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Abstract  One regression model to explain the
relationship between predictor and response variable in the
form of count is Poisson regression. In the case of certain
Poisson with the presence of many zero values, causing
overdispersion can be overcome with the Poisson Hurdle
model. There is a good method for estimating the
parameters on small sample sizes for all distributions,
namely the Bayesian method. The response variable of the
original data does not follow Poisson distribution, so
parameter will be estimated by Bayesian method. The
performance of the Bayesian Hurdle Poisson regression
can be seen from simulation data on various sample sizes
and overdispersion levels generated based on the
parameters of original data showing that the Bayesian
Hurdle Poisson regression model proposed in this study is
suitable for large sample sizes or with varying levels of
overdispersion due n =30 or n — oo because normal
distribution is used as prior. Even though the response
variable of the simulation data is generated with a Poisson
distribution, it still does not follow a Poisson distribution
because it’s in accordance with the original data. The
parameter estimated based on the simulation data is similar
to the parameter estimated on the original data (both the
estimator of the MLE Hurdle Poisson regression parameter
and the parameter estimator of the Bayesian Hurdle
Poisson regression). This indicates that the simulation
scenario is appropriate.
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1. Introduction

Poisson regression model explains the relationship
between the predictor and the response variable in the form
of the count. An important assumption in Poisson
regression analysis is that there is equidispersion, where
the mean of the distribution is equal to its variance [1].

In certain cases, where response consists of many zero
counts, causing the variance to be greater than the mean is
known as overdispersion. This might also be the case when
regression  assumptions  were  violated.  When
overdispersion occurs, Poisson regression is less precise,
because the model formed will produce a refractive
parameter estimation [2]. Overdispersion data can be
handled by the Hurdle model.

The method of parameter restoration used in this study is
the Bayesian method. The advantage of the Bayesian
method is that it can estimate parameters at small extreme
observation values and can be used for all distributions.

This study used simulation data (n = 30,50,100) based
on the number of chronic Filariasis cases in 34 Provinces in
Indonesia. Each simulated data is generated with three
levels of overdispersion: low (1 < y2.g4rson/df < 10),
moderate (10 < ¥Zearson/df <20) , and high
(XEearson/df > 20). This category is designed to test how
well the Poisson Hurdle model estimates the parameters
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using generated data with the Bayesian method used based
on different sample sizes and overdispersion levels.

This research is expected to provide good benefits for
statistical users as a reference in using the Hurdle method,
where the response variable is in the form of a count
containing overdispersion. In addition, it can be a reference
that besides classical statistical method there is an
alternative way based on data driven, namely Bayesian
method.

2. Literature Review

This sub chapter will discuss the literature review
analysis that will be used in this research which are:
Poisson regression, Hurdle regression, Bayesian.

2.1. Poisson Regression

The regression method for modeling causal relationships
between discrete response variables (Poisson distribution)
with one or more predictor variables (it can be discrete or
continuous) is called Poisson regression as presented in
equation (1)[4].

Yi=A4+tg (1)

where:

y; : the i" observation value of the response variable

A; 0 the i ™ mean response variable Y that is
influenced by the predictor variable values

g; : the "™ observation error

2.2. Poisson Distribution Conformity

One of the assumptions that must be fulfilled in Poisson
regression is that the response variable (Y) follows a
Poisson distribution. The assumption Y ~Poisson(4) was
tested with the Kolmogorov-Smirnov test based on the
hypothesis:

Hy: Fy(y) = P(y,A), the response variable follows a
Poisson distribution

Hy: Fy(y) # P(y,A), the response variable does not
follow a Poisson distribution

The Kolmogorov-Smirnov statistical test for the Poisson
distribution conformity test is presented in equation (2) [5].

D = maximum|Fy(vy) = P(ya,2)| (2

where:
Fy(y@) : cumulative function of sample,
P(yq,2) : cumulative probability function of the Poisson

distribution,
Ya) : ranking statistics of response variable
k 20,12, .0

Reject Hy ifor D > Dy, 4y OF Pyapye < 0.05.

