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Abstract  This paper introduces a new idea in the unital 
involutive Banach algebras and its closed subset. This 
paper aims to study the cohomology theory of operator 
algebra. We will study the Banach algebra as an applied 
example of operator algebra, and the Banach algebra will 
be denoted by 𝒜𝒜. The definitions of cyclic, simplicial, and 
dihedral cohomology group of 𝒜𝒜 will be introduced. We 
presented the definition of ℬ-relative dihedral cohomology 
group that is given by: 
ℋ𝒟𝒟n[(𝒜𝒜,ℬ),𝒳𝒳] = Zn[(𝒜𝒜,ℬ),𝒳𝒳]

Bn[(𝒜𝒜,ℬ),𝒳𝒳]� , and we will

show that the relation between dihedral and ℬ -relative 
dihedral cohomology group 
0

 
→ℋ𝒟𝒟0[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟0(𝒜𝒜,𝒳𝒳)

 
→ℋ𝒟𝒟0�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→ℋ𝒟𝒟1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟1(𝒜𝒜,𝒳𝒳)

 
→⋯   

 
→ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟𝑛𝑛(𝐴,𝒳𝒳)

 
→ℋ𝒟𝒟𝑛𝑛�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→ℋ𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯  can be 

obtained from the sequence 0
 
→ 𝒞𝒞𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ 𝒞𝒞𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

 
→ 𝒞𝒞𝒟𝒟𝑛𝑛�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→0 . Among the principal

results that we will explain is the study of some theorems in 
the relative dihedral cohomology of Banach algebra as a 
Connes-Tsygan exact sequence, since the relation between 
the relative Banach dihedral and cyclic cohomology group 
(ℋ𝒟𝒟n[(𝒜𝒜,ℬ),𝒳𝒳]  and  ℋ𝒞𝒞n[(𝒜𝒜,ℬ),𝒳𝒳] ) of 𝒜𝒜  will be 
proved as the sequence   

 
→  −ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

𝑖𝑖∗
→ℋ𝒞𝒞𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

𝑗∗
→ ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] →  −ℋ𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯ . Also, we 

studied and proved some basic notations in the relative 
cohomology of Banach algebra with unity and defined its 
properties. So, we showed the Morita invariance theorem 
in a relative case with maps tr∗:ℋ𝒟𝒟∗�ℳr(ℬ),ℳr(ℳ)�

 
→ℋ𝒟𝒟∗(ℬ,ℳ)  and inc∗:ℋ𝒟𝒟∗(ℬ,ℳ)

 
→ℋ𝒟𝒟∗�ℳr(ℬ),ℳr(ℳ)� , 

and proved the Connes-Tsygan exact sequence that relates 

the relative cyclic and dihedral (co)homology of  𝒜𝒜. We 
proved the Mayer-Vietoris sequence of ℋ𝒟𝒟n[(𝒜𝒜,ℬ),𝒳𝒳] in 
a new form in the Banach ℬ-relative dihedral cohomology: 
⋯ → ℋ𝒟𝒟n−1(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳

∂∗→ℋ𝒟𝒟n(𝒜𝒜,ℬ)𝒳𝒳
k∗−l∗�⎯⎯�ℋ𝒟𝒟n(ℒ,𝒦)𝒳𝒳 ⊕

ℋ𝒟𝒟n(𝒩,𝒥)𝒳𝒳
(i∗,j∗)
�⎯⎯�ℋ𝒟𝒟n(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳

∂∗→ℋ𝒟𝒟n+1(𝒜𝒜,ℬ)𝒳𝒳 → ⋯. It 
should be borne in mind that the study of the cohomology 
theory of operator algebra is concerned with studying the 
spread of Covid 19. 

Keywords  Cyclic Homology, Dihedral Cohomology, 
Exact Sequence, Mayer-Vietoris Sequence, Operator 
Algebra, Relative Cohomology 

MSC classes: 20J06, 57M27. 

1. Introduction
The cohomology of Banach algebra was studied by 

Johnson [22] who showed that the Banach algebra 𝒜𝒜 is 
characterized by the Hochschild cohomology group. He 
used the vanishing of the Hochschild cohomology group of 
𝒜𝒜 to determine a significant class of Banach algebra called 
amenable algebra. Kadison [23], Sinclair [24], and 
Ringrose [25] extended the Banach algebra to the operator 
algebra (C*-algebra- von Neumann algebra). The effective 
tool which computes the cyclic (co)homology is the 
Connes-Tsygan exact sequence that relates the simplicial 
(co)homology to the cyclic (co)homology of much algebra. 
If we have the relation between the cohomology group 
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ℋ𝑛𝑛(𝒜𝒜,𝒜𝒜∗) of Banach algebra 𝒜𝒜 and the corresponding 
relative  ℋ𝑛𝑛ℬ(𝒜𝒜,𝒜𝒜∗), such 𝒜𝒜∗ is the dual Banach space 
of   𝒜𝒜 , and then the relation between relative dihedral 
cohomology groups of 𝒜𝒜  and dihedral cohomology 
groups of 𝒜𝒜  can be established. Helemskii [2] studied 
Banach algebra via the Banach homology theory. 
According to his investigation, he defined the biflat and 
bi-projective Banach algebra. Indeed, for a bounded 
𝒜𝒜 -bimodule morphism 𝜌𝜌:𝒜𝒜 → (𝒜𝒜 ⊗𝑝𝑝  𝒜𝒜)∗∗(𝜌𝜌 ∶ 𝒜𝒜 →
𝒜𝒜⊗𝑝𝑝  𝒜𝒜), 𝒜𝒜 is called biflat, such for the right inverse 𝜌𝜌 
of 𝜋, 𝜋∗∗ ∘ 𝜌𝜌 is canonical embedding from 𝒜𝒜  into 𝒜𝒜∗∗ . 
He showed that:𝐺𝐺1(𝐺𝐺) is biflat Banach algebra if 𝐺𝐺  is 
amenable and  𝐺𝐺1(𝐺𝐺)  is bi-projective if 𝐺𝐺  is compact. 
Kanuith, [3], used this idea and defined a new notion of 
amenability of  𝒜𝒜 depending on the character of Banach 
algebra. For the operator algebra, its simplicial 
cohomology has been studied in [22], [23], and [11]. The 
cyclic (co)homology of operator algebras was studied in 
[24], [1], and [2]. In [15], Karasauskas introduced the 
dihedral homology group of algebra with characteristic 
zero. The dihedral (co)homology of an involutive and 
unital algebra over commutative ring was studied by Loday 
[17] and others. Alaa introduced important results on the 
dihedral homology of operator algebras [5]. Karasauskas, 
Lapin, and Solovev [15] studied the dihedral homology and 
cohomology theory, as well as the connections between the 
other homology and dihedral homology. They introduced 
the Cheam characteristics of dihedral and studied the 
relations between the dihedral homology and Hermitian 
𝐾-theory. 

The cyclic and dihedral cohomology of operator algebra 
was studied in [6] and [7]. The triviality and non-triviality 
of dihedral cohomology groups of operator algebra were 
studied in [8]. The ideal amenability in Banach algebra was 
studied in [21]. Alaa and Gouda studied the dihedral 
cohomology theory of Banach algebras and introduced 
many working. 

This paper will describe the calculation of the relative 
Banach cyclic, relative Reflexive, and relative dihedral 
cohomology groups of operator algebra. The cyclic 
cohomology groups of 𝒜𝒜  which relative to the closed 
sub-algebra ℬ  of 𝒜𝒜  is denoted by ℋ𝒞𝒞ℬ𝑛𝑛(𝒜𝒜). Here, we 
present a relation between the relative Banach dihedral 
(reflexive) cohomology group ℋ𝒟𝒟𝑛𝑛(𝒜𝒜)  of operator 
algebra 𝒜𝒜 with the Banach ℬ-relative cyclic cohomology 
group ℋ𝒞𝒞ℬ𝑛𝑛(𝒜𝒜)  of  𝒜𝒜 . Morita invariance theorem is 
shown in relative case. The important result is studying the 
Connes-Tsygan exact sequence as a relation between the 
relative cyclic (co)homology of operator algebra with their 
simplicial (co)homology and relative dihedral cohomology. 
We introduce the sequence that associates the Banach 
dihedral cohomology group with the Banachℬ -relative 
dihedral cohomology group. 

