(t+1)@(t)— )1,
N 07 )
24. D) = L Ejfl[ t+ (t+ (@ (-+1)) 7);

3. Stopping criterion: Same as in Algorithm 3S-A1-VI;

~ A(t+1) ~

4. Extracting estimates: (3 = 3 , 02 = g2 D =

f)(t+1)’ 4 =at+tD.

Based on the second system of estimating equations (4.9a)-
(4.9d), our second nonparametric REML-like iterative estimat-
ing algorithm for 2-level LMMs with u.ho. errors proceeds as
follows:

Algorithm 3S-A1.RE-V2. : Estimation of (3,
diction of Uy, - --
Version 2

o2, D and pre-
,U,, in a 2-level LMM with u.ho. errors:

1. Initialization: Same as in Algorithm 3S-A1-VI;

2. The iterative process: Given 33(0, ﬁgt), cee usfl), hence
a® = (ﬁgt)T, . ﬁEf}T)T, and D from iteration t, we

obtain estimates at iteration t 4+ 1 as follows:

]

~(t+1)

21. 3
2.2, G20HD _

= (XTX)"1XT(y — Zu®);
ly—2za® —XB" P45 2O a2, )
n—p ’

D),

with G® = diag(D®, ..
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2.3 A = (2T 7 + 520D GO T

24 80D = AGDZTMy  and WD
33(t+1)A(t+1)'

25 DUHD = LS | (Wil @ )T);

3. Stopping criterion: As in Algorithm 3S-Al-VI.

t+1 /\ ~ iy
4. Extracting estimates:: 3 ) 2=5C 0 P =

DD, § = g+,

B=R

4.2.4 The issue with using the n x n matrix M in the 3S-
A1.RE fitting of LMMs

The practical implementation details discussed at length in
[20] are also valid for both 3S-A1.RE algorithms presented
above. But an apparent additional hurdle in 3S-A1.RE is the
seemingly need to compute, beforehand, the dense n X n ma-
trix M given by (3.6). The reason is that it seems a prerequi-
site to calculate the product matrix ZTMZ and vector ZTMy.
Now, if the sample size n is big, then M can be really huge,
both for storage and computational demands. But, as a matter
of fact, the two products ZTMZ and ZTM y can be calculated
without first computing M, or manipulating any n X n matrix.
We see this from:

Z'MZ =7"7 - Z"X(XTX)'XTZ = ZTZ — Ay A7} Ao,

Z'My =2"y - 2" X(XTX) "' Xy =Yz — An Ayi'Y1,

where A;; = XTX € MP(R), Ay = XTz €
M, ,R), Ayy = 27X = AL, Y1 = XTy e RP, YV, =
ZTy € R are all blocks in the coefficient matrix and r.A.s.
partitions of the HMMEs (4.10) to solve during the iterations
of Algorithm 3S-A1.RE-V1. Moreover, we stress that the prod-
uct matrices ZTMZ and ZTM y are iteration-independent, so

they can be computed before any iteration starts.

4.3  First properties of the estimates (3, 52, Dandu
4.3.1 3S-Al.RE fitting: Relationship with the HMMEs

As for the 35-Al iterative algorithms, using Theorem 1, The-
orem 2, Corollary 3 and Propos1t10n 10, we get the following
first key observation about ,8 0’6, D U obtained at conver-
gence (if any) of each of the two 35-A1.RE algorithms de-
signed above:

Theorem 13 If one takes G = dlag(D ) (m times)
in the HMMEs (3.1), then ,8 ﬁ and U =dare
the solutions to these HMMEs . Therefore the estimates ,8, a2,
D and prediction U satisfy, with V=2GZT +5 21,

ando fo

(XTVIX)"IXTV-ly,
4.11)

(4.12)

B =EBLUE(8|y.G,52) =

i = EBLUP(U|y,G,52) = GZ"V~!(y - X3),

That is E and U are, respectively, an empirical BLUE of B and
an empirical BLUP of U when G is estimated by G and o2 by

o~
o&.
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4.4 3S-A1.RE fitting: Relationship with Gaussian REML
with i.i.d. errors

Consider a 2-level LMM satisfying Assumptions A1-.44
and the Gaussian assumptions that:
. D D
Assumption A5. U; ~ N,(0,D) ~
Nn-(07U§In]‘)a .] = 15 o, M

