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Abstract The measurement problem of item response the-
ory is the question of how to assign ability parameters 6 to per-
sons and difficulty parameters o to items such that the compar-
ison of abilities is independent of the specific set of difficulties
o . Correspondingly, the comparison of difficulties o should
be independent of the specific set of abilities 8 . These require-
ments are called specific objectivity. They are the basis of the
Rasch model. It measures 6 and o on one and the same scale.

The present paper asks the different question of how to as-
sign ability parameters 6 to persons in a way that the compari-
son of abilities is independent of the position on the scale where
the measurement takes place. Correspondingly, the compari-
son of difficulties o should also be independent of the position
on the scale where the calibration of difficulties takes place.
Again, 0 and o measured on one and the same scale. These
requirements are called form invariance. They lead to an item
response function (IRF) different from that of the Rasch model.
It integrates information from # and o beyond the mere score
dependence and also shows specific objectivity (in a general-
ized mathematical form). The properties of the form invari-
ant item response function are compared to that of the Rasch
model, and related to previous work by Warm, Jaynes and
Samejima. Moreover, several numerical examples for the use
of it are provided.

Keywords Item Response Theory, Form Invariance, Invari-
ant Measure, Individual Answer Patterns

1 Introduction

The “measurement problem” in the title of the present con-
tribution refers to a question raised by G. Rasch when laying
the foundations to a model that nowadays carries his name
[29, 30, 34, 35], a model of psychological measurement devel-
oped to a high degree of methodological sophistication [21],
with very broad applications e.g. in international large scale
studies [1]; science education [22, 28]; and the educational
[40] and human sciences [7] in general. He asked the ques-
tion: Is it possible to assign ability parameters 6 to persons and
difficulty parameters o to items such that the comparison of
abilities does not depend on the items used in the test — and
that the comparison of items does not depend on the ability pa-
rameters? Rasch used the term “specific objectivity” for this
requirement, see ref. [31, 33, 34, 35] as well as further investi-
gations by G.H. Fischer [11, 12, 13]. For some recent accounts
and applications, see [9, 19]. Specific objectivity shall make
sure that the results of measurements are independent of the
instrument used for a measurement. Rasch created specific ob-
jectivity via the definition of a scale common to all parameters
of item response theory (IRT). In his work the logistic item re-
sponse function (IRF) sets this common scale. We call this the
logistic or Rasch model.

The present approach starts out from asking a question dif-
ferent form the one leading to the Rasch model: Is it possible
to assign ability parameters 6 to persons in a way that the com-
parison of abilities is independent of the position on the scale
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where the measurement takes place (and analogously for the
comparison of difficulties )? In other context of measurement
this appears as a very plausible requirement, lengths (differ-
ences of positions) are independent of the position on the yard-
stick, energy differences are independent of the location on the
energy scale, and so on. This basic requirement about mea-
surement is put into a formal framework which in mathematics
and science is widely considered appropriate to treat invariance
properties. This is group theory. The present work is based on
the group theoretical concept of form invariance, a general ap-
proach to models of probabilistic inference, see Chap. 12 of
Ref. [16].

To require form invariance suffices to define the IRF. This
occurs because group theory introduces a measure, i.e. the in-
verse unit of length, in the space of the parameter(s). Since pa-
rameters shall be compared by taking their difference the mea-
sure must be constant. From this requirement, it is inferred that
the IRF should be a squared sine-function instead of the logis-
tic function of the Rasch model, hence the name “trigonometric
model”.

The paper is organized as follows. In Sec. 2 the dichoto-
mous IRT is briefly reviewed. This provides the subsequent
notation. In Sec. 3 the Rasch model is described. We sum-
marize the argument of specific objectivity and state the model
explicitly. Sec. 4 introduces the trigonometric model. In Sec.
4.1 we define form invariance as well as the invariant measure
in the parameter space. Sec. 4.2 states the model explicitly to-
gether with the appropriate system of ML equations. In Sec. 5
data generated by Monte Carlo simulation are interpreted. We
generate data by use of the logistic model and subsequently
analyze them by both, the logistic and the trigonometric mod-
els. We show that the latter one makes use of the individual
patterns of answers. Section 6 summarizes and concludes the
paper. A glossary of the notations and abbreviations can be
found in Appendix A.