In the second section: we recalled the definitions and 
background notations in the cohomology theory. We 
presented Banach`s relative dihedral cohomology of 
operator algebra (Banach algebra). 

In the third section: we study and prove some basic 
notations in the relative cyclic cohomology and define 
some properties. Moreover, we proved some relations in 
theorems (3.9), (3.12). We gave connections in Banach 
relative dihedral cohomology groups, proved the new 
results, and gave examples. Finally, we introduced the 
Mayer-Vietoris sequence of ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]  in a new 
form. 

2. Cohomology Theory of Operator 
Algebra 

This section recalled background notations of the 
cohomology theory of operator algebra. Here we will study 
the cohomology theory of Banach algebra as an applied 
example of operator algebra, and the Banach algebra will 
be denoted by 𝒜𝒜. The definitions of simplicial, cyclic, and 
dihedral cohomology group of 𝒜𝒜 and the theorems, 
which relate among them, will be introduced.  

Definition (2.1): [4] 
The Banach algebra 𝒜𝒜 is called unity Banach algebra 

if it has the unit ℯ   𝑠𝑠.ℎ.    𝓍𝓍1 ∈ 𝒜𝒜 the inverse of 𝓍𝓍1 
is 𝓍𝓍2 ∈ 𝒜𝒜 𝑠𝑠.ℎ.    𝓍𝓍1𝓍𝓍2 = 𝓍𝓍2𝓍𝓍1 = ℯ. And the involution of 
any element 𝓍𝓍 ∈ 𝒜𝒜  is  𝓍𝓍∗    𝑠𝑠.ℎ.   (𝓍𝓍∗)∗ = 𝓍𝓍 . (s.h. is 
abbreviation for “such that”). 

Definition (2.2): [18] 
For the Banach algebra  𝒜𝒜, if 𝓍𝓍1,𝓍𝓍2 ∈ 𝒜𝒜 and satisfy 

that   𝓍𝓍1𝓍𝓍2 = 𝓍𝓍2𝓍𝓍1 , then 𝒜𝒜  is called the commutative 
Banach algebra. 

Definition (2.3): 
Let 𝒜𝒜 be unital algebra, the invertible element 𝓍𝓍1 ∈ 𝒜𝒜 

satisfy that  ∀𝓍𝓍2 ∈ 𝒜𝒜 ⇒ 𝓍𝓍1𝓍𝓍2 = 𝓍𝓍2𝓍𝓍1 = 1  and 𝓍𝓍2  is 
unique and then  𝓍𝓍2 = 𝓍𝓍1−1 . The group under 
multiplication is 

𝐺𝐺𝐺𝐺(𝒜𝒜) = {𝓍𝓍 ∈ 𝒜𝒜:   𝓍𝓍  invertiple}.      (1) 

We can define the spectrum of 𝓍𝓍 ∈ 𝒜𝒜 as 
𝑠𝑠𝑝(𝓍𝓍) = 𝑠𝑠𝑝𝒜𝒜(𝓍𝓍) 

= {𝜆𝜆 ∈ ℂ: 𝜆𝜆𝜆𝜆 − 𝓍𝓍 ∉ 𝐺𝐺𝐺𝐺(𝒜𝒜)}. 

We write 𝜆𝜆 instead of  𝜆𝜆𝜆𝜆. Then the complement of the 
spectrum defines the resolvent, since the resolvent 
function is ℛ(𝜆𝜆) = (𝜆𝜆 − 𝓍𝓍)−1. 

Lemma (2.4): [3] 
Suppose that 𝒜𝒜  is unital Banach algebra, 𝒷𝒷 ∈

𝒜𝒜   𝑠𝑠.ℎ.  ‖1 −𝒷𝒷‖ ≤ 1 ⇒  𝓍𝓍 ∈ 𝐺𝐺𝐺𝐺(𝒜𝒜),  and   𝒷𝒷−1 =
∑ (1 − 𝓍𝓍)𝑛𝑛∞
𝑛𝑛=0 , then 

‖𝒷𝒷−1‖ ≤ 1
1−‖1−𝒷𝒷‖

 and ‖1 −𝒷𝒷−1‖ ≤ ‖1−𝒷𝒷‖
1−‖1−𝒷𝒷‖

.   (2) 

Definition (2.5): 
For the Banach algebra 𝒜𝒜 and open subset 𝒬𝒬 ∈ ℂ, then 

the function 𝒻𝒻:𝒬𝒬 ⟶ 𝒜𝒜 is analytic. If 𝒪𝒪(𝜆𝜆0) is the open 
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neighborhood, then 

∀ 𝜆𝜆0 ∈ 𝒬𝒬   ∃ 𝒪𝒪(𝜆𝜆0)       𝑠𝑠.ℎ. 
𝒻𝒻(𝜆𝜆) = ∑ 𝒶𝒶𝑛𝑛(𝜆𝜆 − 𝜆𝜆0)𝑛𝑛∞

𝑛𝑛=0 . 

We get 𝒻𝒻(𝜆𝜆) converges  ∀𝜆𝜆 ∈ 𝒪𝒪(𝜆𝜆0). If  𝜆𝜆0 = ∞, then 
𝒻𝒻 is analytic if 

𝒻𝒻(𝜆𝜆) = ∑ 𝒶𝒶𝑛𝑛𝜆𝜆−𝑛𝑛∞
𝑛𝑛=0 . 

Definition (2.6): [9] 
The involution 𝓍𝓍1∗ of 𝓍𝓍1 ∈ 𝒜𝒜 is satisfying that: 

(𝓍𝓍1∗)∗ = 𝓍𝓍1, (𝓍𝓍1𝓍𝓍2)∗ = 𝓍𝓍2∗𝑥1∗, (𝓍𝓍1 + 𝜆𝜆𝓍𝓍2)∗ = 𝓍𝓍1∗ + 𝜆̅𝜆𝓍𝓍2∗. 

If 𝒜𝒜∗-algebra is the involutive algebra 𝒜𝒜, and ℬ is 
involutive Banach *-algebra, then the homomorphism 
𝜑𝜑:𝒜𝒜 → ℬ  (the map between two *-algebras) is 
*-homomorphism since  𝜑𝜑(𝓍𝓍1∗) = 𝜑𝜑(𝓍𝓍1)∗ . If ‖𝓍𝓍𝑖𝑖∗𝓍𝓍𝑖𝑖‖ =
‖𝓍𝓍𝑖𝑖‖2     ∀  𝓍𝓍𝑖𝑖 ∈ 𝒜𝒜 , then the 𝒞𝒞∗ -algebra is Banach 
*-algebra. 

Definition (2.7): [10] 
For any two pre-simplicial maps𝒻𝒻,ℊ:𝒞𝒞 → 𝒞̀𝒞, then the 

collection 𝓀𝓀𝑖𝑖:𝒞𝒞𝑛𝑛 → 𝒞𝒞𝑛𝑛+1̀    𝑠𝑠.ℎ.   𝑖𝑖 = 0, … ,𝑛𝑛  is defined 
the pre-simplicial homotopy, and the face maps 
𝒹𝒹𝑖𝑖:𝒞𝒞𝑛𝑛 → 𝒞𝒞𝑛𝑛−1 are satisfying that: 

⎩
⎨

⎧
𝒹𝒹𝑖𝑖𝒽𝑖𝑖 = 𝒽𝑖𝑖−1𝒹𝒹𝑖𝑖                                𝑖𝑖𝑓  𝑖𝑖 < 𝑗,         
𝒹𝒹𝑖𝑖𝒽𝑖𝑖 = 𝒹𝒹𝑖𝑖𝒽𝑖𝑖−1            𝑖𝑖𝑓 0 < 𝑖𝑖 < 𝑛𝑛, 𝑖𝑖 = 𝑗, 𝑗 + 1,
𝒹𝒹𝑖𝑖𝒽𝑗 = 𝒽𝑗𝒹𝒹𝑖𝑖−1                          𝑖𝑖𝑓 𝑖𝑖 > 𝑗 + 1,         

𝒹𝒹0𝒽0 = 𝒻𝒻             𝑎𝑎𝑛𝑛𝑖𝑖          𝒹𝒹𝑛𝑛+1𝒽𝑛𝑛 = ℊ

  (3) 

We showed the notations which we used in our study. If 
𝒜𝒜  is Banach algebra, 𝒮𝒮 ⊂ 𝒜𝒜  is closed. The cyclic 
cohomology group of 𝒜𝒜 is denoted by ℋ𝒞𝒞𝑛𝑛(𝒜𝒜), but 
the dihedral cohomology group of 𝒜𝒜 is  ℋ𝒟𝒟𝑛𝑛(𝒜𝒜). The 
notations ℋ𝒞𝒞𝒮𝒮𝑛𝑛(𝒜𝒜),ℋ𝒟𝒟𝒮𝒮

𝑛𝑛(𝒜𝒜) are the 𝒮𝒮-relative cyclic 
and dihedral cohomology group of 𝒜𝒜, respectively. The 
𝑖𝑖𝑖𝑖 is the identity operator and ⊗� is the tensor product. 
The notation  ℋ𝒟𝒟𝑛𝑛(𝒜𝒜)𝒳𝒳 was written as the notation of 
the dihedral cohomology of 𝒜𝒜 with elements in 𝒳𝒳. 

