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Abstract Among many algebraic structures, algebras
of logic form an essential class of algebras. BCK and
BCI-algebras are two classes of logical algebras. They were
introduced by Imai and Iséki [6, 7] in 1966 and have been
extensively investigated by many researchers. The concept
of fuzzy soft sets is introduced in [17] to generalize standard
soft sets [21]. The concept of intuitionistic fuzzy soft sets is
introduced by Maji et al. [18], which is based on a combi-
nation of the intuitionistic fuzzy set [2] and soft set models.
The first section will discuss the origins and importance of
studies in this article. Section 2 will review the definitions
of a BCK/BCI-algebra, a soft set, a fuzzy soft set, and an
intuitionistic fuzzy soft set and show the essential properties
of BCK/BCI-algebras to be applied in the next section. In Sec-
tion 3, the concept of an anti-intuitionistic fuzzy soft b-ideal
(AIFSBI) is discussed in BCK/BCI-algebras, and essential
properties are provided. A set of conditions is provided for an
AIFSBI to be an anti-intuitionistic fuzzy soft ideal (AIFSI).
The definition of quasi-coincidence of an intuitionistic fuzzy
soft point with an intuitionistic fuzzy soft set (IFSS) is
considered in a more general form. In Section 4, the concepts
of a (∈,∈ ∨qκ̃)-AFSBI and a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂ are
introduced, and some characterizations of (∈,∈ ∨qκ̃)-AIFSBI
are discussed using the concept of an AIFSBI with thresholds.
Finally, conditions are given for a (∈,∈ ∨qκ̃)-AIFSBI to be a
(∈,∈)-AIFSBI.

Keywords BCK/BCI-algebra, Intuitionistic Fuzzy Soft
Set, Anti-intuitionistic Fuzzy Soft B-ideal and (∈,∈ ∨qκ̃)-
anti-intuitionistic Fuzzy Soft B-ideal

1 Introduction

Several authors have investigated the algebraic structure of
certain uncertainty theories. Zadeh’s [30] theory of “fuzzy
sets” is the best solution to deal with uncertainty. Many other
hybrid concepts arose as a result of the development of fuzzy
sets. The concept of “intuitionistic fuzzy set as generalization
of fuzzy sets” was introduced by Atanassov [2]. Imai and Iséki
[6] presented the concept of “BCK-algebra”. Molodstov [21]
has introduced the soft set concept as a new mathematical tool
to address uncertainties free of issues that are plagued by tra-
ditional methods. Maji et al. [16] examined a number of op-
erations based on soft set theory. The concept of “fuzzy soft
sets” is introduced in [17] to generalize standard soft sets [21].
Maji et al. [18, 19, 20] introduced the “intuitionistic fuzzy
soft set theory”, which is based on a combination of the in-
tuitionistic fuzzy set [2] and soft set models. Muhiuddin et al.
[22, 25, 26, 29] introduced various concepts used in BCK/BCI-
algebras.

Bhakat et al. [5], which is a viable generalization of the
“Rosenfeld fuzzy subgroup”, has introduced the definition of
“(∈,∈ ∨q)-fuzzy subgroup”. Similar generalizations of ex-
isting fuzzy subsystems of other algebraic structures are now
naturally explored. Jun et al. [12, 14] defined (∈,∈ ∨q)-fuzzy
subalgebras, and ideals. These ideals are fuzzy set general-
izations. The concept of quasi-coincidence of an intuitionistic
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fuzzy point within an intuitionistic fuzzy set was introduced
by Jana et al. [9]. We introduced the notions of (∈,∈ ∨q)-
intuitionistic fuzzy BCI-subalgebras and explored their proper-
ties with the help of this new idea. Jana et al. [8] introduced and
investigated the concept of “generalized intuitionistic fuzzy
ideals of BCK/BCI-algebras based on 3-valued logic”.

Jun [10] introduced the concept of “soft BCK/BCI-algebras”
by applying soft sets to the theory of BCK/BCI-algebras.
With several examples, Balamurugan et al. [3] introduced the
concept of “anti-intuitionistic fuzzy soft ideals in BCK/BCI-
algebras”. Balasubramanian et al. [4] investigated “(∈,∈
∨q)-anti intuitionistic fuzzy soft subalgebras of BG-algebras”.
Muhiuddin et al. [1, 23] pioneered the use of “normal unisoft
filters in R0-algebras”. Critical soft points, concave soft sets,
and union-soft ideals of ordered semigroups were developed
by Jun et al. [15]. Muhiuddin et al. [24, 28] discussed cubic
soft set-based subalgebras of BCK/BCI-algebras with applica-
tions in BCK/BCI-algebras. Muhiuddin et al. [27] defined the
“N -soft p-ideal of BCI-algebras”.

In this paper, we present an AIFSBI in BCK/BCI-algebras.
It is demonstrated that an AIFSBI is equivalent to an AIFSI.
Characterizations of (∈,∈ ∨qκ̃)-AIFSBI are discussed using
the concept of an AIFSBI with thresholds. Finally, it is demon-
strated that a (∈,∈ ∨qκ̃)-AIFSBI is a (∈,∈)-AIFSBI.

2 Preliminaries
A BCI-algebra (Θ̂,⊖, 0) of type (2, 0) that meets the follow-

ing conditions for every ð,κ, ϖ ∈ Θ̂:
(C1) ((ð⊖ κ)⊖ (ð⊖ϖ))⊖ (ϖ ⊖ κ) = 0,
(C2) (ð⊖ (ð⊖ κ))⊖ κ = 0,
(C3) ð⊖ ð = 0,
(C4) ð⊖κ = 0 and κ⊖ð = 0 ⇒ ð = κ. The partial ordering
is demarcated as ð ≤ κ if and only if ð⊖ κ = 0.

If a BCI-algebra Θ̂ satisfies 0⊖ð = 0 for every ð ∈ Θ̂, then
Θ̂ is a BCK-algebra. Θ̂ denotes a BCK/BCI-algebra, other than
or otherwise stated. Assume Θ̂ is a BCK/BCI-algebra. Then Θ̂
meets the following conditions for any ð,κ, ϖ ∈ Θ̂,
(C5) ð⊖ 0 = ð,
(C6) (ð⊖ κ)⊖ϖ = (ð⊖ϖ)⊖ κ,
(C7) 0⊖ (ð⊖ κ) = (0⊖ ð)⊖ (0⊖ κ),
(C8) ð⊖ (ð⊖ (ð⊖ κ)) = ð⊖ κ,
(C9) ð ≤ κ imply ð⊖ϖ ≤ κ ⊖ϖ and ϖ ⊖ κ ≤ ϖ ⊖ ð,
(C10) (ð⊖ϖ)⊖ (κ ⊖ϖ) ≤ ð⊖ κ,
(C11) (ð⊖ϖ)⊖ κ ≤ ð⊖ κ,
(C12) 0⊖ (0⊖ ((ð⊖ϖ)⊖ (κ ⊖ϖ))) = (0⊖ κ)⊖ (0⊖ ð),
(C13) 0⊖ (0⊖ (ð⊖ κ)) = (0⊖ κ)⊖ (0⊖ ð),
where ð ≤ κ if and only if ð⊖ κ = 0.

