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Abstract This paper introduces a new idea in the unital
involutive Banach algebras and its closed subset. This
paper aims to study the cohomology theory of operator
algebra. We will study the Banach algebra as an applied
example of operator algebra, and the Banach algebra will
be denoted by A. The definitions of cyclic, simplicial, and
dihedral cohomology group of A will be introduced. We
presented the definition of B-relative dihedral cohomology
group that is given by:
#p"(A,8),x] = FNABIX S o and we will

show that the relation between dihedral and B-relative

dihedral cohomology group
0 > HDO[(A, B), X] » HD(A, X) » HD*(A/p, X)

- HD[(A,B), X] > HD(A,X) =+ — HD"[(A,B),X]

- HD"(4,X) » HD"(A/p, X) » HD™1[(A,B), X] - - can be

obtained from the sequence 0- CD"[(A,B), X]
- €D™(A, X) - €D"(A/5,X) 0. Among the principal
results that we will explain is the study of some theorems in
the relative dihedral cohomology of Banach algebra as a
Connes-Tsygan exact sequence, since the relation between
the relative Banach dihedral and cyclic cohomology group
(HD"[(A,B),X] and HC"[(A,B),X]) of A will be
proved as the sequence - ~HD"[(A, B), X] S He™(A,B), X]
EN HD[(A,B), X] » ~HD"'[(A,B), X] - - Also, we
studied and proved some basic notations in the relative
cohomology of Banach algebra with unity and defined its
properties. So, we showed the Morita invariance theorem
in a relative case with maps tr*:#D*(M,(B), M.(M))
>HD*(B,M) and inc:HD*(B,M)->HD (M.(B), M, (M)) ,
and proved the Connes-Tsygan exact sequence that relates

the relative cyclic and dihedral (co)homology of A. We
proved the Mayer-Vietoris sequence of HD"[(A, B), X] in
anew form in the Banach B-relative dihedral cohomology:

o DL AN, K N )y 2 HD (A, B) y o HDM (L, )y B

HD"(NV, Dx &) HD"(LOAN, KN Ty i*»JL[D““(CA,B)X - It
should be borne in mind that the study of the cohomology
theory of operator algebra is concerned with studying the

spread of Covid 19.

Keywords Cyclic Homology, Dihedral Cohomology,
Exact Sequence, Mayer-Vietoris Sequence, Operator
Algebra, Relative Cohomology

MSC classes: 20J06, 57M27.

1. Introduction

The cohomology of Banach algebra was studied by
Johnson [22] who showed that the Banach algebra A is
characterized by the Hochschild cohomology group. He
used the vanishing of the Hochschild cohomology group of
A to determine a significant class of Banach algebra called
amenable algebra. Kadison [23], Sinclair [24], and
Ringrose [25] extended the Banach algebra to the operator
algebra (C*-algebra- von Neumann algebra). The effective
tool which computes the cyclic (co)homology is the
Connes-Tsygan exact sequence that relates the simplicial
(co)homology to the cyclic (co)homology of much algebra.
If we have the relation between the cohomology group
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H, (A, A") of Banach algebra A and the corresponding
relative H,B(A, A*), such A* is the dual Banach space
of A, and then the relation between relative dihedral
cohomology groups of A and dihedral cohomology
groups of A can be established. Helemskii [2] studied
Banach algebra via the Banach homology theory.
According to his investigation, he defined the biflat and
bi-projective Banach algebra. Indeed, for a bounded
A -bimodule morphism p: A = (A Q) A)*(p:A—
A&y A), A is called biflat, such for the right inverse p
of m, m** o p is canonical embedding from A into A™.
He showed that:L,(G) is biflat Banach algebra if G is
amenable and L;(G) is bi-projective if G is compact.
Kanuith, [3], used this idea and defined a new notion of
amenability of A depending on the character of Banach
algebra. For the operator algebra, its simplicial
cohomology has been studied in [22], [23], and [11]. The
cyclic (co)homology of operator algebras was studied in
[24], [1], and [2]. In [15], Karasauskas introduced the
dihedral homology group of algebra with characteristic
zero. The dihedral (co)homology of an involutive and
unital algebra over commutative ring was studied by Loday
[17] and others. Alaa introduced important results on the
dihedral homology of operator algebras [5]. Karasauskas,
Lapin, and Solovev [15] studied the dihedral homology and
cohomology theory, as well as the connections between the
other homology and dihedral homology. They introduced
the Cheam characteristics of dihedral and studied the
relations between the dihedral homology and Hermitian
K-theory.