2.3. Non-Multicollinierity Test

To measure the strength of the relationship between
predictor variables, the VIF (Variance Inflating Factor)
criteria are used.

1
—R?
1-R;

VIF, =

©)

where:
Rjz: coefficient determination of auxiliary regression

As a standard rule, if VIF of a predictor variable exceeds
10, which will occur if the R?exceeds 0.90, the predictor
variable (which serves as the response variable in auxiliary
regression) is said to be very closely related to other
(k — 1) predictors [6].

2.4. Overdispersion

One of the assumptions of Poisson regression analysis is
equidispersion (the mean equal the variance) in the
response variable. However, not all data fulfill these
assumptions because there may also be problems of
underdispersion and overdispersion. Overdispersion is a
situation in which the variance is greater than mean. One of
the causes of overdispersion is the homogenity in observed
subjects [7]. Examination of the occurrence of
overdispersion can be done using the Pearson Chi-Squared
statistic divided by Poisson regression degrees of freedom,
mathematically written in equation (4).

_vn Oi-B)? 2

Xiz’earson - i=1T ~X(n-p) (4)

where:

i = A = exp(,[?o + Z§=1 xiij)

n  :number of observations

p  :number of parameters (k + 1)

x;j . the value of the j™ predictor variable on the i
observation

If (¥3eqrson/(m —p)) > 1 then it can be concluded that

observations contain overdispersion.

th

2.5. Hurdle Poisson Regression Model

Probability function of the Hurdle model is a
combination of probability on logit models and Poisson
truncated models [8] presented in equation (5) [9].

(1 - T[i) Yi = 0
= 1.) = —Ai).Yi
P = ©

Equation (5) has parameters w and A that fulfill
equation (6) and (7).

logit m; = In(m; /(1 — 1)) = 8 + Xy x:;6; + & (6)
Ink; =By + Z?:l xi;Bj + & (7
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Based on equation (6) and (7), Hurdle Poisson models
are derived shown in equation (8) and (9).
_ exp(60+2?:1xij5j)

- 1+exp(60+2;‘=1xi1-5]-)
A= exp([?o + Zfﬂ xijﬁj) )

In equation (8) provide logit model and equation (9) is
truncated model where g and § are the parameters to be
estimated.

®)

T

2.6. Bayesian Hurdle Poisson Regression

There are three important components of the Bayesian
method, (1) the likelihood function of the HPR model, (2)
the prior distribution and (3) the posterior distribution. The
likelihood function of the HPR model is presented in
equation (10).

n 1
F1B,8) = Iim1 T sy X
yi=0
n [exp(—exp(XTB))][exp(XTﬂ)]yi

s (e ety

(10)

The prior distribution for g and & are assumed to
normally distributed with mean u and variance o? as

presented in equation (11).
2
L exp (— (B_”f) ) x  (11)
2 ZG'B

The posterior distribution is the multiplication between
the likelihood function and the prior distribution with the
form of the equation as presented in equation (12).

f(B,81Y) < f(Y]B,8)f (B, 6)

1

f(B,68]Y) l'[yi:om

f(ﬁ' 6) = H?:O

op

™1 [exp(—exp (X7 B))]lexp(XT B)]"
LI (1 - [exp(—exp(XTB))]):!

yi>0
k 2
1—[ 1 ( (ﬁ—#ﬁ))
X exp| — 3
joo opV2m 205
(6-1)?
w (- 44)

2.7. Bayesian Model Convergence Test

k 1
=07 77 (12)

One way to check the accuracy of parameter estimator
with the Bayesian method is by conducting a convergence
test of model parameters. There are four methods in
convergence test [10].

