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Abstract Let S denote the functions’ class that is nor-
malized, analytic, as well as univalent in the unit disc given
by D = {z : |z| < 1}. Convex, starlike, as well as
close-to-convex functions resemble the main subclasses of S,
expressed by C, S∗, as well as K, accordingly. Many math-
ematicians have recently studied radius problems for various
classes of functions contained in S. The determination of
the univalence radius, starlikeness, and convexity for specific
special functions in S is a relatively new topic in geometric
function theory. The problem of determining the radius has
been initiated since the 1920s. Mathematicians are still very
interested in this, particularly when it comes to certain special
functions in S. Indeed, many papers investigate the radius
of starlikeness for numerous functions. With respect to the
open unit disc D and class S, the class of concave functions
f ∈ S, known as Co(α), is defined. It is identified as a
normalised analytic function f , which meets the requirement
of having the opening angle of f(D) at ∞ ≤ πα ∈ (1, 2]. A
univalent function f : D → C̄ is known as concave provided
that f(D) is concave. In other words, we have that C \ f(D)
is also convex. There is no literature to date on determining
the radius of starlikeness for concave univalent functions
related to certain rational functions, lune, cardioid, and the
exponential equation. Hence, by employing the subordination
method, we present new findings on determining several radii
of starlikeness for different subclasses of starlike functions for
the class of concave univalent functions Co(α).

Keywords Radius Problems, Radius of Starlikeness,
Concave Functions, Starlike Functions, Analytic Univalent
Functions

1 Introduction
Consider that S expresses all univalent functions classes

f ∈ A, in which f is analytic on the discD = z ∈ C : |z| < 1.
Here, the functions f in class A are normalised using condi-
tions given by f(0) = f ′(0)− 1 = 0.

The concave functions class Co(α) consists of all functions
f ∈ A satisfying the conditions given below:

(i) In D, f is analytic corresponding to the normalisation
f(0) = 0 and f ′(0) = 1. Moreover, it is given that
f(1) = ∞.

(ii) f conformally maps D onto a set, in which the C com-
plement is convex.

(iii) The f(D) opening angle is at ∞ ≤ πα ∈ (1, 2].

We now assume that the closed set C \f(D) is convex given
that it is unbounded for f ∈ Co(α), α ∈ (1, 2]. Further-
more, [4] determined the analytic characterization of functions
in Co(α), α ∈ (1, 2] : f ∈ Co(α) with regards to

Re

{
2

α− 1

(
(α+ 1)

2

1 + z

1− z
− 1− zf ′′(z)

f ′(z)

)}
> 0, z ∈ D.

We observe that Co(2) comprises the Co(α) classes, where
α ∈ (1, 2].

Additional investigations of concave functions are pointed
out in [1], [2], [3], [5], [6], [8], [9], [24] and [25].

The function f , which is an analytic function, subordinate to
g is represented as f ≺ g provided that there exists a function
identified as w : D → D having w(0) = 0 fulfilling f(z) =
g(w(z)). Here, provided that g is univalent, it follows that f ≺
g is true provided that f(D) ⊆ g(D) as well as f(0) = g(0).

Now, we assume a, b, as well as c are complex numbers hav-
ing c ̸= 0,−1,−2, .... Subsequently, we construe the Gaussian
hypergeometric function 2F1(a, b, c; z) given as follows



Mathematics and Statistics 10(3): 582-587, 2022 583

2F1(a, b, c; z) = F (a, b, c; z) =

∞∑
k=0

(a)k(b)kz
k

(c)kk!
·

In regards to the Gamma function, Γ, the Pochhammer sym-
bol (γ)k is expressed as given below

(γ)k =
Γ(γ + k)

Γ(γ)

=

{
1 (k = 0)

γ(γ + 1)...(γ + k − 1) (k ∈ N)
·

It is observed that the Gaussian hypergeometric function, F ,
fulfills the hypergeometric differential equation given by

z(1− z)F ′′(z) + [c− (a+ b+ 1)z]F ′(z)− abF (z) = 0.

Numerous authors have extensively researched the Gaussian
hypergeometric function (see [7], [16], [17], [18], and [23]).
Particularly, other manifold characteristics, convexity, starlike-
ness, close-to-convexity, and univalency linked with these hy-
pergeometric functions were assessed with regards to a,b, as
well as c characteristics by [11], [18], [19] and [21].