J

and €j

As stated below, each of the two sets of EEs in this 35-A1.RE
is equivalent to the system of restricted likelihood equations
(see Proof in the Appendix):

Theorem 14. Let ﬁ and U satisfy the HMMEs (3.1) given
o2, D for the 2-level LMM (2.2), with Assumptions Al-A4 and
A5, and g (02, D |y) be the restricted log-likelihood of the
LMM (2.1) given by (2.11). One has:

m

0 1 PP

op (R(05D]y)=0 <= D=—_3% (W;+UU).
j=1

(4.13)

Moreover, if the left hand side of (4.13) holds, then:

O (02 D]y) =0 s o=
Oo2

1>

yT(y—X@'—Zﬁ).

n—p

(4.14)

S 3S5-Al.RE iterative fitting of LMMs:
beyond the 2-level ones

As for the 35-A1 approach before, one observes that in both
versions of 35-A1.RE constructed in Section 4, the 2-level as-
pect of the LMM intervenes only in Step 3, when deriving an
EE for the random effects covariance matrix. Hence the ap-
proach can be adapted to fit any LMM with u.ho. errors, pro-
vided one can devise a reliable EE for its random effects co-
variance matrix . We examine 2 such situations hereafter
and suggest a somewhat tantalizing prospect.

5.1 3S-Al1.RE fitting of 2-level LMMs with u.ho. errors
and cluster random effects diagonal covariance ma-
trix D, and ANOVA LMMs

Proceeding as it was done in the 3S-A1l approach, one can
easily adapt Algorithms 35-A1.RE-V1 and 35-A1.RE-V2 for
the 2-level LMM with u.ho. errors and a cluster random ef-
fects diagonal covariance matrix D, to get, say, Algorithms 35-
A1.RE-Vl1-diag and 35-A1.RE-V2-diag. The same is true for
fitting an ANOVA LMM to get, say, Algorithms 3S-A1.RE-
V1-ANOVA and 35-A1.RE-V2-ANOVA. In both cases, the
two main changes w.rt. to the corresponding 3S-A1 algorithm
are to replace the estimate of the matrix V* by that of W*, and
the computing formulas of the BLP by those of the BLUP.

Remark 5.1. Algorithm 3S-AI.RE-VI-ANOVA is the same
as one of those derived by Henderson for Gaussian ANOVA
LMMs [21, 14].
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5.2 Estimation in an LMM with u.ho. errors: the one
cluster case?

It is obvious that the 2-level LMM (2.2) is a particular in-
stance of the arbitrary LMM (2.1). But, though less apparent,
the converse is also true. Indeed, (2.1) is the particular case of
(2.2) where m = 1, i.e. there is just one (big) cluster in the
population. In particular then, G = D. This implies that any
estimation method developed for 2-level LMMs can, at least
theoretically, be applied to any LMM, as long as no sample
variation between clusters is explicitly used during the estima-
tion process. Our two basic 35-A1.RE algorithms designed in
Section 4 satisfy that latter requirement. This was also true
about the 3S-A1 algorithms.

Hence, on a theoretical basis, we could take any of those al-
gorithms to estimate the vector 3 € RP, the variance ag > 0,
the random effects covariance matrix G € M, (R) and predict
the random effects vector U in the general LMM (2.1) with
w.ho. errors. The only change is that the two respective esti-
mating equations for G then become:

G=V* +uu’, with V* =5%(Z"Z+352G H)!
. la)
with W* = 62(ZTMZ + 52G~1)!
5.1b)

the first form for the 3S-A1 algorithms, and the second for the
3S-A1.RE ones. The main technical difficulty in acting so then
stems from the following question, based on comparing these
expressions of G to that of D in (4.4) (or the analogous one in
the 35-A1 construction):

or G=W*+au’,

Since no averaging is involved in its estimation
through (5.1a) or (5.1b), how precise can one expect
to estimate the matrix G when using Algorithms 3S-
Al-VI, 35-A1-V2, 3S-A1.RE-VI or 3S-AI.RE-V2 in
that way to fit an arbitrary LMM with u.ho. errors?

But before that, even more basically: can any convergence of
the algorithms even be possible in that scenario? These are
lingering issues that still require investigation, both theoretical
and empirical.