The cyclic and dihedral cohomology of operator algebra
was studied in [6] and [7]. The triviality and non-triviality
of dihedral cohomology groups of operator algebra were
studied in [8]. The ideal amenability in Banach algebra was
studied in [21]. Alaa and Gouda studied the dihedral
cohomology theory of Banach algebras and introduced
many working.

This paper will describe the calculation of the relative
Banach cyclic, relative Reflexive, and relative dihedral
cohomology groups of operator algebra. The cyclic
cohomology groups of A which relative to the closed
sub-algebra B of A is denoted by HCg(A). Here, we
present a relation between the relative Banach dihedral
(reflexive) cohomology group HD"(A) of operator
algebra A with the Banach B-relative cyclic cohomology
group HCE(A) of A. Morita invariance theorem is
shown in relative case. The important result is studying the
Connes-Tsygan exact sequence as a relation between the
relative cyclic (co)homology of operator algebra with their

simplicial (co)homology and relative dihedral cohomology.

We introduce the sequence that associates the Banach
dihedral cohomology group with the BanachB -relative
dihedral cohomology group.

In the second section: we recalled the definitions and
background notations in the cohomology theory. We
presented Banach's relative dihedral cohomology of
operator algebra (Banach algebra).
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In the third section: we study and prove some basic
notations in the relative cyclic cohomology and define
some properties. Moreover, we proved some relations in
theorems (3.9), (3.12). We gave connections in Banach
relative dihedral cohomology groups, proved the new
results, and gave examples. Finally, we introduced the
Mayer-Vietoris sequence of HD"[(A,B),X] in a new
form.

2. Cohomology Theory of Operator
Algebra

This section recalled background notations of the
cohomology theory of operator algebra. Here we will study
the cohomology theory of Banach algebra as an applied
example of operator algebra, and the Banach algebra will
be denoted by A. The definitions of simplicial, cyclic, and
dihedral cohomology group of A and the theorems,
which relate among them, will be introduced.

Definition (2.1): [4]

The Banach algebra A is called unity Banach algebra
if it has the unit e s.h. x; € A the inverse of x;
isx, €EASs.h. xyx, =x,2; = e. And the involution of
any element x €A is x* s.h. (x")* ' =x. (sh. is
abbreviation for “such that”).

Definition (2.2): [18]

For the Banach algebra A, if x;,x, € A and satisfy
that x,x, = x,x,, then A is called the commutative
Banach algebra.

Definition (2.3):

Let A be unital algebra, the invertible element x; € A
satisfy that Vx, E A = xx, = 2,2, =1 and x, is
unique and then x, =x7' . The group under
multiplication is

GL(A) = {x € A: x invertiple}. @)

We can define the spectrum of x € A as
sp(x) = spa(x)
={1eCAM —x¢&GL(A)}.
We write A instead of Al. Then the complement of the
spectrum defines the resolvent, since the resolvent
functionis R(1) = (1 —x)~1.

Lemma (2.4): [3]

Suppose that A is unital Banach algebra, 4 €

A sh|1-4#||<1=> x€GL(A), ad 1=
Y o(1 —x)™, then
et _ g1y < 18l
16711 < i and 11— 671 < 2L )

Definition (2.5):
For the Banach algebra A4 and open subset Q € C, then
the function #:Q — A is analytic. If O(4,) is the open
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neighborhood, then
V1 €EQ I0(,) s.h
F(A) = Xm0 an(A — o)™
We get #(1) converges VA € 0(y). If Ay = oo, then
# is analytic if
F() = XnzoanA™.

Definition (2.6): [9]
The involution x; of x; € A is satisfying that:

(1) = 21, (X1%2)" = 203x7, (01 + Ax)" = 27 + A3

If A*-algebra is the involutive algebra A, and B is
involutive Banach *-algebra, then the homomorphism
@:A—>B (the map between two *-algebras) is
*-homomorphism since @(x7) = @(x)* . If||lxix;]| =
;1> V x; €A, then the C* -algebra is Banach
*-algebra.