An ideal of Θ̂ is a non-empty subset Î of Θ̂ that satisfies
(C14) 0 ∈ Î and (C15) ð ⊖ κ ∈ Î and κ ∈ Î ⇒ ð ∈ Î for
every ð,κ ∈ Θ̂.

A non-empty subset Î of Θ̂ is called a b-ideal of Θ̂ if it sat-
isfies (C14) and (C16) (ð ⊖ϖ) ⊖ κ ∈ Î and κ ∈ Î ⇒ ð ∈ Î

for every ð,κ ∈ Θ̂.

Definition 2.1. [21] A pair (Λ̂, ξ̂) is referred to as a soft set
over Θ̂ ⇔ Λ̂ : ξ̂ → ℘(Θ̂).

Definition 2.2. [17] Let ξ̂ ⊆ Ξ̂ be a set of factors, and Θ̂ be a
primary set under consideration. Then (Λ̂, ξ̂) is a fuzzy soft set
over Θ̂, where Λ̂ is a mapping ξ̂ into the set all fuzzy set Λ̂(Θ̂).

Definition 2.3. [18] Let ξ̂ ⊆ Ξ̂ be a set of factors, and Θ̂ be
a primary set under consideration. Then (Λ̂, ξ̂) is called an
intuitionistic fuzzy soft set over Θ̂, where Λ̂ is a mapping ξ̂
into the collection of all intuitionistic fuzzy set IΛ̂(Θ̂).

3 Anti-intuitionistic fuzzy soft b-ideals

Definition 3.1. [3] An IFSS (Λ̂, ξ̂) is called an AIFSI of ∈ Θ̂ if
Λ̂[δ̆] = {(ð, ωΛ̂[δ̆](ð), ςΛ̂[δ̆](ð)) | ð ∈ Θ̂ and δ̆ ∈ ξ̂} is an AIFI

of ∈ Θ̂ satisfies for each ð,κ ∈ Θ̂:
(AIFI1) ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) and ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð),
(AIFI2) ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆](ð⊖ κ) ∨ ωΛ̂[δ̆](κ),
(AIFI3) ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆](ð⊖ κ) ∧ ςΛ̂[δ̆](κ).

Definition 3.2. An IFSS (Λ̂, ξ̂) is called an AIFSBI of ∈ Θ̂ if
Λ̂[δ̆] = {(ð, ωΛ̂[δ̆](ð), ςΛ̂[δ̆](ð)) | ð ∈ Θ̂ and δ̆ ∈ ξ̂} is an AIFBI

of ∈ Θ̂ satisfies for each ð,κ, ϖ ∈ Θ̂:
(AIFBI1) ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) and ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð),
(AIFBI2) ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ),
(AIFBI3) ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ).

Example 3.3. Consider a BCI-algebra Θ̂ = {0,ð,κ, ϖ} with
Cayley table.

⊖ 0 ð κ ϖ
0 0 ð κ ϖ
ð ð 0 ϖ κ
κ κ ϖ 0 ð
ϖ ϖ κ ð 0

Let Λ̂[δ̆] = (ωΛ̂[δ̆], ςΛ̂[δ̆]) be an IFSS in Θ̂ defined as

Λ̂ 0 ð κ ϖ

δ̆ [.15, .65] [.25, .55] [.55, .15] [.55, .15]

Then Λ̂[δ̆] is an AIFBI of Θ̂. Thus, (Λ̂, ξ̂) is an AIFSBI of Θ̂.

Theorem 3.4. Any AIFSBI is an AIFSI of Θ̂.

Proof. Let (Λ̂, ξ̂) be an AIFSBI of Θ̂. Then
(i) ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð ⊖ ϖ) ⊖ κ) ∨ ωΛ̂[δ̆](κ) for all

ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂. If we substitute 0 for ϖ, we have
ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð ⊖ 0) ⊖ κ) ∨ ωΛ̂[δ̆](κ). Since ð ⊖ 0 = ð
for all ð ∈ Θ̂, we have ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆](ð⊖κ)∨ωΛ̂[δ̆](κ) for

all ð,κ ∈ Θ̂ and δ̆ ∈ ξ̂.
(ii) ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖κ)∧ςΛ̂[δ̆](κ) for all ð,κ, ϖ ∈

Θ̂ and δ̆ ∈ ξ̂. If we substitute 0 for ϖ, we have ςΛ̂[δ̆](ð) ≥
ςΛ̂[δ̆]((ð⊖ 0)⊖ κ) ∧ ςΛ̂[δ̆](κ). Since ð⊖ 0 = ð for all ð ∈ Θ̂,

we have ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆](ð ⊖ κ) ∧ ςΛ̂[δ̆](κ) for all ð,κ ∈ Θ̂

and δ̆ ∈ ξ̂.
Hence, (Λ̂, ξ̂) is an AIFSI of Θ̂.
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Theorem 3.5. Any AIFSI is an AIFSBI of Θ̂.

Proof. Let (Λ̂, ξ̂) be an AIFSI of Θ̂. Then
(i) ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆](ð⊖κ)∨ωΛ̂[δ̆](κ) for all ð,κ ∈ Θ̂ and

δ̆ ∈ ξ̂. Since ð ⊖ 0 = ð for all ð ∈ Θ̂, we have ωΛ̂[δ̆](ð) ≤
ωΛ̂[δ̆]((ð⊖0)⊖κ)∨ωΛ̂[δ̆](κ). If we substitute ϖ for 0, we have

ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖κ)∨ωΛ̂[δ̆](κ) for all ð,κ, ϖ ∈ Θ̂

and δ̆ ∈ ξ̂.
(ii) ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆](ð ⊖ κ) ∧ ςΛ̂[δ̆](κ) for all ð,κ ∈ Θ̂ and

δ̆ ∈ ξ̂. Since ð ⊖ 0 = ð for all ð ∈ Θ̂, we have ςΛ̂[δ̆](ð) ≥
ςΛ̂[δ̆]((ð⊖0)⊖κ)∧ ςΛ̂[δ̆](κ). If we substitute ϖ for 0, we have

ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð ⊖ϖ) ⊖ κ) ∧ ςΛ̂[δ̆](κ) for all ð,κ, ϖ ∈ Θ̂

and δ̆ ∈ ξ̂.
Therefore, (Λ̂, ξ̂) is an AIFSBI of Θ̂.