6 Numerical examples

We use simulated data sets and both the classical cake [31]
and Blackmore (from the car R package) data sets to illustrate
one of the iterative procedures for LMM fitting, Algorithm 3S-
A1.RE-V1, presented in Section 4.2.3 (no results presented for
Algorithm 3S-A1.RE-V2 because they are almost identical). In
all situations, we compared Algorithm 35-A1.RE-V1 vs. Gaus-
sian REML implemented by the 1mer function in the reference
1me4 package [32] of the R software. Hereafter, we denote the
latter by lmer-REML. We do not here recall the set up and the
variables in the two data sets since they are the same as in [20].

6.1 A simulation study

To investigate the performance of Algorithm 3S-A1.RE-V1
vs. 1lmer-REML, we fitted both to 500 simulated data sets,
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each of size n = 200, under the same simulation settings as
in [20]. So, we considered three options for the distribution
of the residual errors: a Gaussian, a mixture of 4 Gaussians
with given mixing proportions, and a discrete distribution with
4 mass points. Each of these options was associated to each of
the following five options for the distribution of the U;’s in R3:
Gaussian with D SPD, Gaussian with rank(D) = 1, Gaussian
with rank(D) = 2, mixture of 3 Gaussians with given mix-
ing proportions, and a discrete distribution with 3 mass points.
Thus, we have 3 x 5 = 15 possible scenarios.

The simulation results from both Algorithm 3S-A1.RE-V1
and Gaussian REML given in Table 1 are comparable as
expected. Nevertheless, Gaussian REML dominated Algo-
rithm 35-A1.RE-V1 only in 5 out of the 15 scenarios with re-
spect to the total number of lower bias and MSE/MSPE in the
estimation of 3, D, ag and prediction of random effects and
responses. The 5 scenarios are: Gaussian errors and respec-
tively Gaussian random effects with D SPD (Gaussian REML
=7/10), Gaussian random effects with rank(D) = 2 (Gaussian
REML = 6/10) and Gaussian mixture random effects (Gaus-
sian REML = 7/10), and Gaussian mixture errors and respec-
tively Gaussian random effects with D SPD (Gaussian REML
=6/10) and Gaussian mixture random effects (Gaussian REML
= 6/10). Gaussian REML did not dominate Algorithm 3S-
A1.RE-V1 in all scenarios involving a discrete distribution for
the residual errors.

6.2 Application to the cake data

We modeled the response variable angle by fitting to the
cake data the two LMMSs, in the R software notations [22]:

angle ~ fe(-1+temp) + re(l)

+ Gr(recipe:replicate) (6.1a)
angle ~ fe(-1+temperature) + re(l)
+ Gr(recipe:replicate) (6.1b)

The results of Algorithm 3S-A1.RE-V1 for models (6.1a)
and (6.1b) are given in Tables 2 and 3, respectively, with Fig-
ure 1 showing convergence of their respective parameters iter-
ates. When compared to the results of Algorithm 3S-A1-V1 in
[20], the three main observations are that in both models, and
as would be expected, fixed effects estimates are almost un-
changed, the residual variance estimates marginally decreased,
whereas the estimates of variance of the lone random effects,
the random intercept, increased somewhat more substantially.
As a consequence of the latter fact, the random effects ratio es-
timates also increased. Their p—values are less than 5 - 1074,
confirming the presence of random effects on the intercept w.r.z.
the recipe:replicate clustering considered for the baked
cakes. Figure 1 shows a smooth convergence for all parame-
ters in model (6.1a), and an almost constant sequence of fixed
effects parameters iterates in model (6.1b) for Algorithm 3S-
A1.RE-V1, with each algorithm converging after 10 iterations.

For comparison, given Theorem 14, we also fitted each of
the two LMMs (6.1a) and (6.1b) by Gaussian REML. Table 4
presents the results and, as expected, the parameters estimates
are almost identical to those in the two previous tables.
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Table 1. Estimates of the bias and MSE of estimates of parameters, predicted random effects and responses in the same simulation model as in [20] applied to
simulated data sets with different distributions for the random effects and residual errors.

