Mathematics and Statistics 10(3): 684-689, 2022
DOI: 10.13189/ms.2022.100325

http://www.hrpub.org

The f-prime Radicals in Posets

J.Catherine Grace John, B.Elavarasan*

Department of Mathematics, Karunya Institute of Technology and Sciences, Coimbatore - 641114, Tamilnadu, India

Received January 30, 2022; Revised April 20, 2022; Accepted May 9, 2022

Cite This Paper in the following Citation Styles

(a): [1] J.Catherine Grace John, B.Elavarasan, “The f-prime Radicals in Posets,” Mathematics and Statistics, Vol.10, No.3, pp. 684-689, 2022. DOI:

10.13189/ms.2022.100325
(b): J.Catherine Grace John,
10.13189/ms.2022.100325

B.Elavarasan, (2022).

The f-prime Radicals in Posets.

Mathematics and Statistics, 10(3), 684-689.  DOI:

Copyright ©2022 by author, all rights reserved. Author agrees that this article remains permanently open access under the terms of the Creative Commons

Attribution License 4.0 International License

Abstract A relation is a mathematical tool for describing
set relationships. Relationships are common in databases and
scheduling applications. Science and engineering are designed
to help humans make better decisions. To make these choices,
we must first understand human expectations, the outcomes of
various options, and the degree of confidence. With all of these
data, partial orders will be generated.

In several fields of engineering and computer science, partial
order and lattice theory are now widely used. To mention a
few, they are used in cloud computing (vector clocks, global
predicate detection), concurrency theory (pomsets, occurrence
nets), programming language semantics (fixed-point seman-
tics), and data mining (concept analysis). Other theoretical
disciplines benefit from them as well, such as combinatorics,
number theory, and group theory. Partially ordered sets
emerge naturally when dealing with multidimensional systems
of qualitative ordinal variables in social science, especially to
solve ranking, prioritising, and assessment concerns. As an
alternative to standard techniques, partial order theory and par-
tially ordered sets can be used to generate composite indicators
for evaluating well-being, quality of life, and multidimensional
poverty. They can be applied in multi-criteria analysis or for
decision-making purposes in the study of individual and
social desires, including in social choice theory. They’re
also valuable in social network analysis, where they may be
utilized to apply mathematics to explore network topologies
and dynamics. The Hasse diagram method, for example,
produces a partial order with multiple incomparabilities (lack
of order) between pairs of items. This is a common problem
in ranking studies, and it can often be avoided by combining
object attributes that lead to a complete order. However, such
a mix introduces subjectivity and prejudice into the rating
process. This work discusses the notion of a f-prime radical
of a partially ordered set with respect to ideal. In posets, we
investigated the concept of f-primary ideals. It is investigated

how to characterise f-primary ideals in relation to f-prime
radicals. In addition, an ideal’s f-primary decomposition is
constructed.

Keywords Strongly Prime Ideal, Strongly m-system, Poset,
Ideals, f-prime Ideal, f-system, f-prime Radical, f-primary,
f-primary Decomposition.

1 Introduction

In algebraic structures, radicals play a significant function.
The Jacobson radical is the intersection of all maximal ideals
in a commutative ring with unity, while the prime radical of the
ring is the intersection of all prime ideals. The radical notion
was used to launch the primary ideal, which was a development
of prime ideal principles[1].

Van der Walt [2] defined s-prime ideals in non-commutative
rings and derived McCoy [3] findings for s-prime ideals. Many
authors confirmed several of Van der Walt’s earlier results to
near-rings. Murata et al.[4] defined f-prime ideals and ob-
tained findings comparable to Van der Walt. Some of these
conclusions have been extended to I'-rings by Hsu [5].

Sambasiva Rao and Satyanarayana [6] defined the prime rad-
ical in terms of strongly nilpotent elements of near-rings and
extended certain results of Hsu [S] to f-prime and f-semiprime
ideals in near-rings.

The notion of primary ideals is important in mathematics,
particularly in abstract algebra, because the deconstruction of
an ideal into primary ideals is a key pillar of ideal theory. It
establishes an algebraic foundation for breaking down an alge-
braic variety into irreducible parts.