Theorem 3.6. Let (Λ̂, ξ̂) be an AIFSBI of Θ̂. Then it satisfies
for all ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂,

(i) ωΛ̂[δ̆]((ð⊖ϖ)⊖ (κ ⊖ϖ)) ≤ ωΛ̂[δ̆](ð⊖ κ); (3.1)

(ii) ςΛ̂[δ̆]((ð⊖ϖ)⊖ (κ ⊖ϖ)) ≥ ςΛ̂[δ̆](ð⊖ κ). (3.2)

Proof. Let (Λ̂, ξ̂) be an AIFSBI of Θ̂. Since the inequality
(ð⊖ϖ)⊖κ ≤ (ð⊖κ) holds in Θ̂. It follows, that ((ð⊖ϖ)⊖
κ)⊖ (ð⊖ κ) = 0. Since (Λ̂, ξ̂) is an AIFSI of Θ̂ by Theorem
3.4, we have

(i) ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ≤ ωΛ̂[δ̆](((ð⊖ϖ)⊖ κ)⊖ (ð⊖ κ))

∨ ωΛ̂[δ̆](ð⊖ κ)

ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ≤ ωΛ̂[δ̆](0) ∨ ωΛ̂[δ̆](ð⊖ κ)

ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ≤ ωΛ̂[δ̆](ð⊖ κ),

(ii) ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ≥ ςΛ̂[δ̆](((ð⊖ϖ)⊖ κ)⊖ (ð⊖ κ))

∧ ςΛ̂[δ̆](ð⊖ κ)

ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ≥ ςΛ̂[δ̆](0) ∧ ςΛ̂[δ̆](ð⊖ κ)

ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ≥ ςΛ̂[δ̆](ð⊖ κ)

for all ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂.

Theorem 3.7. Let (Λ̂, ξ̂) be an AIFSI of Θ̂ and if it satisfies for
all ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂,

(i) ωΛ̂[δ̆](ð⊖ κ) ≥ ωΛ̂[δ̆]((ð⊖ϖ)⊖ (κ ⊖ϖ)), (3.3)

(ii) ςΛ̂[δ̆](ð⊖ κ) ≤ ςΛ̂[δ̆]((ð⊖ϖ)⊖ (κ ⊖ϖ)). (3.4)

Then (Λ̂, ξ̂) is an AIFSBI of Θ̂.

Proof. (i) Let (Λ̂, ξ̂) be an AIFSI of Θ̂ satisfies (3.3). Then
ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆](ð ⊖ κ) ∨ ωΛ̂[δ̆](κ). Since ð ⊖ 0 = ð for all

ð ∈ Θ̂, we have ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð ⊖ 0) ⊖ κ) ∨ ωΛ̂[δ̆](κ).
If we substitute ϖ for 0, we have ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖

κ) ∨ ωΛ̂[δ̆](κ) for all ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂.

(ii) Let (Λ̂, ξ̂) be an AIFSI of Θ̂ satisfies (3.4). Then
ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆](ð⊖κ)∧ ςΛ̂[δ̆](κ). Since ð⊖0 = ð for all ð ∈

Θ̂, we have ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖0)⊖κ)∧ςΛ̂[δ̆](κ). If we sub-
stitute ϖ for 0, we have ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖κ)∧ςΛ̂[δ̆](κ)
for all ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂.

Hence, (Λ̂, ξ̂) is an AIFSBI of Θ̂.

Theorem 3.8. If (Λ̂, ξ̂) and (Λ̂, ξ̂)c are both AIFSBI of Θ̂, then
(Λ̂, ξ̂) is a constant function.

Proof. Let (Λ̂, ξ̂) and (Λ̂, ξ̂)c be both AIFSBI of Θ̂. It is
enough to prove that
(i) ωΛ̂[δ̆](0) = ωΛ̂[δ̆](ð).
(ii) ςΛ̂[δ̆](0) = ωΛ̂[δ̆](ð).
(iii) ωΛ̂[δ̆](ð) = ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ).
(iv) ςΛ̂[δ̆](ð) = ςΛ̂[δ̆]((ð⊖ r)⊖ κ) ∧ ςΛ̂[δ̆](κ).

(i) Let ð ∈ Θ̂ and δ̆ ∈ ξ̂. Then

ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) (3.5)

and ωc
Λ̂[δ̆]

(0) ≤ ωc
Λ̂[δ̆]

(ð)

⇒ 1− ωΛ̂[δ̆](0) ≤ 1− ωΛ̂[δ̆](ð)

⇒ ωΛ̂[δ̆](0) ≥ ωΛ̂[δ̆](ð). (3.6)

From Equations (3.5) and (3.6), we have

ωΛ̂[δ̆](0) = ωΛ̂[δ̆](ð) (3.7)

(ii) Let ð ∈ Θ̂ and δ̆ ∈ ξ̂. Then

ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð) (3.8)

and ςc
Λ̂[δ̆]

(0) ≥ ςc
Λ̂[δ̆]

(ð)

⇒ 1− ςΛ̂[δ̆](0) ≥ 1− ςΛ̂[δ̆](ð)

⇒ ςΛ̂[δ̆](0) ≤ ςΛ̂[δ̆](ð). (3.9)

From Equations (3.8) and (3.9), we have

ςΛ̂[δ̆](0) = ςΛ̂[δ̆](ð). (3.10)

(iii) Let ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂. Then

ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ) (3.11)

and ωc
Λ̂[δ̆]

(ð) ≤ ωc
Λ̂[δ̆]

((ð⊖ϖ)⊖ κ) ∨ ωc
Λ̂[δ̆]

(κ)

⇒ 1− ωΛ̂[δ̆](ð) ≤ (1− ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ)) (3.12)

∨ (1− ωΛ̂[δ̆](κ))

⇒ ωΛ̂[δ̆](ð) ≥ ωΛ̂[δ̆]((ð⊖ r)⊖ κ) ∨ ωΛ̂[δ̆](κ). (3.13)

From Equations (3.11) and (3.13), we have

ωΛ̂[δ̆](ð) = ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ). (3.14)

(iv) Let ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂. Then

ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ) (3.15)

and ςc
Λ̂[δ̆]

(ð) ≥ ςc
Λ̂[δ̆]

((ð⊖ϖ)⊖ κ) ∧ ςc
Λ̂[δ̆]

(κ)

⇒ 1− ςΛ̂[δ̆](ð) ≥ (1− ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ)) (3.16)

∧ (1− ςΛ̂[δ̆](κ))

⇒ ςΛ̂[δ̆](ð) ≤ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ). (3.17)
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From Equations (3.15) and (3.17), we have

ςΛ̂[δ̆](ð) = ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ). (3.18)

Hence, from (3.7), (3.10), (3.14) and (3.18), we get (Λ̂, ξ̂) is a
constant function.