Distribution of random

B i br(B) /RMSE(B) br(52)\/RMSE(52) br(D)/RMSED) b(0) \/MSE(D) b(¥) MSE(Y)
Gaussian errors
Gaussian RE (D SPD) 0.00353 0.0688 0.00351 0.112 0.531 0.958 0.0165 0.661 3.80e — 05 5.96e — 03
(0.00228) (0.0663) (0.000530) (0.110)  (0.532) (0.937) (0.00495) (0.674) (1.14e — 04) (5.88¢ — 03)
Gaussian RE (R(D) = 1) 0.00332 0.0542 0.0222 0.104 0.878 1.02 0.00762 0.365 4.56e — 06 5.17e¢ — 03
(0.00295) (0.0559) (0.0326) (0.106)  (0.851) (1.91)  (0.00497) (0.387) (7.8le — 05) (5.19¢ — 03)
Gaussian RE (R(D) = 2) 0.00452 0.0626 0.0182 0.108 0.740 1.26 0.00338 0.535 4.20e — 05 5.76e — 03
(0.00164) (0.0630) (0.0207) (0.106)  (0.554) (1.21)  (0.00740) (0.546) (3.03e — 05) (5.72¢ — 03)
Gaussian mizture RE 0.00220 0.0676 0.00658 0.109 0.428 1.16 0.0116 0.684 1.45¢ — 04 4.43e — 03
(0.00183) (0.0696) (0.000862) (0.116)  (0.364) (0.820) (0.00940) (0.681) (1.27e — 05) (4.46¢ — 03)
Discrete RE 0.00224 0.0607 0.0254 0.106 0.823 1.84 0.00414 0.513 2.91e — 05 3.57e — 03
(0.00271) (0.0613) (0.0281) (0.106)  (0.596) (1.01)  (0.00859) (0.522) (6.54e — 05) (3.62¢ — 03)
Gaussian mix. errors
Gaussian RE (D SPD) 0.00111 0.0641 0.365 0.406 0.724 1.44 0.00813 0.597 9.23e — 05 5.84e — 03
(0.00136) (0.0629) (0.396) (0.437) (0.686) (1.09) (0.00461) (0.596) (1.20e — 04) (5.80e — 03)
Gaussian RE (R(D) = 1) 0.00154 0.0617 0.408 0.444 0.935 2.20 0.00365 0.440 2.21e — 05 5.42e — 03
(0.00253) (0.0615) (0.457) (0.485) (4.50) (10.4) (0.00644) (0.458) (2.94e — 05) (5.15e — 03)
Gaussian RE (R(D) = 2) 0.00365 0.0625 0.404 0.442 0.670 0.991 0.00204 0.520 2.80e — 05 5.72e — 03
(0.00367) (0.0644) (0.426) (0.459) (0.803) (1.41) (0.00546) (0.527) (5.71e — 05) (5.66e — 03)
Gaussian mizture RE 0.00374 0.0626 0.395 0.433 0.511 0.899 0.00824 0.608 1.13e — 06 4.45e — 03
(0.00403) (0.0618) (0.389) (0.432) (0.620) (0.773) (0.00475) (0.602) (9.73e — 05) (4.52e — 03)
Discrete RE 0.00329 0.0637 0.386 0.426 0.728 1.18 0.00729 0.511 1.86e — 05 3.69e — 03
(0.00278) (0.0624) (0.437) (0.466) (0.873) (0.936) (0.00277) (0.514) (1.96e — 05) (3.70e — 03)
Discrete errors
Gaussian RE (D SPD) 0.00134 0.0577 0.774 0.779 0.644 1.57 0.00339 0.507 6.21e — 05 5.99e — 03
(0.00210) (0.0570)  (0.777) (0.781)  (0.660) (1.07)  (0.00217) (0.511) (3.62e — 05) (5.75¢ — 03)
Gaussian RE (R(D) =1) 0.00130 0.0594 0.778 0.782 0.722 1.43 0.00369 0.471 1.22e¢ — 05 5.20e — 03
(0.00198) (0.0606)  (0.787) (0.791)  (0.715) (1.54)  (0.00344) (0.466) (3.52e — 05) (5.19¢ — 03)
Gaussian RE (R(D) =2) 0.00218 0.0585 0.774 0.778 1.10 2.55 0.00723 0.486 5.35e — 07 5.73e — 03
(0.00231) (0.0590)  (0.782) (0.787)  (0.639) (1.40)  (0.00444) (0.492) (7.70e — 06) (5.71e — 03)
Gaussian mizture RE 0.00174 0.0570 0.778 0.783 0.385 0.955 0.00119 0.500 7.66e — 05 4.53e — 03
(0.00211) (0.0560)  (0.773) (0.777)  (0.441) (0.857) (0.00638) (0.503) (1.24e — 05) (4.55¢ — 03)
Discrete RE 0.00191 0.0597 0.773 0.777 0.848 1.40 0.00777 0.484 2.97e¢ — 05 3.69e — 03
(0.00189) (0.0590)  (0.780) (0.784)  (1.73)  (3.34)  (0.00359) (0.489) (2.03¢ — 05) (3.75¢ — 03)