The concept of primary ideals was important in commutative
ring theory but was subsequently used to commutative semi-
groups[7].
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In the arbitrary semi-group, A.Anjaneyulu[8] proposed
the establishment of basic ideals. According to [9], M.
Satyanarayana established commutative primary semi-groups
wherein every ideal in the semi-group is the primary ideal. He
separates it from commutative primary rings in terms of struc-
ture. He also defined a threshold for semi-group to primary
semi-group conversion that is both necessary and sufficient.

Badawi[10] defined a 2-absorbing primary ideal and pre-
sented certain 2-absorbing primary ideal features for a com-
mutative ring R. He further constructed some of 2-absorbing
primary ideals. Kim[11] and Ze Gu[12] studied f-primary ide-
als in semigroups and ordered semigroups, respectively.

Murata [13] used the m-system to apply the concept of a
primary ideal to a compactly built multiplicative lattice. He
also devised a basic decomposition theorem for lattice ideals.
Many authors studied the prime ideal concepts in posets [14,
15,16, 17, 18, 19, 20]. Joshi [21] and John [22] later extended
the primary ideal concept to posets. Considering [23, 24], in
this work, we investigate the concept of f-primary ideals in
posets.

2 Preliminaries

During all of this work, a poset including 0 as its least ele-
ment is indicated as (Q, <). We refer to [14] and [15] for basic
concepts and notations of posets.

For S CQ, (S)" = {q€Q:q< sVsc S} indicates the
lower cone of Sin Q and (S)* = {¢g € Q: s < qVs € S}
indicates the upper cone of S in Q. For any subsets .S, T of Q,
we represent (S, T')* rather than (S U T)¢ and (S, T)" instead
of (SUT)™.

For a finite subset S = {s1,89,...,8,} of Q, we
write (51, 82, ..., $,)! instead of ({s1, 52, ..., 5, })! and dually.
Clearly for a subset S of Q, S C (S)* and S C (S)™.
If S C T, then (T)* C (S)* and (T)* C (S)“. Also,
(S)uZu _ (S)Z and (S)eue _ (S)u

Considering [16], a subset B(# ¢) of Q is termed as semi-
ideal if ¢ € B with s < ¢, then s € B. Also B is termed as
ideal, if whenever s, k € B implies (s, k)*¢ C B[15].

For ideals B.s of Q, ﬂ B; is anideal of Q. In general, U B;

i i
is not essentially to be an ideal of Q.

A semi-ideal (resp., ideal) B(# Q) of Q is referred to as
prime if whenever (s,d)* C B implies either s € Bord € B
[14]. We have dually filter and prime filter concepts.

An ideal B of Q is termed as semiprime whenever (7, s)¢ C
B and (r,t)* C B together imply (7, (s,t)*)* C B for all
r,s,t € Q[15].

For s € Q, the principal ideal (resp., filter) of Q generated
by sis (s] = (s)* = {g € Q: q < s} (resp., [s) = (s5)* =
{g € Q:q>s}). Asubset S(# ¢) of Q is known as an up
directed set if SN (r,s)" # ¢ Vr,s € S. We also have dually
the notion of a down directed set. If an ideal B (resp., filter F')
of Q is an up (resp., down) directed set of Q, then it is referred
to as u-ideal (resp., [-filter).

Considering [17], for a subset K and a semi-ideal .J of Q,
we indicate
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(K, J)={teQ:(a,t)) CJVac€ K} = ﬂ (a, J).
aceK

We write (s, J) instead of ({s}, J) while K = {s}. It is evi-
dent K C ((K,J),J)andt € ({¢,J),J) for a semi-ideal .J
of Q. Furthermore, if K C C, then (C,J) C (K, J).

For any subset ()1 of Q and a semi-ideal I; of Q, it is trivial
to establish that (({(Q1,11), 1), 1) = (Q1,I1). If I is a
semi-prime ideal of Q, then (y, I1) is an ideal of Q Vy € Q.
Minimal prime ideals (resp., minimal prime u-ideals) of QQ are
the minimal elements of all prime ideals (resp., prime u-ideals)
of Q. Dually, we have the definitions of maximal filters and
maximal [-filters[15].

