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Abstract  Iterative methods such as the conjugate 
gradient method are well known methods for solving 
non-linear unconstrained minimization problems partially 
because of their capacity to handle large-scale 
unconstrained optimization problems rapidly, and partly 
due to their algebraic representation and implementation in 
computer programs. The conjugate gradient method has 
wide applications in a lot of fields such as machine learning, 
neural networks and many other fields. Fletcher and 
Reeves [1] expanded the approach to nonlinear problems in 
1964. It is considered to be the first nonlinear conjugate 
gradient technique. Since then, lots of new other conjugate 
gradient methods have been proposed. In this work, we 
will propose a new coefficient conjugate gradient method 
to find the minimum of the non-linear unconstrained 
optimization problems based on parameter of Hestenes 
Stiefel. Section one in this work contains the derivative of 
new method. In section two, we will satisfy the descent and 
sufficient descent conditions. In section three, we will 
study the property of the global convergence of the new 
proposed. In the fourth section, we will give some 
numerical results by using some known test functions and 
compare the new method with Hestenes S. to demonstrate 
the effectiveness of the suggestion method. Finally, we will 
give conclusions. 

Keywords  Non-Linear Minimization, Algorithm of 
Conjugate Gradient, Descent property and Global 
Convergence Property 

1. Introduction
Below is the nonlinear unconstrained minimization 

problem, consider it: 

Min. 𝑓𝑓(𝑥𝑥) ;   𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛  (1.1) 

where 𝑓𝑓 ∶  𝑅𝑅𝑛𝑛 → 𝑅𝑅  is a continuously differentiable, 
real-valued function. We used the iterative method  

𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘 𝑑𝑑𝑘𝑘  (1.2) 

for solving the problem (1.1), and the iterative method is 
starting with an initial guess 𝑥𝑥1 belongs to 𝑅𝑅𝑛𝑛 , where  
𝑣𝑣𝑘𝑘 = 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘 = 𝑥𝑥 𝑘𝑘+1 − 𝑥𝑥𝑘𝑘  , the positive step length 𝛼𝛼𝑘𝑘  is 
computed by one dimensional line search and 𝑑𝑑𝑘𝑘 is search 
direction. The search direction of the steepest descent, has 
the form 

𝑑𝑑1 = −𝑔𝑔1                 (1.3) 

The equation below is to calculate the next search 
directions: 

𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘  𝑑𝑑𝑘𝑘    (1.4) 

Where, 𝑔𝑔𝑘𝑘 = ∇ 𝑓𝑓(𝑥𝑥𝑘𝑘)  and  𝛽𝛽𝑘𝑘  is a scalar. The basic 
parameters of 𝛽𝛽𝑘𝑘 , Hestenes S. (HS) [2], Polak R. Polyak 
(PRP) [3], Fletcher R.(FR) [4], Dai and Yuan (DY) [5], Dai 
and Liao [6], Perry [7], and Liu andStorey [8], which are 
shown below: 

𝛽𝛽𝑘𝑘𝐻𝐻𝐻𝐻 = 𝑔𝑔𝑘𝑘+1
𝑇𝑇 (𝑔𝑔𝑘𝑘+1−𝑔𝑔𝑘𝑘)
𝑑𝑑𝑘𝑘
𝑇𝑇(𝑔𝑔𝑘𝑘+1−𝑔𝑔𝑘𝑘)

  (1.5) 

𝛽𝛽𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑔𝑔𝑘𝑘+1
𝑇𝑇 (𝑔𝑔𝑘𝑘+1−𝑔𝑔𝑘𝑘)

‖𝑔𝑔𝑘𝑘‖2
    (1.6) 
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𝛽𝛽𝑘𝑘𝐹𝐹𝑅𝑅 = ‖𝑔𝑔𝑘𝑘+1‖2

‖𝑔𝑔𝑘𝑘‖2
                            (1.7) 

𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 = ‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

                            (1.8) 

𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 = 𝑔𝑔𝑘𝑘+1
𝑇𝑇 (𝑦𝑦𝑘𝑘−𝑡𝑡𝑣𝑣𝑘𝑘)

