
Mathematics and Statistics 10(3): 542-548, 2022
DOI: 10.13189/ms.2022.100309

http://www.hrpub.org

On Generalized Bent and Negabent Functions

Deepmala Sharma∗, Sampada Tiwari

National Institute of Technology, Raipur, 492010, Chhattisgarh, India 

Received February 8, 2022; Revised April 5, 2022; Accepted April 21, 2022

Cite This Paper in the following Citation Styles
(a): [1] Deepmala Sharma, Sampada Tiwari, ”On Generalized Bent and Negabent Functions,” Mathematics and Statistics, Vol.10, No.3, pp. 542-548, 2022.

DOI: 10.13189/ms.2022.100309

(b): Deepmala Sharma, Sampada Tiwari, (2022). On Generalized Bent and Negabent Functions. Mathematics and Statistics, 10(3), 542-548, DOI:

10.13189/ms.2022.100309

Copyright ©2022 by authors, all rights reserved. Authors agree that this article remains permanently open access under the terms of
the Creative Commons Attribution License 4.0 International License

Abstract From the last few years, generalized bent func-
tions gain a lot of attention in research as they have many
applications in various fields such as combinatorial design, se-
quence design theory, cryptography, CDMA communication,
etc. A deep and broad study of generalized bent functions with
their properties is done in literature. Kumar et al.[11] first gave
the concept of generalized bent function. Many researchers
studied the properties and characterizations of generalized bent
functions. In [2] authors introduced the concept of generalized
(q-ary) negabent functions and studied some properties of
generalized (q-ary) negabent functions. In this paper, we study
the generalized (q-ary) bent functions f : Zn

q → Zq , where
Zq is the ring of integers with mod q, Zn

q is the vector space
of dimension n over Zq and q ≥ 2 is any positive integer. We
discuss several properties of generalized (q-ary) bent functions
with respect to their nega-Hadamard transform. We also study
the relation between generalized nega-Hadamard transforms
and generalized nega-autocorrelations. Furthermore, we prove
the necessary and sufficient conditions for the bentness and
negabentness of generalized (q-ary) bent function generated
by the secondary construction for Zn

q , where q = 2s.

Keywords Generalized Bent Function, Generalized Walsh-
Hadamard Transform, Generalized Nega-Hadamard Transform

1 Introduction
Day-by-day data security becomes very significant for the

society. Cryptography is the art of writing secure data. The
term cryptography originated from the Greek words “Kryp-
tos” which means hidden and “Graphein” which means writ-
ing. Hence the word cryptography means “secret writing”. In
[15] Tayal et al. investigated that with the advent of World

Wide Web, social networks and commerce applications, orga-
nizations across the world produce a huge amount of data daily.
Due to this, information security is an excessive issue in terms
of transmitting data safely through the web. In this paper the
authors provide an overview on the various techniques to en-
hance network security. Generalized bent functions have vast
applications in cryptography, coding theory and sequence de-
sign. They are used for signal design with good correlation for
wireless communication([13, 12, 18]). The concept of gener-
alized bent function was first introduced by Kumar et al.[11].
Later many researchers studied the generalized bent functions
due to their importance in cryptography([3, 4, 7, 10]). Hodžić
et al.[14] studied the generalized bent functions and provided
the necessary and sufficient conditions for generalized bent
functions to represent them as a linear combination of gener-
alized bent and Boolean bent functions. In [8] and [9] Stănică
et al. introduced several properties of nega-Hadamard trans-
form of Boolean functions. Chaturvedi and Gangopadhyay
[1] introduced some properties of generalized nega-Hadamard
transform of generalized Boolean function defined from Zn

2 to
Zq . Recently, Paul et al.[2] propose a generalization of ne-
gabent functions to construct generalized negabent functions
over Zq . They raised an open problem for constructing gener-
alized (q-ary) negabent functions in general. In this paper, we
partially solve the open problem raised by Paul et al. in [2]. We
study several properties of generalized (q-ary) Boolean func-
tions defined from Zn

q to Zq with respect to nega-Hadamard
transform. Also, we prove the necessary and sufficient condi-
tions for the bentness and negabentness of generalized (q-ary)
Boolean function on (n+ 1) variables generated by secondary
construction from the functions on n variables for Zn

q , where
q = 2s.
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1.1 Definitions and Notations

Let Zq be the ring of integers with mod q and Zn
q be the vec-

tor space of dimension n over Zq . Any function from Zn
q to Zq

(q ≥ 2, a positive integer) is known as a generalized Boolean
function on n variables. The set of all generalized Boolean
functions is denoted by GBq

n and the cardinality of GBq
n is qq

n

.
For q = 2, we obtain the classical Boolean function.