Following [18], an ideal J of Q is called strongly prime if
whenever (I7,13)" C J implies either I; C J or I, C .J for
proper different ideals I, I of Q, where I7 = I;\{0}.

Let G be a semi-ideal of Q. Then G satisfies ( * ) condition
if whenever (7', 5)’ C G, then T C (S, G) for any subsets T
and S of Q.

A subset F'(# ¢) of Q is called a m-system if for ¢1, ¢, € F,
3t € (t1,t2)" : t € F. A subset F(# ¢) of Q is referred to
as strongly m-system if for different proper ideals I, I5 of Q,
whenever I} "N # (and [,NN # @ imply (I, I3) NN # 0.

It is obvious that for an ideal I; of Q, Q\I; is a strongly m-
system of Q if and only if [ is strongly prime. Any strongly
m-system of Q is also a m-system of Q. However, the reverse
does not have to be true in all cases, see Example 1.1 of [17].

For a poset Q, spec(Q), Sspec(Q) and Smin(Q) repre-
sents the gathering of all prime, strongly prime and minimal
strongly prime ideals of Q, respectively.

3 f-prime radicals and f-primary ide-
als

For every element ¢ € Q, we associate a unique ideal f(q),
which meets the following criteria:
@) q € f(q) and
(i) w € f(q) implies that f(w) C f(q), forw € Q.
The collection of all such mappings from @Q into collection of
all ideals of Q is indicated by F(Q).

Example 3.1. In a poset Q, for each element q of Q, if f(q) =
(q)%, the principal ideal is generated by q, then it is obvious
that f meets the previous requirements..

Definition 3.2. For f € F(Q), a set S(C Q) is referred to as
an f-system if and only if it consists a strongly m-system K,
such that K1 N f(q) # ¢ for each q € S. In each case K, will
be called a kernal of S.

Definition 3.3. An ideal G of Q is called a f-prime if and only
if its complement G€ is a f-system of Q.

It is clear that every strongly m-system is a f-system and
every strongly prime ideal of Q is a f-prime ideal of Q. How-
ever, as shown in the following illustration, the reverse is not
always valid.
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Figure 1. Example of a f-system which is not a strongly m-system

Example 3.4. For a poset (Q, <), where Q = {0,r,s,t,u,v}
and a relation < defined on Q as follows.

Consider a mapping f from Q into collection of ideals of
Q and defined by f(0) = {0}, f(r) = {u.r,0}f(s) =
{0, s}, f(u) = {0,7,u}, f(t) = {0,r,s,t,u,v} and f(v) =
{0,7,s,t,u,v}. Then f € F(Q). Here My = {u,v,t,r} isa
f-system and contains the strongly m-system My = {u, v}, but
M, is not a strongly m-system as for the ideals G1 = {0, 1, u},
Go ={0,r,s,t}, we have G1 N M1 # ¢, Go N My # ¢ and
(G1,G3)! N M, = 6.

Theorem 3.5. For any f-prime ideal G of Q,
(f(wl)*,f(wg)*)z C G implies that either w1 € G or
we € G for different proper ideals f(w1), f(wa) of Q, where
f(w1)* = f(w1)\{0}.

Proof: Suppose not, w; € Q\G for i = 1,2. As Q\G
is a f-system, 3 a strongly m-system F© C Q\G : F N
flw;) # ¢ for i = 1,2. Since F is a strongly m-system
of Q, we have (f(w1)*, f(wa)*)* N F # ¢ which implies
(f(w1)*, f(w2)*)* NQ\G # ¢, a contradiction.

Remark 3.6. According to the preceding results, every f-
prime ideal of Q is prime ideal, and every strongly prime ideal
of Q is f-prime ideal. In general, the converse is not true in
every case.

Definition 3.7. For an ideal G of Q, f-prime radical r¢(G)
of G has been constructed as the collection of all ¢ € Q such
that each f-system of Q which contains q has a non-empty in-
tersection with G.

Remark 3.8. The condition (o) is shown to be satisfied by a
poset Q if for any f-system F with kernal M and for any ideal
G, F NG is non-empty, then so is M N G.