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 , 𝑡𝑡 > 0           (1.9) 

𝛽𝛽𝑘𝑘
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑔𝑔𝑘𝑘+1

𝑇𝑇 (𝑦𝑦𝑘𝑘−𝑣𝑣𝑘𝑘)
𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

               (1.10) 

𝛽𝛽𝑘𝑘𝐿𝐿𝐿𝐿 = 𝑔𝑔𝑘𝑘+1 
𝑇𝑇 𝑦𝑦𝑘𝑘
−𝑑𝑑𝑘𝑘

𝑇𝑇𝑔𝑔𝑘𝑘
                   (1.11) 

where 𝑦𝑦𝑘𝑘 = 𝑔𝑔𝑘𝑘+1 − 𝑔𝑔𝑘𝑘 and the Euclidean norm of vectors 
is denoted by the symbol. ‖. ‖ . The property of the 
convergence about Fletcher R. (FR) method, Polak R. 
Polyak(PRP) method, Hestenes S.(HS) method, Dai Yuan 
(DY) method, and Liu Storey (LS) method can be seen 
from [9] [10][11][12][13] [8]. 

Lots of parameters are suggested. Hussein A. Kh. and 
Salah G. Sh. [14][15] suggested some parameters of 
conjugate gradient methods. Hager and Zhang [16] 
suggested another conjugate gradient method called 
CG-DESCENT method. 

2. Derivative of New Formula 𝜷𝜷𝒌𝒌𝑵𝑵𝑵𝑵𝑵𝑵 
Consider the parameter of Hestenes Stiefel 

𝛽𝛽𝑘𝑘𝐻𝐻𝐻𝐻 = 𝑔𝑔𝑘𝑘+1
𝑇𝑇 𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

                  (2.1) 

Suppose that  

𝑦𝑦𝑘𝑘∗ = 𝑔𝑔𝑘𝑘+1 + (1 − 𝑝𝑝1)(�𝑔𝑔𝑘𝑘+1
𝑝𝑝2

� − 𝑝𝑝3𝑔𝑔𝑘𝑘+1)   (2.2) 

Where,   𝑝𝑝1 ∈ (0,1) , 𝑝𝑝2 = 2√𝜇𝜇
‖𝑣𝑣𝑘𝑘‖

 (1 + ‖𝑥𝑥𝑘𝑘+1‖)  and µ is 
the machine error, and  𝑝𝑝3 = 0.1 

Here we replace the vector 𝑦𝑦𝑘𝑘  in the numerator of (1.1) 
by 𝑦𝑦𝑘𝑘∗  , to get  

𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁 = 𝑔𝑔𝑘𝑘+1
𝑇𝑇 𝑦𝑦𝑘𝑘

∗

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

                (2.3) 

Then, 

𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁 =
𝑔𝑔𝑘𝑘+1
𝑇𝑇 (𝑔𝑔𝑘𝑘+1+(1−𝑝𝑝1)(�

𝑔𝑔𝑘𝑘+1
𝑝𝑝2

�−𝑝𝑝3𝑔𝑔𝑘𝑘+1)

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

    (2.4) 

Implies that  

𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁 =
‖𝑔𝑔𝑘𝑘+1‖2+(1−𝑝𝑝1)

�𝑔𝑔𝑘𝑘+1�
2

𝑝𝑝2
−(1−𝑝𝑝1)𝑝𝑝3‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

    (2.5) 

2.1. Algorithm of the New Method 

Step1: Select 𝑥𝑥1 and 𝜕𝜕 = 10−5. 
Step2: Set 𝑑𝑑1 = −𝑔𝑔1, 𝑔𝑔𝑘𝑘= ∇𝑓𝑓 (𝑥𝑥𝑘𝑘),  Set  𝑘𝑘 = 1 . 
Step3: Calculate the step size 𝛼𝛼𝑘𝑘 > 0 satisfy the Wolfe 

condition 

𝑓𝑓(𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘 𝑑𝑑𝑘𝑘) − 𝑓𝑓(𝑥𝑥𝑘𝑘) ≤ 𝑙𝑙1𝛼𝛼𝑘𝑘𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘 

|𝑔𝑔𝐾𝐾+1𝑇𝑇 𝑑𝑑𝑘𝑘| ≤ 𝑙𝑙2|𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘| 

where, 0 < 𝑙𝑙1 < 𝑙𝑙2 < 1 . 
Step4: Calculate 𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘 