4 (∈,∈ ∨qκ̃)-anti-intuitionistic
fuzzy soft b-ideals

Definition 4.1. A FSS (Λ̂, ξ̂) of Θ̂ is a (∈,∈ ∨qκ̃)-AFSBI of
Θ̂ if Λ̂[δ̆] = {(ð, ωΛ̂[δ̆](ð)) | ð ∈ Θ̂ and δ̆ ∈ ξ̂} is a (∈,∈ ∨qκ̃)-
AFBI of Θ̂ for every ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂ satisfies:
(i) ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) ∨

1−κ̃
2 ,

(ii) ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ) ∨
1−κ̃
2 .

Definition 4.2. An IFSS (Λ̂, ξ̂) of Θ̂ is a (∈,∈ ∨qκ̃)-AIFSBI
of Θ̂ if Λ̂[δ̆] = {(ð, ωΛ̂[δ̆](ð), ςΛ̂[δ̆](ð)) | ð ∈ Θ̂ and δ̆ ∈ ξ̂} is

a (∈,∈ ∨qκ̃)-AIFBI of Θ̂ for every ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂
satisfies:
(i) ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) ∨

1−κ̃
2 ,

(ii) ςΛ̂[δ̆](0) ≥ ωΛ̂[δ̆](ð) ∧
1−κ̃
2 ,

(iii) ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ) ∨
1−κ̃
2 ,

(iv) ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ) ∧
1−κ̃
2 .

Theorem 4.3. An IFSS (Λ̂, ξ̂) of Θ̂ is a (∈,∈ ∨qκ̃)-AIFSBI of
Θ̂ if and only if
(a) (ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒ (0, ϑ̃)∈ ∧qκ̃ωΛ̂[δ̆],
(b) (ð, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (0, ϱ̃)∈ ∧qκ̃ςΛ̂[δ̆],

(c) ((ð⊖ϖ)⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆] ⇒ (ð, ϑ̃ ∨ ϱ̃)∈ ∧qκ̃ωΛ̂[δ̆],

(d) ((ð⊖ϖ)⊖κ, ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (ð, ϑ̃∧ ϱ̃)∈ ∧qκ̃ςΛ̂[δ̆] for

all ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂, where ϑ̃, ϱ̃ ∈ (0, 1].

Proof. (i) First, let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂. To
prove (a), and (c). Since (Λ̂, ξ̂) is a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂,
we have

ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) ∨
1− κ̃

2
(4.1)

and ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆](((ð⊖ϖ)⊖ κ)) ∨ ωΛ̂[δ̆](κ)

∨ 1− κ̃

2
. (4.2)

Let ð ∈ Θ̂, δ̆ ∈ ξ̂ and ϑ̃ ∈ [0, 1] be such that (ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒

ωΛ̂[δ̆](ð) < ϑ̃. Now,

(4.1) ⇒ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) ∨
1− κ̃

2

⇒ωΛ̂[δ̆](0) < ϑ̃ ∨ 1− κ̃

2
=

{
ϑ̃ if ϑ̃ > 1−κ̃

2
1−κ̃
2 if ϑ̃ ≤ 1−κ̃

2

⇒ωΛ̂[δ̆](0) < ϑ̃ or ωΛ̂[δ̆](0) <
1− κ̃

2

⇒ωΛ̂[δ̆](0) < ϑ̃ or

ωΛ̂[δ̆](0) + ϑ̃ <
1− κ̃

2
+

1− κ̃

2
= 1− κ̃

⇒ωΛ̂[δ̆](0) < t or ωΛ̂[δ̆](0) + ϑ̃+ κ̃ < 1

⇒(0, ϑ̃)∈̄ωΛ̂[δ̆] or (0, ϑ̃)q̄κ̃ωΛ̂[δ̆]

⇒(0, ϑ̃)∈ ∧qκ̃ωΛ̂[δ̆].

Therefore, (ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒ (0, ϑ̃)∈ ∧qκ̃ωΛ̂[δ̆] which proves
(a).

Again, let ð,κ, ϖ ∈ Θ̂, δ̆ ∈ ξ̂ and ϑ̃, ϱ̃ ∈ (0, 1] be such that
((ð ⊖ ϖ) ⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆] ⇒ ωΛ̂[δ̆]((ð ⊖ ϖ) ⊖ κ) < ϑ̃

and ωΛ̂[δ̆](κ) < ϱ̃.

(4.2) ⇒ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ) ∨
1− κ̃

2

⇒ωΛ̂[δ̆](ð) < ϑ̃ ∨ ϱ̃ ∨ 1− κ̃

2

=

{
ϑ̃ if ϑ̃ ∨ s > 1−κ̃

2
1−κ̃
2 if ϑ̃ ∨ ϱ̃ ≤ 1−κ̃

2

⇒ωΛ̂[δ̆](ð) < ϑ̃ ∨ ϱ̃ or ωΛ̂[δ̆](ð) <
1− κ̃

2

⇒ωΛ̂[δ̆](ð) < ϑ̃ ∨ ϱ̃ or

ωΛ̂[δ̆](ð) + ϑ̃ ∨ ϱ̃ <
1− κ̃

2
+

1− κ̃

2
= 1− κ̃

⇒ωΛ̂[δ̆](ð) < ϑ̃ ∨ ϱ̃ or ωΛ̂[δ̆](ð) + ϑ̃ ∨ ϱ̃+ κ̃ < 1

⇒(ð, ϑ̃ ∨ ϱ̃)∈̄ωΛ̂[δ̆] or (ð, ϑ̃ ∨ ϱ̃)q̄κ̃ωΛ̂[δ̆]

⇒(ð, ϑ̃ ∨ ϱ̃)∈ ∧qκ̃ωΛ̂[δ̆].

Therefore, ((ð ⊖ ϖ) ⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆] ⇒ (ð, ϑ̃ ∨
ϱ̃)∈ ∧qκ̃ωΛ̂[δ̆] which proves (c).

Conversely, suppose (Λ̂, ξ̂) satisfies (a) and (c). To prove
(Λ̂, ξ̂) is a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂. If possible (Λ̂, ξ̂) is
not a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂, then there exists ß, ℘, ℓ ∈
Θ̂, δ̆ ∈ ξ̂ such that at least one of ωΛ̂[δ̆](0) > ωΛ̂[δ̆](ß)∨

1−κ̃
2 or

ωΛ̂[δ̆](ß) ≤ ωΛ̂[δ̆]((ß⊖ ℓ)⊖℘∨ωΛ̂[δ̆](℘)∨
1−κ̃
2 holds. Suppose

ωΛ̂[δ̆](0) > ωΛ̂[δ̆](ß)∨
1−κ̃
2 holds. Choose a real number ϑ̃ such
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that

ωΛ̂[δ̆](0) > ϑ̃ > ωΛ̂[δ̆](ß) ∨
1− κ̃

2
(4.3)

⇒ωΛ̂[δ̆](ß) < ϑ̃ ⇒ (ß, ϑ̃)∈̄ωΛ̂[δ̆]

⇒(0, ϑ̃)∈ ∧qκ̃ωΛ̂[δ̆] [By condition (a)]

⇒(0, ϑ̃)∈̄ωΛ̂[δ̆] or (0, ϑ̃)q̄κ̃ωΛ̂[δ̆]

⇒ωΛ̂[δ̆](0) < ϑ̃ or ωΛ̂[δ̆](0) + ϑ̃+ κ̃ ≤ 1

first part is not true by (4.3).