Let x = (x1, x2, ..., xn) and y = (y1, y2, ..., yn) ∈ Zn
q , then

the Hamming distance[6] between these two vectors x and y,
denoted by dist(x, y), is the number of places where they dif-
fer. The Hamming weight[6] of a vector x = (x1, x2, ..., xn),
denoted by wt(x), is the number of non-zero xi.

The Walsh-Hadamard transform of a generalized Boolean
function[5] f ∈ GBq

n at any point λ ∈ Zn
q is the complex

valued function defined by

Wf (λ) = q−
n
2

∑
x∈Zn

q

ζf(x)+<λ,x>,

where ζ is the q-th primitive root of unity. The function f ∈
GBq

n is said to be q-ary bent function if |Wf (λ)| = 1, for all
λ ∈ Zn

q . That is, if Walsh-Hadamard spectrum of f is flat.
The nega-Hadamard transform of a generalized Boolean

function[2] f ∈ GBq
n at any point λ ∈ Zn

q is defined by

Nf (λ) = q−
n
2

∑
x∈Zn

q

ζf(x)+<λ,x>ω
∑

xi ,

where ζ = e
2πi
q is the q-th primitive root of unity and ω is the

(2q)-th primitive root of unity.
The nega crosscorrelation[2] of two q-ary functions f, g ∈
GBq

n at any point λ ∈ Zn
q is defined by

Cf,g(λ) =
∑
x∈Zn

q

ζf(x)+g(x+λ)(−1)nq(x,λ),

where nq(x, λ) =
∑n

i=1⌊
xi+λi

q ⌋ = |{i : xi + λi ≥ q}|.
The identity

∑n
i=1⌊

xi+λi

q ⌋ = |{i : xi + λi ≥ q}| holds true
as xi + λi < 2q, for xi, λi ∈ Zn

q . If f = g, then the
sum Cf,f (λ) = Cf (λ) is known as nega autocorrelation of
f ∈ GBq

n at λ ∈ Zn
q . This whole approach conflicts with the

classical Boolean case when q = 2.

1.2 Preliminary results

We recall the following results.

Lemma 1. [16] Given any positive integer n. If v ∈ Zn
2 , then

∑
x∈Zn

2

(−1)v·x =

{
2n, if v = 0

0, otherwise.

Lemma 2. [11] Given any positive integer n. If u ∈ Zn
q , then

∑
x∈Zn

q

ζ<u,x> =

{
qn, if u = 0

0, otherwise.

where nq(x, y) =
∑n

i=1⌊
xi+yi

q ⌋ = |{i : xi + yi ≥ q}|.

2 Properties of q-ary Functions in
terms of Nega-Hadamard Transform

Here we provide some properties of generalized Boolean
functions (q-ary functions) in terms of nega-Hadamard trans-
forms.

Lemma 3. [2] Let x, y, z ∈ Zn
q and z = x+ y. Then∑

zi =
∑

xi +
∑

yi − qnq(x, y),

where nq(x, y) =
∑n

i=1⌊
xi+yi

q ⌋ = |{i : xi + yi ≥ q}|.
Theorem 4. Let f , g and h are q-ary functions. Then the fol-
lowing statements are true:-

(i) For any affine function, ku,v(x) =< u, x > +v,

Nf+ku,v (λ) = ζvNf (u+ λ).

(ii) If lu,v(x) = q
2 < u, x > +v is any affine function then∑

λ∈Zn
q

Nlu,v (λ)ζ
<−λ,x> = q

n
2 ζv

∑
x∈Zn

q

(−1)u·xω
∑

xi .