For a = 3, b = 1, and c = 2, then

f(z) =
2

3
F (3, 1, 2; z) =

2

3

(
− 1 +

1− z

2
(1− z)2

)

belongs to Co(2) as proved by [24].
The compendium of functions f ∈ S having the condition

Re

(
zf ′(z)

f(z)

)
> 0, in which z ∈ D represents the starlike

function S∗, represents a subclass of S. For z ∈ D, the func-

tions in S having Re
(
1 +

zf ′′(z)

f ′(z)

)
> 0 form the subclass

K of convex functions. These classes are described in rela-
tion to the Carathéodory function class P , or functions having
a positive real part, comprising the analytical functions p hav-
ing p(0) = 1. This equates to Re(p(z)) > 0, or equivalent

to p(z) ≺ (1 + z)

(1− z)
. Therefore, the convex and starlike func-

tions classes constitute of 1 +
zf ′′(z)

f ′(z)
∈ P and f ∈ A with

zf ′(z)

f(z)
∈ P , respectively. Thus, subordination of

zf ′(z)

f(z)
, in

which 1+
zf ′′(z)

f ′(z)
to some function in P was utilized to repre-

sent a variety of convex functions as well as starlike subclasses.
Furthermore, Ma and Minda [13] employed subordination for

function in classes S∗(ζ) = {f ∈ A :
zf ′(z)

f(z)
≺ ζ(z)} as

well as K(ζ) = {f ∈ A : 1 +
zf ′′(z)

f ′(z)
≺ ζ(z)}, in which

ζ ∈ P , symmetric about the x-axis, starlike in regards to 1 and
ζ ′(0) > 0 to give distortion, rotation, a growth unified treat-
ment as well as coefficient inequalities. For distinct function ζ

choices, for instance,
(1 +Az)

(1 +Bz)
, ez, z+

√
1 + z2 and so forth,

a number of classes were defined.

The RG(F ) is the G-radius of the class F . It is implied
as the greatest number of RG ∈ (0, 1). Hence, we have
r−1f(rz) ∈ G for 0 < r < RG as well as all f ∈ F for
any two subclasses F and G of A. In this report, influenced by
[14] and pertaining to the class of concave functions Co(α),
we establish the radii of different subclasses of starlike func-
tions, together with starlikeness pertinent to a particular ratio-
nal function, the exponential equation, cardioid, and lune.

Then, we administer several Lemmas that will be applied in
the primary outcomes.

Lemma 1.1. [12] For 2(
√
2− 1) < c < 2, let rc be given by

rc =

{
c− 2(

√
2− 1) if 2(

√
2− 1) < c ≤

√
2,

2− c if
√
2 ≤ c < 2.

(1.1)

Then,
{w : |w − c| < rc} ⊂ ψ(D), where ψ is presented by

ψ(z) = 1+
z

k

(
k + z

k − z

)
= 1+

1

k
z +

2

k2
z2 +

2

k3
z3 + ..., k =

√
2 + 1.

Lemma 1.2. [10] For
√
2 − 1 < c ≤

√
2 + 1, let rc = 1 −

|
√
2− c| and Rc =

√
c2 + 1. Thus

{w : |w−c| < rc} ⊂ {w : |w2−1| < 2|w|} ⊂ {w : |w−c| < Rc}.
(1.2)

Lemma 1.3. [22] For 1/3 < c < 3, let rc be given by

rc =

{
(3c− 1)

3
(1/3 < c ≤ 5/3),

3− c (5/3 ≤ c < 3),
(1.3)

and Rc be indicated by

Rc =

{ 3− c, (1/3 < c ≤ 11/9),√
(3c− 1)3

27(c− 1)
, (11/9 ≤ c < 3).

Then

{w : |w − c| < rc} ⊆ Ωc ⊆ {w : |w − c| < Rc},

in which Ωc denotes the section represented by the cardioid
{x+iy : (9x2+9y2−18x+5)2−16(9x2+9y2−6x+1) = 0}.

Lemma 1.4. [15] For 1/e < c < e, let rc be presented by

rc =

{
c− 1

e
, (1/e < c ≤ e+ 1/e

2
),

e− c
(e+ 1/e)

2
≤ c < e.

(1.4)

Following from there,

{w : |w − c| < rc} ⊂ {w : | logw| < 1}.