𝑔𝑔𝑘𝑘+1 = 𝛻𝛻 𝑓𝑓( 𝑥𝑥𝑘𝑘+1), 𝐼𝐼𝐼𝐼 ‖𝑔𝑔𝑘𝑘+1‖  ≤  𝜕𝜕 ,   stop. 

Step5: Calculate 𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁 by (2.5)  
Step6: Compute 𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁𝑑𝑑𝑘𝑘 
Step7: If |𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘| > 0.2‖𝑔𝑔𝑘𝑘+1‖2, then go to step2. 
Else 
𝑘𝑘 = 𝑘𝑘 + 1 , go to step3. 

2.2. Descent Property of the New Method 

The property of the descent is that any search direction 
(1.4) must satisfy the following condition: 

𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘+1 ≤ 0.  

Theorem 1:- If (1.2) generates the sequence {𝑥𝑥𝑘𝑘}, then 
the descent condition is satisfied by the search direction in 
(1.4) with new conjugate gradient (2.5). 

Proof:- From equations (1.4) and (2.5) we have the 
following 

𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 

+(
‖𝑔𝑔𝑘𝑘+1‖2+(1−𝑝𝑝1)

�𝑔𝑔𝑘𝑘+1�
2

𝑝𝑝2
−(1−𝑝𝑝1)𝑝𝑝3‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 )𝑑𝑑𝑘𝑘  (2.6) 

Here,  

𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + (
‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
+

(1 − 𝑝𝑝1)
𝑝𝑝2

‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
− 

− (1 − 𝑝𝑝1)𝑝𝑝3
‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 )𝑑𝑑𝑘𝑘           (2.7) 

Multiply above equation by 𝑔𝑔𝑘𝑘+1 from right, to get 

𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘+1 = −‖𝑔𝑔𝑘𝑘+1‖2 +
‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1

+
(1 − 𝑝𝑝1)

𝑝𝑝2

‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 

−(1 − 𝑝𝑝1)𝑝𝑝3
‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1        (2.8) 

If the step size is determined by an accurate line 
search,𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 = 0, here we get  𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘+1 ≤ 0. 

If we have an inexact line search which is 𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 ≠ 0. 
The equation (2.8) implies that  

𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘+1 = −‖𝑔𝑔𝑘𝑘+1‖2 + [1 + (1−𝑝𝑝1)
𝑝𝑝2

−  (1 −

𝑝𝑝1)𝑝𝑝3] ‖𝑔𝑔𝑘𝑘+1‖
2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1  (2.9) 

Assume that  

𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘+1 = −‖𝑔𝑔𝑘𝑘+1‖2 + 𝑝𝑝4
‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1   (2.10) 

Where, 𝑝𝑝4 = [1 + (1−𝑝𝑝1)
𝑝𝑝2

− (1 − 𝑝𝑝1)𝑝𝑝3]  which is 
positive  

Since (1 + (1−𝑝𝑝1)
𝑝𝑝2

) > (1 − 𝑝𝑝1)𝑝𝑝3,  
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Now, we know that the parameters of HS satisfy the 
descent condition, then, the equation (2.10) is less than or 
equal to zero,  

𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑔𝑔𝑘𝑘+1 = −‖𝑔𝑔𝑘𝑘+1‖2 + 𝑝𝑝4
‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 𝑑𝑑𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 ≤ 0.  (2.11) 

2.3. Convergence Analysis 

Assume that: 
a) 𝑆𝑆 = {𝑥𝑥 ∶ 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 , 𝑓𝑓(𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥1)}  is a bounded level 

set, where 𝑥𝑥1 is the initial point. 
b) f is continuously differentiable in the vicinity Ω of S, 

and its gradient g is Lipschitz continuously, i.e. there 
exist a constant L>0 such that 