Definition (2.7): [10]
For any two pre-simplicial maps#, g:C — C, then the
collection £;:C,, = Cpyq S.h. i=0,..,n is defined

the pre-simplicial homotopy, and the face maps
d;:C, = C,_, are satisfying that:
dih = hid; if i<j,
dihi:diﬁi—l Lf0<l<n,l=],]+1, 3
doho =F and dni1hn =g

We showed the notations which we used in our study. If
A is Banach algebra, § € A is closed. The cyclic
cohomology group of A is denoted by HC™(A), but
the dihedral cohomology group of A is HD"(A). The
notations HCS(A), HDF(A) are the S-relative cyclic
and dihedral cohomology group of A, respectively. The
id is the identity operator and & is the tensor product.
The notation HD™(A)y, was written as the notation of
the dihedral cohomology of A with elements in X .

Definition (2.8): [12]
Consider the Banach algebra A and Banach
A-bimodule X. Then the cochain complex C™(A,X) is,
50
0-C%A,X) — ..o CY(A,X)

e, X) .

4)
such that C°%A,X)=X and 8™ C"(A,X) >
C™1(A,X) is the coboundary and characterized as

@"f)(aq, ..., ans1) = ar1f(az, ..., any1)
n
+ Z(—l)i#(dl, ey A Qg ey a’n+1)
i=1
+(_1)n+1#(a1’ (s a’n)a’n+1a (5)

and the kernel Z™(A,X) of 6™ are the m-cocyclies.
The image B™(A,X) of 6™ 'is the coboundaries,
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™10 §™ = (0. The Banach cohmology group of A is
given by;

wrax) =D ey ©

Definition (2.9): [15]

Let M, be the Banach A-bimodule, then the double
M = (M,)* is the Banach A-bimodule. If X to be the
normed Banach cohomology H1(A, M) = {0}, then A
is called amenable. If (A, X) = {0}, then A is
contractible.

Definition (2.10): [16]

For the closed sub-algebra § of A, we can define the
closed subspace C&(A,X) of C™(A,X) with § as the
sequence,

50
0 - CIA,X) — ..o CH(A,X)

671.
— CM(A,X) > ... 7

since for all ay,ay ..,a,€A8E€ES,1<i<n
satisfy that,
p("sa’lt a’Z; ---’a'n) = 5/)(“'1; a’Z; ---’a'n),
play, gy, i1, Ai8, Ajyq,y e , Ay)
=p(aq, ag, e, @iy 8Ai 41, Ajgzy e »Ap),
since  p(aq,ay, ..,ans) = pla, ay, ..,an)s The

complex CF(A,X) is the S-relative n-cochains and the
S-relative n-cocycles Zg (A, X) are the kernel of ™.
The S-relative co-boundaries are defined as the image of
ML R (A, X) - CH(A,X) and denoted by B (A, X).
Then the S-relative cohomology group of C&'(A, X)is;

HE (A, X) =25 (CA’X)/BSn( 4% @®)

Proposition (2.11): [20]
Let A; and A,be two unital Banach algebras. The
unital Banach A, A, -bimodule Y and the natural

triangular matrix W =[ ! y] with norm |||y
0 A,

which is equivalent to [|*||;, on A; i =12, ||y on Y
and X is Banach W-bimodule. If
ellxezz = {0} or 811W622 = {0} Then we get the fOI‘m,

H™(W,X) = H™( Ay, e11.Xe11) @ H™ (A, e32X e2;).

Proposition (2.12): [18]

For the Banach algebra A, and closed sub-algebra B of
A that be amenable. Let Mbe the double A-bimodule
vn=>1 and if peC™(A M) such that
(8"p)(ay, ..., anyq) = O since the one of ay, ..., ap41 € B.
Then there is £ € C"" (A, M) s.h. VYa,,..,a, €B.

Lemma (2.13): [13]
For the Banach algebra A  and  the
Banach A-bimodule X . If B is the closed sub-algebra
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of A ,
0 vn=>1

for that one of ay,..,dnsq € B andp(ay,..,a,) =
Oand one of a4, ...,a, € B. Then, p € CF(A, X).

p €CM(A,X)s.h. (8"p)(ay, -, Apns1) =

Definition (2.14): [19]

Consider the wunital Banach algebra A  with
coefficients in A -bimodule X , then the cyclic
cohomology group of A is defined as the cohomology of
the co-complex Tot CC* (A)

; /. ~ . /.