e D is the cluster random effects (RE) 3 x 3 covariance matrix; R(D) = rank(D) is the rank of D.
o In each cell of two numbers in the table, the one on top is the result from the Algorithm 3S-A1.RE-V1,
while the one below it, in parentheses, is the result from Gaussian REML.

6.3 Application to the Blackmore longitudinal data

For the Blackmore data, we fit a LMM using, as fixed ef-
fects, an intercept, age minus 8 (denoted age8), group and the
interaction of the two latter. With the clustering variable being
subject, a random intercept and a random slope for age8 are
also included. The model to fit is therefore:

log,exercise ~ fe(1+age8+group+age8xgroup)

+re(l+age8) +Gr(subject) (6.2)

The results using Algorithm 35-A1.RE-V1 and REML are pre-
sented respectively in Tables 5 and 6, while convergence results
for Algorithm 3S-A1.RE-V1 are given in Figure 2. Parame-
ters estimates from Algorithm 3S-A1.RE-V1 are almost iden-
tical to those from REML. In both, the interaction of age with
group is highly significant at a 5% level, unlike the fixed in-
tercept and group effects. A similar trend was also observed
between Algorithm 3S-A1-V1 and ML. Estimates from 3S-
A1.RE-V1 compared to those from 35-A1-V1 in [20] show that
fixed effects estimates are almost unchanged and residual vari-
ance estimate marginally increased. Conversely, estimates of
the random intercept variance qitercept and the random slope

variance aézes decreased, while significantly greater than zero
in both approaches. From 3S5-A1.RE-V1 results, a significant
negative correlation between those two random effects is also
probable. The p—value for the random effects ratio estimate is
again less than 0.001. A smooth convergence for all parame-
ters is observed for Algorithm 35-A1.RE-V1 and convergence
was archived after 34 iterations.

7 Conclusion

Validating the use of the Gaussian REML equations beyond
Gaussian LMMs has been an untold objective of many re-
searchers in the field of LMM fitting. Till today, the output
of that endeavor has been mixed, successful only either for the
subclass of variance components models (or ANOVA LMMs)
through the ANOVA (for balanced data) or -MINQUE meth-
ods, or for a broader class of LMMs in the somewhat involved
global framework of estimating functions. But the constant de-
ficiency in all those approaches is that they provide, each, a
set of estimating equations (EEs) for the LMM parameters not
ensuring satisfaction of the required nonnegativity of variances
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Table 2. Results of Algorithm 35-A1.RE-V1 fitting the LMM (6.1a) to the cake data.