2 Main Results
This section contains the results of sharp radius for each dif-

ferent subclass.
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2.1 S∗
R-radius of Co(α)

The starlike functions class having a rational function was
introduced by [12], which is related to the rational function

ψ(z) = 1+
z

k

(
k + z

k − z

)
= 1+

1

k
z +

2

k2
z2 +

2

k3
z3 + ..., k =

√
2 + 1, represented by S∗

R = S∗(ψ(z)). The authors devel-
oped Lemma (1.1) that would be employed in the first theorem.

Theorem 2.1. The S∗
R radius is clarified as RS∗

R
≈ 0.406930.

Thus,RS∗
R

refers to the smallest positive root of the polynomial
4r2 − 9r + 3. In addition, the results are sharp.

Proof. For functions f ∈ Co(α), we obtain

∣∣∣∣∣zf ′(z)f(z)
− 1

1− z

∣∣∣∣∣ ≤ − z

(2z − 3)(1− z)
, |z| = r < 1, (2.1)

where the smallest positive root of equation 4R2−9R+3 =
0 is R = S∗

R.
For 0 ≤ r < 1 = RS∗ , the function

h(r) =
1

1− r
− r

(2r − 3)(1− r)
=

r − 3

(2r − 3)(1− r)
,

is an increasing function of r whereas S∗
R refers to a subclass

of S∗, a parabolic starlike class. Here, we have that R = S∗
R

resembles the equation h(r) = 2 of the smallest positive root;
thus, for 0 ≤ r < R, we get

− r

(2r − 3)(1− r)
< 2− 1

1− r
· (2.2)

Therefore, Equations (2.1) and (2.2) yield∣∣∣∣∣zf ′(z)f(z)
− 1

1− r

∣∣∣∣∣ < 2− 1

1− r
; |z| ≤ r.

For r ∈ [0, R), C(r) ∈ [1, C(R)) ⊆ [1, C(0.5)] ≈ [1, 2] ⊆
(2(

√
2 − 1), 2) as the centre C(r) of (2.1) is an increasing

function of r. Then, we can deduce from (1.1) that the disc

{w : |w − c| < 2− 1

1− r
⊆ ψ(D).

Here, we present R as the precise S∗
R-radius of the Co(α)

class. In this study, we employ the subsequent function f :
D → C recognized by

f(z) =
2

3

(
− 1 +

1− z

2
(1− z)2

)
,

because it is a representation of a function from the Co(α)
class. This function is a Gaussian hypergeometric function that
has enough conditions to be in Co(α) and has been proved by
[24]. For this function, we have

zf ′(z)

f(z)
=

z − 3

(2z − 3)(1− z)
,

while using the equation for R, we get

r − 3 = 2(2r − 3)(1− r).

The class S∗
R introduced by [12] fulfils the subordination

zf ′(z)

f(z)
≺ ψ(z), (z ∈ D).

Hence, for sharpness, it is easy to see that for z = R, a simple
calculation depicts that

zf ′(z)

f(z)
= 2 = ψ(1).

2.2 S∗
$

-radius of Co(α)

Raina and Sokól [20] established the S∗
$

= S∗(z +
√
1 + z2) class in 2015, illustrating that f ∈ S∗

$
⇐⇒ zf ′(z)

f(z)
sets in the lune area {w : |w2 − 1| < 2|w|}, where

{w : |w − c| < 1− |
√
2− c|} ⊆ {w : |w2 − 1| < 2|w|}.

Theorem 2.2. The S∗
$

radius is characterized as RS∗
$

≈
0.486401. Here, RS∗

$
refers to the smallest positive root of

the polynomial (2+
√
2)R2− (5+2

√
2)R+3. Consequently,

the result is sharp.

Proof. Since C(r) resembles an increasing function of r,
therefore for R = RS∗

$
, the centre of (2.1) yields C(R) =

√
2. Here, we have 0 ≤ r < R, 1 ≤ C(r) <

1

2

(
1√
2
+√

9

2
+ 4

√
2

)
or 0 ≤ r < R,

1

2

(
1√
2
+

√
9

2
+ 4

√
2

)
−

C(r) > 0.
Thus, equation (2 +

√
2)R2 − (5 + 2

√
2)R+ 3 = 0 has the

smallest positive root when R = RS∗
$

.