Definition (2.8): [12] 
Consider the Banach algebra 𝒜𝒜  and Banach 

𝒜𝒜-bimodule 𝒳𝒳. Then the cochain complex 𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) is, 

0
 
→ 𝒞𝒞0(𝒜𝒜,𝒳𝒳)

     𝛿0
�⎯� …

 
→𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) 

      𝛿𝑛
�⎯⎯� 𝒞𝒞𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

 
→…             (4) 

such that 𝒞𝒞0(𝒜𝒜,𝒳𝒳) = 𝒳𝒳  and 𝛿𝛿𝑛𝑛:𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) →
𝒞𝒞𝑛𝑛+1(𝒜𝒜,𝒳𝒳) is the coboundary and characterized as  

(𝛿𝛿𝑛𝑛𝒻𝒻)(𝒶𝒶1, … ,𝒶𝒶𝑛𝑛+1) = 𝒶𝒶1𝒻𝒻(𝒶𝒶2, … ,𝒶𝒶𝑛𝑛+1) 

+�(−1)𝑖𝑖𝒻𝒻(𝒶𝒶1, … ,𝒶𝒶𝑖𝑖𝒶𝒶𝑖𝑖+1, … ,𝒶𝒶𝑛𝑛+1)
𝑛𝑛

𝑖𝑖=1

 

+(−1)𝑛𝑛+1𝒻𝒻(𝒶𝒶1, … ,𝒶𝒶𝑛𝑛)𝒶𝒶𝑛𝑛+1,           (5) 

and the kernel 𝑍𝑍𝑛𝑛(𝒜𝒜,𝒳𝒳)  of 𝛿𝛿𝑛𝑛  are the 𝑛𝑛 -cocyclies. 
The image 𝐵𝐵𝑛𝑛(𝒜𝒜,𝒳𝒳)  of 𝛿𝛿𝑛𝑛−1 is the coboundaries, 

𝛿𝛿𝑛𝑛+1 ∘ 𝛿𝛿𝑛𝑛 = 0. The Banach cohmology group of 𝒜𝒜 is 
given by; 

ℋ𝑛𝑛(𝒜𝒜,𝒳𝒳) = 𝑍𝑍𝑛𝑛(𝒜𝒜,𝒳𝒳)
𝐵𝐵𝑛𝑛(𝒜𝒜,𝒳𝒳)� .     (6) 

Definition (2.9): [15] 
Let ℳ∗ be the Banach 𝒜𝒜-bimodule, then the double 

ℳ = (ℳ∗)∗ is the Banach 𝒜𝒜-bimodule. If 𝒳𝒳 to be the 
normed Banach cohomology ℋ1(𝒜𝒜,ℳ) = {0}, then 𝒜𝒜 
is called amenable. If   ℋ1(𝒜𝒜,𝒳𝒳) = {0} , then 𝒜𝒜  is 
contractible. 

Definition (2.10): [16] 
For the closed sub-algebra 𝒮𝒮 of 𝒜𝒜, we can define the 

closed subspace 𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) of 𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) with 𝛿𝛿 as the 
sequence,  

0
 
→ 𝒞𝒞𝑆𝑆0(𝒜𝒜,𝒳𝒳)

     𝛿0
�⎯� …

 
→ 𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) 

      𝛿𝑛
�⎯⎯� 𝒞𝒞𝑆𝑆𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

 
→…               (7) 

since for all 𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑛𝑛 ∈ 𝒜𝒜, 𝓈𝓈 ∈ 𝒮𝒮, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛 
satisfy that, 

𝜌𝜌(𝓈𝓈𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑛𝑛) = 𝓈𝓈𝜌𝜌(𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑛𝑛), 
𝜌𝜌(𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑖𝑖−1,𝒶𝒶𝑖𝑖𝓈𝓈,𝒶𝒶𝑖𝑖+1, … ,𝒶𝒶𝑛𝑛)

= 𝜌𝜌(𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑖𝑖 , 𝓈𝓈𝒶𝒶𝑖𝑖+1,𝒶𝒶𝑖𝑖+2, … ,𝒶𝒶𝑛𝑛), 
since  𝜌𝜌(𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑛𝑛𝓈𝓈) = 𝜌𝜌(𝒶𝒶1,𝒶𝒶2, … ,𝒶𝒶𝑛𝑛)𝓈𝓈 . The 
complex 𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) is the 𝒮𝒮-relative 𝑛𝑛-cochains and the 
𝒮𝒮-relative 𝑛𝑛-cocycles 𝑍𝑍𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) are the kernel of  𝛿𝛿𝑛𝑛 . 
The 𝒮𝒮-relative co-boundaries are defined as the image of 
𝛿𝛿𝑛𝑛−1:𝒞𝒞𝑆𝑆𝑛𝑛−1(𝒜𝒜,𝒳𝒳) → 𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) and denoted by  𝐵𝐵𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳). 
Then the 𝒮𝒮-relative cohomology group of  𝐶𝐶𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)is; 

𝐻𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) = 𝑍𝑍𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)
𝐵𝐵𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)� .          (8) 

Proposition (2.11): [20] 
Let  𝒜𝒜1  and 𝒜𝒜2 be two unital Banach algebras. The 

unital Banach   𝒜𝒜1,𝒜𝒜2 -bimodule  𝒴  and the natural 

triangular matrix 𝒲𝒲 = �𝒜𝒜1 𝒴
0 𝒜𝒜2

�  with norm ‖∙‖𝒲𝒲 

which is equivalent to ‖∙‖𝒜𝒜𝑖  on 𝒜𝒜𝑖𝑖 , 𝑖𝑖 = 1,2, ‖∙‖𝒴  on 𝒴 
and 𝒳𝒳  is Banach 𝒲𝒲-bimodule. If 
ℯ11𝒳𝒳ℯ22 = {0} 𝑇𝑇𝑟  ℯ11𝒲𝒲ℯ22 = {0}. Then we get the form, 

ℋ𝑛𝑛(𝒲𝒲,𝒳𝒳) = ℋ𝑛𝑛(𝒜𝒜1, ℯ11𝒳𝒳ℯ11) ⊕ℋ𝑛𝑛(𝒜𝒜2, ℯ22𝒳𝒳ℯ22). 

Proposition (2.12): [18] 
For the Banach algebra 𝒜𝒜, and closed sub-algebra ℬ of 

𝒜𝒜 that be amenable. Let ℳbe the double 𝒜𝒜-bimodule 
∀𝑛𝑛 ≥ 1  and if 𝜌𝜌 ∈ 𝒞𝒞𝑛𝑛(𝒜𝒜,ℳ) such that 
(𝛿𝛿𝑛𝑛𝜌𝜌)(𝒶𝒶1, … ,𝒶𝒶𝑛𝑛+1) = 0 since the one of 𝒶𝒶1, … ,𝒶𝒶𝑛𝑛+1 ∈ ℬ. 
Then there is 𝜉𝜉 ∈ 𝒞𝒞𝑛𝑛−1(𝒜𝒜,ℳ)   𝑠𝑠.ℎ.    ∀ 𝒶𝒶1, … ,𝒶𝒶𝑛𝑛 ∈ ℬ.  