2 Preliminaries: The Structure of Di-
chotomous Item Response Functions

The dichotomous item response model is defined by the
product
Np Njp

HHq $p2|9p70'1 (1)

p=1i=1

qtot X‘O 0_

of the binomial models

0(@pl0p, 93) = [R(0p,00)]"* [L = R(Op,00)] ™ . ()
Here, the function R(6,,0;) is called item response function
(IRF). The symbol ¢ means the probability to obtain the answer
Zp,; of the p-th person to the i-th item. There are two possible
answers o, ; = 0 or z,; = 1 which can be interpreted as the
alternative of false and true. The fact that ¢*°* factorizes into
these probabilities expresses the common assumption that z), ;
is statistically independent of z, ;» for (p,7) # (p’,7"). We use
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the notation

01 g1
o= : 3)

oNP GN]

for the vectors of the person and item parameters as well as

m:(gjp,i); pzl,...,Np; iil,...,N] “4)
for the matrix of the answers x, ;. Given R, the model (1) de-
pends parametrically on the person parameters 0 and the item
parameters o . This allows to infer the parameters from the data

matrix x.

3 The Rasch Model

The Rasch model has been constructed to convey specific
objectivity to the person parameters 6 as well as to the item
parameters o . This means that the comparison between o; and
o should not depend on € and the comparison between ¢, and
0, should not depend on o . This “specific objectivity” has
been postulated by Rasch [31] and investigated by G.H. Fis-
cher, see [11, 12] and p. 527 of [13]. Ability and difficulty are
conjointly measured on the same scale. From this, it has been
concluded that R must be a function of the differences 0, — o;
of ability and difficulty parameters, see [5, 35] and theorem 5
on p. 529 of [13]. In order to guarantee that the probability of
solution increases with increasing ability it seemed natural to
require I? to be a monotonic function of 0, — o .

Specific objectivity does not determine the IRF uniquely.
For this an additional requirement must be introduced such as
the scores to be the sufficient statistics of the model, see [12]
and p. 526 of [13]. The scores are the numbers of correct an-
swers given by a person or given to an item. Rasch [32, 35]
arrived at the so-called logistic IRF

exp(§)

ng(f) 1+ exp(€)’

®)

where £ = 0, — 0; may assume any real value. This function

defines the Rasch model. Given Eq. (5) and £ = 6, — 0; we
obtain the explicit form of the model from Egs. (1,2),
Np Nj
'5(x|0,0) = HH [R'8(0, —az]x’”
p=11i=1
[1-RE(0, —0)] ™"
Np N
= H H [exp (xp’i(Gp ai))}
p=1i=1
[1+exp(8, — )]
Np N;
= exp (Z tplp — Z si(ri>
p=1 i=1
H (1 +exp(6, — ai))_l i (6)
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The third version of this equation shows that « enters into the
Rasch model via the person scores

Nr
=3 . 0
i=1
and the item scores
Np
S; = Z l'p’i . (8)
p=1

The inferred parameters will depend exclusively on the scores.
In other words, the scores provide a set of sufficient statistics
of the model.

Since the model depends on the differences 0, — o3, it re-
mains unchanged if one adds the same constant to each of its
parameters. This freedom of the zero point of the scale is re-
moved by a convention such as assigning the value of zero to
one of the parameters. We choose

S =0 ©)

This convention is incorporated, e.g., in the computer code
ConQuest [2] used below in Sec. 5.

In general, statistical parameters are estimated by the
method of maximum likelihood (ML), i.e. as the point which
maximizes the probability of the observed data. This method is
due to R.A. Fisher [14]. By asking the logarithmic derivative of
qlg to vanish, one finds for the Rasch model the ML equations

Zng(ep—O'i), p:L...,Np

t, =

7
s; > RE(0,—0;), i=1,...,N;. (10
p

Hence, the ML estimators of the logistic model are determined
by the scores of the persons and items. The first of Egs. (10)
entails by the monotony of R'¢ that two persons p, p’ having the
same score t, = t,» have the same ability estimator 8, = 0.
The corresponding holds for the difficulty parameters. This
does, however, not mean that the person parameter 6,, would
depend on ¢, alone and decouple from the item parameters.
One sees that a person parameter still depends on all item pa-
rameters; an item parameter depends on all person parameters.

In practice, the Eqs. (10) are not always used. The results
may be unstable. The reason is, according to Rasch [30], An-
dersen [3, 4] and Fischer (see p. 260 of [10] and p.534 of [13]),
that the ML estimators do not converge towards well defined
values when, say, Np grows indefinitely while the items stay
unchanged. This may not be a well defined limit because the
number of parameters increases with the number of persons,
i.e. the model changes. The additional person parameters may
counteract the gain of precision expected for the item parame-
ters. In this case the ML estimators are said to lack consistency
[26]. This lack is ascribed to the “incidental” parameters (the
person parameters in the above) when the interest focusses on
the “structural” parameters (the item parameters).