parameters est. [2.5% — 97.5%] bias std.dev VMSE t-stat p—value
Brenp 0.1604 [0.1519,0.1706] 0.0002298 0.004843 0.004848 33.08 5.482e — 240
o3 40.18 [21.81, 62.69] 0.7765 10.25 10.28 3.910 9.223e — 05
ol 20.63 [16.87,24.43] —0.1885 1.929 1.938 10.64 1.863e — 26
p 1.948 [1.059, 3.135] 0.07597 0.5480 0.5532 3.522 4.285e — 04
® [yemp @ coeff. of fixed effects temp; (J’% : variance of the random intercept;
o2 : residual variance; p : random effects ratio;
e est. : estimate; [2.5% — 97.5% ], bias, std.dev, vV MSE, t-stat, p-value: respectively
estimated two-side 95% percentile confidence interval, bias, standard deviation,
square root of the Mean Squared Error, ¢ -statistic and p—value of the ¢ -test for
a zero value, all computed by a bootstrap simulation of 1000 replicates of the
model fit using the nonparametric residuals bootstrap approach described in
[33]. These variability estimates are computed from the 1000 bootstrap
replicates using the standard formulas introduced by Efron [34].
Table 3. Results of Algorithm 35-A1.RE-V1 fitting the LMM (6.1b) to the cake data.
parameters est. [2.5% — 97.5% ] bias std.dev MSE t-stat p—value
Btemperature.175 27.98 [25.87,30.29] 0.01378 1.150 1.150 24.33 8.77le — 131
Btemperature. 185 29.96 [27.80, 32.38] —0.001025 1.185 1.185 25.29 4.348e — 141
Btemperature. 195 31.42 [29.29, 33.94] 0.03470 1.200 1.201 26.17 5.962e — 151
Btemperature. 205 32.18 [29.89, 34.52] 0.01014 1.203 1.203 26.75 1.409e — 157
Btemperature. 215 35.84 [33.75, 38.43] 0.04873 1.197 1.198 29.91 1.504e — 196
Btemperature.225 35.36 [33.16, 37.84] 0.001267 1.170 1.170 30.22 1.313e — 200
o} 40.29 [21.87,62.99] 0.7400 10.26 10.29 3.917 8.963e — 05
ol 20.48 [16.52,24.43] —0.2039 2.022 2.032 10.08 7.026e — 24
p 1.968 [1.071,3.218] 0.07841 0.5574 0.5629 3.496 4.730e — 04

e Meaning of parameters as in Table 2

estimates and positive semi-definiteness of covariance matrices
ones. In this paper, we designed an estimation methodology
for LMM fitting, code named 3S-A1.RE. The approach first ap-
plies to 2-level (or longitudinal) LMMs with the only added as-
sumption (to the basic ones) that the residual errors are uncor-
related and homoscedastic. Each method in this new approach
is based on iteratively solving a set of EEs always embedding
the aforementioned nonnegativity constraints. Even though no
Gaussian assumption was used to devise these EEs, we, how-
ever, showed that if the 2-level LMM is, indeed, Gaussian with
i.i.d. errors, then these EEs are equivalent to the REML ones.
Furthermore, the same ideas can be used to fit some other
classes of LMMs as well, as we showed for variance compo-
nents (or ANOVA) LMMs, generalizing an old method of Hen-
derson for REML estimation in such models of Gaussian type.
Finally, we initiated a discussion about the tantalizing prospect
that the 35-A1.RE (and 3S-A1) methods could actually be used
for fitting any LMM with u.ho. errors. But that discussion is
still open. Furthermore, all the fitting methods rest on the as-
sumption that the fixed effects design matrix has full column
rank and that residual errors are uncorrelated and homoscedas-

tic. Therefore, in the future, it will be interesting to examine
how to adapt the methods to eliminate those assumptions.
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A Proof of Theorem 14

We shall use the following lemmas:

Lemma A.15. Ler S € M,(R).
diag(S) =0 < S=0.

Lemma A.16. Inthe LMM (2.1), if G = diag(D,--- ,D) (m
times), with D € M,.(R), then:

Then one has: 2S5 —

ZGZ" = Z\DZ" + -+ Z,DZL, (a.1)



1260

Table 4. LMM fitting of the cake data by Gaussian REML.

LMM (6.1a)
parameters est. std.dev t-stat
Btemp 0.1604  0.00471  34.05
o? 40.18
o2 20.63
LMM (6.1D)
parameters est. std.dev t-stat
Bremperature.175  27.98 1.162  24.08
Bremperature.185  29.96 1.162  25.78
Bremperature.195  31.42 1.162  27.04
Bremperature.205  32.18 1.162  27.69
Bremperature.215  39.84 1.162  30.84
Bremperature.225  35.36 1.162  30.43
o? 40.29
o2 20.48

€

with Zl,u' ,Zm € M, (R), partitioning the matrix Z
columnwise, i.e. Z=(Zy -+ Zy).

Proof. ZGZT = (7, Zp) - diag(D,---,D) -
Rows(ZL,--,ZT), hence (a.1). O

Lemma A.17. In the 2-level LMM (2.2) with Assumption A2,
let A be a matrix satisfying (2.9). If we partition A row-
wise, conformally to the block-diagonal structure of Z =
diag(Zy, - ,Zm) € My ¢(R), with Z; € My, »(R) (j =
1,---,m) ie.