Lemma (2.13): [13] 
For the Banach algebra 𝒜𝒜  and the 

Banach 𝒜𝒜-bimodule 𝒳𝒳 . If ℬ is the closed sub-algebra 
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of 𝒜𝒜 , 𝜌𝜌 ∈ 𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) 𝑠𝑠.ℎ.  (𝛿𝛿𝑛𝑛𝜌𝜌)(𝒶𝒶1, … ,𝒶𝒶𝑛𝑛+1) =
0   ∀ 𝑛𝑛 ≥ 1 

for that one of 𝒶𝒶1, … ,𝒶𝒶𝑛𝑛+1 ∈ ℬ  and𝜌𝜌(𝒶𝒶1, … ,𝒶𝒶𝑛𝑛) =
0and one of 𝒶𝒶1, … ,𝒶𝒶𝑛𝑛 ∈ ℬ. Then,  𝜌𝜌 ∈ 𝒞𝒞𝐵𝐵𝑛𝑛(𝒜𝒜,𝒳𝒳).  

Definition (2.14): [19] 
Consider the unital Banach algebra 𝒜𝒜  with 

coefficients in 𝒜𝒜 -bimodule 𝒳𝒳 , then the cyclic 
cohomology group of 𝒜𝒜 is defined as the cohomology of 
the co-complex 𝑇𝑇𝑇𝑇𝑇𝑇 𝒞𝒞𝒞𝒞∗∗(𝒜𝒜) 

 
as 

ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) = ℋ𝑛𝑛�𝑇𝑇𝑇𝑇𝑇𝑇𝒞𝒞𝒞𝒞∗∗(𝒜𝒜,𝒳𝒳)�,      (9) 

where 𝒞𝒞𝒞𝒞∗∗(𝒜𝒜,𝒳𝒳) is the bicomplex with the horizontal 
maps   (1 − 𝑡𝑡)∗  𝑎𝑎𝑎𝑎𝑎𝑎   𝑁𝑁∗:𝒞𝒞𝒞𝒞𝛼𝛼 𝛽𝛽 → 𝒞𝒞𝒞𝒞𝛼𝛼+1 𝛽𝛽 and the 
vertical maps 𝑏𝑏∗  𝑎𝑎𝑎𝑎𝑎𝑎    𝑏𝑏 ∗̀:𝒞𝒞𝒞𝒞𝛼𝛼 𝛽𝛽 → 𝒞𝒞𝒞𝒞𝛼𝛼 𝛽𝛽+1. 

Definition (2.15): 
If 𝒜𝒜 is the unital Banach algebra, then we can define 

the 𝒮𝒮 -relative cyclic cohomology ℋ𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)  of the 
following cochain exact complex, since of the cochain 
exact complex; 

0
 
→ 𝒞𝒞𝒞𝒞𝑆𝑆0(𝒜𝒜,𝒳𝒳)

     𝛿0
�⎯� …

 
→ 𝒞𝒞𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)

      𝛿𝑛
�⎯⎯� 𝒞𝒞𝒞𝒞𝑆𝑆𝑛𝑛+1(𝒜𝒜,𝒳𝒳) 

→…, 

and the cyclic relative cohomology of 𝒮𝒮 in 𝒜𝒜 takes the 

forum, ℋ𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) = 𝑍𝑍𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)
𝐵𝐵𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)� . Where 

𝑍𝑍𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)  is the kernel of 𝛿𝛿𝑛𝑛  and 𝐵𝐵𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳)  is the 
image of 𝛿𝛿𝑛𝑛+1 such defined with the maps 
 𝒻𝒻(𝒹𝒹𝒶𝒶0,𝒶𝒶1, . . . ,𝒶𝒶𝑛𝑛) = 𝒻𝒻(𝒶𝒶0,𝒶𝒶1, . . . ,𝒶𝒶𝑛𝑛𝒹𝒹)  and 
𝓉𝓉𝑛𝑛 ∶  𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) →  𝒞𝒞𝑆𝑆𝑛𝑛(𝒜𝒜,𝒳𝒳) and satisfy that; 

𝓉𝓉𝑛𝑛𝒻𝒻(𝒶𝒶0,𝒶𝒶1, . . . ,𝒶𝒶𝑛𝑛) =  (−1)𝑛𝑛𝒻𝒻(𝒶𝒶𝑛𝑛,𝒶𝒶1, . . . ,𝒶𝒶0) 

𝓉𝓉𝑛𝑛𝒻𝒻(𝒹𝒹𝒶𝒶0,𝒶𝒶1, . . . ,𝒶𝒶𝑛𝑛) = (−1)𝑛𝑛𝒻𝒻(𝒶𝒶𝑛𝑛,𝒶𝒶1, . . . ,𝒹𝒹𝒶𝒶0) 

 =  (−1)𝑛𝑛𝒻𝒻(𝒶𝒶1, . . . ,𝒶𝒶𝑛𝑛𝒹𝒹,𝒶𝒶0) = 𝓉𝓉𝑛𝑛𝒻𝒻(𝒶𝒶0,𝒶𝒶1, . . . ,𝒶𝒶𝑛𝑛𝒹𝒹). 

Theorem (2.16): 
For the unital Banach algebra  𝒜𝒜  and the 

𝒜𝒜 -bimodule  𝒳𝒳 , the relation between ℋℋ𝑛𝑛(𝒜𝒜,𝒳𝒳) 
and ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳)is given as; 

⋯
 
→ℋℋ𝑛𝑛(𝒜𝒜,𝒳𝒳)

   𝐵𝐵  
��ℋ𝒞𝒞𝑛𝑛−1(𝒜𝒜,𝒳𝒳) 

  𝑆𝑆  
��ℋ𝒞𝒞𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

  𝐼   
��ℋℋ𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

 𝐵𝐵 
→⋯.  (10) 

Proof: 
For the bicomplex 𝒞𝒞𝒞𝒞(𝒜𝒜,𝒳𝒳){2}, which contains first 

two columns of 𝒞𝒞𝒞𝒞(𝒜𝒜,𝒳𝒳)and 𝒞𝒞[2,0]𝑝𝑝𝑝𝑝 = 𝒞𝒞𝑝𝑝−2,𝑞𝑞. Then 
we have the exact sequence; 

0
 
→ 𝒞𝒞𝒞𝒞(𝒜𝒜,𝒳𝒳){2}  

→𝒞𝒞𝒞𝒞(𝒜𝒜,𝒳𝒳)
 
→𝒞𝒞𝒞𝒞(𝒜𝒜,𝒳𝒳)[2,0]

 
→ 0, 

for the long exact sequence of this sequence, we get 

⋯
 
→ℋℋ𝑛𝑛(𝒜𝒜,𝒳𝒳)

   𝐵𝐵  
��ℋ𝒞𝒞𝑛𝑛−1(𝒜𝒜,𝒳𝒳)

  𝑆𝑆  
��ℋ𝒞𝒞𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

  𝐼   
��ℋℋ𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

 𝐵𝐵 
→⋯. 