1. Trace Plot

Plot between the estimator that has been simulated on
iteration. If the trace plot shows a random pattern then
convergence is fulfilled.
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2. Autocorrelation Plot

Autocorrelation measures the relationship between

simulated values {xj(t)} and {xj(””} where L is the

amount of lag of separate iterations on two sets of values. If
the first lag on the autocorrelation plot is close to one and
the next lag is close to zero then convergence is met.

3.  Ergodic Mean Plot

Plot between iteration and moving average of parameter
estimator, convergence will be fulfilled if after several
iterations the ergodic mean plot is stable.

4.  Monte Carlo Error (MC Error)

The process of calculating MC error uses the mean batch
method by dividing the sample of generation results in K
batches. The formula for calculating MC errors, namely:

1 K

Kk—1) &b=1 (13)

——  ——\2
MCELG(®)] = | ©@, - c®)
If the MC error is less than 5% of the standard deviation
of each parameter then convergence is fulfilled.

2.8. Best Model Selection

The model goodness of fit criteria in the Bayesian
method uses the deviance information criterion (DIC)
criteria. In the Bayesian method, the DIC criterion has
advantages over other criteria because it is easily
calculated from samples generated by MCMC simulations
[11]. The best models have the smallest DIC. The DIC
criterion is defined in equation (14).

DIC = D(6) + pp (14)
where:

bp= W—D(é)

D(6) : Average deviation of posterior distribution 6
D(A) : The expected deviation on the posterior
average, 6

3. Research Methodology

The original data of the study was sourced from the 2020
Indonesian Health Profile related to chronic Filariasis cases
had 34 observations with five predictor variables and one
response variable. Simulation data is generated with
various sample sizes, namely 30, 50, and 100 based on the
parameters of original data. The steps of data generation
simulation are as follows:

1. Generates predictor variable X;;j~uniform with the
minimum and maximum values of as much original
data.n = 30,50,100

2. Use Boigm and &
simulation data.

3. Calculating 7; and A; where:

as a regression coefficient

origin
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. exp(8, + i, xi;6;)
1+ exp(8y + Zﬁ?zlx”(?j)

k
A =exp| fo+ injﬁj

j=1
4. Generates Y;~Poisson(m; +1;) with low level
(1 < yEearson/df < 10), moderate level (10 <

df <20), and high level (xZcarson/df > 20) of
overdispersion.

After obtaining the simulation data, the analysis is
carried out as follows:
1. Testing the suitability of Poisson's distribution using
the Kolmogorov-Smirnov test on equation (2).
2. Testing Non-Multicollinierity based on the VIF
criteria in equation (3).
3. Calculate  y3.4rson  Statistics  for
overdispersion according to equation (4).
4. Estimate the parameters of Hurdle Poisson regression
model using the Bayesian method corresponds to
equation (12) with the stages:
(1) Determines the initial value of the parameter 5°
and &°
(2) Foreachiteration.t = 1,2,...,T
a  Generates the value of p®
£(B15¢, %)
b Generates the value of §® from f(5|8®,x)
¢ Repeat Steps (a) and (b) until they are
convergence.

testing

from

5. Examine the convergence of model parameters with
the Bayesian method in three ways, namely trace plot,
autocorrelation plot, and ergodic mean plot.

6. The selection of the best model is done according to
the criteria of the DIC in equation (14).

7. Interpretation and conclusion.

4. Result and Discussion

The analysis on the simulation data begins with a
Poisson distribution conformity test and an overdispersion
test to see how similar the simulated data is to the original
data.