Theorem 3.9. Let G and G2 be ideals of Q. Then the preced-
ing statements remain true.

(l) G1 - ’f‘f(Gl).

(ii) 74 (rf(G1)) = r§(G1).

(iii) If Go C G4, then Tf(GQ) - Tf(G1).

(iv) 75 ((G3,G})") = r7(G2 N Gr) = 74(G2) N74(Gh),
provided Q satisfies the condition («).

(v) If G1 is a f-prime ideal of Q, then r¢(G1) = Gh.

(vi) If G is f-prime ideal and Gy C G, then r¢(G2) C
Gy.

The f-prime Radicals in Posets

Proof: (i) Let ¢ € G;. Then, clearly, each f-system
having ¢ has a non-empty intersection with GG;. Therefore
q € r¢(Gh).

(ii) Let ¢ € r#(rs(G1)) and assume that ¢ ¢ r#(G1). Then
a f-system Fy exists with ¢ € F,; and F;; NG = ¢. Since ¢ €
ri(ry(Gh)), we get Fy, Nrp(G1) # ¢. Letp € FyNry(Gh).
As p € r§(Gy), then every f-system having p must intersect
G1. Specifically, £, N G1 # ¢, is a contradiction.

(iii) it is trivial.

(iv) For any ideals G and G5 of Q, we have (G%, G)*
G2 NGy C Ga. Then by (iii), we have 7;((G3, G%)")
r¢(G2 N Gy) C 7§(Ge) which implies 7¢((G3, G3)Y)
ri(GaNG1) Cre(Ga) Nre(Gr).

Lets € r¢(G2) Nry(G1) and H be a f-system of Q having
s. Now we get H NGy # ¢ and H NGy # ¢. Since Q
satisfies the condition («), an strongly m-system M which is
kernal of H gives M NG # ¢ and M NG2 # ¢ which implies
(G5,G3) N H # ¢,50 s € 11 ((GY, G3)").

(v) Let Gy be a f-prime ideal of Q and r(G1) € G;. Then
dq € ri(G1): q ¢ G1. As Gy is f-prime, we get Q\G is
a f-system of Q containing ¢ and (Q\G1) N G; = ¢, which
is a contradiction to the fact that ¢ € r;(G1). Hence G; =
’/‘f(Gl).

(vi) Let G; and G4 be ideals of Q and G; be f-prime such
that G2 C G;. Then by (iii) and (v), we have r7(G2) C
Tf(Gl) = Gl. O

NN 1N

Theorem 3.10. ([18], Theorem 2.1 ) Let F(# ¢) be a strongly
m-system of Q and G be an ideal of Q and GNF = ¢. Then G
is contained in a strongly prime ideal R of Q and RN F = ¢.

Theorem 3.11. For an ideal T of Q, We now possess {ﬂ R; :

R; is f-prime ideal of Qand R; 2 T }={q € Q: Fisa
f-system withq € F and FN\T # ¢}.

Proof: Let K = {w € Q: Fis a f-system with w € F
and FNT # ¢} and ¢ ¢ K. There is then, a f-system F'
of @ which contains ¢ and F' N'T = ¢. Together with help
of Theorem 3.10, 3 a f-prime ideal R of Q such that 7" C R
together with RN F' = ¢ imply that ¢ ¢ NR;. So NR; C K.

On the other hand, let ¢ ¢ NR;. Consequently, there has
been a f-prime ideal R; of Q with ¢ ¢ R; which implies ¢ €
Q\R; and Q\R; is a f-system in Q. Since (Q\R;) N T = ¢,
we have ¢ ¢ K. Hence K C NR;. O

Definition 3.12. For an ideal G of Q and a f-prime ideal T of
Qwith G C T, T is also known as minimal f-prime ideal of
G if there is no f-prime ideal U of Qwith G C U C T.

Fspec(Q) denotes the collections of all f-prime ideals in
Q and F'min(Q) represents the collection of all minimal f-
prime ideals in Q. For any ideal G of Q, FP(G) = ﬂ G;

G;2G
and F'P(Q) = ﬂ G, where G;’s are f-prime ideal of Q. We
also have F'/P(G) = FP(Q) if G = {0}.