Therefore, ωΛ̂[δ̆](0) + ϑ̃+ κ̃ ≤ 1 ⇒ ωΛ̂[δ̆](0) + ϑ̃ ≤ 1− κ̃ ⇒
1 − κ̃ ≥ ωΛ̂[δ̆](0) + ϑ̃ > ϑ̃ + ϑ̃ = 2ϑ̃ [Since ωΛ̂[δ̆](0) > ϑ̃ by

(4.3)] ⇒ ϑ̃ ≤ 1 − 1−κ̃
2 , which contradicts (4.3) again. Hence,

we must have

ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ß) ∨
1− κ̃

2
. (4.4)

Again, if ωΛ̂[δ̆](ß) > ωΛ̂[δ̆]((ß ⊖ ℓ) ⊖ ℘ ∨ ωΛ̂[δ̆](℘) ∨
1−κ̃
2

holds for some ß, ℘, ℓ ∈ Θ̂, δ̆ ∈ ξ̂. Then choose a real number
ϑ̃ such that

ωΛ̂[δ̆](ß) > ϑ̃ > ωΛ̂[δ̆]((ß⊖ ℓ)⊖ ℘ ∨ ωΛ̂[δ̆](℘)

∨ 1− κ̃

2
(4.5)

⇒ωΛ̂[δ̆]((ß⊖ ℓ)⊖ ℘ < ϑ̃ and ωγ[δ̆](℘) < ϑ̃

⇒((ß⊖ ℓ)⊖ ℘, ϑ̃)∈̄ωΛ̂[δ̆] and (℘, ϑ̃)∈̄ωΛ̂[δ̆]

⇒(ß, ϑ̃ ∨ ϑ̃)∈ ∧qκ̃ωΛ̂[δ̆] [By condition (c)]

⇒(ß, ϑ̃)∈̄ωΛ̂[δ̆] or ⇒ (ß, ϑ̃)q̄κ̃ωΛ̂[δ̆]

⇒ωΛ̂[δ̆](ß) < ϑ̃ or ωΛ̂[δ̆](ß) + ϑ̃+ κ̃ ≤ 1

first part is not true by (4.5)

⇒ωΛ̂[δ̆](ß) + ϑ̃ ≤ 1− κ̃

⇒1− κ̃ ≥ ωΛ̂[δ̆](ß) + ϑ̃ > ϑ̃+ ϑ̃ = 2ϑ̃

⇒ϑ̃ ≤ 1− κ̃

2
which contradicts (4.5).

Hence,

ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð⊖ r)⊖ κ) ∨ ωΛ̂[δ̆](κ) ∨
1− κ̃

2
(4.6)

From (4.4) and (4.6), we get

ωΛ̂[δ̆] is an (∈,∈ ∨qκ̃)− AFBI of Θ̂. (4.7)

(ii) First, let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂. To prove
conditions (b), and (d). Since (Λ̂, ξ̂) is a (∈,∈ ∨qκ̃)-AIFSBI
of Θ̂, we have

ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð) ∧
1− κ̃

2
(4.8)

and ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ)

∧ 1− κ̃

2
. (4.9)

Let ð ∈ Θ̂, δ̆ ∈ ξ̂ and ϱ̃ ∈ [0, 1] be such that (ð, ϱ̃)∈̄ςΛ̂[δ̆] ⇒
ςΛ̂[δ̆](ð) > ϱ̃. Now,

(4.8) ⇒ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð) ∧
1− κ̃

2

⇒ςΛ̂[δ̆](0) > ϱ̃ ∧ 1− κ̃

2
=

{
ϱ̃ if ϱ̃ < 1−κ̃

2
1−κ̃
2 if ϱ̃ ≥ 1−κ̃

2

⇒ςΛ̂[δ̆](0) > ϱ̃ or ςΛ̂[δ̆](0) >
1− κ̃

2
⇒ςΛ̂[δ̆](0) > ϱ̃ or

ςΛ̂[δ̆](0) + ϱ̃ >
1− κ̃

2
+

1− κ̃

2
= 1− κ̃

⇒ςΛ̂[δ̆](0) > ϱ̃ or ςΛ̂[δ̆](0) + ϱ̃+ κ̃ > 1

⇒(ð, ϱ̃)∈̄ςΛ̂[δ̆] or (0, ϱ̃)q̄κ̃ςΛ̂[δ̆]

⇒(0, ϱ̃)∈ ∧qκ̃ςΛ̂[δ̆].

Therefore, (ð, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (0, ϱ̃)∈ ∧qκ̃ςΛ̂[δ̆] which prove (b).

Again, ð,κ, ϖ ∈ Θ̂, δ̆ ∈ ξ̂ and ϱ̃, ϑ̃ ∈ (0, 1] such that ((ð⊖
ϖ) ⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ ςΛ̂[δ̆]((ð ⊖ ϖ) ⊖ κ) > ϑ̃ and
ςΛ̂[δ̆](κ) > ϱ̃.

(4.9) ⇒ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ) ∧
1− κ̃

2

⇒ςΛ̂[δ̆](ð) > ϑ̃ ∧ s ∧ 1− κ̃

2

=

{
ϑ̃ if t ∧ ϱ̃ < 1−κ̃

2
1−κ̃
2 if ϑ̃ ∧ ϱ̃ ≥ 1−κ̃

2

⇒ςΛ̂[δ̆](ð) > ϑ̃ ∧ ϱ̃ or ςΛ̂[δ̆](x) >
1− κ̃

2

⇒ςΛ̂[δ̆](ð) > ϑ̃ ∧ ϱ̃ or

ςΛ̂[δ̆](ð) + ϑ̃ ∧ ϱ̃ >
1− κ̃

2
+

1− κ̃

2
= 1− κ̃

⇒ςΛ̂[δ̆](ð) > ϑ̃ ∧ s or ςΛ̂[δ̆](ð) + ϑ̃ ∧ s+ κ̃ > 1

⇒(ð, ϑ̃ ∧ ϱ̃)∈̄ςΛ̂[δ̆] or (ð, ϑ̃ ∧ ϱ̃)q̄κ̃ςΛ̂[δ̆]

⇒(ð, ϑ̃ ∧ ϱ̃)∈ ∧qκ̃ςΛ̂[δ̆].

Therefore, ((ð ⊖ ϖ) ⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (ð, ϑ̃ ∧
ϱ̃)∈ ∧qκ̃ςΛ̂[δ̆] which prove (d).