We now describe a model of IRT which fits into general
statistics. Its full set of estimators can be found by usual ML
estimation.

Form Invariance — An Alternative Answer to the Measurement Problem of Item Response Theory

4 The Trigonometric Model:
Main Results

In the present section the concept of form invariance is in-
troduced (in Sec. 4.1); the trigonometric model follows from it
(in Sec. 4.2).

4.1 Form Invariance

Consider the binomial model of Sec. 2,

a(x10,0) = [R(0.0)]" 1 = R(6,0)]"" . (1D)
To convey the idea of form invariance we consider only a single
person and a single item, characterized by the parameters 6 and
o, respectively. The bold face letters (denoting vectors) in Sec.
2 are thus replaced by ordinary letters without an index. For
simplicity we only consider the ability parameter to be inferred
on the basis of x; the difficulty o is taken as known and is
omitted from the consideration. It is re-introduced later.

The idea of invariance of the measurement (here of abil-
ity) with respect to the location (absolute value) on the mea-
surement scale will be expressed by group theory, a well-
established mathematical language when dealing with invari-
ance. The reasoning proceeds in two steps, the introduction of
the symmetry group and the requirement of constant measure.

4.1.1 Introduction of the Invariance Group

In order to introduce the desired invariance we relate the
probability distribution ¢ to the inferred parameter 6 via a
mathematical group of transformations Ggy. If G is a group in
the sense of group theory the distribution g presents a symme-
try. This symmetry we call “form invariance”. The properties
of a group are mirrored by the properties of parameters, see
Chap. 6.1 of [16]. This leads, in the present context, to pa-
rameters which can be added (for a shift) and subtracted (for
comparison).

The group is constructed as follows. One represents the dis-
tribution g(x|0) by a vector a(f) with the components a,.(6)
labelled by the possible events x = 0,1. The vectors shall
be related to each other by the action of an element G of the
group; i.e. any a can be obtained from any other a’ by the
action of an appropriate element of G. In particular, one can
choose an “initial” vector a(¢ = 0) such that a(#)is obtained
by applying Gy,

a(f) = Gga(0). (12)

The choice of a(0) does not entail a loss of generality since
any a’(0) could be used via the action of the group element
that shifts a(0) to a’(0).

The transformations Gy shall be linear. Therefore the com-
ponents of the vector a(f) are not the probabilities ¢(z|0)
themselves. This is impossible for the following reason. Lin-
ear transformations of the probabilities would require matrices
with positive elements only. Given a matrix Gy, its inverse
must be an element of the group, too, but it would not con-
sist of positive elements only. Thus there is no group of linear



Mathematics and Statistics 10(3): 690-700, 2022

transformations acting directly on the probabilities. Instead of
the probabilities one rather chooses the probability- amplitudes

az () = ++/q([0) (13)

to be the elements of the a(#) and considers a group G of or-
thogonal transformations acting on a. In the present case of
two dimensions, i.e. of two possible answers to a given item
and the a, () being real, there is only one group of orthog-
onal transformations, the rotations G = O(2) about the ori-
gin. Form invariance is a symmetry in the following geomet-
rical sense: If one interprets the vector a(f) as comprising the
Cartesian coordinates of a point in space, the set of points ob-
tained by letting 6 run over its domain of definition is a curve.
Due to the properties of a group this curve remains the same
under the transformations of the group G. One sees that the
binomial model possesses the symmetry of the circle. For the
binomial model (11) we consider the vector

)= (i kw )

Since the components of a are labelled by the values x of the
possible events, their number equals the dimension of the space
from which a is taken. A finite alternative thus corresponds to
vectors and orthogonal transformations in a finite-dimensional
space.

(14)

4.1.2 The Measure in Parameter Space

For any position 6 on the above curve, one and the same
change A6 of the parameter should amount to the same length
of the shift along the curve. Mathematically, this means that
we have to choose the parameter 6 such that its measure is uni-
form throughout the continuum of its values. This is implied
by requiring an invariant comparison: All parameters of IRT
should refer to the same scale, the scale of #; and any two of
them should be compared by taking their difference, indepen-
dent of the location (absolute value) of the measurement scale.
For this the unit of length must be independent of the values to
be compared; in other words, the unit of length must be con-
stant over the space of . The “measure”, i.e. the inverse unit
of length, is proportional to

o 2
0) = —a, (0
(o) [;(aea ®) ]
This expression is known from differential geometry [20]. For
the binomial model (11) it requires

1/2
(15)

(RO N\
10 = (7t mmn) (16
Hence, the measure becomes independent of 6 if
R'(0) x /R(1—R). (17)

Thus the requirements of (i) the existence of a symmetry group
and (ii) constancy of the measure assigned to the group param-
eter lead to a differential equation for the IRF. It is solved by a
trigonometric function squared. We set

R™(0) = sin?(0 4 7/4) . (18)
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The shift by 7/4 has been introduced to make RY¥(0) =
R'8(0) = 1/2.