‖𝑔𝑔(𝑥𝑥) − 𝑔𝑔(𝑥𝑥𝑘𝑘)‖ ≤ 𝐿𝐿‖𝑥𝑥 − 𝑥𝑥𝑘𝑘‖  ,∀𝑥𝑥,      (2.12) 

On the basis of assumptions a and b on 𝑓𝑓 there exists a 
constant 𝜌𝜌 ≥ 0, such that ‖𝑔𝑔(𝑥𝑥)‖ ≤ 𝜌𝜌,    ∀𝑥𝑥 ∈ 𝑆𝑆 . 

Lemma1: Suppose that the assumptions (a) and (b) are 
correct and consider any conjugate gradient (1.2), (1.3) and 
(1.4), where is a descent direction 𝑑𝑑𝑘𝑘 and 𝛼𝛼𝑘𝑘 is obtained 
by the strong Wolfe conditions. 

𝑓𝑓( 𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘) − 𝑓𝑓( 𝑥𝑥𝑘𝑘) ≤ 𝑙𝑙1𝛼𝛼𝑘𝑘𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘     (2.13) 

|𝑔𝑔𝐾𝐾+1𝑇𝑇 𝑑𝑑𝑘𝑘| ≤ 𝑙𝑙2𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘             (2.14) 

If 

∑ 1
‖𝑑𝑑𝑘𝑘‖2

= ∞𝑘𝑘≥1                (2.15) 

Then 

lim𝑘𝑘→∞ 𝑖𝑖𝑖𝑖𝑖𝑖‖𝑔𝑔𝑘𝑘‖ = 0           (2.16) 

See ([12]). 
There exists a constant 𝜗𝜗 >0 such that if f is a uniformly 

convex function: 

�𝑔𝑔(𝑥𝑥) − 𝑔𝑔(𝑦𝑦)�𝑇𝑇(𝑥𝑥 − 𝑦𝑦) ≥ 𝜗𝜗‖𝑥𝑥 − 𝑦𝑦‖2 ∈ Ω  (2.17) 

We can rewrite (2.16) in the following manner: 

𝑦𝑦𝑘𝑘𝑇𝑇𝑣𝑣𝑘𝑘 ≥ 𝜗𝜗‖𝑣𝑣𝑘𝑘‖2               (2.18) 

Theorem 2: Suppose that the assumptions a and b hold 
and function is a uniformly convex. The new algorithm of 
the form (1.2), (1.4) and (2.3), where 𝑑𝑑𝑘𝑘  satisfies the 
descent property and 𝛼𝛼𝑘𝑘  is obtained by strong Wolfe 
conditions (2.13) and (2.14) satisfies the global 
convergence  

(i.e.) lim𝑘𝑘→∞ 𝑖𝑖𝑖𝑖𝑖𝑖‖𝑔𝑔𝑘𝑘+1‖ = 0 

Proof: Since 

𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁𝑑𝑑𝑘𝑘           (2.19) 

|𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁| = �
‖𝑔𝑔𝑘𝑘+1‖2+(1−𝑝𝑝1)

�𝑔𝑔𝑘𝑘+1�
2

𝑝𝑝2
−(1−𝑝𝑝1)𝑝𝑝3‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

� (2.20) 

Implies that  

|𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁| ≤ �‖𝑔𝑔𝑘𝑘+1‖
2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

� + �(1−𝑝𝑝1)‖𝑔𝑔𝑘𝑘+1‖2

 𝑝𝑝2 𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

� +  �(1−𝑝𝑝1)𝑝𝑝3‖𝑔𝑔𝑘𝑘+1‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

� 
(2.21) 

Since 𝑦𝑦𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘 ≥
𝜗𝜗‖𝑣𝑣𝑘𝑘‖2

𝛼𝛼𝑘𝑘
 , then we can write equation (2.21) 

as follows 

|𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁| ≤ 𝛼𝛼𝑘𝑘‖𝑔𝑔𝑘𝑘+1‖2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
+ 𝛼𝛼𝑘𝑘(1−𝑝𝑝1)‖𝑔𝑔𝑘𝑘+1‖2