Remark 3.13. For an ideal R of Q, we have FP(R) = r¢(R).

Moreover, r¢(R) becomes an ideal of Q as ﬂ R is again
RelId(Q)
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an ideal in Q. Following [14], for an ideal R of Q, m K; =
K,DR
R, where K;’s are prime ideals in Q.

However, here’s an example for ﬂ R; # R, where R;’s
RiDR
are f-prime ideals in Q.

Example 3.14. For a poset (Q, <), where Q = {g, h,r,q,0}
with a partial relation < on Q defined like the below.

o
S

h r

0

Figure 2. Example of intersection of all f-prime ideals having an ideal D is
not equal to D

Define amap f : Q — Id(Q) by f(a) = (a]. Here I, =
{0,q,7}; Io = {g, h, q,0} have been f-prime ideals of Q. For
anideal D1 = {0,q}, FP(Dy) =1, NIz ={0,q} = D1.

Furthermore, for the ideal Dy = {0,q,h}, We now also
have FP(Dy) = Iy = {0,q,h, g} # Ds. O

Definition 3.15. An ideal T(C Q) of Q is also known as f-
primary, if (U*,G*)* C T implies that U C T or G C r¢(T)
Sor any different proper ideals U, G of Q where U* = U\{0}.

Each f-prime ideal in a poset Q is also a f-primary ideal,
which is a significant finding. However, in the below example,
the converse does not have to be true in some cases.

Example 3.16. For a poset (Q,<), where Q =
{w,v,u,t,s,h,0} and <, a partial relation on Q defined as
follows:

Define a map f : Q — Id(Q) by f(a) = (a]. Here G =
{t,h,0} is a f-primary ideal of Q, but not a f-prime ideal as
((u]*, (s]*) € G with (u) € G and (s] ¢ G. O

Definition 3.17. Let G be an ideal of Q.Then G is said to be
fr-primary if G is f-primary and r¢(G) = K, for some f-
prime ideal K of Q. Also representation G = U1NUxN...NU,,
where each U; is a fx,-primary is referred to as f-primary
decomposition of G.

Definition 3.18. For an ideal G of Q and a f-primary decom-
position G = UyNUxN...NU,, the f-primary decomposition of
G is regarded as minimal if U; ;_b ﬂ U foralli =1,2,3,....p

1#i
and all U!s are distinct.
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Figure 3. Example of a f-primary ideal which isn’t a f-prime ideal
p
Definition 3.19. For an ideal G of Q, G = ﬂ U; and

ri(U;) = Gy, i = 1,2, ..., p be a minimal f-primary decompo-
sition of G in Q. Also the f-prime ideals G;, i = 1,2,3,...,p,
are called associated f-prime ideals of the decomposition.

Furthermore, G is also known as decomposable if it has a
f-primary decomposition.

Example 3.20. For a poset (Q, <), where Q = {w, v, u, k,0}
and <, a partial relation on Q defined as below:

% W

0

Figure 4. Example of a f 4-primary ideal

Define amap f : Q — Id(Q) by f(a) = (a]. Here G = {0, k}
is fa-primary ideal as r¢(G) = (v] = A. O

Theorem 3.21. Let G be a fy-primary ideal of Q for some
f-prime ideal U of Q and w € Q. Then

(i) w ¢ G and the ideal < w,G > has (x) condition
propose that < w,G > is a fy-primary ideal of Q.

(ii) w ¢ U implies < w,G >= G.

Proof: (i) Let p €< w,G >. Then (((w )l)*,((p)f)*)f C
(w,p)* € G. As G is fU -primary and (w)¢ ¢ G, we get
p € (p)* C rp(G) = U for some f- prlme 1dea1 U of Q. So,
G C< w,G >C U. By Theorem 3.9, U = r(G) C r¢(<
w,G>) CU. Thus U = r¢(< w,G >).

Now,we have to prove that < w, G > is a f—primary ideal.