Given the constant measure in the space of the parameter 6,
it is meaningful to compare ability and difficulty by taking their
difference such that the IRF of the two variables 6, o becomes
the function R'* (0 — ¢). Then the vector a depends on § — o.

4.1.3 Explicit Representation of the Symmetry Group
and Inclusion of Difficulty Parameters

From the IRF (18) we explicitly obtain the transformation
Gy. Inserting Eq. (18) into (14) one finds that the symmetry
group consists of the rotations

cosf, —sinf
Go = < sinf), cosf > (19)
applied to the initial vector
_o—1y2f 1
a(0) =2 e (20)

This reproduces the shift in Eq. (18).

We now turn to the full model including ability and difficulty
parameters (6 and o, respectively). The first step is to general-
ize Egs. (14) eq. (18) to include also the difficulty parameters,
ie.

R(6— o)
wo-( iwr ) e
with
R(# — o) =sin*(0 — o + 7 /4) (22)

Note that the occurrence of § — o as argument of R reflects
conjoint measurement, as far as the Rasch model, see sect. 3.
Form invariance is the defined analogously to Eqgs. (12), (19)
and (20)

a(97 U) = GQ,aa(Oa O) (23)
with
_( cos(8 —0o), —sin(d—o)
Go.o = ( sin(@ — o), cos(6 — o) ) 24
and
a(0,0) =271/2 ( } ) . (25)

Before we turn to the full multidimensional treatment in sect.
4.2 we note some properties of the trigonometric model.

4.1.4 Some Properties and Relations to other Results

(i) Specific Objectivity: We now show that form invariance
implies specific objectivity. The latter is defined in a general

mathematical form by [10, 34]
K(R(9,0),R(0',0)) =U(0,0") (26)

where R is the “reaction function”, an (in principle) empir-
ically measurable function of parameters to be determined,
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and K is the "comparison function” (or “comparator”). Equa-
tion (26) is a functional equation, the “comparator equation”.
For the Rasch model, R is the item response function, and
K(z,y) = log(x) — log(y), leading to U(6,0") = 6 — 6’
[10, 34] . For the form invariant model, the “reaction function”
is defined by

R(0,0) =Gy, 27
and the comparator by
K(G,G)=G' G, (28)
Using the group properties of GG, one obtains
U(R(0',0),R(0,0)) = Gig,Gyl,
= GQ*U G;’lfa
= Gy oG,
= G0—¢7+n—0’
= Gog_yg (29)

not depending on o, as required by specific objectivity. Here,
the group properties for G were used (inverse element, line 3;
group association law, line 4)

Some comments are in order:

a) Note that the reaction function (27) is also (in principle)
empirically measurable, as required by the general definition
of specific objectivity. In fact, Gy, can explicitly be written

as
G- ( ) (30)

thus in terms of the item response function, as in the case of
the Rasch model. A proof of (30) is given in the appendix B.

RY2(0 +7/4), RY?(0 —1/4)
RY2(0 +m/4), R'Y?(0—7/4)

b) In the Rasch model, scalar reaction functions and com-
parators are used, leading to the logistic IRF. The generalisa-
tion by the form invariant model is to allow for matrices and
operations on them for the reaction functions and the compara-
tor, leading to the trigonometric IRF.

¢) In the form invariant model, the basic requirement is that
the unit of measurement is constant across the scale, so that
comparisons or differences of the parameters have the same
meaning everywhere on it, specific objectivity (in the sense of
a) ) is then inferred. Conversely, in the Rasch model, specific
objectivity is the basic requirement, and the scale level of a
difference scale is a consequence, see Chap. 3.1. of [36]. Thus,
both models fulfil both measurement requirements discussed
above, (1) independence of the comparison of abilities from
the specific set of difficulties used (and vice versa), and (2)
independence of the comparison of abilities from the position
on the scale where the measurement takes place (analogously
for difficulties), but in a sense specific for each model. Table 1
summarizes this.