™

2 1-t ., N 1-t - N
G (A, X) —5 £12(A, X) 37 (A, X) —36% (A, X) —HE2(A, X) -
1 T

b -b b -b h
01 1-t N 31 T—t 5 N "
CPHAX) =611 (A, X) =3 € (A, X) =2 (A, X) — (A, X) -
F A 71 A o
b -b b —b b

. 1-t N 1-t N
€ (A, X0)— C1(A, X) — €2 (A, X)— 6 (A, X)5C* (A, X) 5 -+

as

HEC™(A,X) = H(TotCC™ (A, X)), )
where CC** (A, X) is the bicomplex with the horizontal
maps (1—1t)* and N*:CC*F - cC*'F and the
vertical maps b* and b :CC*F — CCP+1,

Definition (2.15):

If A is the unital Banach algebra, then we can define
the §-relative cyclic cohomology HCH(A,X) of the
following cochain exact complex, since of the cochain
exact complex;

80 s
0 - CC(A, X) —> ... > CCI(A, X) — CCI*1(A, X)
.

.y

and the cyclic relative cohomology of § in A takes the
forum, HCI(A,X) = Zi(A, X)/ n . Where
’ ’ Bg' (A, X)

ZZ(A,X) is the kernel of 6™ and BJ(A,X) is the

image of 6™ such defined with the maps
flday, aq,...,a,) = $(ag, aq,...,a,d) and
ty: CH(A,X) = CF(A,X) and satisfy that;
tof(ag aq,...,a,) = (—D)"f(an aq,...,aq)
t"$(dagy, aq,...,a,) = (—D)"$(a, a,,...,dagy)

= (-D"f(aq,...,a,d,ay) = t"f(ag, aq,...,apd).
Theorem (2.16):

For the wunital Banach algebra A and the

A -bimodule X , the relation between HIH™(A,X)
and HC™(A, X)is given as;

B
e HH (A, X) — HCV (A, X)

S 1 B
S HE™(A, X) > HHL(A,X) > . (10)
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Proof:

For the bicomplex CC(A, X)?}, which contains first
two columns of CC(A, X)and C[2,0],q4 = Cp—24. Then
we have the exact sequence;

0 - CC(A, X)) > cee(A,X)—CC(A,X)[2,0] -0,
for the long exact sequence of this sequence, we get
B s
e S HH™M(A,X) — HC (A, X) > HC™1(A, X)
1 B
> HH™1I(A,X) - -

Theorem (2.17): [17]

Let S be the closed sub-algebra of Awhich is unital
and involutive Banach and X is the A-bimodule. The
sequence that relates the S-relative Hochschild and cyclic
cohomology group is formed as;

B
5 HHI(A, X) > HEP (A, X)

S 1 B
5 HCM(A, X) — HHIP(A,X) > . (11)

Definition (2.18):

For the BanachcA-bimodule X, such A is involutive
Banach algebra. The dihedral cohomology group
}[D"(C’(o‘l, JC)) = HD"(A, X) of the cochain complex

50
0> CD°(A,X) — ... CD"(A, X)

511
— CD"(A,X) >...,
is the sequence;

60
0> HD(A,X) — ...> HD™(A,X)
511.
—s HD™"(A,X) >...,

with maps:

op:ln+1] = [n], 8:[n—1] > [n], puln] -
[n]and 7,,:[n] - [n],

that satisfy:
8),18% = 64,,8)7" ifi<j
07{07i+1 = 0-7?[0.7]1.';1 ifi<j
. 8i_1al72 if i<j » (12)
o)t =1 Idp, ifi=jorj+1
8iia) ifi>j+1
1,65 = 871, 1<i<n
TnO'r{ = a,{_lrnﬂ 1<j<n (13)
Tt = Idpy
{pnrﬁf} = 6,1'%‘1pn_1 0<i<n (14
PnO; = 05 Pras 0<j<n
pr = ldp, (15)
TnPn = PnTn (16)

Theorem (2.19):
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Consider the unital involutive Banach algebra A with
coefficients in A-bimoduleX. The relation between cyclic
and dihedral cohomology group ( HC™(A,X) and
CHD™I(A,X), a=+1)is;