We indicate that S∗
$

is a subclass of the parabolic starlike
class S∗. For 0 ≤ r < R, we hold

− r

(2r − 3)(1− r)
< 1 +

√
2− 1

1− r
= 1−

∣∣∣∣∣√2− 1

1− r

∣∣∣∣∣,
(2.3)

where the function

h(r) =
1

1− r
− r

(2r − 3)(1− r)
=

r − 3

(2r − 3)(1− r)
,

refers to an increasing function of r for 0 < r < 1 = RS∗ .
Here, equation h(r) =

√
2+1, R = RS∗

$
expresses the small-

est positive root.
Therefore, (2.1) as well as (2.3) yield∣∣∣∣∣zf ′(z)f(z)

− 1

1− r

∣∣∣∣∣ < 1−

∣∣∣∣∣√2− 1

1− r

∣∣∣∣∣ : |z| ≤ r.
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We can now deduce from (1.2) that R is the correct radius.
For r ∈ [0, R), C(r) ∈ [1, C(R)) ⊆ [1, c(0.5)) ≈ [1, 2) ⊆
(
√
2 − 1,

√
2 + 1), the centre C(r) of (2.1) is an increasing

function of r.
Consider

f(z) =
2

3

(
− 1 +

1− z

2
(1− z)2

)
.

For this given function

zf ′(z)

f(z)
=

z − 3

(2z − 3)(1− z)
.

Using the equation for R, we have

r − 3 = (
√
2 + 1)(2r − 3)(1− r),

and we may efficiently observe that for z =
1

2

(
3 − 1√

2
−√

3
√
2− 5

2

)
,

∣∣∣∣∣
(
zf ′(z)

f(z)

)2

− 1

∣∣∣∣∣ = 2

(
zf ′(z)

f(z)

)
= 2(

√
2 + 1).

Thus, the result is sharp.

2.3 S∗
C-radius of Co(α)

Sharma et al. [22] examined the class S∗
c = S∗(ϕc) =

S∗

(
1 +

(
4

3

)
z +

(
2

3

)
z2

)
and established Lemma (1.3).

Theorem 2.3. The S∗
c radius is defined as RS∗

c
≈ 0.565741.

Here, RS∗
c

resembles the smallest positive root of the polyno-
mial 6R2 − 14R+ 6. The findings here is definite.

Proof. R = RS∗
c

denotes the smallest positive root that can be
acquired from the equation

6R2 − 14R+ 6 = 0.

The class S∗
c is a subclass of the parabolic starlike class S∗.

For 0 < r < 1 = RS∗
c

, the function

h(r) =
1

1− r
− r

(2r − 3)(1− r)
=

r − 3

(2r − 3)(1− r)
,

denotes an increasing function of r withR = RS∗
c

as the small-
est positive root of equation h(r) = 3. Subsequently, we get

− r

(2r − 3)(1− r)
< 3− 1

1− r
, (2.4)

for 0 < r < R. Therefore, (2.1) as well as (2.4) generate∣∣∣∣∣zf ′(z)f(z)
− 1

1− r

∣∣∣∣∣ < 3− 1

1− r
, |z| = r < R.

Thus, for

r ∈ (0, R), C(r) ∈ (C(0.4), C(0.6)) ≈ (1.666667, 2.5) ⊆(
1

3
,
5

3

)
,

the centre C(r) of (2.1) refers to an increasing function of r.
Currently, by applying Lemma (1.3), we manage to signify that
the disc {w : |w − c| < 3− c} ⊆ Ωc.
For verifying sharpness, we analyze the following function

f(z) =
2

3

(
− 1 +

1− z
2

(1− z)2

)
.

For this function,

zf ′(z)

f(z)
=

z − 3

(2z − 3)(1− z)
,

and using the equation forR, we getR−3 = 3(2R−3)(1−R).
Hence, for z = R, we obtain

zf ′(z)

f(z)
= 3 = ϕc(1).

2.4 S∗
e -radius of Co(α)

Mendiratta et al. [15] proposed the S∗
e subclass of starlike

functions pertinent to the exponential equation. All functions

f ∈ A are consequent to the subordination
zf ′(z)

f(z)
≺ ez are

in this class S∗
e . Here, the inequality

∣∣∣∣∣ log
(
zf ′(z)

f(z)

)∣∣∣∣∣ < 1 as

well as
zf ′(z)

f(z)
≺ ez equals to each other.

Theorem 2.4. The S∗
e radius is described asRS∗

e
≈ 0.531250.

Then, RS∗
e

denotes the smallest positive root of the polynomial
2eR2 + (1− 5e)R− (3− 3e). Here, the result is sharp.