Conversely, suppose (Λ̂, ξ̂) satisfies (b) and (d). To prove
(Λ̂, ξ̂) is a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂. If possible (Λ̂, ξ̂) is not a
(∈,∈ ∨qκ̃)-AIFSBI of Ω, then there exists ß, ℘, ℓ ∈ Θ̂, δ̆ ∈ ξ̂
such that at least one of ςΛ̂[δ̆](0) < ςΛ̂[δ̆](ß)∧

1−κ̃
2 or ςΛ̂[δ̆](ß) ≥

ςΛ̂[δ̆]((ß⊖ ℓ)⊖ ℘ ∧ ςΛ̂[δ̆](℘) ∧
1−κ̃
2 holds. Suppose ςΛ̂[δ̆](0) <
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ςΛ̂[δ̆](ß) ∧
1−κ̃
2 holds. Choose a real number ϑ̃ such that

ςΛ̂[δ̆](0) < ϑ̃ < ςΛ̂[δ̆](ß) ∧
1− κ̃

2
(4.10)

⇒ςΛ̂[δ̆](ß) > ϑ̃

⇒(ß, ϑ̃)∈̄ςΛ̂[δ̆]

⇒(0, ϑ̃)∈ ∧qκ̃ςΛ̂[δ̆] [By condition (b)]

⇒(0, ϑ̃)∈̄ςΛ̂[δ̆] or (0, ϑ̃)q̄κ̃ςΛ̂[δ̆]

⇒ςΛ̂[δ̆](0) > ϑ̃ or ςΛ̂[δ̆](0) + ϑ̃+ κ̃ ≥ 1

second part is not true by (4.10).

Therefore, ςΛ̂[δ̆](0) + ϑ̃ + κ̃ ≥ 1 ⇒ ςΛ̂[δ̆](0) + ϑ̃ ≥ 1 − κ̃ ⇒
1 − κ̃ ≤ ςΛ̂[δ̆](0) + ϑ̃ < ϑ̃ + ϑ̃ = 2ϑ̃ [Since ςΛ̂[δ̆](0) < ϑ̃ by

(4.8)] ⇒ ϑ̃ ≤ 1−κ̃
2 , which contradicts (4.10) again. Hence, we

must have
ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð) ∧

1− κ̃

2
. (4.11)

Again, if ςΛ̂[δ̆](ß) < ςΛ̂[δ̆]((ß⊖ ℓ)⊖℘∧ ςΛ̂[δ̆](℘)∧
1−κ̃
2 holds

for some ß, ℘, ℓ ∈ Θ̂, δ̆ ∈ ξ̂. Then choose a real number t such
that

ςΛ̂[δ̆](ß) < ϑ̃ < ςΛ̂[δ̆]((ß⊖ ℓ)⊖ ℘ ∧ ςΛ̂[δ̆](℘)

∧ 1− κ̃

2
(4.12)

⇒ςΛ̂[δ̆]((ß⊖ ℓ)⊖ ℘ > ϑ̃ and ςΛ̂[δ̆](℘) > ϑ̃

⇒((ß⊖ ℓ)⊖ ℘, ϑ̃)∈̄ςΛ̂[δ̆] and (℘, ϑ̃)∈̄ςΛ̂[δ̆]

⇒(ß, ϑ̃ ∧ ϑ̃)∈ ∧qκ̃ςΛ̂[δ̆] [By condition (d)]

⇒(ß, ϑ̃)∈̄ςΛ̂[δ̆] or ⇒ (ß, ϑ̃)q̄κ̃ςΛ̂[δ̆]

⇒ςΛ̂[δ̆](ß) > ϑ̃ or ςΛ̂[δ̆](ß) + ϑ̃+ κ̃ ≥ 1

second part is not true by (4.12).

⇒ςΛ̂[δ̆](ß) + ϑ̃ ≥ 1− κ̃

⇒1− κ̃ ≤ ςΛ̂[δ̆](ß) + ϑ̃ < ϑ̃+ ϑ̃ = 2ϑ̃

⇒ϑ̃ ≥ 1− κ̃

2
which contradicts (4.12).

Hence,

ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ) ∧
1− κ̃

2
(4.13)

From (4.11) and (4.13), we get

ςΛ̂[δ̆] is an (∈,∈ ∨qκ̃)− AFBI of Ω. (4.14)

(4.7) and (4.14) ⇒ Λ̂[δ̆] is a (∈,∈ ∨qκ̃)-AIFBI of Θ̂. Thus,
(Λ̂, ξ̂) is a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂.

Theorem 4.4. An intuitionistic fuzzy soft (Λ̂, ξ̂) of Θ̂ is an
AIFSBI of Θ̂ if and only if (Λ̂, ξ̂) is a (∈,∈)-AIFSBI of Θ̂.

Proof. Let (Λ̂, ξ̂) be an AIFSBI of Θ̂. We prove that (Λ̂, ξ̂) is
a (∈,∈)-AIFSBI of Θ̂. It is enough to show that

(i) (ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒ (0, ϑ̃)∈̄ωΛ̂[δ̆].
(ii) (ð, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (0, ϱ̃)∈̄ςΛ̂[δ̆].

(iii) ((ð⊖ϖ)⊖(κ⊖ϖ), ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆] ⇒ (ð, ϑ̃∨ ϱ̃)∈̄ωΛ̂[δ̆].

(iv) ((ð⊖ϖ)⊖ (κ ⊖ϖ), ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (ð, ϑ̃ ∧ ϱ̃)∈̄ςΛ̂[δ̆]

for all ð,κ, ϖ ∈ Ω and δ̆ ∈ ξ̂.
(i) Let ð ∈ Θ̂ and δ̆ ∈ ξ̂ be such that (ð, ϑ̃)∈̄ωΛ̂[δ̆] where ϑ̃ ∈

(0, 1). Then ωΛ̂[δ̆](ð) < ϑ̃. Now, ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) < ϑ̃ ⇒
ωΛ̂[δ̆](0) < ϑ̃ ⇒ (0, ϑ̃)∈̄ωΛ̂[δ̆]. Therefore, (ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒
(0, ϑ̃)∈̄ωΛ̂[δ̆].

(ii) Let ð ∈ Θ̂ and δ̆ ∈ ξ̂ be such that (ð, ϱ̃)∈̄ςΛ̂[δ̆] where
ϱ̃ ∈ (0, 1). Then ςΛ̂[δ̆](ð) > ϱ̃. Now, ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð) >

ϱ̃ ⇒ ςΛ̂[δ̆](0) > ϑ̃ ⇒ (0, ϱ̃)∈̄ςΛ̂[δ̆]. Therefore, (ð, ϱ̃)∈̄ςΛ̂[δ̆] ⇒
(0, ϱ̃)∈̄ςΛ̂[δ̆].