Theorem (2.17): [17] 
Let 𝒮𝒮 be the closed sub-algebra of 𝒜𝒜which is unital 

and involutive Banach and 𝒳𝒳 is the 𝒜𝒜-bimodule. The 
sequence that relates the 𝒮𝒮-relative Hochschild and cyclic 
cohomology group is formed as; 

⋯
 
→ℋℋ𝑆𝑆

𝑛𝑛(𝒜𝒜,𝒳𝒳)
 𝐵𝐵 
→ℋ𝒞𝒞𝑆𝑆𝑛𝑛−1(𝒜𝒜,𝒳𝒳) 

 𝑆𝑆  
��ℋ𝒞𝒞𝑆𝑆𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

  𝐼    
��ℋℋ𝑆𝑆

𝑛𝑛+1(𝒜𝒜,𝒳𝒳)
 𝐵𝐵 
→⋯  .    (11) 

Definition (2.18): 
For the Banach𝒜𝒜-bimodule 𝒳𝒳 , such 𝒜𝒜  is involutive 

Banach algebra. The dihedral cohomology group 
ℋ𝒟𝒟𝑛𝑛�𝒞𝒞(𝒜𝒜,𝒳𝒳)� =  ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳) of the cochain complex 

0
 
→ 𝒞𝒞𝒟𝒟0(𝒜𝒜,𝒳𝒳)

     𝛿0
�⎯� …

 
→ 𝒞𝒞𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

      𝛿𝑛
�⎯⎯� 𝒞𝒞𝒟𝒟𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

 
→…, 

is the sequence; 

0
 
→ℋ𝒟𝒟0(𝒜𝒜,𝒳𝒳)

     𝛿0
�⎯� …

 
→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

      𝛿𝑛
�⎯⎯�ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,𝒳𝒳)

 
→…, 

with maps: 

𝜎𝓃𝑖𝑖 : [𝓃 + 1] → [𝓃], 𝛿𝛿𝓃𝑖𝑖 : [𝓃 − 1] → [𝓃],  𝜌𝜌𝓃: [𝓃] →
[𝓃] and  𝜏𝓃: [𝓃] → [𝓃], 

that satisfy: 

⎩
⎪⎪
⎨

⎪⎪
⎧ 𝛿𝛿𝑛𝑛+1

𝑗 𝛿𝛿𝑛𝑛𝑖𝑖 = 𝛿𝛿𝑛𝑛+1𝑖𝑖 𝛿𝛿𝑛𝑛
𝑗−1                       𝑖𝑖𝑓 𝑖𝑖 < 𝑗

𝜎𝑛𝑛
𝑗𝜎𝑛𝑛+1𝑖𝑖 = 𝜎𝑛𝑛𝑖𝑖𝜎𝑛𝑛+1

𝑗−1                           𝑖𝑖𝑓 𝑖𝑖 ≤ 𝑗

𝜎𝑛𝑛
𝑗𝛿𝛿𝑛𝑛+1𝑖𝑖 = �

𝛿𝛿𝑛𝑛−1𝑖𝑖 𝜎𝑛𝑛−2
𝑗−1                𝑖𝑖𝑓   𝑖𝑖 < 𝑗      

𝜆𝜆𝑖𝑖[𝑛𝑛]                𝑖𝑖𝑓 𝑖𝑖 = 𝑗 𝑇𝑇𝑟 𝑗 + 1
𝛿𝛿𝑛𝑛+1𝑖𝑖−1 𝜎𝑛𝑛

𝑗                  𝑖𝑖𝑓 𝑖𝑖 > 𝑗 + 1

,   (12) 

�
𝜏𝑛𝑛𝛿𝛿𝑛𝑛𝑖𝑖 = 𝛿𝛿𝑛𝑛𝑖𝑖−1𝜏𝑛𝑛−1                     1 ≤ 𝑖𝑖 ≤ 𝑛𝑛
𝜏𝑛𝑛𝜎𝑛𝑛

𝑗 = 𝜎𝑛𝑛
𝑗−1𝜏𝑛𝑛+1                    1 ≤ 𝑗 ≤ 𝑛𝑛

𝜏𝑛𝑛𝑛𝑛+1 = 𝜆𝜆𝑖𝑖[𝑛𝑛]

     (13) 

�
𝜌𝜌𝑛𝑛𝛿𝛿𝑛𝑛𝑖𝑖 = 𝛿𝛿𝑛𝑛𝑖𝑖−1𝜌𝜌𝑛𝑛−1              0 ≤ 𝑖𝑖 ≤ 𝑛𝑛
𝜌𝜌𝑛𝑛𝜎𝑛𝑛

𝑗 = 𝜎𝑛𝑛
𝑗−1𝜌𝜌𝑛𝑛+1              0 ≤ 𝑗 ≤ 𝑛𝑛

,        (14) 

𝜌𝜌𝑛𝑛2 = 𝜆𝜆𝑖𝑖[𝑛𝑛],                 (15) 

𝜏𝑛𝑛𝜌𝜌𝑛𝑛 = 𝜌𝜌𝑛𝑛𝜏𝑛𝑛−1.              (16) 

Theorem (2.19): 
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Consider the unital involutive Banach algebra 𝒜𝒜 with 
coefficients in 𝒜𝒜-bimodule𝒳𝒳. The relation between cyclic 
and dihedral cohomology group ( ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) and 
 𝛼𝛼ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,𝒳𝒳),    𝛼 = ±1) is; 

⋯
 
→  −ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

𝑖𝑖∗
→ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳)

𝑗∗
→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳) 

→  −ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,𝒳𝒳)
 
→⋯.     (17) 

Proof: 
Let 𝒞𝒞(𝒜𝒜,𝒳𝒳)be the total bi-complex and 𝒟𝒟(𝒜𝒜,𝒳𝒳) be 

the tri-complex. Then the short exact sequence, 

0
 
→𝑇𝑇𝑇𝑇𝑇𝑇 𝒞𝒞(𝒜𝒜,𝒳𝒳) → 𝑇𝑇𝑇𝑇𝑇𝑇 𝒟𝒟(𝒜𝒜,𝒳𝒳) → 𝑇𝑇𝑇𝑇𝑇𝑇 −𝒟𝒟(𝒜𝒜,𝒳𝒳)

 
→ 0, 

Has the long exact sequence 

⋯
 
→  −ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

𝑖𝑖∗
→ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳)

𝑗∗
→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳) 

→  −ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,𝒳𝒳)
 
→⋯. 

Theorem (2.20): [17] 
For 𝒜𝒜-bimodule 𝒳𝒳, consider the involutive and unital 

Banach algebra 𝒜𝒜  with coefficients  𝒳𝒳 . The relation 
among ℋℋ𝑛𝑛(𝒜𝒜,𝒳𝒳),ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳)  and ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)  is 
the sequence; 

 

Theorem (2.21): 
For the Banach algebra  𝒜𝒜 , then we 

have    ℋ𝑛𝑛(𝒜𝒜⨂ℇ) ≅ ℋ𝑛𝑛(𝒜𝒜) ,∀𝑛𝑛 ≥ 1. 

Proof: 
Consider 𝒳𝒳 = 𝒜𝒜⨂ℇ  and 𝒳𝒳𝑖𝑖 = 𝒜𝒜⨂ℇ𝑖𝑖  since 𝑖𝑖 = 1,2 . 

Then the traid (𝒳𝒳1,𝒳𝒳2,𝒳𝒳) is exact. Let 

𝒱1 = ��
0 0 0
𝑎𝑎 0 0
0 0 0

� ,𝑎𝑎 ∈ 𝒜𝒜� ,𝒱2 = ��
0 0 0
0 0 0
𝑎𝑎 0 0

� ,𝑎𝑎 ∈ 𝒜𝒜� 

and the projections in 𝒳𝒳1 ∩𝒳𝒳2 be defined as 

ℯ1 = 𝑒2 = �
𝜆𝜆 0 0
0 0 0
0 0 0

� , ℯ3 = �
0 0 0
0 𝜆𝜆 0
0 0 𝜆𝜆

� 

since the completely bounded surjective homorphisms are 
𝓅:𝒳𝒳 ⟶ 𝒳𝒳1, 𝓆;𝒳𝒳 ⟶𝒳𝒳2 . The symbol ⊕ means the 
direct sum of  𝒜𝒜. From the long exact sequence; 

ℋ1(𝒳𝒳1)⨁ℋ1(𝒳𝒳2)
𝑖𝑖1→ (ℋ1(𝒳𝒳1 ∩ 𝒳𝒳2)

𝓅2��⋯ 

→ ℋ𝑛𝑛−1(𝒳𝒳1)⨁ℋ𝑛𝑛−1(𝒳𝒳2)
𝑖𝑖𝑛−1�⎯�ℋ𝑛𝑛−1(𝒳𝒳1 ∩𝒳𝒳2) 

𝓅𝑛��ℋ𝑛𝑛(𝒳𝒳)
𝓆𝑛��ℋ𝑛𝑛(𝒳𝒳1)⨁ℋ𝑛𝑛(𝒳𝒳2) 

𝑖𝑖𝑛→ℋ𝑛𝑛(𝒳𝒳1 ∩𝒳𝒳2) → ⋯.          (18) 