(i1) The measure p of Eq. (15) can be expressed via the

Form Invariance — An Alternative Answer to the Measurement Problem of Item Response Theory

logarithm of the probability g in the two ways

woy = [Zq@:e) (s matelo)) ]

x

1/2

) 1/2
= [—Zq(ﬂ@);wlnq(ﬂ@)] . G

xT

The first version follows from Eq. (15) together with the def-
inition (13) of the components of a. The second version then
follows from the fact that ¢ is normalized for all 6, see e.g.
Chap. 9.1 of [16]. This measure is known as Jeffreys’ rule
[17, 18]. The expression in square brackets is Fisher’s informa-
tion [14]. Equations (31) show that constancy of the measure
is equivalent to constancy of the information; i.e. the infor-
mation contained in the data is independent of 6. Both, Fisher
and Jeffreys, have initiated the discussion of the measure ad-
ministered to statistical parameters. They have thus revived
Bayesian statistics [6]. J. Rost, on p. 357 of [36], gives the
second one of Egs. (31). In the sequel he states and justifies
that (within the Rasch model) the error of a parameter depends
on the value of its estimator. Since the root mean square error
is the inverse of y, the measure is not uniform within the Rasch
model (similarly Biihner on p. 323 of [8]).

(iii) Samejima required the Fisher information to be con-
stant, which amounts to require constant measure. In 1980 she
concluded [37] that the IRF should be a squared sin-function.
But she insisted on a monotonic IRF and used only the increas-
ing part of sin?. Therefore form invariance is not implied by
Ref. [37]. Samejima’s approach was not taken up in practice,
e. g. her article is not quoted in volume 26 of the Handbook of
Statistics (see e.g. [13]) devoted to psychometrics.

(iv) Warm’s correction [39] to the joint maximum likelihood
estimators, designed to reduce a possible bias of them, van-
ishes when the Fisher information is constant. In this sense the
trigonometric IRF leads to estimators with minimal bias.

(v) The expressions of Egs. (15, 31) are not only obtained
from differential geometry, they also agree with Jeffreys ” rule
[17, 18] given in Chap. 9.1 of [16].

(vi) The trigonometric IRF ensures that the measure is uni-
form with respect to every parameter 6, or o;. A result of group
theory (not proven here) says that this occurs if and only if the
symmetry group of the full set of parameters of the trigono-
metric model is Abelian. A gratifying consequence is: The
trigonometric parameters are independent of each other in the
sense that any parameter can be integrated out of the likelihood
function without loosing information on any of the remaining
ones. See below Eq. (36). To explain this last point, the explicit
form of the trigonometric model is required.

The trigonometric IRF is not monotonic. This seems
counter-intuitive because one expects a monotonic relation be-
tween the ability of a person and the number of items solved.
However, ability is not a deterministic cause of success on an
individual item. Ability secures a good score on the average
over a set of items. Thus on the level of the test as a whole, the
score must grow with growing ability [23, 24]. From the point
of view of the trigonometric model this is a necessary property
of the data, not of the model.
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Table 1. Both the Rasch and the form invariant model fulfill both measurement requirements in a sense specific for each mode

Rasch model

Form invariant model

basic requirement: independence
of the comparison of abilities

...from the specific set of difficulties used
(specific objectivity for R(60, o))

...from the position on the scale where the
measurement takes place (constancy of mea-
sure)

consequence difference scale level (constancy of unit) specific objectivity for G,
4.2 Full multidimensional Trigonometric obtained on the remaining ones; i.e. all parameters are consis-
Model tent.

The full multidimensional trigonometric model is defined by
introducing the IRF (18) into the model of Egs. (1,2). We dis-
tinguish the parameters of the trigonometric model from those
of the Rasch model by the superscript “tr”. The function (18)
turns the binomial model (2) into

q(xp’i|R(91tf, o)) = [sinZ(Oltf —o + 77/4)]“” 32
[COSQ(H;“f — o' +m/4)] 1=opi

with the reaction function

R( — o) = sin*(§ — o + 7/4) (33)
so that the trigonometric model is
Np Np
g (x|6", o") = H H [sin®(0) — o + 7r/4)]xp”‘
p=1i=1 (34)

[cosz(e;r — o +m/4)] Lo
This model does not depend solely on the scores; it depends on
the individual pattern of answers given by a person; similarly
it depends on the specific pattern of answers to an item. There-
fore the trigonometric and logistic models quantify ability and
difficulty in different ways. This is discussed in Sec. 5 below.
The trigonometric model yields the ML estimators as the so-
lutions of the system of equations

Ny

0= Z {xpl cot (9]2r — o+ 7r/4>
i=1
—(1—zp,) tan(@tf —o + 77/4)} )
p=1...,Np;
Np
0= Z [xp7i cot ((9;r -0+ 7T/4)
p=1