A =Rows(Ay, -+, Ap), withA; € My, np(R), (a.2a)
then, for Y = ATY € R"?, Z = ATZ € M,_, ,(R),
V = ATVA € M,,_,(R), one has:

Z=(Z  Zy), withZ;=ATZ; € M ,(R) ,
B (a.2b)
while the random subvectors U}* in (3.18) and the submatrices

W of W*in (3.19) satisfy, for j =1,---,m

Ur =DZ'V''Y, (a.2¢)
W;=D-DZ'V 'ZD. (a.2d)

Also, for j,k=1,--- ,m,
W), = —DZTV ZiD=-DZIV Z D. (a2e)
Proof. Z = ATZ = (AT ... AT).diag(Zy, - ,Zp) =

(ATZy --- AT Z,,), hence (a.2b). On the other hand, from
(3.8), Theorem 7 and formula (2.3) glvmg the BLP of U|Y in

the general LMM (2.1), U* = GZTV Y. Now, using the

Nonparametric REML-like Estimation in Linear Mixed Models with Uncorrelated Homoscedastic Errors

fact that G = diag(D ,D),

GZT = diag(D, --- ,D)-Rows(Z,--- ,ZT)
= Rows(DZl -, DZTY,
=Rows(DZIV 'Y, .-~ ,DZ'V 'Y)
- ROWS(le*v T m)
The latter entails (a.2c) because for j = 1,---,m, each

DZ TV 'Y is a vector of same length r as vector U*. Lastly,
from (3.11¢) and (3.7), we have: W* = G — GZTV 17G.
Now,

~ 1 ~ ~

7Tv-17 — ROWS(ZlT\N/‘”’ 2N (Zy e Z)
<1z
=(Z'V Z)

1<j,k<m’

which at once implies (a.2d) and (a.2e), given the definition of
W/, in Section 3.3.2. O

We also need to generalize a lemma used in [20], with the
proof omitted and using tools found in [35]:

Lemma A.18. Letx € R™ and N € M3P4(R) such that

N=2,QZf +---+ Z,QZ%. + al,, (a.3a)
where Q € M ™(R), « € R, and Zv, -+ , Zp, € My, »(R).
If the upper triangular part of Q has functionally indepen-

dent elements and which are independent from o, whereas X,

Zy, -+, ZLm are independent from Q) and «, then:
O(xTN—1
(xan) = diag(W) — 2W, (a.3b)
log |N
3%2" — 2B — diag(B), (a.3¢)
0(xTN~1x _
% = —INTxIP, (a.3d)
e
Odlog |N
% —tr (N7, (a.3¢)
where W =Wy +---+W,,and B = By + ---+ B,,, with,

forj:]_v...’m

W;=Z'N"'xx"N"'Z; and B;=ZN"'Z;.

We shall also need the following lemma:

Lemma A.19. Let Uy, - U, € R". In the 2-level
LMM (2.2), if the clusters random effects covariance matrix
D satisfies:

m

1 .~
D=—> (W +U0), (a.4)
j=1
where Wy, -+, W, are the v X1 submatrices W; of W*
in (3.19), then
tr(ZGZTV ™Y = U4, with U= UL, ,UNT e RY.
(a.5)
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Table 5. Results of Algorithm 35-A1.RE-V1 fitting the LMM (6.2) to the Blackmore data.
parameters est. [2.56% — 97.5%] bias std.dev VvMSE t-stat p—value
Bintercept —0.2756 [—0.6389, 0.09318] 0.0007576 0.1859 0.1859 —1.483 1.381e — 01
Bages 0.06376 [0.006223, 0.1245] 0.001173 0.03060 0.03062 2.082 3.732¢ — 02
Bgroup:pavient —0.3549 [—0.8587,0.1017] —0.0008712 0.2411 0.2411 —1.472 1.410e — 01
Bagoss [group:patient] 0.2404 [0.1613,0.3193] —0.001331 0.03945 0.03947 6.089 1.133e — 09
S 2.106 [1.670, 2.648] 0.05703 0.2477 0.2542 8.285 1.183¢ — 16
o 0.02889 [0.02046, 0.04823] 0.00451 0.007292 0.008574 3.369 7.545¢ — 04
COITintercept, ages —0.2938 [—0.5071, —0.08937] —0.02702 0.3277 0.3327 —2.654 7.960e — 03
o? 1.535 [1.301, 1.689] —0.03503 0.09844 0.1045 14.69 7.137e — 49
p 2.287 [1.650, 3.410] 0.2055 0.4654 0.5088 4.495 6.960e — 06
® COITintercept, ages: correlation coefficient between random effects variables intercept and age8.
Table 6. Results of Gaussian REML fitting of the LMM (6.2) to the Blackmore data.
parameters est. std.dev t-stat parameters est.
Bintercept —0.2760 0.1824 —1.514 oﬁtercept 2.084
Bageg 0.0640 0.03136 2.041 Ua?geg 0.02716
ﬁgroup:l,atient —0.3540 0.2353 —1.504 COTTintercept, age8 —0.28
Bageg*[group;patient] 0.2399 0.03941 6.087 ag 1.548
Proof. First, given (a.2b) in Lemma A.17, we can apply with log-likelihood:
Lemma A.16 to the transformed LMM (2.10a) to get:
2 v STV 'y
. lr(c2,D]y)=c— (log|V| +y'V y)/2. (aba)
tr(ZGZ"V™') = > tx(DZ]V'Z,DD ™). . .
( ) — ( J 7 ) As a preliminary, note that, using (3.10a),
] =
. " _ 77T 2
Thus, from (a.2d) in Lemma A.17, V=2GZ" +o.L,,. (a.6b)