4.1. Poisson Distribution Conformity Testing

The response variable of simulated data was generated
with the Poisson distribution. The results of Poisson
distribution conformity test on the response variable are
presented in Table 1.
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Table 1. Results of Conformity Testing Of Poisson Distribution for
Simulation Data

n Leyel of. Statistic_s Kolmogorov Pooine
Overdispersion Smirnov (D)

Low 0.789 0.000

30 Moderate 0.831 0.000
High 0.766 0.000

Low 0.960 0.000

50 Moderate 0.960 0.000
High 0.960 0.000

Low 0.843 0.000

100 Moderate 0.930 0.000
High 0.930 0.000

Judging from Table 1, all response variable in the
simulation data does not follow Poisson distribution
because of p,qume < 0.05. This happened because the
response variable original data does not follow Poisson
distribution, and the pattern of response variable
corresponds to the original data pattern (not follow Poisson
distribution). Identification of the proper distribution of Y
variables is done with EasyFit software. The identification
results show that the Poisson distribution ranked third after
uniform and geometric distribution (the same as the
original data). Therefore, the Bayesian method to estimate
the parameters is applied because it has advantages that can
be applied to all distributions (any distribution).

4.2. Testing Non-Multicollinierity between Predictor
Variable

Non-multicollinierity between predictor variable is
presented in Table 2.

Table 2. Results of Non-Multicollinierity Testing Between Predictor
Variable
n Ovel_rg\i/ser!eor];ion X X. ‘;IFj X X
1 2 3 4 5
Low 117 | 111 1.18 1.24 1.32
30 Moderate 117 | 111 1.18 1.24 1.32
High 111 | 1.05 1.12 117 111
Low 1.05 | 111 1.12 1.23 1.10
50 Moderate 105 | 111 | 112 1.23 1.10
High 1.05 | 111 112 | 1,23 | 1.10
Low 1.06 | 1.03 1.03 1.04 1.02
100 Moderate 1,02 | 1,02 | 101 | 1.01 | 1.00
High 1.02 | 1.02 1.01 1.01 1.00
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Based on Table 2, VIF of all predictor variables are
less than 10, it can be said that the assumption of
non-multicollinearity is fulfilled.

4.3. Overdispersion Testing

Table 3 presents descriptive analysis results (percentage
value 0 on response variable) and y3.,,s0n/df Vvalues at
various sample sizes and overdispersion levels.

Table 3. Overdispersion Test Results for Simulation Data

Percentage
n Ovel_rz\i/:pl)eorgon Vlst!z;:ngen Xbearson/df
Variable (%)
Low 46.67 8.67
30 Moderate 36.67 14.94
High 36.67 38.63
Low 58.00 4.13
50 Moderate 54.00 18.69
High 58.00 36.33
Low 50.00 2.18
100 Moderate 55.00 15.31
High 52.00 31.73

Table 3 shows that a sample size n = 30 with a low
overdispersion level has the highest percentage value
(46.67%) of 0 on response variable compared to moderate
and high overdispersion levels at the same sample size
and test statistic x2,qrson(z24) 15 8.66

In sample size 50, low and high overdispersion levels
are equal to 58% of 0 on the response variable, and test
statistic 4.13 for low overdispersion level and 36.33 for
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high overdispersion level.

In sample size 100 with a moderate overdispersion
level has the highest percentage of 0 at response variable
(55%) has Xpearson(osy 1S 15.315. This indicates that the
percentage value of 0 on the response variable does not
guarantee how high the test statistic is. However, the
value of predictor variable also plays an important role in
the level of overdispersion considering equation (4).

4.4. Results of Estimation of MLE Hurdle Poisson
Regression Parameters

The simulation data was generated based on the
original Poisson MLE Hurdle regression parameter. If the
estimator of Hurdle Poisson regression parameters in both
data is not much different, then the simulation built is
appropriate. The estimator of the MLE Hurdle Poisson
regression parameter in the simulation data is presented in
Table 4 and Table 5.

Table 4 and Table 5 show that statistics §; and f3; of
simulation data and simulation data are not different. This
proves that the data simulations are appropriate.

4.5. Convergence of Bayesian Model Parameters

Methods for parameter convergence tests are carried out
on simulation data, namely (1) Trace Plot, (2)
Autocorrelation Plot, and (3) Ergodic Mean Plot (4) MC
error. In the original data, convergence was achieved when
conducted 300,000 iterations and 7 batches (thin).