5 THDM(A,X) S HE (A, X) HD (A, X)
~HD(A, X) - (17)

Proof:
Let C(A, X)be the total bi-complex and D(A, X) be
the tri-complex. Then the short exact sequence,

0-Tot C(A,X) > Tot D(A,X) - Tot "D(A,X) >0,

Has the long exact sequence

s THD(A, X) = HC (A, X)5 HD (A, X)
- THD™(A,X) > -

Theorem (2.20): [17]

For A-bimodule X, consider the involutive and unital
Banach algebra A with coefficients X' . The relation
among HH™(A,X),HC™(A,X) and HD"(A,X) is
the sequence;

: . ?‘.!+1(Qq}xj
: // 1
_mn+1(nq’x) 1 H€n+1(;ﬂ x_) |
/ A
2D (A, X) mf“x3T1
HE A, X)—— HD"HAX)
-H'D”'l(cfl,xj \\ / |
- HH?‘! 1(1:;4: x:)___mn_z (ch,x)
/ I\\_x / |
:}_mn— .-fl x]ﬁ_j‘f{?n ‘(ch, .I'j
J .
Theorem (2.21):
For the Banach algebra A , then we

have H™(AQRQE) = H™(A),Vn = 1.

Proof:
Consider X = AQE and X; = AQE; since i =1,2.
Then the traid (X, X,, X)) is exact. Let

0 0O 0 00
V= (a 0 0>,aecﬂ ,V, = (0 0 0>,achl
0 0 0 a 0 0

and the projections in X; N X, be defined as

I 0 0 0 0 O
61262: 0 0 0 ) €3= 0 I 0
0 0 O 0 0 I

since the completely bounded surjective homorphisms are
p:X =Xy, ¢; X — X, . The symbol @ means the
direct sum of A. From the long exact sequence;

The Relative (Co)homology Theory through Operator Algebras

HIA)DH(G,) S @O0 0 ) 5 o
S KT E)BH () 25 K1 N X)
Z3m00) B 3@ ()

BaHn, N X,) - (18)
Then we can compute H™(X) since the surjective is
i HPC)OH™(X,) — HM (X, NX,) Vn=1

The restriction of cocycles on X; to X;NX, is
produced of ¢, @@, B¢, but the restriction of cocycles on
X, to X; N X, is produced of ¢p;D@,D¢p; and the range
of i, is
{[(p1 — 03)B(01 — 9 )B (@2 — 93)]: ; € Z™(A)}, (19)
butvn > 2 p, iszero map and g, is injective and thus

H™(X) = Img,, = Keri,. (20)

Consider the unitary permutation U s.h. U'EU =
€,. Then there exists an isomorphism m: AQE; - ARQE,
which induces the isomorphism

W] — [Yrl,
and is defined by: Vg, € X;;

¢n(y)1: R y‘n) = ﬂlp(n_l(y'l)' 'n_l(y’n))

That follows (20) and we get i,, = H™(A). Then, we get
the required.

H™MXy) — H™M(X),

Theorem (2.22):
For the cohomology of AQA,, we have Vn =1,

HMAQA,) = H"(A)BH"(A). @n
Proof:
For n>2, consider the following subspaces and
subalgebras of M,
*x 0 0 0 *x 0 0 0
_J{0 = 0 0 _J{0 x 0 0
L=0o » = o] L2=3l« 0 + o
0 0 0O 0 0 0O
0 0 0O 0 0 0O
M=11 0 0 o’ Ne = 0 = 00
*x 0 0 0 0 00
*x 0 0 O
_J(0 = 0 O
Di=lo 0 « 0
0 0 0 =

since the stars are arbitrary complex numbers. Let
X =AQA,y, X1 =ARL;, Xy =ARL,, X;NX, =
AQD,, V; = AQN;and V, = AQN,. The projections
e, e, and ez are
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I 0 00 00 0 0
00 0 0 01 00
61:0000>'62:0000'63:
00 0 0 00 0 0
00 00
00 0 0
001 0
00 0 I

Then from the portion of Mayer-vietories sequence
Of(xltx21x);

n-1 n-1 In—1 n-1 #Pn
HPHXDOH™ (X)) — H™H X N X)) —

HP () B HO)DH () BH (6 N X,)  (22)

where X; = (ADE) , then we have H™(X;) =
H™(A)DH™(A). Then the image of cocycles under i,
is {[pl®V]B[Y]®[Y]: 0, ¢ € ZM(A)}.