(iii) If g(x, y) = f1(x) + f2(y), for x, y ∈ Zn
q , then

Ng(λ, γ) = Nf1(λ)Nf2(γ).

(iv) If g(x) = f1(x) + f2(x) on Zn
q , then for γ ∈ Zn

q

Ng(γ) = q−
n
2

∑
λ∈Zn

q

Nf1(λ)Wf2(γ − λ)

= q−
n
2

∑
λ∈Zn

q

Wf1(λ)Nf2(γ − λ).

Proof. (i) Let ku,v(x) =< u, x > +v. Then as defined on
generalized nega-Hadamard transform, we have

Nf+ku,v
(λ) = q−

n
2

∑
x∈Zn

q

ζf+ku,v(x)+<λ,x>ω
∑

xi

= q−
n
2

∑
x∈Zn

q

ζf(x)+<u,x>+v+<λ,x>ω
∑

xi

= q−
n
2 ζv

∑
x∈Zn

q

ζf(x)+<u+λ,x>ω
∑

xi

= ζvNf (u+ λ).

(ii) Let lu,v(x) = ( q2 ) < u, x > +v. Then we have∑
λ∈Zn

q

Nlu,v
(λ)ζ<−λ,x>

= q−
n
2

∑
λ∈Zn

q

∑
y∈Zn

q

ζlu,v(y)+<λ,y>ω
∑

yiζ<−λ,x>

= q−
n
2

∑
λ∈Zn

q

∑
y∈Zn

q

ζ
q
2<u,y>+v+<λ,y>+<−λ,x>ω

∑
yi

= q−
n
2 ζv

∑
y∈Zn

q

ζ
q
2<u,y>ω

∑
yi

∑
λ∈Zn

q

ζ<λ,−x+y>

= q
n
2 ζv

∑
x∈Zn

q

(−1)<u,x>ω
∑

xi . (using Lemma 2)
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(iii) Let g(x, y) = f1(x) + f2(y), for all x, y ∈ Zn
q . Then we

have

Ng(λ, γ)

= q−n
∑

x,y∈Zn
q

ζf1(x)+f2(y)+<λ,x>+<γ,y>ω
∑

xi+
∑

yi

= q−
n
2

∑
x∈Zn

q

ζf1(x)+<λ,x>ω
∑

xiq−
n
2

∑
y∈Zn

q

ζf2(y)+<γ,y>ω
∑

yi

= Nf1(λ)Nf2(γ).

(iv) Let g(x) = f1(x) + f2(x), for x ∈ Zn
q . Then we have

Nf1(λ) = q−
n
2

∑
x∈Zn

q

ζf1(x)+<λ,x>ω
∑

xi

and

Wf2(γ − λ) = q−
n
2

∑
y∈Zn

q

ζf2(y)+<γ−λ,y>.

Therefore, we have∑
λ∈Zn

q

Nf1(λ)Wf2(γ − λ)

= q−n
∑

λ,x,y∈Zn
q

ζf1(x)+f2(y)+<λ,x>+<γ−λ,y>ω
∑

xi

= q−n
∑

x,y∈Zn
q

ζf1(x)f2(y)+<γ,y>ω
∑

xi

∑
λ∈Zn

q

ζ<λ,x−y>

=
∑
x∈Zn

q

ζf1(x)+f2(x)+<γ,x>ω
∑

xi (using Lemma 2)

=
∑
x∈Zn

q

ζg(x)+<γ,x>ω
∑

xi

= q
n
2 Ng(γ).

Again,

Wf1(λ) = q−
n
2

∑
x∈Zn

q

ζf1(x)+<λ,x>

and

Nf2(γ − λ) = q−
n
2

∑
y∈Zn

q

ζf2(y)+<γ−λ,y>ω
∑

yi .

Therefore, we have∑
λ∈Zn

q

Wf1(λ)Nf2(γ − λ)

= q−n
∑

λ,x,y∈Zn
q

ζf1(x)+f2(y)+<λ,x>+<γ−λ,y>ω
∑

yi

= q−n
∑

x,y∈Zn
q

ζf1(x)f2(y)+<γ,y>ω
∑

yi

∑
λ∈Zn

q

ζ<λ,x−y>

=
∑
x∈Zn

q

ζf1(x)+f2(x)+<γ,x>ω
∑

xi (using Lemma 2)

=
∑
x∈Zn

q

ζg(x)+<γ,x>ω
∑

xi

= q
n
2 Ng(γ).