In simulation data (n = 30,50,100) with low,
moderate, and high levels of overdispersion converged
when iterated as many as 300,000 and 7 batches (thin).
This is in line with the convergence examination of the
original data.

Table 4. Results of Parameter Estimation of MLE Hurdle Poisson Regression on Simulation Data for y; = 0

Data n Ovel_rg\i/:;eor;t)n 8 8 8 8 8 5
Original 34 High —14.43 —4.87 x 1073 0.20 0.25 —2.08 x107* 0.008
Low —10.68 —1.03 x 1073 0.46 0.53 -3.77 x107* 0.13
30 Moderate —6.76 —9.78 x 1073 0.13 0.39 —1.27 X 107* 0.10
High —1.47 —2.88 x 1073 0.66 0.41 —7.00 x 1075 0.23
Low —7.98 —3.06 x 1073 0.59 0.48 —-6.30 x 107* 0.18
Simulation 50 Moderate —-10.92 —1.85 x 1073 0.45 0.54 —2.75 x107* 0.16
High —10.56 —1.04 x 1073 0.24 0.33 —3.66 X 107* 0.17
Low —9.34 —2.34 x 1073 0.86 0.70 —3.82 x107* 0.15
100 Moderate —-5.46 —1.38 x 1073 0.31 0.45 —4.37 x107* 0.009
High —6.59 —1.40 x 1073 0.35 0.57 —4.34 x107* 0.009
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Table 5. Results of Parameter Estimation of MLE Hurdle Poisson Regression on Simulation Data for y; > 0

Data n Ovel;Z}/s[:e(;Zion Fo hr Fa P P Ps
Original 34 High -4.21 —2.70 x 1073 0.15 0.51 —4,00 x10™* | 8.02 x 1072
Low -3.89 -2.32 x1073 0.14 0.45 —3.08 x107* | 7.85 x 1072
30 Moderate —-3.90 —2.54 x 1073 0.17 0.50 -3.78 x10™* | 7.42 x 1072
High -3.36 —2.65 x 1073 0.17 0.48 —3.38 x107* | 6.89 x 1072
Low —4.24 —2.58 x 1073 0.15 0.52 -3.72 x107* | 7.81 x 1072
Simulation 50 Moderate —4.06 —2.35 x1073 0.16 0.53 —3.94 x107* 7.11 x 1072
High —4.41 —-2.53 x 1073 0.12 0.53 —3.69 x10™* | 8.06 x 1072
Low -3.98 —2.68 x 1073 0.15 0.50 —3.73 x10™* 7.87 x 1072
100 Moderate —4.37 —2.65 x 1073 0.16 0.49 —3.66 x10™* | 8.28 x 1072
High —4.50 —2.67 x 1073 0.15 0.51 -3.69 x10™* | 829 x 1072

4.6. Parameters of the Bayesian Hurdle Poisson Regression Model 0

After conducting an iteration of 300,000 and 7 batches (thin), then obtained the estimator of the Bayesian Hurdle
Poisson regression parameter for y; = 0 presented in Table 6 and the estimator of the Bayesian Hurdle Poisson
regression parameter for y; > 0 in Table 7.

Table 6. Results of Parameter Estimation of Bayesian Hurdle Poisson Regression on Simulation Data for y; = 0

Data n OveLr(ei\ilseF:ec:fsion 8 8 8 8 8 8
Original 34 High 16.65 4x107* —-0.23 —0.30 6x107* -0.19
Low 22.26 212%x 1073 —-0.91 -1.07 7.28 X 107* -0.27
30 Moderate 12.34 1.79 x 1073 —-0.24 -0.73 2.31%x107* -0.19
High 29.13 5.96 x 1073 -1.29 —-0.83 1.44 x 107* —-0.47
Low 13.55 5.15%x 1073 —-0.98 -0.82 1.07 x 107* —-0.30
Simulation | 50 Moderate 15.44 2.70 x 1073 —0.66 —-0.78 3.94x107* —0.22
High 14.81 1.51x 1073 —0.34 —-0.47 5.35x 107* —-0.24
Low 11.68 2.92 %1073 —-0.10 -0.87 4.68%x107* -0.19
100 Moderate 6.43 1.67 X 1073 -0.37 —0.53 5.29x 107* -0.11
High 7.90 1.68 x 1073 —-0.41 —0.69 5.28 X 107* -0.11