Then we can compute ℋ𝑛𝑛(𝒳𝒳) since the surjective is 

𝑖𝑖𝑛𝑛:ℋ𝑛𝑛(𝒳𝒳1)⨁ℋ𝑛𝑛(𝒳𝒳2) ⟶ℋ𝑛𝑛(𝒳𝒳1 ∩ 𝒳𝒳2)    ∀𝑛𝑛 ≥ 1 

The restriction of cocycles on 𝒳𝒳1  to 𝒳𝒳1 ∩ 𝒳𝒳2  is 
produced of 𝜑𝜑1⨁𝜑𝜑1⨁𝜑𝜑2, but the restriction of cocycles on 
𝒳𝒳2 to 𝒳𝒳1 ∩𝒳𝒳2 is produced of 𝜑𝜑3⨁𝜑𝜑4⨁𝜑𝜑3 and the range 
of 𝑖𝑖𝑛𝑛 is 

{[(𝜑𝜑1 − 𝜑𝜑3)⨁(𝜑𝜑1 − 𝜑𝜑4)⨁(𝜑𝜑2 − 𝜑𝜑3)]:𝜑𝜑𝑖𝑖 ∈ 𝑍𝑍𝑛𝑛(𝒜𝒜)}, (19) 

but ∀𝑛𝑛 ≥ 2   𝓅𝑛𝑛 is zero map and 𝓆𝑛𝑛 is injective and thus 

ℋ𝑛𝑛(𝒳𝒳) ≅ Im𝓆𝑛𝑛 = Ker𝑖𝑖𝑛𝑛.            (20) 

Consider the unitary permutation   𝒰   𝑠𝑠.ℎ.   𝒰∗ℇ1𝒰 =
ℇ2. Then there exists an isomorphism 𝜋:𝒜𝒜⨂ℇ1 → 𝒜𝒜⨂ℇ2 
which induces the isomorphism 

[𝜓] ⟶ [𝜓𝜋],   ℋ𝑛𝑛(𝒳𝒳1) ⟶ℋ𝑛𝑛(𝒳𝒳2), 

and is defined by: ∀𝓎𝑖𝑖 ∈ 𝒳𝒳2; 

𝜓𝜋(𝓎1, … ,𝓎𝑛𝑛) = 𝜋𝜓�𝜋−1(𝓎1), … ,𝜋−1(𝓎𝑛𝑛)�. 

That follows (20) and we get 𝑖𝑖𝑛𝑛 ≅ ℋ𝑛𝑛(𝒜𝒜). Then, we get 
the required. 

Theorem (2.22): 
For the cohomology of  𝒜𝒜⨂𝒜𝒜4, we have ∀ 𝑛𝑛 ≥ 1, 

ℋ𝑛𝑛(𝒜𝒜⨂𝒜𝒜4) ≅ ℋ𝑛𝑛(𝒜𝒜)⨁ℋ𝑛𝑛−1(𝒜𝒜).      (21) 

Proof: 
For  𝑛𝑛 ≥ 2 , consider the following subspaces and 

subalgebras of ℳ4, 

ℒ1 = ��
∗ 0
0 ∗

0 0
0 0

0 ∗
0 ∗

∗ 0
0 ∗

�� , ℒ2 = ��
∗ 0
0 ∗

0 0
0 0

∗ 0
∗ 0

∗ 0
0 ∗

�� 

𝒩1 = ��
0 0
0 0

0 0
0 0

∗ 0
∗ 0

0 0
0 0

�� , 𝒩2 = ��
0 0
0 0

0 0
0 0

0 ∗
0 ∗

0 0
0 0

�� 

𝒟𝒟1 = ��
∗ 0
0 ∗

0 0
0 0

0 0
0 0

∗ 0
0 ∗

�� 

since the stars are arbitrary complex numbers. Let 
𝒳𝒳 = 𝒜𝒜⨂𝒜𝒜4, 𝒳𝒳1 = 𝒜𝒜⨂ℒ1, 𝒳𝒳2 = 𝒜𝒜⨂ℒ2, 𝒳𝒳1 ∩𝒳𝒳2 =
𝒜𝒜⨂𝒟𝒟4, 𝒱1 = 𝒜𝒜⨂𝒩1and  𝒱2 = 𝒜𝒜⨂𝒩2 . The projections 
ℯ1, ℯ2 and ℯ3 are 



 Mathematics and Statistics 10(3): 468-476, 2022 473 
 

ℯ1 = �
𝜆𝜆 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

� , ℯ2 = �
0 0
0 𝜆𝜆

0 0
0 0

0 0
0 0

0 0
0 0

� , ℯ3 =

�
0 0
0 0

0 0
0 0

0 0
0 0

𝜆𝜆 0
0 𝜆𝜆

�. 

Then from the portion of Mayer-vietories sequence 
of (𝒳𝒳1,𝒳𝒳2,𝒳𝒳); 

ℋ𝑛𝑛−1(𝒳𝒳1)⨁ℋ𝑛𝑛−1(𝒳𝒳2)
𝑖𝑖𝑛−1�⎯�ℋ𝑛𝑛−1(𝒳𝒳1 ∩𝒳𝒳2)

𝓅𝑛�� 

ℋ𝑛𝑛(𝒳𝒳)
𝓆𝑛��ℋ𝑛𝑛(𝒳𝒳1)⨁ℋ𝑛𝑛(𝒳𝒳2)

𝑖𝑖𝑛→ℋ𝑛𝑛(𝒳𝒳1 ∩𝒳𝒳2)   (22) 

where  𝒳𝒳1 = (𝒜𝒜⨁ℇ) , then we have ℋ𝑛𝑛(𝒳𝒳1) ≅
ℋ𝑛𝑛(𝒜𝒜)⨁ℋ𝑛𝑛(𝒜𝒜). Then the image of cocycles under 𝑖𝑖𝑛𝑛 
is  {[𝜑𝜑]⨁[𝜓]⨁[𝜓]⨁[𝜓]:𝜑𝜑,𝜓 ∈ 𝑍𝑍𝑛𝑛(𝒜𝒜)}. 

Thus, for applying 𝑖𝑖𝑖𝑖 on  ℋ𝑛𝑛(𝒳𝒳2) , we 
get   {[𝜁]⨁[𝜂]⨁[𝜁]⨁[𝜁]: 𝜁, 𝜂 ∈ 𝑍𝑍𝑛𝑛(𝒜𝒜)} . Then the image 
of 𝑖𝑖𝑛𝑛 is 
{[𝜑𝜑 − 𝜁]⨁[𝜓 − 𝜂]⨁[𝜓 − 𝜁]⨁[𝜓 − 𝜁]:𝜑𝜑,𝜓, 𝜁, 𝜂 ∈ 𝑍𝑍𝑛𝑛(𝒜𝒜)}  (23) 

Then;  𝐾𝑒𝑟 𝑖𝑖𝑛𝑛 = {[𝜑𝜑⨁𝜑𝜑⨁𝜆𝜆3]⨁[𝜑𝜑⨁𝜑𝜑⨁𝜆𝜆3]𝜋;𝜑𝜑 ∈ 𝑍𝑍𝑛𝑛(𝒜𝒜)},
𝐾𝑒𝑟 𝑖𝑖𝑛𝑛 ≅ ℋ𝑛𝑛(𝒜𝒜) from (19) we have, 

ℋ𝑛𝑛(𝒳𝒳) ≅ 𝜆𝜆𝑚𝓆𝑛𝑛⨁𝐾𝑒𝑟 𝓆𝑛𝑛 = 𝐾𝑒𝑟 𝑖𝑖𝑛𝑛⨁𝜆𝜆𝑚 𝓅𝑛𝑛 

≅ 𝐾𝑒𝑟 𝑖𝑖𝑛𝑛⨁
ℋ𝑛𝑛−1(𝒳𝒳1 ∩ 𝒳𝒳2)

𝐾𝑒𝑟 𝓅𝑛𝑛
�  

= 𝐾𝑒𝑟 𝑖𝑖𝑛𝑛⨁
ℋ𝑛𝑛−1(𝒳𝒳1 ∩ 𝒳𝒳2)

𝜆𝜆𝑚 𝑖𝑖𝑛𝑛−1
� .      (24) 

From (24); 

𝜆𝜆𝑚 𝑖𝑖𝑛𝑛−1 = {[𝛼]⨁[𝛽]⨁[𝛾]⨁[𝛾]:𝛼,𝛽, 𝛾 ∈ 𝑍𝑍𝑛𝑛−1(𝒜𝒜)}, 

ℋ𝑛𝑛−1(𝒳𝒳1 ∩ 𝒳𝒳2) =
𝜆𝜆𝑚 𝑖𝑖𝑛𝑛−1⨁{0⨁0⨁0⨁[𝜑𝜑]:𝜑𝜑𝑍𝑍𝑛𝑛−1(𝒜𝒜)}. 