Lemma 5. Let f ∈ GBq
n and λ ∈ Zn

q . then

|Nf (λ)|2 = q−n
∑
z∈Zn

q

Cf (z)ω
−

∑
ziζ<−γ,z>.

Proof.

|Nf (λ)|2

= Nf (λ)Nf (λ)

= q−n
∑
x∈Zn

q

ζf(x)+<λ,x>ω
∑

xi

∑
y∈Zn

q

ζ−f(y)−<λ,y>ω−
∑

yi

= q−n
∑

x,y∈Zn
q

ζf(x)−f(y)+<λ,x>−<λ,y>ω
∑

xi−
∑

yi

= q−n
∑

x,z∈Zn
q

(
ζf(x)−f(x+z)+<λ,x>−<λ,x+z>

ω−
∑

zi+qnq(x,z)
)

(using Lemma 3)

= q−n
∑

x,z∈Zn
q

(
ζf(x)−f(x+z)ζ<λ,x>−<λ,x+z>

(−1)nq(x,z)ω−
∑

zi
)

= q−n
∑
z∈Zn

q

ζ<−λ,z>Cf (z) ω−
∑

zi .

Theorem 6. Let f and g are q-ary functions and λ, γ ∈ Zn
q .

Then

qn
∑
λ∈Zn

q

|Nf (λ)|2|Ng(γ − λ)|2

=
∑
a∈Zn

q

Cf (a)Cg(a)ω−2
∑

aiζ<−γ,a>

Proof. From Lemma 5, we have

∑
λ∈Zn

q

|Nf (λ)|2|Ng(γ − λ)|2

= q−2n
∑
λ∈Zn

q

∑
a∈Zn

q

(
Cf (a)ω−

∑
aiζ<−λ,a>

∑
b∈Zn

q

Cg(b)ω−
∑

biζ<λ−γ,b>
)

= q−2n
∑

λ,a,b∈Zn
q

Cf (a)Cg(b)ω−
∑

ai−
∑

biζ<−λ,a>+<λ−γ,b>

= q−2n
∑

a,b∈Zn
q

Cf (a)Cg(b)ω−
∑

ai−
∑

biζ<−γ,b>
∑
λ∈Zn

q

ζ<λ,−a+b>

= q−n
∑
a∈Zn

q

Cf (a)Cg(a)ω−2
∑

aiζ<−γ,a>.

In particular, if f = g then we have

qn
∑
λ∈Zn

q

|Nf (λ)|2|Nf (γ−λ)|2 =
∑
a∈Zn

q

(Cf (a))2ω−2
∑

aiζ<−γ,a>.
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3 Secondary construction of general-
ized bent functions on (n + 1) vari-
ables from the functions on n vari-
ables on Zn2s

In this section, we proposed a necessary and sufficient con-
dition for the bentness of a generalized Boolean function.

Theorem 7. Let h ∈ GB2s

n+1 be expressed as

h(x, y) = f(x)(1 + y) + g(x)y,

for all x, y ∈ Zn
2s×Z2s and f, g ∈ GB2s

n . Then h is generalized
bent if and only if the following conditions are satisfied.

(i) |
∑2s−1

r=0 Whr (v)| =
√
2s, for all v ∈ Zn

2s .

(ii)
∑2s−1

r=0 cos( arπ

2s−1 )Whr (v)∑2s−1
r=0 sin( arπ

2s−1 )Whr (v)
= ψ(v), for a = 1 to a = 2s−1 −

1,∑2s−1−1
r=0 Wh2r

(v)∑2s−1−1
r=0 Wh2r+1

(v)
= iρ(v), where ψ(v), ρ(v) ∈ R.