  𝑝𝑝2 𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
+  𝛼𝛼𝑘𝑘(1−𝑝𝑝1)𝑝𝑝3‖𝑔𝑔𝑘𝑘+1‖2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
 

(2.22) 

Since ‖𝑔𝑔(𝑥𝑥)‖ ≤ 𝜌𝜌 , then, we have 

|𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁| ≤
𝛼𝛼𝑘𝑘𝜌𝜌2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
+
𝛼𝛼𝑘𝑘(1 − 𝑝𝑝1)𝜌𝜌2

𝑝𝑝2 𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
+
𝛼𝛼𝑘𝑘(1 − 𝑝𝑝1)𝑝𝑝3𝜌𝜌2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
 

Here, ‖𝑑𝑑𝑘𝑘+1‖ ≤ ‖𝑔𝑔𝑘𝑘+1‖ + |𝛽𝛽𝑘𝑘𝑁𝑁𝑁𝑁𝑁𝑁|‖𝑑𝑑𝑘𝑘‖  
Then, 

‖𝑑𝑑𝑘𝑘+1‖ ≤ 𝜌𝜌 + ( 𝛼𝛼𝑘𝑘𝜌𝜌2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
+ 𝛼𝛼𝑘𝑘(1−𝑝𝑝1)𝜌𝜌2

 𝑝𝑝2 𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
+    𝛼𝛼𝑘𝑘(1−𝑝𝑝1)𝑝𝑝3𝜌𝜌2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖2
)‖𝑑𝑑𝑘𝑘‖     
(2.23) 

We know that ‖𝑑𝑑𝑘𝑘‖ = ‖𝑣𝑣𝑘𝑘‖
𝛼𝛼𝑘𝑘

, so, we get  

‖𝑑𝑑𝑘𝑘+1‖ ≤ 𝜌𝜌 + (
𝜌𝜌2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖
+

(1 − 𝑝𝑝1)𝜌𝜌2

 𝑝𝑝2 𝜗𝜗‖𝑣𝑣𝑘𝑘‖
+   

(1 − 𝑝𝑝1)𝑝𝑝3𝜌𝜌2

𝜗𝜗‖𝑣𝑣𝑘𝑘‖
) 

Since, ‖𝑣𝑣𝑘𝑘‖ = ‖𝑥𝑥 − 𝑥𝑥𝑘𝑘‖ , 

𝐷𝐷 = max {‖𝑥𝑥 − 𝑥𝑥𝑘𝑘‖} ,∀𝑥𝑥, 𝑥𝑥𝑘𝑘 ∈ 𝑅𝑅} 

Here, 

‖𝑑𝑑𝑘𝑘+1‖ ≤ 𝜌𝜌 + (𝜌𝜌
2

𝜗𝜗𝜗𝜗
+ (1−𝑝𝑝1)𝜌𝜌2

 𝑝𝑝2 𝜗𝜗𝜗𝜗
+ (1−𝑝𝑝1)𝑝𝑝3𝜌𝜌2

𝜗𝜗𝜗𝜗
)  (2.24) 

Above inequality becomes 

‖𝑑𝑑𝑘𝑘+1‖ ≤ 𝜌𝜌 + �
𝜌𝜌2

𝜗𝜗𝜗𝜗 +
(1 − 𝑝𝑝1)𝜌𝜌2

 𝑝𝑝2 𝜗𝜗𝜗𝜗 +
 (1 − 𝑝𝑝1)𝑝𝑝3𝜌𝜌2

𝜗𝜗𝜗𝜗 �  = 𝜑𝜑 

Then, 

�
1

‖𝑑𝑑𝑘𝑘+1‖2
≥

𝑘𝑘≥1

�
1
𝜑𝜑2 = � 1

𝑘𝑘≥1

= ∞
𝑘𝑘≥1

 

And 
∑ 1

‖𝑑𝑑𝑘𝑘+1‖2
= ∞𝑘𝑘≥1 . By using lemma (1), we get 

lim𝑘𝑘→∞ 𝑖𝑖𝑖𝑖𝑖𝑖‖𝑔𝑔𝑘𝑘+1‖ = 0. 