tr(ZGZTV™) = tr [ > (D-wj;) D7
j=1
The end of the proof proceeds as in that of the analogous
lemma in [20]. O

e We now proceed to the Proof of Theorem 14:

Proof. Assume observed Y = y € R" in the 2-level
LMM (2.2), with Assumptions .A1-.44 and .AS5. We start by left
multiplying the corresponding LMM (2.1) by AT, where A is
a matrix satisfying (2.9), to get the transformed LMM (2.10a),
given (2.10b). Now, with A5,

YE N,_, (0, V), with V = ATV A,

the latter identity coming from (3.10a) in Theorem 8. Hence,
the likelihood of the LMM (2.10a), given data Y =y = ATy,
is:

Lr(02,D|y) = f¢(¥|0Z, D)

— (2r)" (P2 V2TV,

But, since G = diag(D,---,D) (m times), then, thanks to
Lemma A.16,

ZGZ" = Z\DZ" + -+ Z,DZL, (a.6¢)
with Zy, - -
columnwise. The submatrices Z1, - - - , Z,, are given by (a.2b)
in Lemma A.17. On the other hand, let 3 and U sagisfy the

HMMEs (3.1) given ag, D. Then, from Theorem 1, U = U™,
which, thanks to (a.2c) in Lemma A.17, is equivalent here to:

va € My_p,(R) partitioning Z = ATZ

Uy=DZIV 'y, forj=1,---,m. (a.6d)
1. Given (a.6b)-(a.6¢c), we use (a.3b) and (a.3c) in
Lemma A.18 to differentiate (a.6a) w.r.t. D:

o0 _

dlog |\~/'| n 5(§Tv71§>
oD

oD oD

= diag(S) — 25,

where S = """ | Sjand S; = W;—B; (j = 1,--- ,m),
with

Wj = Z]T{/’1§§T{/’12j and Bj = ZjTXNfl’Zvj.
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Thanks to Lemma A.15, the invertibility of D, then
Lemma A.17 and (a.6d),

U _ oy g0 s > w;

j=1

oD

:ZBJ’

j=1

m m
< D-> W;-D=D->» B;-D

j=1 j=1
m o m
= 2 LU =3 D-Wj)
j=1 j=1
1 & * 77T M
— D=EZ(Wjj+UjUj ) =D,

(a.7a)

which proves (4.13).

. Assume that the Lh.s. of (4.13) holds. Hence, (a.7a) is

true. Moreover, (a.7a) implies that
G =G = diag(D,--- ,D) (m times).

Using (a.3d) and (a.3e) in Lemma A.18 to differentiate
(a.6a) w.rt. o2,

9 Olr

L a0
5t = VIV

(a.7b)

Now, since the LMM (2.1) has u.ho. errors, so does the
LMM (2.10a), thanks to (3.10a) in Theorem 8. Then using
(3.10c) in Theorem 8, the remaining of the proof proceeds
similarly to the end of the analogous theorem in [20], re-
placing £ by ¢ and n by n — p. O
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