(iii)
∑2s−1

r=0 |Whr
(v)|2+

∑2s−5
m=0

∑k
n=0 Whm

(v)Wh4n+m+4
(v)

+
∑2s−5

m=0

∑k
n=0 Whm

(v)Wh4n+m+4
(v) = 2s, where k is

chosen such that (4n+m+ 4) < 2s, and∑2s−3
m=0

∑j
n=0 Whm(v)Wh4n+m+2(v)

+
∑2s−3

m=0

∑j
n=0 Whm

(v)Wh4n+m+2
(v) = 0, where j is

chosen such that (4n+m+ 2) < 2s.

(iv) |
∑2s−1

r=0 cos( arπ
2s−1 )Whr

(v)|2

+ |
∑2s−1

r=0 sin( arπ
2s−1 )Whr (v)|2 = 2s, for a = 1 to a =

2s−1 − 1.
Here hr(v) = h(v, r) = f(v)(1 + r) + g(v)r, for all
v ∈ Zn

2s , r ∈ Z2s .

Proof. Let

h(x, y) = f(x)(1 + y) + g(x)y

be a generalized bent function, for all x, y ∈ Zn
2s × Z2s . Then

the generalized Walsh-Hadamard transform of h at (v, a) ∈
Zn
2s × Z2s is given by

Wh(v, a) =
1

(2s)
n+1
2

∑
(x,y)∈Zn

2s
×Z2s

ζh(x,y)+a·y+<v,x>

=
1

(2s)
n+1
2

2s−1∑
r=0

∑
x∈Zn

2s

ζhr(x)+a·r+<v,x>

=
1√
2s

2s−1∑
r=0

ζa·rWhr (v).

Since h is generalized bent function, it follows that
|Wh(v, a)| = 1, for all (v, a) ∈ Zn

2s × Z2s . This implies that,

|
2s−1∑
r=0

ζa·rWhr
(v)| =

√
2s

or

|
2s−1∑
r=0

(
cos(

arπ

2s−1
) + i sin(

arπ

2s−1
)
)
Whr

(v)| =
√
2s,

where a ∈ Z2s .This implies that,

|
2s−1∑
r=0

Whr
(v)| =

√
2s, (1)

|
2s−1∑
r=0

(
cos(

arπ

2s−1
) + i sin(

arπ

2s−1
)
)
Whr

(v)| =
√
2s, (2)

where a = 1 to a = 2s−1 − 1,

|
2s−1∑
r=0

(−1)rWhr (v)| =
√
2s, (3)

|
2s−1∑
r=0

(
cos(

arπ

2s−1
) + i sin(

arπ

2s−1
)
)
Whr

(v)| =
√
2s, (4)

where a = 2s−1 + 1 to a = 2s − 1.
Since cosine and sine are periodic functions, it follows that
equation (4) can also be written as

|
2s−1∑
r=0

(
cos(

arπ

2s−1
)− i sin(

arπ

2s−1
)
)
Whr (v)| =

√
2s, (5)

where a = 1 to a = 2s−1 − 1.

Let
∑2s−1−1

r=0 Wh2r
(v)∑2s−1−1

r=0 Wh2r+1
(v)

= ϕ(v), where
∑2s−1−1

r=0 Wh2r+1
(v) ̸=

0.
Solving (1) and (3), we get ϕ(v) = −ϕ(v), which implies that
ϕ(v) is purely imaginary, i.e.,

ϕ(v) = iρ(v), for all ρ(v) ∈ R (6)

Similarly by solving (2) and (5), we get∑2s−1
r=0 cos( arπ

2s−1 )Whr (v)∑2s−1
r=0 sin( arπ

2s−1 )Whr (v)
= ψ(v), ψ ∈ R and (7)

a = 1 to a = 2s−1 − 1.
From (2) and (7), we obtain

|
2s−1∑
r=0

sin(
arπ

2s−1
)Whr

(v)|2|i+ ψ(v)|2 = 2s,

|
2s−1∑
r=0

sin(
arπ

2s−1
)Whr

(v)|2(1 + (ψ(v))2) = 2s,

|
2s−1∑
r=0

cos(
arπ

2s−1
)Whr

(v)|2 + |
2s−1∑
r=0

sin(
arπ

2s−1
)Whr

(v)|2 = 2s,

(8)
where a = 1 to a = 2s−1 − 1.
Similarly from (3) and (6), we have

|
2s−1−1∑
r=0

Wh2r
(v)|2 + |

2s−1−1∑
r=0

Wh2r+1
(v)|2 = 2s. (9)
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Again, from (8), we have

|
2s−1∑
r=0

cos(
arπ

2s−1
)Whr

(v)|2 + |
2s−1∑
r=0

sin(
arπ

2s−1
)Whr

(v)|2 = 2s,

(10)
where a = 1 to a = 2s−2 − 1.