—(1—zp,) tan(ﬁgr — o + 77/4)] ,

i=1,...,N; (35)

obtained by requiring the logarithmic derivatives of ¢*°* to van-
ish. In analogy to the logistic model, the convention
Np
S ol =0 (36)
i=1
is used, compare Eq. (9).
The problems with ML estimation mentioned towards the

end of Sec. 3 do not affect the trigonometric model. Param-
eters considered incidental do not jeopardize the information

In the following section we communicate quantitative results
from both, the Rasch model and the trigonometric model. The
data x are provided by a Monte Carlo simulation. The trigono-
metric estimators are discussed with respect to the information
they take from the data.

S Numerical Examples:
Monte Carlo Simulations

The present section introduces a Monte Carlo simulation of
a data matrix « and discusses its analysis with the Rasch model
(Sec. 5.1) and the trigonometric model (Sec. 5.2). Note that the
same data matrix (see next section for details of the simulation)
was use for a comparative analysis by both models.

5.1 Simulated Data.
Analysis with the Rasch Model

A data matrix « has been generated by a Monte-Carlo sim-
ulation of the Rasch model. The simulation comprises Np =
500 persons and N; = 20 items. In the simulation the true
values of both parameters, 8, and o;, were chosen between —4
and +4 at constant steps 6,11 — 6, and constant 0,1 — ;. The
range [—4, 4] of the parameters is encountered in practice [27].
Given the parameters, every x,,; was produced by a random
number [25] generator according to the distribution (6).

This data matrix was subsequently analyzed with both, the
Rasch model and the trigonometric model. For the Rasch anal-
yses the code ConQuest [2] has been used. Figure 1 presents
one fifth of the simulated data matrix, the part with the most
competent persons. There is a black square for a correct an-
swer x,,; = 1 and an empty square for a false answer z, ; = 0.
The persons label the rows of the matrix; the most competent
person is given by the top row, labelled by p'9 = 1orp!" = 1.
The items label the columns; the most difficult item is given by
the left hand column labelled by i'9 = 1 or i*" = 1. The
persons are ordered such that the estimators decrease with in-
creasing p'9 = 1 or p?" = 1. The items are ordered such that
the estimators decrease with increasing i ‘9 or 4" . The estima-
tors have been obtained by ML estimation.

On panel a) the order is defined by the estimators obtained
from the Rasch model. The scores are the sufficient statis-
tics of this model i. e. they completely determine the or-
der in which abilities and thus persons occur; analogously for
difficulties and items. The intervals of the subsequent scores
1,2, 3, ... are marked by the broken lines on panel a). To be
specific, there is one person p'9 = 1 having score 20; this
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score = 18

score = 17

score =16 80

score = 15
100

Figure 1. Data matrix given by a Monte Carlo simulation of the Rasch model
(a), left ) and the trigonometric model ( b), right ). A black (empty) square
denotes a correct (false) answer. The test comprises Np = 500 persons and
N; = 20 items. The most competent 100 persons are displayed (i.e. one
fifth of the entire data matrix is shown). Both, person and item parameters, in
general decrease with increasing index, score groups are separated by broken
lines. On panel a) person and item parameters are given by the Rasch model;
see text of Sec. 5.1. On panel b) the same data are analysed by the trigonomet-
ric model; see text of Sec. 5.2.

person has correctly answered all items. It is followed by 11
persons p!9 = 2, ..., 12 with score 19, followed by 17 persons
pl9 =2 ... 12etc.

We observe that there is no sharp boundary between the
black area of correct answers and the white area of false an-
swers. The probabilistic nature of the model entails a diffuse
transition from one area to the other one.

Fig. 2 shows the difficulty estimator plotted against the item
score for the data of Fig. 1. Both, the estimator and the score,
have been scaled to the range of unity. The dashed-dotted curve
gives the case of the logistic IRF. In its middle part the relation
is not far from a linear function; towards the ends of the range
non-linearities appear.

We turn to the trigonometric estimators derived from the
same data.

Form Invariance — An Alternative Answer to the Measurement Problem of Item Response Theory
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Figure 2. This figure shows item estimators derived from the data shown in
Fig. 1. The estimators are plotted against the scores. Both, the estimators
and the scores, have been scaled to the range of unity. The logistic estimator
is given by the dashed-dotted curve and the trigonometric estimator by the
crosses. See text for more details.