Thus, for applying i; on H™X,) , we
get {[{I@MIDISIDIS]:¢,n € Z"(A)}. Then the image
of i, is
{lo —d1®[ —nldlY — 1@y — ¢l 0,9, ¢, € Z™ (A} (23)

Then; Ker iy, = {[¢@¢®L:]®l9@9®@L].; ¢ € Z"(A)},
Ker i, = H™"(A) from (19) we have,

H™(X) = Img,BKer g, = Ker i,®Im p,

n-1
= Ker inGBj{ OGN XZ)/KeT »n

n-1
= Ker inEBj{ Xn XZ)/Im iy (24)

From (24);
Im iy, = {[al®[pl®lYI®lY]: @, B,y € Z" (A},

}[n_l(xl n XZ) =
Im i,_, ®{0B0B0D[¢]: pZ"1(A)}.

n-1
Thus ¢ N xZ)/Im i, = H™(A) and from

(21);
HM(AQA,) = H(A)BH™ 1(A).

3. Main Results

Here, we obtained the main result of this paper. The
relation between the relative Banach dihedral and cyclic
cohomology group ( HD"[(A,B), X]
and HC™[(A, B), X]) of A will be proved. We showed
the Morita invariance theorem in the relative case and
proved the Connes-Tsygan exact sequence that relates the
relative cyclic and dihedral (co)homology of A. Here we
used [14], [17], [18] and [19].

Definition (3.1):
Let HD™(A,X) be the dihedral cohomology of A
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with coefficients in X'. If B is the closed sub-algebra
of A, then the Banach B-relative dihedral cohomology
group HD"[(A,B),X] of A, then the sequence of
dihedral cohomology of the exact complex;

05 CDO[(A, B), X] —> -+ > CD[(A, B), X]

sn
— CD" (A, B), X] > -,

is the sequence,

0 - HD°[(A,B), X] —83 o> HDM (A, B), X]

5n
— }[Dn-'-l[(‘:ﬂlB)lx] =

The B-relative dihedral cohomology group is;

HD"[(A,B),X] = Zn[(ﬂ'B)'x]/ B"[(A,B), XT

since Z™[(4, S), X] is the kernel of 6™ and B™[(4,S), X]
is the image of §™*! and satisfy the relations (12), (13),
(14), (15) and (16).

The sequence which related between C™(A,X) and
CD"[(A, B), X] is;

0> CD"[(A, B), X] - CD"(A, X) - €D™(A/5,X) -0,

and the relation between dihedral and B-relative dihedral
cohomology group is;

0 - HDO[(A, B), X] > HD (A, X) » HD°(A/5,X)
- HDY (A, B),X] - HD (A, X) > -
- HD"[(A, B), X] » HD"(A4, X) » HD"(A/5, X)
- HD"1[(A,B), X] > -

Example (3.2):
Consider two unital Banach algebras A, and A,, and Y
is the unital Banach A, , A, -bimodule. For natural

. . A .
triangular matrix algebra W = [ 01 cg] defined with
2
norm [|-|lyy which is equivalent to [|*||.,4, on A;, { = 1,2
and |||ly on Y, then vV n = 0, we obtained

HD (W) = HD™(A;) @ HD"(A,). 25)

Theorem (3.3):
For the closed sub-set B of the unital Banach algebra A

and A -bimodule X , then the relation between
HC"[(A,B), X] and HD"[(A,B), X] is;

w5 “HDM(A, B), X] > HC[(A, B), X]

S HD[(A,B), X]> “HD™'[(A,B),X] > (26)

Proof:

We can prove this theorem as similar as in theorem
(2.19).

Theorem (3.4):
Let B be closed sub-set of the involutive Banach
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algebra A and A -bimodule X . If we instead
EHD™ (A, X) by HD" (A, X), then we can relate among
H™(A,X),HC™(A,X) and HD™(A,X) as;

P
HD(A,X) S 1D 1[(A B),X]

/ s
H(?““(:ﬂ,)()“‘ “HD"™ (A, X)
HEM(A X)——HD"(A/p,X)

SIN

HD™ [(A B),X]—= HD" (A,X)
1
“HDY(A,X) —+— HD"[(AB),X]

RN

HD" (A g, X)—HD™ (A, X) :

Proof:

By the exact sequences

0 > HDO[(A, B), X] > HD (A, X) » HD°(A/5,X)
- HDY(A,B),X] > HD (A, X) > -
- HD"[(A, B), X] » HD" (A, X) > HD(A/5,X)
- HD™1[(A,B), X] > -,

and

s THDM(A, X) o HD (A, X)> HD (A, X)
- THD™(A,X) > .