|
2s−1−1∑
r=0

(−1)rWh2r (v)|2 + |
2s−1−1∑
r=0

(−1)rWh2r+1(v)|2 = 2s

(11)

|
2s−1∑
r=0

cos(
arπ

2s−1
)Whr

(v)|2 + |
2s−1∑
r=0

sin(
arπ

2s−1
)Whr

(v)|2 = 2s,

(12)
where a = 2s−2+1 to a = 2s−1− 1. Solving (9) and (11), we
get

2s−1∑
r=0

|Whr
(v)|2 +

2s−5∑
m=0

k∑
n=0

Whm
(v)Wh4n+m+4

(v)

+

2s−5∑
m=0

k∑
n=0

Whm(v)Wh4n+m+4(v) = 2s,

where k is chosen such that (4n+m+ 4) < 2s and
2s−3∑
m=0

j∑
n=0

Whm
(v)Wh4n+m+2

(v)

+

2s−3∑
m=0

j∑
n=0

Whm
(v)Wh4n+m+2

(v) = 0,

where j is chosen such that (4n+m+ 2) < 2s.
Conversely, let us assume that the conditions (i), (ii), (iii)

and (iv) are true. Then from the condition (i), we have

|Wh(v, 0)| = 1.

Using conditions (ii) and (iv), we get

2s|Wh(v, 1)|2

= |
2s−1∑
r=0

(
cos(

rπ

2s−1
) + i sin(

rπ

2s−1
)
)
Whr

(v)|2

= |
2s−1∑
r=0

sin(
rπ

2s−1
)Whr

(v)|2|ψ(v) + i|2

= |
2s−1∑
r=0

sin(
rπ

2s−1
)Whr (v)|2(ψ(v)2 + 1)

= |
2s−1∑
r=0

cos(
rπ

2s−1
)Whr

(v)|2 + |
2s−1∑
r=0

sin(
rπ

2s−1
)Whr

(v)|2

= 2s.

This implies that,
|Wh(v, 1)| = 1.

Similarly from conditions (ii), (iii) and (iv), for a = 2 to
a = 2s − 1, we have |Wh(v, a)| = 1.
Therefore, we have

|Wh(v, a)| = 1, for all (v, a) ∈ Zn
2s × Z2s .

This completes the proof.

4 Secondary construction of general-
ized negabent functions on (n + 1)
variables from the functions on n
variables on Zn2s

In this section, we proposed a necessary and sufficient con-
dition for the negabentness of a generalized Boolean function.

Theorem 8. Let h ∈ GB2s

n+1 can be expressed as

h(x, y) = f(x)(1 + y) + g(x)y,

for all x, y ∈ Zn
2s×Z2s and f, g ∈ GB2s

n . Then h is generalized
negabent if and only if the following conditions are satisfied.

(i) |
∑2s−1

r=0 ωrNhr (v)| =
√
2s, for all v ∈ Zn

2s .

(ii)
∑2s−1

r=0 cos( arπ

2s−1 )ωrNhr (v)∑2s−1
r=0 sin( arπ

2s−1 )ωrNhr (v)
= ψ(v), for a = 1 to a =

2s−1 − 1,∑2s−1−1
r=0 ω2rNh2r

(v)∑2s−1−1
r=0 ω2r+1Nh2r+1

(v)
= iρ(v), where ψ(v), ρ(v) ∈

R.

(iii)
∑2s−1

r=0 |Nhr (v)|2

+
∑2s−5

m=0

∑k
n=0 Nhm

(v)ω4n+m+4Nh4n+m+4
(v)

+
∑2s−5

m=0

∑k
n=0 Nhm(v)ω4n+m+4Nh4n+m+4(v) = 2s,

where k is chosen such that (4n+m+ 4) < 2s and∑2s−3
m=0

∑j
n=0 Nhm

(v)ω4n+m+2Nh4n+m+2
(v)

+
∑2s−3

m=0

∑j
n=0 Nhm(v)ω4n+m+2Nh4n+m+2(v) = 0,

where j is chosen such that (4n+m+ 2) < 2s.