Assume <<<p>f>*,<<r>f>*>f C< w,G >, ¢<
w,G >, then ( ¢ G. As a result, Ht 6 (w,p)e
with ¢ ¢ G. Addltlonally, r(< t,G >) = U. Since
(t,7)¢ C (p,7)* C< w,G >, we have (w,t,7)" C G. As
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t < w, wehave (t,r)" C G. Accordingly r €< t,G >C 7¢(<
t,G>)=U=ry(< w,G>).Thusr € rf(< w,G >) and
(Mt Cre(<w,G >).

On the other side, if (p)* ¢ 7¢(< w,G >) = U, then we
now show that (r)* C< w,G >. Lett € (w,r)%. So (t,p)’ C
(w,p,7)* C G. Since G is f-primary and p ¢ U = r¢(G), We
gett € G.

(ii) Assume that w ¢ U. Suppose that < w, G >¢ G. Then
there isat €< w,G > with ¢t ¢ G. As G is fy-primary
and w ¢ U = r¢(G), we have t € G, a contradiction. So,
<w,G>=0G. O

Theorem 3.22. For a decomposable ideal R of Q and Q sat-
P

isfies («) condition, if R = m G; is a minimal f-primary de-
i=1

composition of R, where U; = r¢(G;), 1 = 1,2,3, ...p be asso-

ciated f-prime ideals of the decomposition, then every f-prime

ideal of the formr¢(< s, R >) for some s € Q is one of the as-

sociated f- prime ideals U; for some i and moreover, for each

associated f-prime ideal U;, 3s; € Q:1(< s, R >) =U,.

Proof: Consider R = G1 NGy N..N G, Fors ¢ R,

p P
< s, R >=< s,ﬂGi >= ﬂ < s,G; >. Hence <
i=1 i=1

s, R >= ﬂ (< 5,Gp >),1 <k <p. So,ri(< s,R >
s¢Gy,

)=ri([) <sGe>) =[] rr<sG>1<k<p
s€Gy, s¢Gy

by Theorem 3.9.

If r¢(< s, R >)is f-prime, then, it should be stated that
rp(< s,R >) = Uy, for some k, 1 < k < p. Hence every
f-prime ideal of the form (< s, R >) is one of the U}’s for
some k, 1 < k <p.

Consider the associated f-prime ideal Uy, 1 < k < p. We
should still take note out s € Q : r¢(< s, R >) = Uy. As the
decomposition of R is minimal, we have G, 2 ﬂ G; for all

itk
k€ {1,2,3,...,p}. This provides 3 s, € ﬂ G; and sy, ¢ Gj.
itk

n p
Now, < si, R >=< s, ﬂ Gy >= ﬂ < sk, Gy >. Since
=1 k=1

Sk € ﬂ G; we getthat < si, R >=< s, G > . This implies
ik

that (< sg, R >) = (< s, G >) = Uy, by Theorem

3.21. ([

Example 3.23. In Example 3.14, for the ideal R = (q|, take
note of this: (q] = (g]N (R]N(r] is a f-primary decomposition
of R = (q] and a minimal f-primary decomposition of (q] is
(h] N (r] = (gl.

Moreover, (r] = r((r]) and (g] = r¢((h]). Thus (g] and
(r] are associated f-prime ideals of the minimal f-primary de-
composition of R.

For the associated f-prime ideal (r],3h € Q:r¢(< h, R >
) = (r] and for that associated f-prime ideal (g] 3r € Q :
ri(<r,R>) = (g].

The f-prime Radicals in Posets

Remark 3.24. Let T be an ideal of Q and U be a f-prime
ideal of Q. Then we indicated, Tyy = {r € Q : (r,s)* C T for
some s € Q\U} = U (s,T).

seQ\U

Theorem 3.25. For an ideal T of Q and Q having («) condi-
P

tion with T = ﬂ G, a minimal f-primary decomposition of
i=1

T, where r¢ (G;) = Uj is the associated f-prime ideals of the

decomposition, The following statements are true.

() IfU is f-prime and T C U and U D U; (1 <i < k),
but does not contain Uy, U2, ..., Up, then Ty = G1NG2N
.. NGp.

(ii) If U 2 U; for all i, then Ty = Q.