Then we get the required.

Definition (3.5):

Consider the involutive Banach algebra A with
coefficients in X, the subset B of A and bimodule M.
Let the matrix M, (M) be the degree of r X r. Then the
inclusion is

inc: M,(M) = M, 1 (M), as the form

0
aw- [ a -l,
0 « 0 O
since the trace map tr:M,.(M)—->M is given by
tr(a) =Yi-;a; and the generalized trace map
tr: M, (M) @ M (B)®" > M @ BE™ as tr(a @ @
@) =X, Q Biyi, ® - ®niiy)-

Theorem (3.6):

Consider the involutive Banach algebra A with
coefficients in X and Bc A . Then we have two
isomorphisms that are inverse to each other,

The Relative (Co)homology Theory through Operator Algebras

tr*: HD*(M;.(B), M,.(M)) » HD*(B,M), (27)
inc*: HD*(B, M) » HD*(M,(B), M,.(M)). (28)

Proof:

Consider the pre-simplicial homotopy £ = ¥ (—1)i4;
such  that  A;: M, (M) @ M. (B)®" - M, (M) ®
M, (B)®™*1 which is defined by;

(@, esa™) = ) E(ah) @ Exn(@hn) ® . @ Eny(aby)
®&EMD®aM R ..Qar

for a® € M,.,(M) and the others a’ € M,.(B) and #;
satisfy the first three relations in definition (2.7). If n =

n=1: h(a,4) = & (a) ® Eu(D) @ 6 — & (az)
® 11 (b)) Ex (1)

= '&d + d/ﬁ/ = doho - dn+1hn.

Since d, 1A, =incOtr and id = dyh,, then id
and inc © tr are homotopic with each other.

Theorem (3.7):

Consider the Banach algebra A
sub-algebra B, let LN c A, K,JC B
KcA UJCB The Mayer-Vietoris
for HD™[(A,B),X] is:

C S HDVHLAN, KN Ty
04 ko—1y
S HD™(A, B)x — HD™ (L, K) x ® KDV, Iy

i fe)
S KDL AN, K N )y

and closed
such that U
sequence

0
SHDY(A, B)x - . (29)

Since
igLOLnNN, i KoKNT,jg NS LNN,
jgrd @K nJ, kg:A S Lkg:Bo XK,
lgt AN and lz:B o J.

Proof:

Consider the short exact sequence
0—- CD™(A,B) 5 CD™"(L,X) & eD™(IV,J)

Lepncan,xng),

with the epimorphism # and the monomorphism g. Since
f=k—1 g¢=(,j) and # 0g = 0. Consider that(£ N
N, % 0 J)(U) € CD"(A, B), then

(# © 9)(A,B)(W) = #((£,IO(W), IV, (W) = 0.
Since

((£,30(W), OV, H(W) € [€D"(L,K) & CD™(V, D]
Then the Mayer-vietoris sequence is the sequence;

C S HDYHLAN, KN Ty
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0. k.—1y

SHD(A,B)y —— HDM(L,K)yx @ HD"V, )
(.*V .*)
DML AN, K N Ty

2.
S>HD™"™ (A, B)y > -

4. Conclusions

We presented the definition of B -relative dihedral
cohomology group that is given by

HD"[(A,B),X] = Zn[(dq'B)'x]/ B"[(A,B), XT

The relation between the relative Banach dihedral and
cyclic ~ cohomology  group ( HD"[(A,B),X]
and HC™[(A,B), X] ) of A was proved. So, we showed,
the Morita invariance theorem in the relative case and
proved the Connes-Tsygan exact sequence that relates the
relative cyclic and dihedral (co)homology of A.

We proved the Mayer-Vietoris sequence of
HD™[(A,B),X] in a new form in the Banach B-relative
dihedral cohomology:

C S HDYHLAN, KN Ty

a. KoL,
CB) epnL a VLK N Dy

0y
S>HD™"(A,B)y — -
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