Thus ℋ
𝑛𝑛−1(𝒳𝒳1 ∩ 𝒳𝒳2)

𝜆𝜆𝑚 𝑖𝑖𝑛𝑛−1
� ≅ ℋ𝑛𝑛(𝒜𝒜)  and from 

(21); 

ℋ𝑛𝑛(𝒜𝒜⨂𝒜𝒜4) ≅ ℋ𝑛𝑛(𝒜𝒜)⨁ℋ𝑛𝑛−1(𝒜𝒜). 

3. Main Results 
Here, we obtained the main result of this paper. The 

relation between the relative Banach dihedral and cyclic 
cohomology group ( ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] 
and ℋ𝒞𝒞𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]) of 𝒜𝒜 will be proved. We showed 
the Morita invariance theorem in the relative case and 
proved the Connes-Tsygan exact sequence that relates the 
relative cyclic and dihedral (co)homology of  𝒜𝒜. Here we 
used [14], [17], [18] and [19]. 

Definition (3.1): 
Let ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)  be the dihedral cohomology of 𝒜𝒜 

with coefficients in 𝒳𝒳. If  ℬ  is the closed sub-algebra 
of 𝒜𝒜 , then the Banach ℬ-relative dihedral cohomology 
group ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]  of  𝒜𝒜 , then the sequence of 
dihedral cohomology of the exact complex; 

0
 
→ 𝒞𝒞𝒟𝒟0[(𝒜𝒜,ℬ),𝒳𝒳]

     𝛿0
�⎯�⋯

 
→ 𝒞𝒞𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

     𝛿𝑛
�⎯� 𝒞𝒞𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯, 

is the sequence, 

0
 
→ℋ𝒟𝒟0[(𝒜𝒜,ℬ),𝒳𝒳]

     𝛿0
�⎯�⋯

 
→ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

    𝛿𝑛
�⎯�ℋ𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯. 

The ℬ-relative dihedral cohomology group is; 

ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] = 𝑍𝑍𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]
𝐵𝐵𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]� . 

since 𝑍𝑍𝑛𝑛[(𝐴, 𝑆),𝑋] is the kernel of 𝛿𝛿𝑛𝑛 and 𝐵𝐵𝑛𝑛[(𝐴, 𝑆),𝑋] 
is the image of 𝛿𝛿𝑛𝑛+1 and satisfy the relations (12), (13), 
(14), (15) and (16). 

The sequence which related between 𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳)  and 
𝒞𝒞𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] is; 

0
 
→ 𝒞𝒞𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ 𝒞𝒞𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

 
→ 𝒞𝒞𝒟𝒟𝑛𝑛�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→0, 

and the relation between dihedral and ℬ-relative dihedral 
cohomology group is; 

0
 
→ℋ𝒟𝒟0[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟0(𝒜𝒜,𝒳𝒳)

 
→ℋ𝒟𝒟0�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→ℋ𝒟𝒟1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟1(𝒜𝒜,𝒳𝒳)

 
→⋯   

 
→ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟𝑛𝑛(𝐴,𝒳𝒳)

 
→ℋ𝒟𝒟𝑛𝑛�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→ℋ𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯. 

Example (3.2): 
Consider two unital Banach algebras 𝒜𝒜1 and 𝒜𝒜2, and 𝒴 

is the unital Banach  𝒜𝒜1 , 𝒜𝒜2 -bimodule. For natural 

triangular matrix algebra 𝒲𝒲 = �𝒜𝒜1 𝒴
0 𝒜𝒜2

�  defined with 

norm ‖∙‖𝒲𝒲 which is equivalent to ‖∙‖𝒜𝒜𝑖 on 𝒜𝒜𝑖𝑖 , 𝑖𝑖 = 1,2 
and ‖∙‖𝒴 on 𝒴, then ∀  𝑛𝑛 ≥ 0, we obtained 

ℋ𝒟𝒟𝑛𝑛(𝒲𝒲) = ℋ𝒟𝒟𝑛𝑛(𝒜𝒜1) ⊕ℋ𝒟𝒟𝑛𝑛(𝒜𝒜2).       (25) 

Theorem (3.3): 
For the closed sub-set ℬ of the unital Banach algebra 𝒜𝒜 

and 𝒜𝒜 -bimodule  𝒳𝒳 , then the relation between 
ℋ𝒞𝒞𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] and ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] is; 

⋯
 
→  −ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

𝑖𝑖∗
→ℋ𝒞𝒞𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

𝑗∗
→ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]→  −ℋ𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯ (26) 

Proof: 
We can prove this theorem as similar as in theorem 

(2.19). 

Theorem (3.4): 
Let ℬ  be closed sub-set of the involutive Banach 
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algebra 𝒜𝒜  and 𝒜𝒜 -bimodule  𝒳𝒳 . If we instead 
 𝛼𝛼ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳) by ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳), then we can relate among 
ℋ𝑛𝑛(𝒜𝒜,𝒳𝒳),ℋ𝒞𝒞𝑛𝑛(𝒜𝒜,𝒳𝒳) and ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳) as; 

 

Proof: 
By the exact sequences  

0
 
→ℋ𝒟𝒟0[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟0(𝒜𝒜,𝒳𝒳)

 
→ℋ𝒟𝒟0�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→ℋ𝒟𝒟1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟1(𝒜𝒜,𝒳𝒳)

 
→⋯  

 
→ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]

 
→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

 
→ℋ𝒟𝒟𝑛𝑛�𝒜𝒜 ℬ� ,𝒳𝒳�

 
→ℋ𝒟𝒟𝑛𝑛+1[(𝒜𝒜,ℬ),𝒳𝒳]

 
→⋯, 

and 

⋯
 
→  −ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

𝑖𝑖∗
→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳)

𝑗∗
→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,𝒳𝒳) 

→  −ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,𝒳𝒳)
 
→⋯. 

Then we get the required. 

Definition (3.5): 
Consider the involutive Banach algebra 𝒜𝒜  with 

coefficients in 𝒳𝒳, the subset ℬ of 𝒜𝒜  and bimodule ℳ . 
Let the matrix ℳ𝑟(ℳ) be the degree of 𝑟 × 𝑟. Then the 
inclusion is  
𝑖𝑖𝑛𝑛𝑐:ℳ𝑟(ℳ)

 
→ℳ𝑟+1(ℳ), as the form 

𝛼 ↦ �
  0
       𝛼 ⦁
0 ⦁    0 0

�, 

since the trace map 𝑇𝑇𝑟:ℳ𝑟(ℳ)
 
→ℳ  is given by 

𝑇𝑇𝑟(𝛼) = ∑ 𝛼𝑖𝑖𝑖𝑖𝑟
𝑖𝑖=1 and the generalized trace map 

𝑇𝑇𝑟:ℳ𝑟(ℳ) ⊗ℳ𝑟(ℬ)⊗𝑛𝑛  
→ℳ⊗ℬ⊗𝑛𝑛  as 𝑇𝑇𝑟(𝛼 ⊗ 𝛽⊗

⋯⊗𝜂) = ∑(𝛼𝑖𝑖0𝑖𝑖1 ⊗ 𝛽𝑖𝑖1𝑖𝑖2 ⊗ …⊗𝜂𝑖𝑖𝑛𝑖𝑖0). 