(iv) |
∑2s−1

r=0 cos( arπ
2s−1 )ω

rNhr
(v)|2

+ |
∑2s−1

r=0 sin( arπ
2s−1 )ω

rNhr
(v)|2 = 2s, for a = 1 to a =

2s−1 − 1.
Here hr(v) = h(v, r) = f(v)(1 + r) + g(v)r, for all
v ∈ Zn

2s , r ∈ Z2s .

Proof. Let

h(x, y) = f(x)(1 + y) + g(x)y,

be a generalized negabent function for all x, y ∈ Zn
2s ×

Z2s . Then the generalized nega-Hadamard transform of h at
(v, a) ∈ Zn

2s × Z2s is given by

Nh(v, a) =
1

(2s)
n+1
2

∑
(x,a)∈Zn

2s
×Z2s

ζh(x,y)+a·y+<v,x>ω
∑

xi+y

=
1

(2s)
n+1
2

2s−1∑
r=0

∑
x∈Zn

2s

ζhr(x)+a·r+<v,x>ω
∑

xi+y

=
1√
2s

2s−1∑
r=0

ζa·rωrNhr (v).

Since h is generalized negabent function, it follows that
|ωrNh(v, a)| = 1, for all (v, a) ∈ Zn

2s × Z2s . This implies
that

|
2s−1∑
r=0

ζa·rωrNhr
(v)| =

√
2s
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or

|
2s−1∑
r=0

(
cos(

arπ

2s−1
) + i sin(

arπ

2s−1
)
)
ωrNhr

(v)| =
√
2s,

where a ∈ Z2s . This implies that

|
2s−1∑
r=0

ωrNhr
(v)| =

√
2s, (13)

|
2s−1∑
r=0

(
cos(

arπ

2s−1
) + i sin(

arπ

2s−1
)
)
ωrNhr

(v)| =
√
2s, (14)

where a = 1 to a = 2s−1 − 1,

|
2s−1∑
r=0

(−1)rωrNhr
(v)| =

√
2s, (15)

|
2s−1∑
r=0

(
cos(

arπ

2s−1
) + i sin(

arπ

2s−1
)
)
ωrNhr (v)| =

√
2s, (16)

where a = 2q−1 + 1 to a = 2s − 1.
Since cosine and sine are periodic functions, it follows that
equation (16) is written as

|
2s−1∑
r=0

(
cos(

arπ

2s−1
)− i sin(

arπ

2s−1
)
)
ωrNhr

(v)| =
√
2s, (17)

where a = 1 to a = 2s−1 − 1.

Let
∑2s−1−1

r=0 ω2rNh2r
(v)∑2s−1−1

r=0 ω2r+1Nh2r+1
(v)

= ϕ(v), where∑2s−1−1
r=0 ω2r+1Nh2r+1

(v) ̸= 0.
Solving (13) and (15), we get ϕ(v) = −ϕ(v), which implies
that ϕ(v) is purely imaginary, i.e.,

ϕ(v) = iρ(v), for all ρ(v) ∈ R. (18)

Solving (14) and (17), we get∑2s−1
r=0 cos( arπ

2s−1 )ω
rNhr

(v)∑2s−1
r=0 sin( arπ

2s−1 )ωrNhr (v)
= ψ(v), ψ ∈ R, (19)

where a = 1 to a = 2s−1 − 1.
From (14) and (19), we obtain

|
2s−1∑
r=0

sin(
arπ

2s−1
)ωrNhr

(v)|2|i+ ψ(v)|2 = 2s,

|
2s−1∑
r=0

sin(
arπ

2s−1
)ωrNhr (v)|2(1 + (ψ(v))2) = 2s,

|
2s−1∑
r=0

cos(
arπ

2s−1
)ωrNhr

(v)|2

+ |
2s−1∑
r=0

sin(
arπ

2s−1
)ωrNhr

(v)|2 = 2s,

(20)

where a = 1 to a = 2s−1 − 1.
Similarly from (15) and (18), we have

|
2s−1−1∑
r=0

ω2rNh2r
(v)|2 + |

2s−1−1∑
r=0

ω2r+1Nh2r+1
(v)|2 = 2s.