(iii) Let ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂ be such that ((ð⊖ϖ)⊖(κ⊖
ϖ), ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆], where ϑ̃, ϱ̃ ∈ (0, 1). Then ωΛ̂[δ̆]((ð ⊖

ϖ) ⊖ κ) < ϑ̃, ωΛ̂[δ̆](κ) < ϱ̃. Now, ωΛ̂[δ̆](ð) ≤ ωΛ̂[δ̆]((ð ⊖

ϖ)⊖ κ) ∨ ωΛ̂[δ̆](κ) = ϑ̃ ∨ ϱ̃ ⇒ (ð, ϑ̃ ∨ s)∈̄ωΛ̂[δ̆]. Therefore,

((ð⊖ϖ)⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆] ⇒ (ð, ϑ̃ ∨ ϱ̃)∈̄ωΛ̂[δ̆].

(iv) Let ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂ be such that ((ð ⊖ ϖ) ⊖
κ), ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆], where ϑ̃, ϱ̃ ∈ (0, 1). Then ςΛ̂[δ̆]((ð⊖ϖ)⊖

κ) > ϑ̃, ςΛ̂[δ̆](κ) > ϱ̃. Now, ςΛ̂[δ̆](ð) ≥ ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧
ςΛ̂[δ̆](κ) = ϑ̃ ∧ ϱ̃ ⇒ (ð, ϑ̃ ∧ s)∈̄ςΛ̂[δ̆]. Therefore, ((ð ⊖ϖ) ⊖

κ, ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (ð, ϑ̃ ∧ ϱ̃)∈̄ςΛ̂[δ̆] ⇒ Λ̂[δ̆] is a (∈,∈)-
AIFBI of Θ̂⇒ (Λ̂, ξ̂) is a (∈,∈)-AIFSBI of Θ̂.

Conversely, let (Λ̂, ξ̂) be a (∈,∈)-AIFSBI of Θ̂.
(i) Let ð ∈ Θ̂, δ̆ ∈ ξ̂ and ωΛ̂[δ̆](ð) = ϑ̃, where ϑ̃ ∈ [0, 1].

Then ωΛ̂[δ̆](ð) < ϑ̃ + ϵ, where ϵ is an arbitrary small positive

number. Therefore, (ð, ϑ̃ + ϵ)∈̄ωΛ̂[δ̆] ⇒ (0, ϑ̃ + ϵ)∈̄ωΛ̂[δ̆] ⇒
ωΛ̂[δ̆](0) < ϑ̃+ δ̆ ⇒ ωΛ̂[δ̆](0) ≤ ϑ̃ = ωΛ̂[δ̆](ð).

(ii) Let ð ∈ Θ̂, δ̆ ∈ ξ̂ and ςΛ̂[δ̆](ð) = ϱ̃, where ϱ̃ ∈ [0, 1].

Then ςΛ̂[δ̆](ð) > ϑ̃ − ϵ, where ϵ is an arbitrary small positive
number. Therefore, (ð, ϱ̃ − ϵ)∈̄ςΛ̂[δ̆] ⇒ (0, ϱ̃ − ϵ)∈̄ςΛ̂[δ̆] ⇒
ςΛ̂[δ̆](0) > ϱ̃− δ̆ ⇒ ςΛ̂[δ̆](0) ≥ ϱ̃ = ςΛ̂[δ̆](ð).

(iii) Let ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂ be such that ωΛ̂[δ̆]((ð⊖ϖ)⊖

κ) = ϑ̃, ωΛ̂[δ̆](κ) = ϱ̃, where ϑ̃, ϱ̃ ∈ [0, 1]. Then ωΛ̂[δ̆]((ð ⊖

ϖ) ⊖ κ) < ϑ̃ + ϵ, ωΛ̂[δ̆](κ) < ϱ̃ + ϵ, where ϵ is an arbitrary

small positive number. Therefore, ((ð⊖ϖ)⊖κ, ϑ̃+ϵ), (κ, ϱ̃+
ϵ)∈̄ωΛ̂[δ̆] ⇒ (ð, (ϑ̃+ϵ)∨(ϱ̃+ϵ))∈̄ωΛ̂[δ̆] ⇒ ωΛ̂[δ̆](ð) < (ϑ̃+ϵ)∨
(ϱ̃+ ϵ)⇒ ωΛ̂[δ̆](ð) < ϑ̃∨ ϱ̃ = ωΛ̂[δ̆]((ð⊖ϖ)⊖κ)∨ωΛ̂[δ̆](κ).

(iv) Let ð,κ, ϖ ∈ Θ̂ and δ̆ ∈ ξ̂ be such that ςΛ̂[δ̆]((ð⊖ϖ)⊖

κ) = ϑ̃, ςΛ̂[δ̆](κ) = ϱ̃, where ϑ̃, ϱ̃ ∈ [0, 1]. Then ςΛ̂[δ̆]((ð ⊖

ϖ) ⊖ κ) > ϑ̃ − ϵ, ςΛ̂[δ̆](κ) > ϱ̃ − ϵ, where ϵ is an arbitrary

small positive number. Therefore, ((ð⊖ϖ)⊖κ, ϑ̃−ϵ), (κ, ϱ̃−
ϵ)∈̄ςΛ̂[δ̆] ⇒ (ð, (ϑ̃−ϵ)∧(ϱ̃−ϵ))∈̄ςΛ̂[δ̆] ⇒ ςΛ̂[δ̆](ð) > (ϑ̃−ϵ)∧
(ϱ̃− ϵ) ⇒ ςΛ̂[δ̆](ð) > ϑ̃ ∧ ϱ̃ = ςΛ̂[δ̆]((ð⊖ϖ)⊖ κ) ∧ ςΛ̂[δ̆](κ)
⇒ Λ̂[δ̆] is an AIFBI of Θ̂⇒ (Λ̂, ξ̂) is an AIFSBI of Θ̂.
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Theorem 4.5. Let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂. Then
(i) If ωΛ̂[δ̆](0) >

1−κ̃
2 for some ð ∈ Θ̂, then (Λ̂, ξ̂) is a (∈,∈)-

AFSBI of Θ̂.
(ii) If ωΛ̂[δ̆](ð) ≤

1−κ̃
2 for some ð ∈ Θ̂, then ωΛ̂[δ̆](0) ≤

1−κ̃
2 .

(iii) If ςΛ̂[δ̆](0) <
1−κ̃
2 for some ð ∈ Θ̂, then (Λ̂, ξ̂) is a (∈,∈)-

AFSBI of Θ̂.
(iv) If ςΛ̂[δ̆](ð) ≥

1−κ̃
2 for some ð ∈ Θ̂, then ςΛ̂[δ̆](0) ≥

1−κ̃
2 .