Theorem (3.6): 
Consider the involutive Banach algebra 𝒜𝒜  with 

coefficients in 𝒳𝒳  and  ℬ ⊂ 𝒜𝒜 . Then we have two 
isomorphisms that are inverse to each other, 

𝑇𝑇𝑟∗:ℋ𝒟𝒟∗�ℳ𝑟(ℬ),ℳ𝑟(ℳ)�
 
→ℋ𝒟𝒟∗(ℬ,ℳ),   (27) 

𝑖𝑖𝑛𝑛𝑐∗:ℋ𝒟𝒟∗(ℬ,ℳ)
 
→ℋ𝒟𝒟∗�ℳ𝑟(ℬ),ℳ𝑟(ℳ)�.  (28) 

Proof: 
Consider the pre-simplicial homotopy  𝓀𝓀 = ∑(−1)𝑖𝑖𝓀𝓀𝑖𝑖 

such that 𝒽𝑖𝑖:ℳ𝑟(ℳ) ⊗ℳ𝑟(ℬ)⊗𝑛𝑛 → ℳ𝑟(ℳ) ⊗
ℳ𝑟(ℬ)⊗𝑛𝑛+1 which is defined by; 

𝒽𝑖𝑖(𝒶𝒶0, … ,𝒶𝒶𝑛𝑛) = �ℰ𝑗1�𝒶𝒶𝑗𝑘0 � ⊗ ℰ11(𝒶𝒶𝑘𝑚1 ) ⊗ …⊗ℰ11�𝒶𝒶𝑝𝑝𝑝𝑝𝑖𝑖 �

⊗ ℰ1𝑝𝑝(1) ⊗𝒶𝒶𝑖𝑖+1 ⊗ …⊗𝒶𝒶𝑛𝑛 

for 𝒶𝒶0 ∈ ℳ𝑟(ℳ) and the others 𝒶𝒶𝑠 ∈ ℳ𝑟(ℬ) and 𝒽𝑖𝑖 
satisfy the first three relations in definition (2.7). If 𝑛𝑛 =
0: 𝒽(𝒶𝒶) = ℰ𝑗1(𝒶𝒶𝑗𝑘) ⊗ℰ1𝑘(1). If 

𝑛𝑛 = 1:  ℎ(𝒶𝒶,𝒷𝒷) = ℰ𝑗1�𝒶𝒶𝑗𝑘� ⊗ ℰ1𝑘(1) ⊗𝒷𝒷 − ℰ𝑗1�𝒶𝒶𝑗𝑘�
⊗ ℰ11(𝒷𝒷𝑘𝑖𝑖)ℰ1𝑙(1) 

⇒   𝓀𝓀𝒹𝒹 + 𝒹𝒹𝒽 = 𝒹𝒹0𝒽0 − 𝒹𝒹𝑛𝑛+1𝒽𝑛𝑛. 

Since 𝒹𝒹𝑛𝑛+1𝒽𝑛𝑛 = 𝑖𝑖𝑛𝑛𝑐 ○ 𝑇𝑇𝑟 and   𝑖𝑖𝑖𝑖 = 𝒹𝒹0𝒽0 , then 𝑖𝑖𝑖𝑖 
and 𝑖𝑖𝑛𝑛𝑐 ○ 𝑇𝑇𝑟 are homotopic with each other. 

Theorem (3.7): 
Consider the Banach algebra 𝒜𝒜  and closed 

sub-algebra   ℬ , let ℒ,𝒩 ⊂ 𝒜𝒜,   𝒦,𝒥 ⊂ ℬ   such that  ∪
𝒦 ⊂ 𝒜𝒜, ∪ 𝒥 ⊂ ℬ . The Mayer-Vietoris sequence 
for   ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] is: 

⋯ → ℋ𝒟𝒟𝑛𝑛−1(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳 
𝜕∗→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,ℬ)𝒳𝒳

𝑘∗−𝑙∗�⎯⎯�ℋ𝒟𝒟𝑛𝑛(ℒ,𝒦)𝒳𝒳 ⊕ℋ𝒟𝒟𝑛𝑛(𝒩,𝒥)𝒳𝒳
(𝑖𝑖∗,𝑗∗)
�⎯⎯�ℋ𝒟𝒟𝑛𝑛(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳 
𝜕∗→ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,ℬ)𝒳𝒳 → ⋯.          (29) 

Since 
𝑖𝑖𝒜𝒜:ℒ ↪ ℒ ∩𝒩,    𝑖𝑖ℬ:𝒦 ↪ 𝒦 ∩ 𝒥, 𝑗𝒜𝒜:𝒩 ↪ ℒ ∩𝒩, 

𝑗ℬ:𝒥 ↪ 𝒦 ∩ 𝒥, 𝑘𝒜𝒜:𝒜𝒜 ↪ ℒ, 𝑘ℬ:ℬ ↪ 𝒦,  
𝑙𝒜𝒜:𝒜𝒜 ↪ 𝒩  and    𝑙ℬ:ℬ ↪ 𝒥. 

Proof: 
Consider the short exact sequence 

0
 
→ 𝒞𝒞𝒟𝒟𝑛𝑛(𝒜𝒜,ℬ)

ℊ
→ 𝒞𝒞𝒟𝒟𝑛𝑛(ℒ,𝒦) ⊕𝒞𝒞𝒟𝒟𝑛𝑛(𝒩,𝒥)

𝒻𝒻
→ 𝒞𝒞𝒟𝒟𝑛𝑛(ℒ ∩𝒩,𝒦 ∩ 𝒥), 

with the epimorphism  𝒻𝒻 and the monomorphism ℊ. Since 
𝒻𝒻 = 𝑘 − 𝑙, ℊ = (𝑖𝑖, 𝑗)  and  𝒻𝒻 ○ ℊ = 0 . Consider that(ℒ ∩
𝒩,𝒦 ∩ 𝒥)(𝒰) ∈ 𝒞𝒞𝒟𝒟𝑛𝑛(𝒜𝒜,ℬ), then 

(𝒻𝒻 ○ ℊ)(𝒜𝒜,ℬ)(𝒰) = 𝒻𝒻�(ℒ,𝒦)(𝒰), (𝒩,𝒥)(𝒰)� = 0. 

Since  

�(ℒ,𝒦)(𝒰), (𝒩,𝒥)(𝒰)� ∈ [𝒞𝒞𝒟𝒟𝑛𝑛(ℒ,𝒦) ⊕𝒞𝒞𝒟𝒟𝑛𝑛(𝒩,𝒥)]. 

Then the Mayer-vietoris sequence is the sequence; 

⋯ → ℋ𝒟𝒟𝑛𝑛−1(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳 
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𝜕∗→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,ℬ)𝒳𝒳
𝑘∗−𝑙∗�⎯⎯�ℋ𝒟𝒟𝑛𝑛(ℒ,𝒦)𝒳𝒳 ⊕ℋ𝒟𝒟𝑛𝑛(𝒩,𝒥)𝒳𝒳

(𝑖𝑖∗,𝑗∗)
�⎯⎯�ℋ𝒟𝒟𝑛𝑛(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳 

  
𝜕∗→ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,ℬ)𝒳𝒳 → ⋯. 

4. Conclusions 
We presented the definition of ℬ -relative dihedral 

cohomology group that is given by 

ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] = 𝑍𝑍𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]
𝐵𝐵𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳]� . 

The relation between the relative Banach dihedral and 
cyclic cohomology group ( ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] 
and  ℋ𝒞𝒞𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] ) of 𝒜𝒜 was proved. So, we showed, 
the Morita invariance theorem in the relative case and 
proved the Connes-Tsygan exact sequence that relates the 
relative cyclic and dihedral (co)homology of  𝒜𝒜. 

We proved the Mayer-Vietoris sequence of 
ℋ𝒟𝒟𝑛𝑛[(𝒜𝒜,ℬ),𝒳𝒳] in a new form in the Banach ℬ-relative 
dihedral cohomology: 

⋯ → ℋ𝒟𝒟𝑛𝑛−1(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳 
𝜕∗→ℋ𝒟𝒟𝑛𝑛(𝒜𝒜,ℬ)𝒳𝒳

𝑘∗−𝑙∗�⎯⎯�ℋ𝒟𝒟𝑛𝑛(ℒ,𝒦)𝒳𝒳 ⊕ℋ𝒟𝒟𝑛𝑛(𝒩,𝒥)𝒳𝒳
(𝑖𝑖∗,𝑗∗)
�⎯⎯�ℋ𝒟𝒟𝑛𝑛(ℒ ∩𝒩,𝒦 ∩ 𝒥)𝒳𝒳 

𝜕∗→ℋ𝒟𝒟𝑛𝑛+1(𝒜𝒜,ℬ)𝒳𝒳 → ⋯. 
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