Proof: (i) Assume that U contains Uy, Us, ..., U, but does
not contain Uy 41, Uiy, ..., Up. Let v € Ty, consequently, for
some ¢ ¢ U, (v,c)* C T. It indicates that (v,c)* C G; C
r#(G;), foreach i = 1,2, ..., p. It is simply obtained that c is
precisely not in U;, Uy, ..., Ug. For otherwise, if ¢ € U;, for
some i € {1,2, ..., k}, Consequently, by hypothesis, ¢ € U, is
a contradiction. Hence, ¢ ¢ r7(G1),77(Gz), ..., 7 (G}) which
giVGS (C)Z ,¢_ Tf(G1)7’rf(G2)’ ...,’/‘f(Gk). As G1, GQ, ceey Gk
are f-primary, we have (v)¢ C G1,Go, ..., G. So, v € (v)! C
GiNGaN...NG.

Conversely, let w € G; N Gy N N Gg. As
Uk+1, Uk+2, . Up g U, there exist Vg1 € Uk+1\U7 Vg2 €
Uk+2\U, —Up € UP\U Since v; € Uj = Tf(Gj), j =
k+1,...,p, soall f-system including v; intersects with G;.

Particularly, Q\U is a f-system having v; and Q\U inter-
sects G forall j = k+1,...,p. Choose h; € G;N(Q\U), j =
k+1,...p. AsU is f-prime, we get ({hg+1, hit2, s hp})E &
U. So, 3 h € ({hkt1,his2, . hp})’ with b ¢ U. So,

P
(w, h)* C ﬂGi =Tandh ¢ U. Thusw € Ty.
i=1

(i) Suppose U; ¢ U for all i = 1,2,3,...,p. Con-
sequently, there exists v; € U;\U for every each i =
1,2,3,..,p. As Q\U is a f-system of Q, using the same
technical approach as described previously, we obtain h; €
G, N (Q\U), i = 1,2,3,...,p. As U is f-prime ideal, we
have ({h1,ha,....hp})" € U. Therefore there exists h €

p

({h1,h2,....hp}) s h ¢ U. It suffices to say that h € ﬂ G; =
i=1

T and hence for all w € Q, we have (w, h)z C T, which gives

w € Ty. Hence Ty = Q. O

Theorem 3.26. ([18], Theorem 2.4 ) For an ideal
T of Q T has the property below that for n > 2,
if pairwise distinct ideals Ki,Ko,...K, of Q with
(K7, K3, ..., KX C T, then at least (n — 1) of n subsets
(K3, K3, K (K Ko K)o (K K K )Y
are subsets of T.

Theorem 3.27. Let Q be a poset which satisfies the (o) con-
dition and S be an ideal of Q. If S has two minimal primary
decompositions HH N Ho N ... N H, = G1 NGy N ... NGy,
where H; is fp,-primary and G is fr;-primary and each D;
and T} are associated f-prime, then c = d.
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Proof: Suppose that H; N HoN.. N H, = G NG2 N
...NGq where H; is fp,-primary and G is fr,-primary. Then
D1 N D2 n..N DC = ’I"f(Hl) n Tf(HQ) n...N Tf(HC) =
rr(HiNHyN...NH,) =7;(G1NG2N...NGq) =7¢(G1)N
Tf(GQ) n...N Tf(Gd) =TiNTyNn..NT,

Now L(D3,D;,...D;) C DynNDyN..ND. CT;Vj.
Since T} is f-prime ideal and Theorem 3.26, we get D; C Tj
for some 7.

Also L(Tl*,TQ*, ,T;) Q T1 ngm...an g Dl Vi. As Dz
is f-prime ideal and Theorem 3.26, we get T, C D, for some
r. So T, C D; C Tj. Since T} is an associated f-prime, we
have T, = T which gives T; = D;, hence ¢ = d. O

Conclusion

The prime ideal’s concept and generalisation hold a distinct
place in algebraic geometry and commutative algebra. All of
those are beneficial methods for determining algebraic struc-
tural qualities. This article provided a broader generalisation
of primary ideals in posets as well as certain features of those
f-primary ideals. Further, decomposition of an ideal in posets
with respect to f-primary decomposition in posets had been
discussed. Using the approach described in this study, these
conclusions may be extended to O-distributive posets, lattices,
near lattices, semilattices, and O-distributive near lattices.
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