Proof. (i) Let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂ and
ωΛ̂[δ̆](ð) > 1−κ̃

2 for some ð ∈ Θ̂. Now, (ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒
ωΛ̂[δ̆](ð) < ϑ̃. Therefore, 1−κ̃

2 < ωΛ̂[δ̆](ð) < ϑ̃. Also

ωΛ̂[δ̆](0) > 1−κ̃
2 ⇒ ωΛ̂[δ̆](0) + ϑ̃ > 1−κ̃

2 + 1−κ̃
2 = 1 −

κ̃ ⇒ ωΛ̂[δ̆](0) + ϑ̃ + κ̃ > 1 ⇒ (0, ϑ̃)ωΛ̂[δ̆]. Since ωΛ̂[δ̆]

is a (∈,∈ ∨qκ̃)-AFBI of Θ̂, we have (0, ϑ̃)∈̄ωΛ̂[δ̆]. Hence,

(ð, ϑ̃)∈̄ωΛ̂[δ̆] ⇒ (0, ϑ̃)∈̄ωΛ̂[δ̆].

Again, if ((ð ⊖ ϖ) ⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ωΛ̂[δ̆], then ωΛ̂[δ̆]((ð ⊖

ϖ)⊖κ) < ϑ̃ and ωΛ̂[δ̆](κ) < ϱ̃. Therefore, 1−κ̃
2 < ωΛ̂[δ̆]((ð⊖

ϖ) ⊖ κ) < ϑ̃ and 1−κ̃
2 < ωΛ̂[δ̆](κ) < ϱ̃ ⇒ ϑ̃ ∨ ϱ̃ > 1−κ̃

2 .

Also ωΛ̂[δ̆](ð) >
1−κ̃
2 . Thus, ωΛ̂[δ̆](ð)+ ϑ̃∨ ϱ̃ > 1−κ̃

2 + 1−κ̃
2 =

1−κ̃ ⇒ ωΛ̂[δ̆](ð)+(ϑ̃∨ϱ̃)+κ̃ > 1 ⇒ (ð, ϑ̃∨ϱ̃)qκ̃ωΛ̂[δ̆]. Since

ωΛ̂[δ̆] is a (∈,∈ ∨qκ̃)-AFBI of Θ̂, we have (ð, ϑ̃ ∨ ϱ̃)∈̄ωΛ̂[δ̆].

Hence, ((ð ⊖ ϖ) ⊖ κ, ϑ̃)∈̄ωΛ̂[δ̆], (κ, ϱ̃)∈̄ωΛ̂[δ̆] ⇒ (ð, ϑ̃ ∨
ϱ̃)∈̄ωΛ̂[δ̆]. Therefore, Λ̂[δ̆] is a (∈,∈)-AFBI of Θ̂. Thus, (Λ̂, ξ̂)

is a (∈,∈ ∨qκ̃)-AFSBI of Θ̂.

(ii) Let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂ and ωΛ̂[δ̆](ð) ≤
1−κ̃
2 for all ð ∈ Θ̂ and δ̆ ∈ ξ̂. Now, ωΛ̂[δ̆](0) ≤ ωΛ̂[δ̆](ð) ∨

1−κ̃
2 = 1−κ̃

2 ∨ 1−κ̃
2 = 1−κ̃

2 .

(iii) Let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂ and ςΛ̂[δ̆](ð) <
1−κ̃
2 for some ð ∈ Θ̂. Now, (ð, ϑ̃)∈̄ςΛ̂[δ̆] ⇒ ςΛ̂[δ̆](ð) > ϑ̃.

Therefore, 1−κ̃
2 > ςΛ̂[δ̆](ð) > ϑ̃. Also ςΛ̂[δ̆](0) < 1−κ̃

2 ⇒
ςΛ̂[δ̆](0) + ϑ̃ < 1−κ̃

2 + 1−κ̃
2 = 1 − κ̃ ⇒ ςΛ̂[δ̆](0) + ϑ̃ + κ̃ <

1 ⇒ (0, ϑ̃)ςΛ̂[δ̆]. Since ςΛ̂[δ̆] is a (∈,∈ ∨qκ̃)-AFBI of Θ̂, we

have (0, ϑ̃)∈̄ςΛ̂[δ̆]. Hence, (ð, ϑ̃)∈̄ςΛ̂[δ̆] ⇒ (0, ϑ̃)∈̄ςΛ̂[δ̆].

Again, if ((ð ⊖ ϖ) ⊖ κ, ϑ̃), (κ, ϱ̃)∈̄ςΛ̂[δ̆], then ςΛ̂[δ̆]((ð ⊖

ϖ)⊖ κ) > ϑ̃ and ςΛ̂[δ̆](κ) > ϱ̃. Therefore, 1−κ̃
2 > ςΛ̂[δ̆]((ð⊖

ϖ) ⊖ κ) > ϑ̃ and 1−κ̃
2 > ςΛ̂[δ̆](κ) > ϱ̃ ⇒ ϑ̃ ∧ ϱ̃ < 1−κ̃

2 .

Also ςΛ̂[δ̆](ð) <
1−κ̃
2 . Thus, ςΛ̂[δ̆](ð) + ϑ̃ ∧ ϱ̃ < 1−κ̃

2 + 1−κ̃
2 =

1− κ̃ ⇒ ςΛ̂[δ̆](ð)+(ϑ̃∧ ϱ̃)+ κ̃ < 1 ⇒ (ð, ϑ̃∧ ϱ̃)qκ̃ςΛ̂[δ̆]. Since

ςΛ̂[δ̆] is a (∈,∈ ∨qκ̃)-AFBI of Θ̂, we have (ð, ϑ̃ ∧ ϱ̃)∈̄ςΛ̂[δ̆].

Hence, ((ð⊖ϖ)⊖κ, ϑ̃)∈̄ςΛ̂[δ̆], (κ, ϱ̃)∈̄ςΛ̂[δ̆] ⇒ (ð, ϑ̃∧ϱ̃)∈̄ςΛ̂[δ̆].

Therefore, Λ̂[δ̆] is a (∈,∈)-AFBI of Θ̂. Hence, (Λ̂, ξ̂) is a (∈
,∈ ∨qκ̃)-AFSBI of Θ̂.

(iv) Let (Λ̂, ξ̂) be a (∈,∈ ∨qκ̃)-AIFSBI of Θ̂ and ςΛ̂[δ̆](ð) ≥
1−κ̃
2 for all ð ∈ Θ̂ and δ̆ ∈ ξ̂. Now, ςΛ̂[δ̆](0) ≥ ςΛ̂[δ̆](ð)∧

1−κ̃
2 =

1−κ̃
2 ∧ 1−κ̃

2 = 1−κ̃
2 .

5 Conclusions
In this paper, the notion of AIFSI and AIFSBI was pio-

neered, and related properties were investigated. Furthermore,
characterizations of (∈,∈ ∨qκ̃)-AIFSBI’s using the concept
of an AIFSBI with thresholds are provided. Finally, certain
properties are given for a (∈,∈ ∨qκ̃)-AIFSBI to be a (∈,∈)-
AIFSBI.
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