3. Numerical Results 
The suggested method is compared to the Conjugate 

Gradient algorithm (H/S), with nonlinear unconstrained 
problems (standard test function) of different 
dimensions.  Programs are written in FORTRAN 90, and 
the requirement for stopping is‖𝑔𝑔𝑘𝑘+1‖ ≤ 10−5 in all cases. 
The number of the functions (NOF) and the number of the 
iterations (NOI) are shown in tables (1) and (2). Tables (1) 
and (2) show that the suggested technique outperforms 
classical Conjugate Gradient methods (HS). 
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Table 1.  Algorithms Performance in Comparison (HS and Suggestion 
Method) 

Test functions Dim. 
HS Algorithm  Suggestion 

Algorithm 
NOI NOF NOI NOF 

Powell 

4 
100 
500 

1000 
3000 
5000 

38 
40 
41 
41 
41 
41 

108 
122 
124 
124 
124 
124 

18 
23 
22 
22 
22 
22 

47 
63 
65 
66 
64 
61 

Cubic 

4 
100 
500 

1000 
3000 
5000 

12 
13 
13 
13 
13 
13 

35 
37 
37 
37 
37 
37 

14 
10 
10 
10 
8 

10 

45 
31 
31 
31 
26 
31 

Edger 

4 
100 
500 

1000 
3000 
5000 

5 
5 
6 
6 
6 
6 

14 
14 
16 
16 
16 
16 

5 
5 
5 
5 
5 
5 

14 
14 
14 
14 
14 
14 

Rosen 

4 
100 
500 

1000 
3000 
5000 

30 
30 
30 
30 
30 
30 

83 
83 
83 
83 
83 
83 

27 
20 
22 
16 
16 
17 

90 
59 
64 
51 
51 
53 

GCentral 

4 
100 
500 

1000 
3000 
5000 

22 
22 
23 
23 
27 
28 

159 
159 
171 
171 
234 
148 

12 
21 
16 
16 
22 
21 

67 
179 
120 
121 
209 
196 

Miele 

4 
100 
500 

1000 
3000 
5000 

28 
33 
40 
46 
54 
54 

85 
114 
146 
176 
211 
211 

23 
21 
17 
16 
17 
17 

81 
75 
58 
62 
60 
59 

Non-Digonal 

4 
100 
500 

1000 
3000 
5000 

24 
29 
F 
29 
29 
30 

64 
79 
F 
79 
79 
81 

20 
19 
27 
24 
21 
24 

64 
56 
85 
74 
66 
77 

Wolfe 

4 
100 
500 

1000 
3000 
5000 

11 
49 
52 
70 

170 
165 

24 
99 

105 
141 
351 
348 

16 
43 
47 
49 
156 
140 

33 
87 
96 

100 
329 
296 

Wood 

4 
100 
500 

1000 
3000 
5000 

30 
30 
30 
30 
30 
30 

68 
68 
68 
68 
68 
68 

27 
28 
26 
28 
28 
28 

62 
64 
61 
65 
64 
64 

Total  1821 5479 1309 4043 
Notes: a) F in the above table means failure, and for the summation we 
took F = 50 for NOI and F = 100 for NOF. 
b) 𝑝𝑝3 = 0.1 for all the test functions in the above table except Powell 
where we took 𝑝𝑝3 = 1 . 

Table 2.  Percentage of the New Method Improving 

 HS Algorithm  Suggestion Algorithm 

NOI 100 % 71.8835804503% 

NOF 100 % 73.7908377441% 

4. Conclusions 
We proposed in this paper, a new coefficient conjugate 

gradient algorithm for unconstrained nonlinear 
minimization. We studied the proposed method descent 
condition and global convergence, ran numerical tests on 
low and high dimensionality problems, and made 
comparisons between different test functions. The new 
method has proven its efficiency through results in tables 
(1) and (2). 
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