Table 7. Results of Parameter Estimation of Bayesian Hurdle Poisson Regression on Simulation Data for y; > 0

Data n Ovel_rz\ilse[:ec;fsion Bo A b Bs A Bs
Original 34 High —4.24 —-2.70x 1073 0.15 0.51 —4.0x107* 8.05 x 1072
Low —4.15 -2.35%x 1073 0.14 0.45 —-3.1x107* 8.12x 1072
30 Moderate -4.19 —-2.57%x 1073 0.18 0.50 —-3.8x107* 7.72 X 1072
High -3.50 -2.67%x1073 0.17 0.49 —3.4x107* 6.97 X 1072
Low —4.20 —-2.57x 1073 0.15 0.52 —-3.7x107* 7.69 x 1072
Simulation | 50 Moderate —4.05 —235x 1073 0.16 0.53 —4.0x107* 7.06 x 1072
High —4.37 -2.52%x 1073 0.12 0.53 —-3.7x10™* 7.97 X 1072
Low -3.99 —-2.70x 1073 0.15 0.50 —-3.7x107* 7.88 x 1072
100 Moderate —4.36 —2.65%x 1073 0.16 0.49 —-3.7x10™* 8.27 x 1072
High —4.52 —2.67 x 1073 0.15 0.51 —-3.7x107* 8.31x 1072
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Consider Table 6 and Table 7, where §; and j; of the

simulation data is not much different from the original data.

The DIC of simulation data is discussed in sub Chapter 4.6.

4.7. Selection of the Best Model

DIC criteria are used as the goodness of Bayesian
method, and the best models have the smallest DIC. The
DIC of the simulation data is presented in Table 8.

Table 8. DIC of Simulated Data
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on n > 30 or n - co sample sizes with varying levels of
overdispersion due to a normal prior distribution. The
parameter estimator obtained from the simulation data is
similar to the estimators of the original data (both the
estimation of the MLE Hurdle Poisson regression
parameter and the Bayesian Hurdle Poisson regression).
This indicates that the simulation scenario is appropriate.
This study has not modeled the best fitted distribution
(uniform and geometric). Therefore, other researchers can
further model Hurdle uniform regression or Hurdle
geometric regression in handling overdispersion.

Table 8 shows that simulation data for n = 30 with a
high overdispersion level has the smallest DIC, compared
to low and moderate overdispersion levels. The simulation
data for n = 50 with moderate overdispersion level has
the smallest DIC, compared to low and high overdispersion
levels. Simulation data for n =100 with moderate
overdispersion level has the smallest DIC compared to low
and high overdispersion levels. This suggests that the
Hurdle Poisson regression model with the Bayesian
method performed in this study is suitable for use on
n =30 or n — oo sample sizes with varying levels of
overdispersion because the prior distribution a normal. If
the sample size is less than 30, it is considered a different
prior distribution appropriate to the data behavior.

5. Conclusions

The performance of the Bayesian Hurdle Poisson
regression model can be seen from the simulation data
(n =30,50,100) generated based on the parameters of
original data with low, moderate, and high overdispersion
levels. Based on the DIC, the same sample size with
different levels of overdispersion does not indicate that
certain levels of overdispersion are better than other levels
of overdispersion. Likewise, at the same level of
overdispersion with different sample sizes, it does not
indicate that certain sample sizes are better than other
sample sizes. It shows that the Bayesian Hurdle Poisson
regression model proposed in this study is suitable for use

n Level of Overdispersion DiC
Low -6341.0
30 Moderate -10324.1
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