Proof. For 0 < r < 1 = RS∗(Co(α)), the function

h(r) =
1

1− r
− r

(2r − 3)(1− r)
=

r − 3

(2r − 3)(1− r)
,

is an increasing function of r. The number R =
RS∗

e
(Co(α)) < 1 = RS∗(Co(α)) is the polynomial’s smallest

positive root as given below

2eR2 + (1− 5e)R− (3− 3e) = 0, (2.5)

or h(R) = e. Thus, it shows that 0 < r < R, h(r) < h(R) =
e. Therefore

− r

(2r − 3)(1− r)
< e− 1

1− r
. (2.6)

Therefore, Equations (2.1) as well as (2.6) yield

∣∣∣∣∣zf ′(z)f(z)
− 1

1− r

∣∣∣∣∣ < e− 1

1− r
, |z| = r < R. (2.7)
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For r ∈ (0, R), the function C(r) =
1

(1− r)
is an increasing function of r. Hence, it ensures
that C(r) ∈ (C(0.4), C(0.6)) ≈ (1.666666, 2.5) ⊆

(1.543081, 2.718281) ≈

(
e+ e−1

2
, e

)
. Through Lemma

(1.4) for
e+ e−1

2
< c < e, it fulfils {w : |w − c| < rc} ⊆

{w : | log(w) < 1|} when rc is provided by (1.4).

From (2.7), we identify that w =
zf ′(z)

f(z)
, |z| < R fulfills

|w − c| < e− c and, hence, it pursues that | log(w) < 1|. This
indicates that the class Co(α) has a S∗

e -radius of at least R. To
demonstrate the sharpness of the result, we refer to the function

f(z) =
2

3

(
− 1 +

1− z

2
(1− z)2

)
.

Using Equation (2.5) in the following function

zf ′(z)

f(z)
=

z − 3

(2z − 3)(1− z)
,

We get R− 3 = e(2R− 3)(1−R); thus z = R yields∣∣∣∣∣ log
(
zf ′(z)

f(z)

)∣∣∣∣∣ =
∣∣∣∣∣ log

(
z − 3

(2z − 3)(1− z)

)∣∣∣∣∣ = | log(e)| =

1.

Consequently, this establishes that R is determined to be the
precise S∗

e -radius of the class Co(α).

3 Conclusion

For the class of concave univalent functions Co(α), the radii
of different subclasses of starlike functions, involving starlike-
ness connected with a particular rational function RS∗

R
, lune

RS∗
$

, cardioid RS∗
c

, and the exponential function RS∗
e

, are ob-
tained in this paper.
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the Fekete–Szegö problem for concave univalent func-
tions. Journal of Mathematical Analysis and Applica-
tions, 373(2):432–438, 2011.

[6] B. Bhowmik and K.-J. Wirths. Central functions for
classes of concave univalent functions. Mathematica Slo-
vaca, 66(1):141–146, 2016.

[7] B. C. Carlson and D. B. Shaffer. Starlike and Prestarlike
Hypergeometric Functions. SIAM Journal on Mathemat-
ical Analysis, 15(4):737–745, 1984.

[8] K. Challab and M. Darus. On Certain Class Of Meromor-
phic Harmonic Concave Functions Defined By Sălăgean
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[20] R. K. Raina and J. Sokół. Some properties related to a
certain class of starlike functions. Comptes Rendus Math-
ematique, 353(11):973–978, November 2015.

[21] S. Ruscheweyh and V. Singh. On the order of starlikeness
of hypergeometric functions. Journal of Mathematical
Analysis and Applications, 113(1):1–11, 1986.

[22] K. Sharma, N. K. Jain, and V. Ravichandran. Starlike
functions associated with a cardioid. Afrika Matematika,
27(5-6):923–939, 2016.

[23] H. Silverman. Starlike and Convexity Properties for Hy-
pergeometric Functions. Journal of Mathematical Analy-
sis and Applications, 172(2):574–581, 1993.

[24] Y. J. Sim and O. S. Kwon. The Pre-Schwarzian Norm
Estimate for Analytic Concave Functions. Interna-
tional Journal of Mathematics and Mathematical Sci-
ences, 2015:1–6, 2015.

[25] K.-J. Wirths. Julia’s Lemma and concave schlicht func-
tions. Quaestiones Mathematicae, 28(1):95–103, 2005.