5.2 Analysis with the Trigonometric Model

The data generated in Sec. 5.1 are now reanalyzed by use
of the trigonometric model. The trigonometric parameters are
the solutions of the system of ML equations (35). Panel b) of
Fig. 1 shows the same data as panel a); however, the persons
and items are now ordered according to the trigonometric esti-
mators.

Note that the order of the persons within a group of the same
score is no longer arbitrary on panel b). To recognize a system-
atics consider e.g. the group of persons p'” = 2,...,12 with
the score ¢, = 19. A sequence of white holes , forming a sort
of “lines”, appears within the black area such that the holes
move deeper and deeper into the black as p®" increases. In
other words: The person score remaining constant, the person
parameter decreases as the unsolved item becomes easier. This
visual order provided by the lines allows to interpret the ad-
ditional information captured by the trigonometric parameters.
A similar structure is observed for the two holes that charac-
terize the set of persons p*” = 13, ...,29 with score ¢, = 18
and so on. Thus the trigonometric ability estimator, although it
roughly is a monotonic function of the score, is fine tuned by
the difficulty of the items solved: The more difficult the solved
items, the higher is the estimator. The trigonometric model un-
ravels an order which is present in the individual patterns of the
data matrix. More details are given in Sect. 4.2 of Ref. [15].

In the following, selected sections of the Monte Carlo simu-
lation will be discussed in order to illustrate the special features
of the trigonometric parameterisation. The layout and ordering
of the parameters from Figure 1 are retained.

In Figure 3 the person marked with the black arrow with a
score of 18 did not solve the ninth easiest item. Therefore,
this person receives a lower person parameter than the persons
placed above of him with a score of only 17. The same arises
for the person with score 17, marked with the blue arrow in
Figure 3, who also fails to solve the nineth easiest item and is
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score =17

score = 16

score = 16

Figure 3. Enlarged section of data matrix given by the Monte Carlo simulation
of the Rasch model, see Figur 1, panel b), trigonometric parametrization: here
for persons with score 16, 17 and 18.

also placed below the person with score 16.

.t
i —»

178

score = |

Figure 4. Enlarged section of data matrix given by the Monte Carlo simulation
of the Rasch model, see Figur 1, panel b), trigonometric parametrization: here
for persons with score 1 and 2.

If we now look at persons with lower scores (see Figure 4)
an analogous picture emerges. The order of the persons within
a group of the same score (e.g. 1) again is no longer arbitrary.
A sequence of black squares, forming a sort of line (as for the
white holes in Figure 1) appears. This means, that with the per-
son score remaining constant, the person parameter decreases
with the solved item becoming easier( cf. Samejima [38])

We conclude: The estimators of the trigonometric model de-
pend on the individual patterns of answers such that it is mean-
ingful to interpret the person parameters as ability. To which
extent this is psychologically a more adequate model of ability
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remains an open question. It cannot be settled by methodolog-
ical considerations alone. The item parameters could in prin-
ciple be discussed likewise but we don’t do this here because
— in the present example as well as mostly in reality — their
number N; is much smaller than the number Np of persons.
Whence, there is more than one person for every possible per-
son score, while the possible item scores do not all occur even
once.

6 Summary and Perspectives

The present work shows that there is an alternative to derive
an item-response model from a fundamental requirement about
measurement: We have required form invariance, a general
principle different from specific objectivity as a guide to con-
struct statistical models. Form invariance is a symmetry, ex-
pressed by a mathematical group of transformations that con-
nects the observations x with the parameters [16]. Form in-
variance is not restricted to the context of IRT. Every statistical
model can be analyzed with respect to its symmetry properties
and, if possible, should be made form invariant.

In order to parameterize IRT in terms of the difference be-
tween ability and difficulty, form invariance requires the mea-
sure on the parameter scale to be constant. This requirement
can be expressed by group theory. In IRT, it is the IRF that sets
the scale for the parameters. The group theoretical formulation
of form in variance then provides the definition of the IRF.

Mathematical consequences of this IRF are the following
ones: (i) The trigonometric IRF entails that the Fisher infor-
mation [14] is constant. In 1980, Samejima [37] constructed
IRT by requiring that the information gained on any parameter
be independent of the value of its estimator. Here, we find this
as a consequence of form invariance. This symmetry principle,
moreover, entails constant measure in parameter space. Con-
stant measure, in turn, is necessary if parameters are to be com-
pared by taking their difference. (ii) The trigonometric model
does not merely count the number of correct answers, it takes
into account the difficulty of the items solved — although the
scores roughly determine the estimators. Therefore the logistic
parameters cannot be mapped onto the trigonometric ones. (iii)
The trigonometric IRF is not monotonic, however on the level
of the test as a whole, the average score must grow with grow-
ing ability [23, 24]. From the point of view of the trigonometric
model this is a necessary property of the data, not of the model.
(iv) The parameters are estimated by the principle of uncondi-
tional maximum likelihood devised by R.A. Fisher [14]. The
ML equations are solvable because there are no points of insta-
bility. (v) The estimators have minimal bias. (vi) An arbitrary
number of parameters can be treated as incidental without ham-
pering inference of the remaining ones; i.e. the ML estimators
are consistent.