(21)
Again, from (20), we have

|
2s−1∑
r=0

cos(
arπ

2s−1
)ωrNhr (v)|2

+ |
2s−1∑
r=0

sin(
arπ

2s−1
)ωrNhr

(v)|2 = 2s,

(22)

where a = 1 to a = 2s−2 − 1,

|
2s−1−1∑
r=0

(−1)rω2rNh2r
(v)|2

+ |
2s−1−1∑
r=0

(−1)rω2r+1Nh2r+1(v)|2 = 2s,

(23)

|
2s−1∑
r=0

cos(
arπ

2s−1
)ωrNhr

(v)|2

+ |
2s−1∑
r=0

sin(
arπ

2s−1
)ωrNhr (v)|2 = 2s,

(24)

where a = 2s−2 + 1 to a = 2s−1 − 1.
Solving (21) and (23), we get

2s−1∑
r=0

|Nhr (v)|2 +
2s−5∑
m=0

k∑
n=0

Nhm(v)ω4n+m+4Nh4n+m+4(v)

+

2s−5∑
m=0

k∑
n=0

Nhm
(v)ω4n+m+4Nh4n+m+4

(v) = 2s,

where k is chosen such that (4n+m+ 4) < 2s and

2s−3∑
m=0

j∑
n=0

Nhm
(v)ω4n+m+2Nh4n+m+2

(v)

+

2s−3∑
m=0

j∑
n=0

Nhm(v)ω4n+m+2Nh4n+m+2(v) = 0,

where j is chosen such that (4n+m+ 2) < 2s.
Conversely, let us assume that the conditions (i), (ii), (iii)

and (iv) are true. Then from condition (i), we have

|Nh(v, 0)| = 1.
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Using conditions (ii) and (iv), we get

2s|Nh(v, 1)|2

= |
2s−1∑
r=0

(
cos(

rπ

2s−1
) + i sin(

rπ

2s−1
)
)
ωrNhr

(v)|2

= |
2s−1∑
r=0

sin(
rπ

2s−1
)ωrNhr (v)|2|ψ(v) + i|2

= |
2s−1∑
r=0

sin(
rπ

2s−1
)ωrNhr

(v)|2(ψ(v)2 + 1)

= |
2s−1∑
r=0

cos(
rπ

2s−1
)ωrNhr

(v)|2 + |
2s−1∑
r=0

sin(
rπ

2s−1
)ωrNhr

(v)|2

= 2s.

This implies that
|Nh(v, 1)| = 1.

Similarly from conditions (ii), (iii) and (iv), for a = 2 to
a = 2s − 1, we have |Nh(v, a)| = 1.
Therefore, we have

|Nh(v, a)| = 1, for all (v, a) ∈ Zn
2s × Z2s .

This completes the proof.

5 Conclusions
In this paper, we have discussed the properties of general-

ized (q-ary) Boolean functions with respect to nega- Hadamard
transform and their relation with generalized (q-ary) nega au-
tocorrealation. We also determine the necessary and suffi-
cient conditions for bentness and negabentness of general-
ized Boolean function for secondary construction on Zn

q , for
q = 2s. In other words, we obtain general constructions for
generalized (q-ary) bent functions and generalized (q-ary) ne-
gabent functions. These results may have great significance
for their feasible applications in numerous wireless communi-
cations.

REFERENCES
[1] A. Chaturvedi, A. K. Gangopadhyay, On Generalized Nega-

Hadamard Transform, In: Singh K., Awasthi A. K. (eds) Qual-
ity, Reliability, Security and Robustness in Heterogeneous Net-
works.QShine2013.Lectures Notes of the Institute for Computer
Sciences,Social Informatics and Telecommunication Engineer-
ing, vol. 115, Springer, Berlin, pp. 771-777, 2013.

[2] A. Paul, Some Cryptographic Criteria of Boolean Functions
and their Generalizations, A Ph.D. Thesis, 2018.
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