Despite these differences, the trigonometric model also
shares important properties with the logistic model. (i) It is
also based on a fundamental requirement about measurement,
albeit a different one than specific objectivity. (ii) It allows to
conjointly estimate ability and difficulty parameters on a com-
mon scale, i.e. the estimators of ability and difficulty deter-
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mine each other — either one being the instrument to measure
the other one. Each one is object of measurement and instru-
ment of measurement at the same time. (iii) Data that can be
roughly ordered according to the person and item scores are
successfully interpreted by the trigonometric model. Le. the
estimators basically are functions of the scores in analogy to
the logistic estimators from the Rasch model. However, there
is a “fine tuning” such that the trigonometric parameters pick
up information from the individual patterns of answers, as in
listed now.

We empirically found the following consequences of the
trigonometric IRF: (i) It increases the information which the
parameters pick up from the data since the estimators take care
of the individual patterns of answers. The scores are not the
sufficient statistics of the trigonometric model. Nevertheless
we find the trigonometric estimators to be approximately given
by the scores provided that the data can be roughly ordered by
the scores. “Roughly ordered” means ordered except for the
scatter introduced by the randomness of the data. Then the re-
lation between score and estimator is at least as close to linear
as in the logistic model. (ii) The difficulties of the solved items
provide a “fine tuning” beyond the order given by the scores.
This fine tuning is such that the trigonometric estimators can
be interpreted as ability and difficulty: The ability estimator of
a person increases if the item(s) he misses become easier, and
vice versa.

For future research and application we see the following pos-
sibilities. In order to develop the theoretical understanding of
the model, we want to work out formal information measures
(Fisher, Shannon) and to compare them to results about the
Rasch (or related) item-response models. Moreover, it seems
that the degree of “noise” or randomness in the transition be-
tween incorrect and correct answers in the data matrix (i.e. the
“diffuseness” between white and black areas in Figure 1) has a
significance for item-response models hitherto unexplored.

While the purpose of the present contribution is to present an
alternative theoretical approach to the measurement problem
of IRT, the question to which extend this alternative is a psy-
chologically adequate and useful model cannot be settled by
the present methodological considerations alone. Thus we also
plan to expand the analysis of simulated and real data in order
to get more insight into that question. We see good reasons that
the thorough foundation by a fundamental requirement about
measurement presented in this work provides a good basis for
theoretical and empirical progress in the sense of the above and
other future perspectives.

Appendix

A Notations and abbreviations

Here, a glossary of the most important notions, conventions
and notations is offered. These are given in alphabetical order
and “explained” by a few key words which, however, cannot
replace the definitions given in the text.

a — vector of probability amplitudes

a, — probability amplitude for the event x to occur

Form Invariance — An Alternative Answer to the Measurement Problem of Item Response Theory

R's, R* — item response functions

form invariance — group theoretic symmetry of statistical
models

IRF — item response function

IRT — item response theory

ML estimator — parameter value that maximizes the likeli-
hood function

N; — number of items

Np — number of persons

q — binomial model

¢*°* — dichotomous item response model

¢'® — Rasch model

¢'* — trigonometric model

s; — item score

o — vector of the item parameters

o; — the parameter of the ¢-th item

specifically objective — parameters independent of the mea-
suring device

t, — person score

6 — vector of the person parameters

0, — the parameter of the p-th person

« — the matrix (x,, ;) of answers

Zp,; — answer of the p-th person to the ¢-th item

B Proof of Equation (30)

First, we note that G /4 = €1 and G /4 = —ea, Where eq, ez
are the basis vectors (1,0)7 and (0,1)7 of the vector space
of the amplitude vectors a. This follows by direct calculation
from Eq. (19) and Eq. (20). On then infers from this and from
Eq. (12) a(0 + 7/4) = Goin/a - a(0) = GGz /4 - a(0) =
Gy - €7 and similarly a(f — w/4) = -Gy - eo , which, when
written in components, is Eq. (30). The derivation given here
for the simplified case of Gy with one argument according to
Eq. (12) can easily be generalized to Gy, .
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